Are old mathematicians useless?

Albrecht Pietsch

In the interest of better readability, this article is divided into four
sections: (1) Hardy’s standpoint on the matter, (2) examples of
useful old mathematicians, (3) the author’s standpoint, and (4) final
remarks.

1 Hardy's standpoint

We begin with some comments about Godfrey Harold Hardy, who
lived from 7 February 1877 until 1 December 1947. Hardy urgently
requests that old mathematicians should stop mathematical re-
search, but he never says what they could do for the rest of their
lives.

The subsequent quotations can be found in [5, pp. 72 and 148].

I do not know an instance of a major mathematical advance
initiated by a man past fifty.

A mathematician may still be competent enough at sixty, but
it is useless to expect him to have original ideas.

In the preceding statements Hardy uses two bounds, “fifty”
and “sixty”. In my opinion, this difference is inessential, since any
age limit should be avoided.

Hardy wrote his “Apology” at the age of 63. We know from
C. P. Snow’s foreword that, fully aware of his decreasing mental
power, Hardy was already extremely depressed. In the summer
of 1947 he even tried to commit suicide; see [5, p. 54]. When
following Hardy's life strategy, his true fans should take these facts
into account.

Mathematicians certainly attain the maximum of their efforts
at an age much less than fifty, which is also reflected by the Fields
Medal. In Hardy's words: “Mathematics is a young man’s game”;
see [5, p. 70]. But some are able to keep their high level very long.
More cannot be expected.

Hardy made several clever comments concerning the definition
of “good” mathematics, which should be read in the original; see
[5, p. 89]. However, in real life one falls the circulus vitiosus shown
in Figure 1.
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Aresultis good, if it is
praised by sufficiently
many good people.

People are good, if they
have proved sufficiently
many good results.

Figure 1. Circulus vitiosus.

2 Useful old mathematicians

The selection of successful old mathematicians is rather problematic.
If we assume that there are at least five candidates in each of
the 63 areas in the MSC2020 Mathematics Subject Classification
System, then our task is to chose, by some kind of lottery, a few
candidates out of more than 300. For sure, there is no shortage
of examples. On the contrary, we have too many. Hopefully, the
following (very subjective) choice is acceptable.

To keep this article short and effective, | only name specific
persons, who proved remarkable results “past fifty”; details are not
discussed.

Of course, we have the absolute giants: L. Euler (1707-1783),
J. Liouville (1809-1882), K. Weierstrass (1815-1897), and A. Ein-
stein (1879-1955).

What follows is a random list of further candidates to which
everybody could add his own favourites: P. Erds (1913-1996),
I. Gelfand (1913-2009), E. Hlawka (1916-2009), B. Mandelbrot
(1924-2010), J. P. Kahane (1926-2017), |. Gohberg (1928-2009),
Sir M. F. Atiyah (1929-2019), D. Edmunds (1931), A. Schinzel
(1937-2021), R. Schneider (1940).

Women are represented by O. Taussky-Todd (1906-1995) and
D. Maharam (1917-2014).

To evaluate the late work of these personalities would be
arrogant; what remains is my greatest respect.

Already older than sixty, Erdds (800), Gohberg (286), Gelfand
(195), Edmunds (172), Kahane (142), Schinzel (137), Atiyah
(121), Triebel (98), Mandelbrot (87), Schneider (85), Hlawka
(84), Taussky (71), Johnson (39), Maharam (23), etc. wrote
many publications. The parentheses above enclose quite exact
numbers, found by using MR. Certainly, it is not only a spec-
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ulation to expect that these contributions contain a lot of top
results.

The subsequent table presents the reasonable number of ten
examples in which a “performance peak” is attained after fifty;
collected by using MR, zbMATH, www, and the references.

mathematician age
H. Poincaré (1854-1912) 58
H. Cartan (1904-2008) 72
L. Schwartz (1915-2002) 58
E. Calabi (1923-2023) 69
N. Kalton (1946-2010) 62

subject
three-body problem [11]
théories cohomologiques [3]
book on cylindrical measures [13]
closed geodesics [2]
symmetric norms, etc. [6, 7]

H. Triebel (1936) 78  Navier-Stokes equations [14]

W. B. Johnson (1944) 69 approximation property [4]

R. Haydon (1947) 64  scalar-plus-compact problem [1]

T. Royen (1947) 67  Gaussian correlation conjecture [12]
Y. Zhang (1955) 59 bounded gaps between primes [16]

L. Vietoris (1891-2002) delivered his last paper [15] at the age
of 103; MR confirms the substantial number of twelve citations.

3 The author’s standpoint

My own lifework provides some supplementary information on the
issues discussed so far.

What follows is a short autobiography. Hopefully, the reader
will get a positive picture of the author. This would justify all the
efforts spent to write this article.

Indeed, Hardy’s “A Mathematician’s Apology” has become the
main source of my mathematical philosophy. | learnt a lot from
him. There is only one critical point: My strong rejection of the
proposed mathematical suicide.

Without any intention to compare myself with Hardy, | vehe-
mently state that loving mathematics knows no age limits.

Hardy stressed that intellectual curiosity, ambition, professional
pride, and the desire for reputation are the driving forces behind the
best works of the world; see [5, pp. 78-80]. He did not mention
pleasure, and even love. Mathematical research should be con-
sidered not only as a competition, but also as a hobby. Of course,
I am very pleased if somebody likes my results. However, | also
appreciate the achievements of others. We are all in the same
boat.

Here is a list of mathematical objects that have been of interest
for me; half of them were introduced by myself and are often in
use (by specialists).

1960  ®-operators

1962  perfect spaces of vector-valued sequences
1962  nuclear locally convex spaces

1963  related operators
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1963  approximation numbers

1967  absolutely p-summing operators
1968  operator ideals

1972 s-numbers

1972  limit orders and their diagrams
1980  Weyl numbers

1980  eigenvalue distributions

1981  approximation spaces

1981  classical traces

1991  singular traces

1994  ideal norms associated with orthonormal systems
2012 shift-monotone sequence ideals
2012  Pietsch correspondence

2023  Lorentz sequence ideals

All research | did is concentrated on these concepts and their
interplay. My interest in history started at the age of fifty.

From 1992 to 2000 | was twice elected as an Expert for Math-
ematics of the German Research Foundation. During the second
period, | even became the chairman of the Mathematics Committee
and wrote about 400 final reports.

I have published seven books; one is co-authored with my pupil
Jorg Wenzel. “Nukleare lokalkonvexe Rdume” has been translated
from German into Russian and English, “Operator Ideals” from
English into Russian. Important are also “Theorie der Operatoren-
ideale” (1972), in German, a research program, and the “History
of Banach Spaces and Linear Operators” (2007).

Figure 2 illustrates the time distribution of my 122 papers. Note
that the irregularity in the period from 1996 to 2007 is caused by
my work for the German Research Foundation and by writing the
“History” book.
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Figure 2. Distribution of the author’s publications.

Following Hardy’s mantra, | should have finished in 2007 with
my comprehensive historical book. However, | started a “second”
mathematical life, in which the basic approach to the theory of
traces was fully rebuilt and essentially simplified; see [8, Chapter 4]
and my paper [9, submitted at the age of 82]. The paper on Lorentz
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sequence spaces also provides new insights; see [10, submitted at
the age of 89].
Please, consider myself just as a supplementary example.

4 Final remarks

Old colleagues may have lost their mental power or enthusiasm
to continue mathematical research. So each person should alone
decide what is possible and desirable. We need to respect the
specific personalities. Tolerance is the main point.

Of course, proving theorems gives great satisfaction to old
mathematicians. However, in my opinion, seniors also have the
duty to pass on their know-how to the younger generations. They
should communicate ideas about future developments; presenting
collections of open problems is a good example.

Knowing the standpoints of many people is extremely im-
portant; but what really counts is the personal reaction of each
individual reader. My final wish: Pay attention to your old colleagues
and appreciate their lifework.
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