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In this contribution we introduce three classical theoretical stances
within the field of mathematics education regarding representa-
tions. Our aim is to highlight what we consider to be an interesting
shift in how representations are conceived and studied in the field
of mathematics education, and how this could impact both the
practice of teaching and learning mathematics, and on further
theorizing mathematical representation. We also indicate poten-
tial directions in which to develop ways to talk about newer forms
of dynamic interactive representation.

Representations of mathematical concepts constitute an “integral
part of the doing of mathematics” [16] and, therefore, they are
also an integral part of teaching and learning mathematics. In-
deed, the theme of representation has for some time been a crucial
topic in research in mathematics education — for instance, in PME
groups (Psychology in Mathematics Education), and in special is-
sues of the prestigious journals Educational Studies in Mathematics
and ZDM Mathematics Education. The authors of this paper are
currently co-leaders of the Thematic Working Group “Representa-
tions in Mathematics Teaching and Learning” of the 12th Congress
of the European Society for Research in Mathematics Education
(CERME12), and have been involved in the discussions of this work-
ing group ever since it was founded at CERME10 in 2017 [17]. The
working group has continued its discussions over the years (e.g., [2])
focusing on many pedagogical and theoretical aspects of mathem-
atical representations. Some recurring themes in the discussions
have been around the effective uses of different types of represent-
ation, imagery and visualization in mathematical problem solving,
and how teachers can help learners to make connections between
different representations of the same mathematical object.
Another recurring theme in many of these discussions is the
advocacy of working with different forms of representation, and
the valuing of non-standard forms. Group discussions have pointed
to pressures that exist across many educational contexts for teach-
ers to privilege particular standardized forms of representation
over alternatives, in order to push students to acquire as swiftly as
possible selected so-called “efficient” ways to produce answers [7].
Since these pressures may prematurely curtail students’ creativity
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and intuitive approaches when engaging in problem solving [4],
discussions in our working group have focused on how to support
teachers’ use of more diverse representational forms and formats
that enable wider inclusivity, providing all learners with opportunit-
ies to engage more meaningfully with mathematical activity and
knowledge.

In support of this position we believe it is pertinent that creative
mathematical thinking needs incubation time, and that it is very
frequently supported by non-standard representations, developed
as personal cognitive tools to implement or demonstrate particular
objects or reasoning processes. For example, Maryam Mirzakhani,
winner of the 2014 Fields Medal, was well known to “doodle” as
a central part of her mathematical research process, repeatedly
drawing and re-drawing figures (for example, those reproduced in
Figure 1) on large sheets of paper spread out on the floor.
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Figure 1. A drawing by 2014 Fields medal, Maryam Mirzakhani. Video still
from “Maryam Mirzakhani”. © 2014 International Mathematical Union,
via Quanta magazine.

A second example is shown in the drawing from a brief comic
book by Saharon Shelah, designed for a presentation of a recent
result; the sketch in Figure 2 illustrates the notion of isomorphism.

As mentioned above, another recurring theme from our CERME
group concerns the theoretical foundations and languages through
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Figure 2. Drawing which illustrates the notion of isomoprhism from
a divulgative comic book by Saharon Shelah. By courtesy of the author.
© Sharon Shelah 2021.

which representations are thought about, viewed, designed and
discussed. We focus on this theme in the rest of this contribution,
to explain the significance for mathematics education of having dif-
ferent ways of “talking about” representations. This is an ongoing
process: we are still developing appropriate concepts and vocabu-
lary for researching certain kinds of representations, for example
those that have a dynamic and interactive nature, or that are mul-
timodal/multimedia, or co-created through collaborative activity.
Such representations have become more frequently seen with the
advent of digital technology in educational contexts, and because
of educators’ increasing attention to fostering meaningful mathem-
atical experiences in a variety of physical and digital contexts. More
specifically, in this contribution we introduce three classical theor-
etical stances within the field of mathematics education. These are
used to highlight the shift in how representations are conceived
and studied in mathematics education, and its impacts on further
developing both pedagogy and theory in this field.

First, we need to make explicit the context — both past and
present —in which we are writing this contribution. All three authors
were educated, and currently live, in cultures that assume (either
explicitly or implicitly) that mathematical objects have a Platonic
nature. By this we mean that they are commonly taken as existing in
some not directly accessible reality from which “shadows” are cast;
such shadows are the imperfect forms with which we can access
the “real” perfect objects behind them, in order to talk and think
about them. Indeed, the verb “to represent” comes from the Latin
word “repraesentare”, formed from the prefix “re-" expressing
intensive force, or reiteration, and the verb “praesentare” that
means “to present”. So to represent entails the idea of something
being “out there”, and that this something may be realized again
through one or more representations that manifest some aspects of
it. Coherently with this metaphor, we learn to talk and think about
mathematical objects by interacting with their representations.
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However, frequently, as expert mathematicians it happens that we
become so comfortable with particular representations that we
forget that they are not actually the object they stand for (see,
for example, Figure 3). This can cause significant difficulties in the
teaching and learning of mathematics.

Figure 3. Three configurations which students might be expected to
recognize as representations of the 3-dimensional mathematical object
“cube”, but which are not the actual mathematical object, only
2-dimensional representations of certain aspects of “cube” (each of which
in fact contradicts other defining aspects of cubes).

The Platonic philosophical stance outlined above is at the basis
of much of the research on mathematical representations, which
intersects with mathematics education from various fields of re-
search. Various theories on learning mathematics hold it to be
key to appropriately use mathematical representations and mas-
ter their mutual relationships by understanding the mathematical
objects they represent, by somehow tapping on their “true” mean-
ings. However, the relationships between mathematical objects,
their meanings and their representations are conceptualized and
operationalized differently by different researchers and theoret-
ical frameworks. In the following paragraphs we briefly highlight:
(1) three key positions from the diversity of theoretical frameworks
that have been conceived and used to study mathematical repres-
entations, and (2) a shift in how representations are conceived and
studied in the field of mathematics education, moving towards
the importance of how we talk about (representations of) math-
ematical objects. We then discuss how such a shift could have an
impact on both the practice of teaching and learning mathematics,
and on theorizing representations. The three key positions selected
are those of Goldin, Duval and Sfard.

Position of Goldin

One influential and essentially pragmatic view of mathematical
representations in educational contexts is Goldin's, which firstly
distinguishes external from internal representations. The former
are often visible or tangible productions such as graphs, arrange-
ments of concrete objects or manipulatives, words, formulas, etc.
(although could also include, e.g., communications in speech or
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gesture) that encode, stand for, or embody mathematical ideas
or relationships [12], and aim to communicate them to others or
to one’s future self. Collected external representations of these
types and many more form much of the data used in empirical
research by members of our group and others. We cannot (yet!) ob-
serve anyone’s internal mathematical representations directly, but
we may make inferences about learners’ internal representations
on the basis of their interaction with, production of, or discourse
regarding external representations, and to some extent, descrip-
tions, for example, of their mental imagery while problem-solving.
These forms might include the mental manipulation of systems
of verbal/syntactic, imagistic, and formal notational configura-
tions (or other less frequently discussed forms, such as auditory
and/or kinaesthetic rhythmic patterns), which while invisible to the
observer, may be inferred [13]. Further, Goldin's view is that any
mathematical representation cannot be understood in isolation,
but only as part of an interconnected structure of meanings, ideas,
systems and practices, which refer to each other in multiple and
complex ways.

The relationships between internal and external representations
must clearly be bidirectional (i.e. one can recreate and manipulate
previously seen imagery in the mind’s eye, or recreate and develop
one’s mental imagery on paper or computer screen, for example);
this interaction between internal and external representation is
fundamental to effective teaching and learning [11, 13]. Teach-
ing mathematics is thought to happen most effectively “when we
understand the effects on students’ learning of external represent-
ations and structured mathematical activities” [13, p. 19] — yet to
do this, it is vital to discuss students’ internal representations and
how these are connected to one another. The conclusion is that
the fundamental goals of mathematics education must include
the development of coherent internal systems of mathematical
representation that interact effectively with established external
systems.

One further point that we would highlight from Goldin’s work
over the years on internal-external representational relationships
is its relation to the pedagogic perspectives of behaviourism and
constructivism, which are often presented as diametric opposites
or, at least, in conflict. Behaviourist principles exclude any inference
about the internal. Resulting pedagogies focus on instructional pro-
grammes for shaping learners’ behaviour through conditioning [9] —
essentially, their acquiring, reproducing and carrying out of pro-
cedures with certain external representational forms according to
a prescribed set of rules, with clearly measurable results. Construct-
ivist principles, in contrast, strongly emphasize the internal — in
particular the radical constructivist movement, according to which
any individual only has access to their own perceived experiences,
not to any definitive “real world” [10]. Resulting pedagogies focus
on learners’ discoveries and conceptualizations, often through
solo or group problem-solving activity. Research in mathematics
education which draws on Goldin’s view, then, by centring the inter-
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actions between a variety of internal and external representations,
has potential to include insights and elements of both perspectives.
In terms of pedagogy, this would mean emphasizing “skills and cor-
rect answers as well as complex problem solving and mathematical
discovery, without seeing these as contradictory” [13, p. 8.

Position of Duval

Duval’s position stems from the assumption that mathematics is
epistemologically different from any other discipline because, as
discussed above, mathematical objects are not directly accessible:
they can be accessed only indirectly through their representations.
Unlike in the case of a person, where any representation of aspects
of her could be directly compared to her actual physical form, in
the case of mathematical objects no juxtaposition between a rep-
resentation and the object itself is possible [5]. Therefore, it is
extremely difficult to distinguish representations of objects from
the objects they represent, but also to (learn to) recognize that mul-
tiple different representations may refer to the same mathematical
object. This is especially true in cases in which the representa-
tions make use of very different units of meaning: for example,
“f(x) = 4x? — 1", in which the units of meaning are determined by
the algebraic inscriptions on the left and right of the “=" sign, and
a graph such as the one shown in Figure 4, in which the units of
meaning are graphical elements such as the points of the parabola,
its intersections with the x-axis, and so on.

To overcome this situation, and thus gain new knowledge
about the mathematical objects referred to and solve problems, it
is necessary to (learn to) transform one representation into another.

Q1 &/ 1 2 3 a 5

Figure 4. A graphical representation of the function f(x) = 4x% — 1.
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Duval introduces the notion of register of semiotic representa-
tion [5] to discuss and analyse this transforming activity that lies
at the heart of doing mathematics. In order to be a register, a se-
miotic system (a system of signs) needs to allow the production
of representations that provide (indirect) access to mathematical
objects, “explore all that is possible” with such signs, and “open
a field of specific operations that allow transforming the produced
representations into new representations” [5, p. 68].

For example, a register of semiotic representation that Duval
has discussed extensively in his work, is the register of figures, used
heavily in geometry, and developed in order to produce represent-
ations that allow us to gain insight and reason about geometrical
objects. Just like for any other register, using the register of figures
is based on specific cognitive operations, specifically: recognizing
at a glance the shapes in the figure, recognizing the figure as being
similar to the shapes of real objects, realizing that there are several
ways to interpret the shapes or the figural units. A key property of
figural units is their dimension. Duval argues that “seeing” geomet-
rically means operating dimensional deconstruction of the shapes,
and being able to shift quickly from units of one dimension to those
of another, to recognize the relationships between the various fig-
ural units. So, within the register of figures, one representation can
be transformed into another through dimensional deconstruction
and reorganization of the figural units.

More generally, a register of semiotic representation has its
specific units of meaning (which in the case of the register of
figures would be figural units) and a representation can be trans-
formed into another in the same register through processes of
treatment (e.g., dimensional deconstruction in the register of fig-
ures). However, according to Duval, the only way to distinguish
representations of an object from the object itself is to use at least
two registers and to be able to convert from one to the other
[5, 6]. In the case of geometry, but also the other subfields in
mathematics, another fundamental register is that of natural lan-
guage. Algebra and Analysis make use of the register of symbolic
expressions and the graphical register of the Cartesian plane (e.g.,
Figure 4).

Formally, a semiotic representation is denoted by the couple:
(register used, merged meaning units) [6, p. 724]. Understanding
in mathematics, according to Duval, means being able to coordin-
ate registers, in his words: “understanding mathematical concepts
presupposes awareness of the cognitive one-to-one mapping oper-
ation between relevant meaningful units of two registers at least”
[6, p. 726]. In the example of the function in Figure 4, treatments
in the algebraic register could be rewriting the algebraic expres-
sion as (2x — 1)(2x + 1) to highlight the function’s “zeros” (ob-
tained solving (2x — 1) (2x + 1) = 0). Conversion into the graphical
Cartesian coordinates register that corresponds to such algebraic
treatments could correspond to a dimensional deconstruction of
the graph (treatment), to visualize the two intersections with the
x-axis: (—1,0), (3,0).
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Position of Sfard — a shift in perspectives

Taking a Vygotskian socio-constructivist perspective, and following
Wittgenstein, Sfard [19, 20] sees mathematical objects as no longer
residing in some hyper-reality, but in discourse itself, being part
of an autopoietic system, a system that defines its own objects.
Hence, their meaning stems from the ways in which realizations of
a mathematical object are used discursively; an implication is that
the term ‘representation’ is inappropriate, as she rejects the Pla-
tonic view of mathematical objects existing “out there” and being
re-presented in discourse. Rather, under her Commognitive Frame-
work mathematical objects “come to life” as part of a discourse of
human communities.

Another difference between realizations and representations
can be found in how 'realization” acquires a psychological compon-
ent: the same physical (graphical, tangible or gestural) production
may be a realization of a mathematical object for one person and
not for someone else, depending on the phase each person is
at in their discursive construction of the mathematical object in
question. For example, for an expert f(x) = 3 + 2x may be a realiz-
ation of a real valued function (of which another realization might
be its graph on the Cartesian plane), but for a learner who is not
yet familiar with the discourse about either real functions or com-
plex numbers, it is just a strange equality that mixes letters and
numbers. Sfard [19] used the term realization as follows: “Realiza-
tion of the signifier S is a perceptually accessible thing S’ so that
every endorsed narrative about S can be translated according to
well defined rules into an endorsed narrative about S’ [19, p. 154].
Sfard sees the relations signifier-signified (between S and S’) as sym-
metrical. So, for example, while the graph shown in Figure 4 could
be a signifier of the symbolic expression y = (2x + 1)(2x — 1),
one could also talk about that graph as signifying the symbolic
expression. A realization of a signifier can be accomplished through
several discourses. For example, the graph shown in Figure 4 and
the symbolic expression y = (2x + 1) (2x — 1) are two realizations
of a quadratic function, the first being a signifier in a visual-graphical
discourse while the second is a signifier in a symbolic discourse.
Generally, for an expert, a quadratic function as a signifier could be
realized (or signified) via a table of numbers, symbolic expressions,
graphical drawing and more. The way we talk about tables of
values, graphs or algebraic expressions is different, as each of them
belongs to a different discourse. A learner needs to be able to
participate in these different discourses, but also to “same” them
into a unified discourse about quadratic functions. The richness
of realizations for a signifier can be captured by a realization tree
(Figure 5).
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+4=8

Solution of 2x

Solution of the equation 7x + 4 = 5x + 8

Figure 5. A realization tree for the signified solution of the equation 7x + 4 = 5x + 8 with three
signifiers — symbolic, graphic and numeric. Taken from [19, p. 165]. © 2008 Cambridge
University Press. Reproduced with permission of Cambridge University Press through PLSclear.

Discussion: The shift in perspectives and some implications

In all three perspectives, representations (or realizations) of math-
ematical objects are essential in mathematical thinking, teaching
and learning, to the extent that no mathematical understanding (or
discourse) is possible without them! In Goldin's perspective there is
a key dialectic between internal and external representations: teach-
ing mathematics most effectively happens when we understand stu-
dents’ learning of external representations and structured mathem-
atical activities and effectively make use of such an understanding
to influence their internal representations. For Duval a fundamental
and necessary process in mathematical learning and understanding
is that of conversion from one register of semiotic representation
to another. Moreover, Duval’s theory explicitly stands on the as-
sumption that mathematical objects are not directly accessible,
which suggests their existence in some inaccessible-to-us reality.
As discussed earlier, this is a typical philosophical stance that is
arguably present in other theoretical perspectives, including that
of Goldin. In Sfard’s approach, however, an important shift seems
to occur: mathematical objects no longer exist anywhere other
than in discourse itself. Therefore, to “know” a mathematical object
means to be able to talk about it through narratives accepted within
a community of mathematicians, and through discursive practices,
we learn to recognize and express realizations of such an object.
Therefore, in Sfard's theory, a very important process consists
in coming to see two “things” that we previously saw as different
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as the same, that is, as realizations of the same discursive object.
A way into understanding students’ mathematical learning, in this
perspective, is through their discourse, and by the identification of
patterns in what is said and done. This perspective opens new av-
enues of research, providing analytical tools for observing teaching
and learning practices not only in contexts in which canonical rep-
resentations are “presented” to the students, but also in settings in
which students are invited to “invent” their own [3], or make sense
of feedback stemming from interactions with a range of physical
or digital artefacts. In line with this thinking, as educators we need
to stay open to multiple creative realizations, and not lock the
curriculum to a narrow selection of standardized representations,
while disallowing or “hiding” others. This is particularly important
when considering the diversity of the learner population, who to
different extents may need to access different kinds of realizations
in “non-standard” ways. As examples, think of the ways in which
a blind student might realize function through non-visual sensory
forms, or how mathematical discourse would be different under
the grammars of signed compared to spoken language.
Moreover, we see some similarities between Sfard’s shift away
from a Platonic conception of mathematical objects and their rep-
resentations, and the position advanced by Schoenfeld [18] and
Li [14], who in their Teaching for Robust Understanding Framework
take an Aristotelic stance, arguing in favour of “empirical” math-
ematics. That is, mathematics can and should be seen as a set of
products created through experience (as opposed to pre-existing in
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an inaccessible realm). This perspective allows for what they (and
we) see as a necessary focus on students’ experience, in which
pedagogy is not conceived of as “what should the teacher do” so
much as “what mathematical experiences should students have
in order for them to develop into powerful thinkers?” [14, p. 8].
For mathematical experiences to accomplish this, Li and Schoen-
feld argue that they need to provide not only opportunities for
making sense of the mathematics at stake, but also — and per-
haps more importantly because education has focused less on
this — they need to involve sense-making processes [15], high-
lighting “the importance for students to experience mathematics
through creating, designing, developing, and connecting math-
ematical ideas” [14, p.6]. Many educational experiences of this
sort involve the use of physical or (more recently) digital artefacts
that provide interactive and/or dynamic representations (which
may be or become realizations of mathematical objects for the
students).

As an example, consider the following task, explored by Sinclair
[21]: take the three vertices of a triangle ABC and reflect them
each across the opposite side of the triangle to obtain a new
“reflex” triangle DEF; then iterate the process applying the reflec-
tion to triangle DEF, and so on. This problem can be approached
in many different ways, involving different representations. We
argue that working in a dynamic geometry environment (like Geo-
meter’s Sketchpad, Cabri Géométre, GeoGebra, Desmos, etc.) can
offer many students access into mathematical reasoning through
sense-making processes. In this problem, for example, Sinclair ex-
plains how she used The Geometer's Sketchpad to explore a typical
conjecture, that is, that the reflections eventually converge to an
equilateral triangle. The software allowed her to iteratively reflect
an arbitrary triangle and compute its measurements, effortlessly.
Dragging vertex A led her to quickly realize that the conjecture
was false: DEF can degenerate into a straight line. Moreover, she
noticed that “"DEF seemed to change in a very chaotic way” as
she dragged A. Eventually, choosing a measure for how close to
being equilateral each triangle was (in this case perimeter squared
over area, which has a minimum for equilateral triangles), and
creating overall pictures of the changing measurement like those
in Figure 6, she found confirmation of the chaotic behaviour. The
splitting of the “branches” confirms that small changes in the posi-
tion of point A can give rise to radically different reflex triangles.
But the symmetries of the branches also show regularity in the
chaos, leading to new conjectures to be proved.

These sorts of experiences, that rely heavily on the interactive
representations produced by software, are valuable for learners
across the spectrum of mathematical capacities and needs. We
note that in particular they may offer the possibility to “open
doors” into participation in mathematical discourse: indeed, these
tools offer students concrete-enough “things” to interact with and
make sense of, allowing them to meaningfully start participating
to mathematical discourse, without the need of formal language
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Figure 6. Maps after two (a) and four (b) iterations of the “reflex triangle
problem”. Points A in the plane are coloured according to how close the
reflex triangle is to equilateral.

from the start. Recent studies suggest that through these means
students who otherwise would remain excluded from mathematical
discourse, actually find insightful ways to start participating to it
(e.g., [1,8]).

This takes us back to the pressing need to conceive theoret-
ical languages that allow consistent “talking about” dynamism
in representations [1, 2]. Imagine, for example, a theoretical lan-
guage through which we could differentiate between representing/
realizing a mathematical phenomenon through dragging a finger
over a touch screen, versus representing/realizing the same math-
ematical phenomenon with ones’ whole body — or recalling those
embodied experiences in one’s mind when later encountering that
mathematical idea in a different form.

We are not arguing that the theoretical lens of Commognition
is the solution to this open problem; indeed, much research is still
needed, and some is being carried out as we write. For example,
a special issue of the journal Digital Experiences in Mathematics
Education (in preparation) has been devoted to research “support-
ing transitions within, across and beyond digital experiences for
the teaching and learning of mathematics”, in which a variety of
theoretical approaches are used to describe and study the three
types of transition (within, across and beyond digital experiences).
However, Sfard’s perspective seems to embody an important shift
that leaves behind the contradictory binary of the inaccessible-to-
us world of perfect mathematical objects and the “real world” with
its messy experiences in which we learn to recognize and produce
realizations. Instead, it puts discourse, i.e. what is said and done
by the community of all those who do mathematics, right at the
forefront.
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