
the first one [2], on “Association Schemes” – lecture notes based
on graduate courses given by Eiichi Bannai during his professorship
at The Ohio State University (1978–1982) and arranged in collab-
oration with Tatsuro Ito – included: (1) Representations of finite
groups, (2) Association schemes, and (3) Distance-regular graphs,
and P- and Q-polynomial association schemes. A second part, on
“Delsarte Theory, Codes and Designs”, should have been published
a couple of years later, but – “as the developments seemed not
sufficient to complete a book and, at the same time, the range of
mathematical objects they were interested in had expanded too
widely to be handled” – it has never come to light. However, in
1999 the first two named authors published (in Japanese) Algeb-
raic Combinatorics on Spheres [1] which was not translated into
English, as the original plan to write the sequel to [2] was still alive.

The present book under review is the English translation, with
the cooperation of Rie Tanaka – herself a mathematician working
on association schemes – of the book Introduction to Algebraic
Combinatorics by the first three named authors, published in Ja-
panese in 2016. As we have mentioned at the beginning, it is not
a sequel to [2] but, rather, a completely revised, widely expanded,
and updated version of it, serving – this is the clear intent of the
authors – as a “preparation for a second part to be hopefully accom-
plished by the younger generations of algebraic combinatorialists”
coming from the flourishing school the authors have initiated in the
US, in Japan, and in China during their life carriers (according to the
Mathematics Genealogy Project, just Eiichi Bannai has 31 students
and 60 descendants).

The contents of the book, according to its subdivision into
chapters, are as follows:
(1) Classical design theory and classical coding theory (including

an introduction to graph theory);
(2) Association schemes, Bose–Mesner algebras, and Terwilliger

algebras;
(3) Codes and designs in association schemes (Delsarte theory on

association schemes);
(4) Codes and designs in association schemes (continued);
(5) Algebraic combinatorics on spheres and general remarks on

algebraic combinatorics;
(6) P- and Q-polynomial schemes.
The writing is very elegant, both in the style of the authors and in
the graphic design of De Gruyter, the exposition is crystal clear – the
proofs are carefully detailed, and plenty of worked-out examples,
often described by beautiful pictures, friendly turn the reader famil-
iar with the concepts gradually introduced – reflecting at the same
time the deepest and masterful knowledge of the subject by the au-
thors as well as their long didactic experience. For this reason, the
book may be used as an excellent text for advanced undergraduate
and graduate courses on Algebraic Combinatorics, and, at the same
time, may also serve as a most precious reference for the more
advanced and mature mathematician. The authors clearly enjoyed
writing it: I am sure that all readers will enjoy reading it as well.

References

[1] E. Bannai and E. Bannai, Algebraic Combinatorics on Spheres
(Japanese). Springer, Tokyo (1999)

[2] E. Bannai and T. Ito, Algebraic combinatorics. I. The Benjamin/
Cummings Publishing Co., Inc., Menlo Park, CA (1984)

[3] P. Delsarte, An algebraic approach to the association schemes of
coding theory. Philips Res. Rep. Suppl. 10, Ann Arbor (1973)

[4] P. Diaconis, Group representations in probability and statistics.
Institute of Mathematical Statistics Lecture Notes—Monograph
Series 11, Institute of Mathematical Statistics, Hayward, CA (1988)

Eiichi Bannai, Etsuko Bannai, Tatsuro Ito and Rie Tanaka, Algebraic
Combinatorics. De Gruyter Series in Discrete Mathematics and
Applications 5, De Gruyter, 2021, 444 pages, Hardback ISBN
978-3-1106-2763-3, eBook ISBN 978-3-1106-3025-1.

Tullio Ceccherini-Silberstein is a professor of mathematical analysis at
the University of Sannio (Italy). His interests lie within harmonic and
functional analysis, geometric and combinatorial group theory, dynamical
systems and ergodic theory, and theoretical computer science.

tullio.cs@sbai.uniroma1.it

DOI 10.4171/MAG-59

Understanding Numbers in Elementary School Mathematics
by Hung-Hsi Wu

Reviewed by António de Bivar Weinholtz

For over half a century, the teaching of
Mathematics in elementary, middle and
high school has been the subject of intense
debate among educators, mathematicians
and politicians around the world. Dramatic
changes have been introduced throughout
the past decades in maths curricula and
teaching methods in many countries and,
taking into account the consequences of
these policies, it has become clearer and

clearer how some of their main features may have had a strongly
negative impact on the ability of students to learn real mathem-
atics, exactly as predicted by certain critics. The fact that this is
still non-consensual, mainly among math educators and politicians,
and that in some countries we can still witness successive contra-
dictory movements in the area of math education, shows just how
important it is to have at our disposal works of unquestionable
quality devoted to that beautiful part of Mathematics that can and
should be taught to students in the pre-university grades.
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Prof. Hung-Hsi Wu has been one of the main members of the
mathematical community to devote years of professional activity to
the improvement of the teaching of pre-university mathematics. He
was the coordinator and one of the main authors of the Common
Core Mathematics Standard, a milestone in the rebirth of a sound
K-12 curriculum for American schools, that has served as an inspir-
ation to similar movements in many other countries. For the past
decade, he has committed himself to write a series of volumes cov-
ering this curriculum, starting with the present one, which covers
the most substantial part of the K-6 curriculum, namely numbers
and operations.

The book is written for elementary school teachers, as a funda-
mental instrument for their mathematical education both during
pre-service years and for their professional development. It also
aims to provide a much needed resource for authors of textbooks.
As the author points out, it was written after more than ten years of
experimentation, in an effort to teach mathematics to elementary
and middle school teachers. As it is clear that teachers should be
able to go beyond what they have to teach in their understanding
of school mathematics, the book also contains some topics that
could be considered more appropriate for grades 7 or 8.

The book is written with the assumption, whose validity the
author does an excellent job of explaining to the reader, that
school mathematics is not a set of trivial topics that could be
served to students with some degree of carelessness regarding the
systematic and comprehensive approach that any mathematical
theory requires, under the illusion that it is enough to comply
with some more or less widely accepted, although rather arguable,
pedagogical principles. On the contrary, to cite the author:

“If we want a coherent curriculum and a coherent progression
of mathematics learning, we must have at least one
default model of a logical, coherent presentation of
school mathematics which respects students’ learning
trajectory. It is unfortunately the case that, for a long
time, such a presentation has not been readily available.
The mathematical community has been derelict in meeting
this particular social obligation.”

With these principles in mind, it is not difficult to guess that the
reading of this volume can be a delight to anyone with the ability
to appreciate the beauty of the use of human reasoning in our
quest to understand the world around us. The set of its potential
readers should thus surely not be restricted to those for whom it
was primarily intended, but should include anyone with the basic
capacity and will to make the necessary effort required here, as for
any other really worthwhile enterprise.

In principle, reading this book requires no previous mathemat-
ical knowledge, as should be clear by the fact that the first section
of Chapter 1 of Part 1 is entitled “How to Count”. From there
on, the author uses precise definitions and logical reasoning to

treat all subsequent topics; but this means that while one can find
everything one needs to follow these developments inside the
book, the successive steps do require a serious effort. In practice,
as the author points out, “it can be too much of a challenge if you
are unfamiliar with the procedural aspect of elementary school
mathematics”.

The precise content of the book has been carefully chosen
to cover all the required topics while simultaneously allowing for
a systematic mathematical development suitable as a background
to organize the teaching of numbers and operations to K-6 stu-
dents. Although one could devise approaches that differ in some
details, this is not a field where too much can be left to the imagin-
ation of too many members of the educational community. A deep
knowledge of mathematics is required, but also a deep respect
for what past generations can teach us on these subjects, since
in the case of basic mathematics one can benefit from literally
hundreds, and in some cases thousands of years of a successful
chain of transmission of knowledge from generation to gener-
ation. Thus, not only does this work fill a long standing gap in
the school mathematics literature, but it does so in a basically
unavoidable way.

After a first part on the introduction of whole numbers, includ-
ing operations and algorithms, one finds perhaps the core of the
book and of the whole of the K-6 curriculum, which is the second
part, devoted to fractions. Generations of students have been de-
prived of the possibility of attaining a minimal understanding of
this topic by the mistreatment of the subject in schools around
the world; it is sad to verify that even where some efforts have
already been made to correct this situation, there have been recent
educational policies reversing these corrections. The author not
only explains what lies behind these mistreatments, but sets out to
establish a sound and detailed basis for a correct way to teach this
central subject throughout the years of elementary school. Three
more parts follow, on rational (relative) numbers, some elementary
beautiful and basic topics of number theory and decimal expan-
sions. On each topic the author provides the reader with numerous
illuminating activities whose solutions can be found online, and an
excellent choice of a wide range of exercises.
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