
Contents

Preface v

Introduction 1

1 Foundational material 11
1.1 Riemannian metric and curvature tensors . . . . . . . . . . . . . . . . 11
1.2 Variation formulas . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
1.3 Einstein–Hilbert functional and Ricci flow . . . . . . . . . . . . . . . 17
1.4 Evolution equations under Ricci flow . . . . . . . . . . . . . . . . . . 19
1.5 Adjoint heat equation and gradient solitons . . . . . . . . . . . . . . . 22

2 Differential Harnack inequalities 28
2.1 The Li–Yau Harnack inequality . . . . . . . . . . . . . . . . . . . . . 30
2.2 Hamilton’s matrix Harnack inequality . . . . . . . . . . . . . . . . . 34
2.3 Harnack inequalities for the Ricci flow . . . . . . . . . . . . . . . . . 42

3 Entropy formulas 47
3.1 The static case, part I . . . . . . . . . . . . . . . . . . . . . . . . . . 47
3.2 Entropy for steady Ricci solitons . . . . . . . . . . . . . . . . . . . . 49
3.3 The static case, part II . . . . . . . . . . . . . . . . . . . . . . . . . . 53
3.4 Entropy for shrinking solitons . . . . . . . . . . . . . . . . . . . . . 59
3.5 Entropy for Ricci expanders . . . . . . . . . . . . . . . . . . . . . . 65

4 Reduced distance and reduced volume 67
4.1 The static case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
4.2 Perelman’s L-length and L-geodesics . . . . . . . . . . . . . . . . . 73
4.3 Monotonicity of the reduced volume . . . . . . . . . . . . . . . . . . 77

Bibliography 87

List of symbols 89

Index 91


