1 Preliminaries

We want to study solutions to wave equations on Lorentzian manifolds. In this first
chapter we develop the basic concepts needed for this task. In the appendix the reader
will find the background material on differential geometry, functional analysis and other
fields of mathematics that will be used throughout this text without further comment.

A wave equation is given by a certain differential operator of second order called
a “normally hyperbolic operator”. In general, these operators act on sections in vector
bundles which is the geometric way of saying that we are dealing with systems of
equations and not just with scalar equations. It is important to allow that the sections
may have certain singularities. This is why we work with distributional sections rather
than with smooth or continuous sections only.

The concept of distributions on manifolds is explained in the first section. One nice
feature of distributions is the fact that one can apply differential operators to them and
again obtain a distribution without any further regularity assumption.

The simplest example of a normally hyperbolic operator on a Lorentzian manifold
is given by the d’ Alembert operator on Minkowski space. Its fundamental solution, a
concept to be explained later, can be described explicitly. This gives rise to a family
of distributions on Minkowski space, the Riesz distributions, which will provide the
building blocks for solutions in the general case later.

After explaining the relevant notions from Lorentzian geometry we will show how
to “transplant” Riesz distributions from the tangent space into the Lorentzian manifold.
We will also derive the most important properties of the Riesz distributions.

1.1 Distributions on manifolds

Let us start by giving some definitions and by fixing the terminology for distributions
on manifolds. We will confine ourselves to those facts that we will actually need
later on. A systematic and much more complete introduction may be found e.g. in
[Friedlander1998].

1.1.1 Preliminaries on distributions. Let M be a manifold equipped with a smooth
volume density dV. Later on we will use the volume density induced by a Lorentzian
metric but this is irrelevant for now. We consider a real or complex vector bundle
E — M. We will always write K = R or K = C depending on whether E is real
or complex. The space of compactly supported smooth sections in E will be denoted
by D(M, E). We equip E and T*M with connections, both denoted by V. They
induce connections on the tensor bundles 7*M ® --- ® T*M ® E, again denoted by
V. For a continuously differentiable section ¢ € C!(M, E) the covariant derivative
is a continuous sectionin T*M ® E, Vg € C°(M,T*M ® E). More generally, for
peCFH(M,E)wegetVkp e COM, T*M @ ---Q T*M ®F).

k factors
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We choose a Riemannian metric on 7*M and a Riemannian or Hermitian metric
on E depending on whether E is real or complex. This induces metrics on all bundles
T*M @ ---® T*M ® E. Hence the norm of V¥ ¢ is defined at all points of M.

For a subset A C M and ¢ € CK(M, E) we define the C¥-norm by

l¢llckay := max sup [V/o(x)]. (1.1)
Jj=0,..k xeq
If A is compact, then different choices of metric and connection yield equivalent norms
|| - ¢k (4y- For this reason there will usually be no need to explicitly specify the metrics
and the connections.
The elements of D (M, E) are referred to as test sections in E. We define a notion
of convergence of test sections.

Definition 1.1.1. Let ¢, ¢, € D(M, E). We say that the sequence (¢y,), converges
to ¢ in D(M, E) if the following two conditions hold:

(1) There is a compact set K C M such that the supports of all ¢, are contained in
K,ie., supp(¢,) C K for all n.

(2) The sequence (¢, ), converges to ¢ in all C*-norms over K, i.e., foreach k € N
l = enllck ) —=2 0-

We fix a finite-dimensional K-vector space W. Recall that K = Ror K = C
depending on whether E is real or complex.

Definition 1.1.2. A K-linear map F: D (M, E*) — W is called a distribution in E
with values in W if it is continuous in the sense that for all convergent sequences
¢n — @ in D(M, E*) one has F|p,] = F|[p]. We write D'(M, E, W) for the space
of all W-valued distributions in E.

Note that since W is finite-dimensional all norms |- | on W yield the same topology
on W. Hence there is no need to specify a norm on W for Definition 1.1.2 to make
sense. Note moreover, that distributions in E act on test sections in E™*.

Lemma 1.1.3. Let F be a W-valued distribution in E and let K C M be compact.

Then there is a nonnegative integer k and a constant C > 0 such that for all ¢ €
D(M, E*) with supp(¢) C K we have

|Flell = C - llellckk) - (1.2)
The smallest k& for which inequality (1.2) holds is called the order of F over K.

Proof. Assume (1.2) does not hold for any pair of C and k. Then for every positive
integer k we can find a nontrivial section ¢ € D(M, E*) with supp(¢x) C K and
|Flekll = k- llokllcrx. We define sections ¥y := IF[IW(pk' Obviously, these ¥
satisfy supp(¥x) C K and

IVkllcr iy = mnwknck(m = %
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Hence for k > j

Willcs iy < IWiller k) < %-
Therefore the sequence (% ) convergesto0in D (M, E*). Since F is adistribution we
get F[yr] — F[0] = Ofork — oco. Onthe otherhand, | F[y]| = ||F[1WF["0’<” =1
for all k£, which yields a contradiction. a

Lemma 1.1.3 states that the restriction of any distribution to a (relatively) compact
set is of finite order. We say that a distribution F is of order m if m is the smallest
integer such that for each compact subset K C M there exists a constant C so that

|Flell = C-llellem i)

for all ¢ € D(M, E*) with supp(¢) C K. Such a distribution extends uniquely to a
continuous linear map on D™ (M, E*), the space of C™-sections in E* with compact
support. Convergence in D™ (M, E*) is defined similarly to that of test sections. We
say that ¢, converge to ¢ in D™ (M, E*) if the supports of the ¢, and ¢ are contained
in a common compact subset K C M and [|¢ — ¢n|cm k) — 0 asn — oo.

Next we give two important examples of distributions.

Example 1.1.4. Pick abundle £ — M and a point x € M. The delta-distribution &
is an E}-valued distribution in £. For ¢ € D(M, E*) it is defined by

Jx [(,0] = @(x).
Clearly, 8 is a distribution of order 0.

Example 1.1.5. Every locally integrable section f € Ll (M, E) can be interpreted

loc

as a K-valued distribution in E by setting for any ¢ € D(M, E*)

flo) = /M o(f)av.

As a distribution f is of order 0.

Lemma 1.1.6. Let M and N be differentiable manifolds equipped with smooth volume
densities. Let E — M and F — N be vector bundles. Let K C N be compact and
let p € CK(M x N, E R F*) be such that supp(¢) C M x K. Let m < k and let
T € D'(N, F,K) be a distribution of order m. Then the map

f:M—E,
x = Tlp(x, )],

defines a C*~™-section in E with support contained in the projection of supp(¢p) to the
first factor, i.e., supp(f) C {x € M | there exists y € K such that (x,y) € supp(¢)}.
In particular, if ¢ is smooth with compact support, and T is any distribution in F, then
f is a smooth section in E with compact support.
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Moreover, x-derivatives up to order k — m may be interchanged with T. More
precisely, if P is a linear differential operator of order < k — m acting on sections
in E, then

Pf =T[Pxp(x,-)].
Here E X F* denotes the vector bundle over M x N whose fiber over (x, y) €
M x N is given by Ex ® FY".

Proof. There is a canonical isomorphism

E.® DF(N,F*) - D¥(N, Ex ® F*),
Vs (y = vRs(y)).

Thus we can apply idg, ® T to ¢(x,-) € DX(N,E, ® F*) = E, ® D*(N, F*)
and we obtain (idg, ® T)[p(x,-)] € Ex. We briefly write T[¢(x,-)] instead of
(idg, ® T)lp(x, )]

To see that the section x — T[(x, )] in E is of regularity C¥~ we may assume
that M is an open ball in R” and that the vector bundle £ — M is trivialized over M,
E = M x K", because differentiability and continuity are local properties.

For fixed y € N the map x — ¢(x, y)isa C¥-map U — K" ® Fy". We perform
a Taylor expansion at xo € U, see [Friedlander1998, p. 38f]. For x € U we get

px.y)= Y &DIe(x0,y)(x —x0)*

la|<k—m—1
k —m ! k—m—1 na o
+ ) o | =0 TIDEG(( 1) + 1x, y)(x — x0)* di
lal=k-m 70
= Y LD%e(xo0, y)(x - xo)*
loe|<k—m
1
+ Yk [ a0 (DR x4 ix.y)
la|=k—m 0
— Dip(x0,y) ) dt - (x — x0)*.
Here we used the usual multi-index notation, o = (@1, . . ., &) € N?, || =0t +- - - +0tp,
DY = m, and x* = x{'...x,”. For |a| < k —m we certainly have

DE¢¢(-,-) € C™(UxN,K"®F*)and, in particular, D{¢(x9,-) € D(N, K"QF*).
We apply T to get

Tl = Y ATIDZp(xo.)(x — x0)°

|| <k—m

1
+ ) ";—{”T[fo(l—t)"""‘l (D§o((1—1)x0 +1x,-) (1.3)

la|=k—m

D% p(x0.-)) dr}(x o).
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Restricting the x to a compact convex neighborhood U’ C U of xo the D$¢o(-,-)
and all their y-derivatives up to order m are uniformly continuous on U "x K. Given
e > 0 there exists § > 0 so that |[Vy D%(%, y) — Vy D%p(xo, y)| < T Whenever
|X —x0| <6, =0,...,m. Thus for x with |[x — xo| <§

1
f (1= 0" (D%((1 - 1)xo + 1x.-) — D%(xo.-)) di
0

(M)

1
/ (1= )1 (D2((1 = 1)xo + 1x.) — D%(xo.-)) di
0

CM(K)

1
< /0 (1= 0F 1 D((1 — 1)xo + 1.-) — D%(x0. Ml emge d1

1
5/ (1 =),k e ds
0
&

T k—-m

Since T is of order m this implies in (1.3) that T[fo1 ...dt] - 0as x — xo.
Therefore the map x +— T[p(x,-)] is k — m times differentiable with derivatives
D¢lx=xo,Tle(x,-)] = T[D%¢(xo,-)]. The same argument also shows that these
derivatives are continuous in x. (|

1.1.2 Differential operators acting on distributions. Let E and F be two K-vector
bundles over the manifold M, K = R or K = C. Consider a linear differential
operator P: C®°(M, E) — C*®(M, F). Thereis aunique linear differential operator
P*: C®(M, F*) - C®(M, E*) called the formal adjoint of P such that for any
e D(M,E)andy € D(M, F*)

f V(Pg)dv = [ (P*y)(0)dV. (14)
M M

If P is of order k, then so is P* and (1.4) holds for all ¢ € Ck(M, E)and ¥ €
Ck(M, F*) such that supp(¢) N supp(y) is compact. With respect to the canonical
identification E = (E*)* we have (P*)* = P.

Any linear differential operator P : C®°(M, E) — C*°(M, F) extends canonically
to a linear operator P: D'(M, E,W) — D'(M, F, W) by

(PT)[g] := T[P"¢]

where ¢ € D(M, F*). If a sequence (¢,), converges in D(M, F*) to 0, then the
sequence (P *¢y), converges to 0 as well because P* is a differential operator. Hence
(PT)[en] = T[P*¢n] — 0. Therefore PT is again a distribution.

The map P: D' (M, E, W) — D' (M, F, W) is K-linear. If P is of order k and ¢
is a Ck-section in E, seen as a K-valued distribution in E, then the distribution Py
coincides with the continuous section obtained by applying P to ¢ classically.
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The case when P is of order 0, i.e., P € C%°(M,Hom(E, F)), is of special
importance. Then P* € C°(M,Hom(F*, E*)) is the pointwise adjoint. In particular,
for a function f € C°°(M) we have

(f Dl =T[f¢l.

1.1.3 Supports

Definition 1.1.7. The support of a distribution T € D'(M, E, W) is defined as the
set

supp(T’) := {x € M | for all neighborhoods U of x there exists
@ € D(M, E) with supp(¢) C U and T[] # 0}.

It follows from the definition that the support of 7 is a closed subset of M. In case
T isa L} -section this notion of support coincides with the usual one for sections.

If for ¢ € D(M, E*) the supports of ¢ and T are disjoint, then T [¢] = 0. Namely,
for each x € supp(¢) there is a neighborhood U of x such that T[¢] = 0 when-
ever supp(¥y) C U. Cover the compact set supp(¢) by finitely many such open
sets Uy, ..., Ux. Using a partition of unity one can write ¢ = V¥ + -+ + Y with
V; € D(M, E*) and supp(¥;) C U;. Hence

Tlpl = TW1 4+ Y] = T[Ya] +--- + T[] = 0.

Be aware that it is not sufficient to assume that ¢ vanishes on supp(7’) in order to
ensure T[¢] = 0. For example, if M = R and E is the trivial K-line bundle let
T € D'(R,K) be given by T[p] = ¢'(0). Then supp(T) = {0} but T[p] = ¢'(0)
may well be nonzero while ¢(0) = 0.

If7T € D' (M,E,W) and ¢ € C®(M, E*), then the evaluation T[¢] can be
defined if supp(7T") N supp(¢) is compact even if the support of ¢ itself is noncompact.
To do this pick a function 0 € D(M,R) that is constant 1 on a neighborhood of
supp(7) N supp(¢) and put

Tp] :=Tlog].

This definition is independent of the choice of ¢ since for another choice ¢’ we have
Tlogl = Tlo'g] = T[(0c —0")p] =0

because supp((c — o”)¢) and supp(7T') are disjoint.

Let T € D' (M,E,W) and let Q C M be an open subset. Each test section
@ € D(R, E*) can be extended by 0 and yields a test section ¢ € D(M, E*). This
defines an embedding D (2, E*) C D(M, E*). By the restriction of T to 2 we mean
its restriction from D (M, E*) to D(2, E™).

Definition 1.1.8. The singular support sing supp(T) of adistributionT € D' (M, E, W)
is the set of points which do not have a neighborhood restricted to which 7" coincides
with a smooth section.

The singular support is also closed and we always have sing supp(7’) C supp(7T).
Example 1.1.9. For the delta-distribution §,, we have supp(8x) = sing supp(8x) = {x}.
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1.1.4 Convergence of distributions. The space D’(M, E) of distributions in E will
always be given the weak ropology. This means that T, — T in O'(M, E, W) if
and only if T, [¢] — T[] for all ¢ € D(M, E*). Linear differential operators P are
always continuous with respect to the weak topology. Namely, if 7,, — T, then we
have for every ¢ € D(M, E*)

PTylp]l = Tu[P*¢] — T[P*¢] = PT|g].

Hence
PT, — PT.

Lemma 1.1.10. Let T,,, T € C®(M, E) and suppose || T, — T'||coagy — 0. Consider
T, and T as distributions.

Then T, — T in O'(M, E). In particular, for every linear differential operator P
we have PT,, — PT.

Proof. Let p € D(M, E). Since || T, — Tl|copy — Oand ¢ € LY (M, E), it follows
from Lebesgue’s dominated convergence theorem that

tim Tole] = fim [ 7,00 -9 4V (o)
n—o00 n—>oo Jm
_ / lim (T,,(x) - 9(x)) dV(x)
Mn—)OO
= [ lim )o@V

- /M T() - p(x) dV(x)
= T[yp]. O

1.1.5 Two auxiliary lemmas. The following situation will arise frequently. Let E,
F, and G be K-vector bundles over M equipped with metrics and with connections
which we all denote by V. We give £ ® F and F* ® G the induced metrics and
connections. Here and henceforth F'* will denote the dual bundle to F'. The natural
pairing F ® F* — K given by evaluation of the second factor on the first yields
a vector bundle homomorphism £ ® F ® F* ® G — E ® G which we write as

pRY gy
Lemma 1.1.11. For all C*-sections 9 in E® F and ¥ in F* @ G and all A C M
we have

lo-¥llcry = 2k lellcrcay - 1Yl ok ay-

Proof. The case k = 0 follows from the Cauchy—Schwarz inequality. Namely, for
fixed x € M we choose an orthonormal basis f;,i = 1,...,r, for Fx. Let f;* be

'If one identifies E ® F with Hom(E*, F) and F* ® G with Hom(F, G), then ¢ - ¥ corresponds
to Y o .
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the basis of F;* dual to f;. We write ¢(x) = > ;_, ¢; ® f; for suitable ¢; € E and

similarly ¥ (x) = Yj_, fi* ® gi, g € Gx. Then ¢(x) - ¥(x) = Y ./_, ¢; ® g; and
we see

r 2 r r
b0 PP =Y aes] = Y @) =Y (6eeg)
i=1 i,j=1 i,j=1
r r
< Z (ei,ej)*- Z (8i.8/)*
\ i.j=1 ij=1
r r
< 1D leilPleP | Y lgilPlgl?
\iJ=1 i,j=1

r r r r
2 lal D lei- | D lail D lsl?
j=1 j=1

i=1 i=1

r r
=Y leal-) lail

i=1 i=1
= o) - [y ().

Now we proceed by induction on k.

IV @ - W)llcoy < IV @ - W)l ek ay

=I(Ve) ¥ + ¢ - V¥l cka

= (Vo) - Ylickcay + llo - Vi licra

< 2 1Vllcriay - Wl + 25 - l@lcrca - 1YV llexca

< 2% llgllcrricay - 1¥llcrsray

+ 26 Nlpllcrsrgay - 1 llcrr ca

— ok+1, @l crray - 19 llch+icay

Thus

lo - Vllcr+1ay = max{llg - ¥l cx . IVET @ ¥)llcocay)

< max{2* - o)l cx - 1 Il ok (a9, 2577
— pk+1

Nellcr+rcay - 1V llcrt1cay}
Neollcrricay - ¥ lcr+rcay- u

This lemma allows us to estimate the C¥-norm of products of sections in terms of
the C¥-norms of the factors. The next lemma allows us to deal with compositions of
functions. We recursively define the following universal constants:

ak,0):=1, a(k,j):=0



1.2. RIESZ DISTRIBUTIONS ON MINKOWSKI SPACE 9

for j > k and for j < 0, and
alk + 1, ) := max{a(k, j), 28 -a(k, j — 1)} (1.5)

if 1 < j < k. The precise values of the a(k, j) are not important. The definition was
made in such a way that the following lemma holds.

Lemma 1.1.12. Let T be a real valued C*-function on a Lorentzian manifold M and
leto: R — R be a C*-function. Then forall A C M and I C R such that T'(A) C I
we have

. i J
llo o Lllckay = llollcx jg)’a}f,ka(k,J)llFllck(Ay

Proof. We again perform an induction on k. The case k = 0 is obvious. By
Lemma 1.1.11

[VE* (@ 0 D)licogay = IV¥(0" o T) - VIl cocay
< (0" o) VT|lck(a)
<2k 0’0 Cllckay - IVT e cay
<2%Jlo" o Tllckay - ITllert1a)
<20’ llcrry 'jznéfika(k’j)”F”ék“(A) Tl cr+1a)

k ; J+1
<2 follcrrigy - max ak DITIZ

_ ok . J
=2 lollcerigy - _max otk j = DITIchn gy
Hence

lo o Tllc+14y = max{[lo o Tllcrcay, IV (0 0 T [l oy}

< max{lolerey - max, atk. /)T,y

2% o - max ok,j—1 r|’
|| ”Ck-H(]) =1 1 ( J )” ”Ck'H(A)}

yeensy

<lollcrriay - _max  maxfock. )).2% (k. j = DI

gevey

— . i 7
= lollerriay - _max etk + 1)z a

.....

1.2 Riesz distributions on Minkowski space

The distributions R4 («) and R_ () to be defined below were introduced by M. Riesz
in the first half of the 20th century in order to find solutions to certain differential
equations. He collected his results in [Riesz1949]. We will derive all relevant facts in
full detail.
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Let V be an n-dimensional real vector space, let (-,-) be a nondegenerate sym-
metric bilinear form of index 1 on V. Hence (V, (-, -)) is isometric to n-dimensional
Minkowski space (R”, (-, -)o) where (x, y)o = —x1y1 + X2¥2 + - + X yn. Set

y:V >R, pX):=—(X,X). (1.6)

A nonzero vector X € V \ {0} is called timelike (or lightlike or spacelike) if and only
if y(X) > 0 (or y(X) = 0 or y(X) < O respectively). The zero vector X = 0 is
considered as spacelike. The set 7(0) of timelike vectors consists of two connected
components. We choose a time-orientation on V by picking one of these two connected
components. Denote this component by 74 (0) and call its elements future directed.
Put J4+(0) := 14(0), C4(0) := 91+(0), I-(0) := —14(0), J_(0) := —J4+(0), and
C_(0) := —=C4(0).

14+(0)

C+(0)

Figure 1. Light cone in Minkowski space.

Definition 1.2.1. For any complex number o with fe(o) > n let R+ («) and R_()
be the complex-valued continuous functions on V' defined by

Cla,n)y(X)Z", ifX € J+(0),

Ri(a)(X) =
+(@)(X) 0, otherwise,

2—n
zl—an >

where C(a,n) 1= [CEe=a]

and z > (z — 1)! is the Gamma function.

For a € C with fe(x) < n this definition no longer yields continuous functions
due to the singularities along C4 (0). This requires a more careful definition of R4 («)
as a distribution which we will give below. Even for fte(«) > n we will from now on
consider the continuous functions R 1 («) as distributions as explained in Example 1.1.5.
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Since the Gamma function has no zeros the map o — C(w,n) is holomorphic
on C. Hence for each fixed testfunction ¢ € D(V,C) the map o — R (x)[¢] yields
a holomorphic function on {fe(x) > n}.

There is a natural differential operator OJ acting on functions on V, O f :=

0e,0¢; f — 0ey0e, f — +++ — e, 0, f Where ey, ..., e, is any basis of V' such that
—(e1,e1) = (ez,e2) =+ = {ey,e,) = 1 and (¢;,¢;) = 0 fori # j. Such a basis
e1,...,ey is called Lorentzian orthonormal. The operator [ is called the d’Alembert

operator. The formula in Minkowski space with respect to the standard basis may look
more familiar to the reader,

a2 02 a2
0= - —————
(x> (9x?)? (9x")?

The definition of the d’ Alembertian on general Lorentzian manifolds can be found in
the next section. In the following lemma the application of differential operators such
as O to the Ry (o) is to be taken in the distributional sense.

Lemma 1.2.2. For all « € C with Re(a) > n we have
(1) y-Ri(v) =a(e—n+2)Ri(x + 2),
(2) (grady) - Ri(a) =2« grad Ri(a + 2),
(3) ORx(a +2) = Re(@).
(4) The map o — R () extends uniquely to C as a holomorphic family of distribu-

tions. In other words, for each oo € C there exists a unique distribution R+ ()
on V such that for each testfunction ¢ the map o — Ry (a)[¢] is holomorphic.

Proof. Identity (1) follows from

— 2 2—
Clan) 2070 (#F2 — DI (=5=")!
C(a+2,n) 20=a=2) (& — 1)1 (&)

=o(d—n+2).

To show (2) we choose a Lorentzian orthonormal basis ey, . .., e, of V and we denote
differentiation in direction e; by d;. We fix a testfunction ¢ and integrate by parts:

by - Re(@)lg] = Clern) /J o) 70T iy g dX
+

_ 2@ [ 0 E () dx
a+2—n J4(0)

—2aC(a +2,n) y(X) 20, 0(X) dX
J4(0)

= —20R+(a + 2)[0;¢]
2000; R+ (a + 2)[],
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which proves (2). Furthermore, it follows from (2) that
1
#Rata+ D) = (307 Re(@)

-1 (8,~2y “Ri(a) + 0;y - (;31'1/ “Ri(a —2)))

20 2(a —2)
_ Lo i 2(0‘_2)(0[_’1).
= ﬁaiy-Ri(a)—l- 4a(a—2)(aly) Ri(@)
(1, a—n (0;y)>
—(ﬂaf” - ~T)-Ri(a),

so that
DRi(a+2)=(ﬁ+a_n-4—y)Ri(a)
o 4o y

= Ri(x).

To show (4) we first note that for fixed ¢ € D(V, C) the map {Re(x) > n} — C,
o — R4 (a)[g], is holomorphic. For fte(x) > n — 2 we set

Ri() :=OR+(x +2). a1.7)

This defines a distribution on V. The map o +> R.(a) is then holomorphic on
{Re(a) > n—2}. By (3)wehave Ry () = R () for Re(er) > n,sothata — R (a)
extends & — R («) holomorphically to {Ste(«) > n — 2}. We proceed inductively
and construct a holomorphic extension of & — R () on {Re(x) > n — 2k} (where
k € N\ {0}) from that on {fe(x) > n — 2k + 2} just as above. Note that these
extensions necessarily coincide on their common domain since they are holomorphic
and they coincide on an open subset of C. We therefore obtain a holomorphic extension
of @ = R () to the whole of C, which is necessarily unique. |

Lemma 1.2.2 (4) defines R4 () for all @ € C, not as functions but as distributions.

Definition 1.2.3. We call R, («) the advanced Riesz distribution and R_(«) the re-
tarded Riesz distribution on V for a € C.

The following illustration shows the graphs of Riesz distributions R («) forn = 2
and various values of «. In particular, one sees the singularities along C4(0) for
Re(a) < 2.
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a=2 a=3

=4 a=5

Figure 2. Graphs of Riesz distributions R («) in two dimensions.
We now collect the important facts on Riesz distributions.
Proposition 1.2.4. The following holds for all @ € C:
1) y - Ri(e) =a(e—n+2) Ry(x +2).
(2) (grady)Ri(e) = 2 grad (R4 (¢ + 2)).
(3) OR+(x +2) = Ry(a).
(4) Foreverya € C\ ({0,—-2,—4,...} U{n—2,n—4,...}), we have

supp (R+(«)) = J+(0) and singsupp (R+(x)) C C+(0).
(5) Foreverya € {0,—2,—4,...} U{n —2,n—4,...}, we have supp (R (x)) =
sing supp (R+(a)) C C£(0).
(6) Forn >3anda =n—2,n—4,...,1o0r2respectively, we have supp (R (x)) =
sing supp (R+(a)) = C+(0).
(1) R+(0) = do.
(8) For Re(a) > 0 the order of Ry () is bounded from above by n + 1.
) Ifa € R, then Ry () is real, i.e., Ry (a)[¢] € R forall 9 € D(V,R).
Proof. Assertions (1), (2), and (3) hold for Jte(«) > n by Lemma 1.2.2. Since, after
insertion of a fixed ¢ € D(V, C), all expressions in these equations are holomorphic
in ¢ they hold for all «.
4). Let ¢ € D(V, C) with supp(¢) N J+(0) = @. Since supp(R+(x)) C J+(0)
for Jte(a) > n, it follows for those « that

Ry(a)[p] =0,
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and then for all @ by Lemma 1.2.2 (4). Therefore supp(R+(r)) C J+(0) forall .
Ontheotherhand, if X € I.+(0), theny(X) > Oandthemapa — C(a,n)y(X)“2"
is well defined and holomorphic on all of C. By Lemma 1.2.2 (4) we have for

¢ € D(V,C) with supp(p) C 1+(0)

Re@lel = [ Clamy(n ™ o(x) dx
supp(¢)

for every « € C. Thus Ri(«) coincides on 74 (0) with the smooth function
C ((x,n)y(-)% and therefore sing supp(R+(«)) C C+(0). Since furthermore the
function « +— C(a, n) vanishes only on {0, —2,—4,...}U{n —2,n—4,...} (caused
by the poles of the Gamma function), we have /4(0) C supp(Ri(a)) for every
aeC\({0,-2,—4,...} U{n—2,n—4,...}). Thus supp(R+(«)) = J+(0). This
proves (4).

(5). Fora € {0, -2,—4,...}U{n—2,n—4, ...} wehave C(«, n) = 0and therefore
11(0) N supp(R+()) = B. Hence sing supp(R+(«)) C supp(R+(x)) C CL(0). It
remains to show supp(R4(«)) C singsupp(R+(x)). Let X ¢ singsupp(R4()).
Then R4 () coincides with a smooth function f on a neighborhood of X. Since
supp(R+(«)) C C+(0) and since C+(0) has a dense complement in V', we have
f =0. Thus X ¢ supp(R+()). This proves (5).

Before we proceed to the next point we derive a more explicit formula for the
Riesz distributions evaluated on testfunctions of a particular form. Introduce linear
coordinates x', ..., x" on V such that y(x) = —(x')? + (x?)? +--- + (x")? and such
that the x!-axis is future directed. Let f € D(R,C) and ¥ € D(R" !, C) and put
o(x) = f(x")y¥(X) where £ = (x2,...,x"). Choose the function ¥ such that on
J+(0) we have p(x) = f(x!).

v =1 R*1

Figure 3. Support of ¢.

Claim: If Re(a) > 1, then

Re(@lo] = /0 o f () dr,

(x—1)!
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Proof of the claim. Since both sides of the equation are holomorphic in & for fe(x) > 1
it suffices to show it for Jte(«) > n. In that case we have by the definition of R4 («)

R (@)g] = Ca.n) /J L AR T X
+
= Clen) [ooo /{Iﬁl<x1}(p(ﬂ’fc)((xl)2 |X|2)a2"dx dx!
_ * 1 N2 (22 % R 1
= C(ot,n)/(; f(x )/{mql}((x )2 —|%%) 2 dx dx

= C(a,n)/:o f(xl)/ox [Snz((xl)z—z2)“z"z"—2dw dt dx',

where S”72 is the (n — 2)-dimensional round sphere and dw its standard volume
element. Renaming x! we get

Ry (@[] = vol(S"2) C(a.m) /0 £0) /0 (21

101 (DI

Using [y (r> — =21 oy, we obtain
Vol(S” 2) (SO 223!

R (@)lg] = @ [ ot —@n,
1 27.[(;1—1)/2 21—017.[1—;1/2 (%)!(¥)|

= — . . . oo a—1
T2 @2 DIEE)! T (! [, seretar

ﬁ.zl—a (] .
~ @2 DG |, rorear

Legendre’s duplication formula (see [Jeffrey1995, p. 218])

(%—1)!(“;1 —1)!:21—“ﬁ(a—1)z (1.8)

yields the claim.
To show (6) recall first from (5) that we know already

sing supp(R+(«r)) = supp(R+()) C C+(0)

forao. =n—2,n—4,...,2 or 1 respectively. Note also that the distribution Ry (o)
is invariant under time-orientation preserving Lorentz transformations, that is, for any
such transformation A of V' we have

Ryi(a)[p o Al = Ri(a)[p]
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for every testfunction ¢. Hence supp(Ri(«)) as well as sing supp(Ri(x)) are also
invariant under the group of those transformations. Under the action of this group the
orbit decomposition of C4(0) is given by

C+(0) = {0} U (C£(0) \ {0}).
Thus supp(R 4+ (o)) = sing supp(R+ («)) coincides either with {0} or with C1(0).

The claim shows for the testfunctions ¢ considered there

Ryl = /0 rf () dr.

Hence the support of R (2) cannot be contained in {0}. If n is even, we conclude
supp(R+(2)) = C+(0) and then also supp(R4(«)) = C+(0) fora =2,4,...,n—2.
Taking the limit o \ 1 in the claim yields

Re(Dg] = /O £(r)dr.

Now the same argument shows for odd » that supp(R(1)) = C+(0) and then also
supp(R4+(a)) = C4(0) fora = 1,3,...,n — 2. This concludes the proof of (6).

Proof of (7). Fix a compact subset K C V. Let ox € D(V,R) be a function such
that 0, = 1. For any ¢ € O(V, C) with supp(¢) C K write

n
e(x) = 9(0) + Y x/¢;(x)
j=1
with suitable smooth functions ¢;. Then
R+(0)[¢] = R+(0)[ok¢]

= R+ (0)[p(0)ox + Y _ x/ ok )]
j=1

= ¢(0) R (Oox] + 3 (+/ R (0))[ok 9]
Jj=1

=icg

=0by (2)
= cx(0).

The constant cx actually does not depend on K since for K/ D K and supp(¢) C K,
cx'9(0) = R (0)[g] = cx9(0),

so that cxk = cg =: ¢. It remains to show ¢ = 1.
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We again look at testfunctions ¢ as in the claim and compute using (3)

c-9(0) = R+ (0)[¢]
= R+ (2)[O¢]

= /:Orf"(r)dr

=—/Ooof/(r)dr

= f(0)
= ¢(0).

This concludes the proof of (7).

Proof of (8). By its definition, the distribution R4 () is a continuous function if
NRe(a) > n, therefore it is of order 0. Since [ is a differential operator of order 2, the
order of DR () is at most that of Ry () plus 2. It then follows from (3) that:

eIfniseven: forevery o with Jte(a) > 0 we have Re(a)+n = Re(a)+2-5 > n,
so that the order of Ry («) is not greater than n (and so n + 1).

o If n is odd: for every @ with Re(aw) > 0 we have Re(a) +n + 1 = Re(a) +
2. ”T‘H > n, so that the order of R4 («) is not greater than n + 1.

This concludes the proof of (8).

Assertion (9) is clear by definition whenever @ > n. For general @ € R choose

k € N so large that o 4+ 2k > n. Using (3) we get for any ¢ € D(V,R)
Ri(a)lp] = OFRe(e + 2k)[p] = Ra(e + 2k)[0%¢] € R
because 0%p € D(V,R) as well. O

In the following we will need a slight generalization of Lemma 1.2.2 (4):

Corollary 1.2.5. For ¢ € D*(V,C) the map a — R (x)[¢] defines a holomorphic
function on {oc e C | Re(a) >n— 2[%]}

Proof. Let ¢ € DF(V,C). By the definition of R+(«) the map o +— R ()[¢]
is clearly holomorphic on {#te(e) > n}. Using (3) of Proposition 1.2.4 we get the
k

holomorphic extension to the set {ERe(oz) >n— 2[5]}. O

1.3 Lorentzian geometry

We now summarize basic concepts of Lorentzian geometry. We will assume fa-
miliarity with semi-Riemannian manifolds, geodesics, the Riemannian exponential
map etc. A summary of basic notions in differential geometry can be found in Ap-
pendix A.3. A thorough introduction to Lorentzian geometry can e.g. be found in
[Beem—Ehrlich—-Easley1996] or in [O’Neill1983]. Further results of more technical
nature which could distract the reader at a first reading but which will be needed later
are collected in Appendix A.S.
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Let M be a time-oriented Lorentzian manifold. A piecewise C'-curve in M is
called timelike, lightlike, causal, spacelike, future directed, or past directed if its tan-
gent vectors are timelike, lightlike, causal, spacelike, future directed, or past directed
respectively. A piecewise C!-curve in M is called inextendible, if no piecewise C!-
reparametrization of the curve can be continuously extended to any of the end points
of the parameter interval.

The chronological future 1 ﬂ’f (x) of a point x € M is the set of points that can
be reached from x by future directed timelike curves. Similarly, the causal future
J i"l (x) of a point x € M consists of those points that can be reached from x by
causal curves and of x itself. In the following, the notation x < y (or x < y) will
mean y € [ i” (x)(ory e J fy (x) respectively). The chronological future of a subset
A C M is defined to be Ify (A4) := Uyeu Ii” (x). Similarly, the causal future of
Ais J_{YI (A) := Uyeq J_ﬁ’l (x). The chronological past I™ (A) and the causal past
JM (A) are defined by replacing future directed curves by past directed curves. One
has in general that / f (A) is the interior of J f (A) and that J f (A) is contained in the
closure of [ il (A). The chronological future and past are open subsets but the causal
future and past are not always closed even if A is closed (see also Section A.5 in the
appendix).

I
/ +1 \
1M (4)

g IM(4)

J_MT (A) /

Figure 4. Causal and chronological future and past of subset A of Minkowski space with one
point removed.

We will also use the notation JM (4) := JM (4) U Jj{u (A). Asubset A C M is
called past compact if AN JM (p) is compact for all p € M. Similarly, one defines
future compact subsets.



1.3. LORENTZIAN GEOMETRY 19

JM(p)

Figure 5. The subset A is past compact.

Definition 1.3.1. A subset 2 C M in a time-oriented Lorentzian manifold is called
causally compatible if for all points x € Q

JEx) =M nQ
holds.

Note that the inclusion “C” always holds. The condition of being causally com-
patible means that whenever two points in €2 can be joined by a causal curve in M this
can also be done inside €2.

Figure 6. Causally compatible subset of Minkowski space.

Figure 7. Domain which is not causally compatible in Minkowski space.
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If @ C M is a causally compatible domain in a time-oriented Lorentzian manifold,
then we immediately see that for each subset A C €2 we have

Iy =M ne.

Note also that being causally compatible is transitive: If @ C Q' C Q”,if Q is causally
compatible in ', and if Q’ is causally compatible in 2", then so is € in Q”.

Definition 1.3.2. A domain Q C M in a Lorentzian manifold is called

* geodesically starshaped with respect to a fixed point x €  if there exists an
open subset Q' C Ty M, starshaped with respect to 0, such that the Riemannian
exponential map exp, maps Q' diffeomorphically onto Q;

* geodesically convex (or simply convex) if it is geodesically starshaped with
respect to all of its points.

T M

Figure 8. 2 is geodesically starshaped with respect to x.

If  is geodesically starshaped with respect to x, then exp, (I+(0) N Q') =1 iz (x)
and exp, (J+(0) N Q') = J£(x). We put C$(x) := exp, (C+(0) N Q).
On a geodesically starshaped domain €2 we define the smooth positive function
Ux: Q2 — Rby
dV = gy - (exp;)* (dz). (1.9)

where dV is the Lorentzian volume density and dz is the standard volume density on
TyS2. In other words, iy = det(d exp,) o exp;!. In normal coordinates about x,

Hx = /| det(gij)]-

For each open covering of a Lorentzian manifold there exists a refinement consisting
of convex open subsets, see [O’Neill1983, Chap. 5, Lemma 10].

Definition 1.3.3. A domain Q is called causal if € is contained in a convex domain
Q' and if for any p, g € 2 the intersection Jf/( )N J¥ (¢) is compact and contained
in Q.
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Q/

convex, but not causal causal

Figure 9. Convexity versus causality.

Definition 1.3.4. A subset .S of a connected time-oriented Lorentzian manifold is called
achronal (or acausal) if and only if each timelike (respectively causal) curve meets S
at most once.

A subset S of a connected time-oriented Lorentzian manifold is a Cauchy hyper-
surface if each inextendible timelike curve in M meets S at exactly one point.

Figure 10. Cauchy hypersurface S met by a timelike curve.

Obviously every acausal subset is achronal, but the reverse is wrong. However,
every achronal spacelike hypersurface is acausal (see Lemma 42 from Chap. 14 in
[O’Neill1983]).
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Any Cauchy hypersurface is achronal. Moreover, it is a closed topological hy-
persurface and it is hit by each inextendible causal curve in at least one point. Any
two Cauchy hypersurfaces in M are homeomorphic. Furthermore, the causal future
and past of a Cauchy hypersurface is past- and future-compact respectively. This is a
consequence of e.g. [O’Neill1983, Ch. 14, Lemma 40].

Definition 1.3.5. The Cauchy development of asubset S of a time-oriented Lorentzian
manifold M is the set D(S) of points of M through which every inextendible causal
curve in M meets S.

Cauchy develop-
ment of S

Figure 11. Cauchy development.

Remark 1.3.6. It follows from the definition that D(D(S)) = D(S) for every subset
S C M. Henceif T C D(S),then D(T) C D(D(S)) = D(S).
Of course, if S is achronal, then every inextendible causal curve in M meets S at

most once. The Cauchy development D(S) of every acausal hypersurface S is open,
see [O’Neill1983, Chap. 14, Lemma 43].

Definition 1.3.7. A Lorentzian manifold is said to satisfy the causality condition if it
does not contain any closed causal curve.

A Lorentzian manifold is said to satisfy the strong causality condition if there are
no almost closed causal curves. More precisely, for each point p € M and for each
open neighborhood U of p there exists an open neighborhood V' C U of p such that
each causal curve in M starting and ending in V' is entirely contained in U .

forbidden!

Figure 12. Strong causality condition.
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Obviously, the strong causality condition implies the causality condition. Convex
open subsets of a Lorentzian manifold satisfy the strong causality condition.

Definition 1.3.8. A connected time-oriented Lorentzian manifold is called globally
hyperbolic if it satisfies the strong causality condition and if for all p,q € M the
intersection J fj (p) N JM(q) is compact.

Remark 1.3.9. If M is a globally hyperbolic Lorentzian manifold, then a nonempty
open subset 2 C M is itself globally hyperbolic if and only if for any p,q € 2 the
intersection J f (p) N J%(g) C Q is compact. Indeed non-existence of almost closed
causal curves in M directly implies non-existence of such curves in €2.

We now state a very useful characterization of globally hyperbolic manifolds.

Theorem 1.3.10. Let M be a connected time-oriented Lorentzian manifold. Then the
following are equivalent:

(1) M is globally hyperbolic.
(2) There exists a Cauchy hypersurface in M.

(3) M is isometric to R x S with metric —Bdt?> + g, where B is a smooth positive
function, gy is a Riemannian metric on S depending smoothly ont € R and each
{t} x S is a smooth spacelike Cauchy hypersurface in M.

Proof. Using work of Geroch [Geroch1970, Thm. 11], it has been shown by Bernal
and Séanchez in [Bernal-Sanchez2005, Thm. 1.1] that (1) implies (3). See also
[Ellis—Hawking1973, Prop. 6.6.8] and [Wald1984, p. 209] for earlier mentionings of
this fact. That (3) implies (2) is trivial and that (2) implies (1) is well-known, see e.g.
[O’Neill1983, Cor. 39, p. 422]. O

Examples 1.3.11. Minkowski space is globally hyperbolic. Every spacelike hyper-
plane is a Cauchy hypersurface. One can write Minkowski space as R x R”~! with
the metric — dt? + g: where g; is the Euclidean metric on R”~! and does not depend
ont.

Let (S, go) be a connected Riemannian manifold and / C R an interval. The
manifold M = I x S with the metric g = —d 12 + go is globally hyperbolic if and
only if (S, go) is complete. This applies in particular if .S is compact.

More generally, if f: I — R is a smooth positive function we may equip M =
I x S with the metric g = —dt*> + f(t)? - go. Again, (M, g) is globally hyperbolic
if and only if (S, go) is complete, see Lemma A.5.14. Robertson—Walker spacetimes
and, in particular, Friedmann cosmological models, are of this type. They are used
to discuss big bang, expansion of the universe, and cosmological redshift, compare
[Wald1984, Ch. 5 and 6] or [O’Neill1983, Ch. 12]. Another example of this type is
deSitter spacetime, where [ = R, S = § n—1 go is the canonical metric of S n—=1 of
constant sectional curvature 1, and f(t) = cosh(t). Anti-deSitter spacetime which we
will discuss in more detail in Section 3.5 is not globally hyperbolic.

The interior and exterior Schwarzschild spacetimes are globally hyperbolic. They
model the universe in the neighborhood of a massive static rotationally symmetric body
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such as a black hole. They are used to investigate perihelion advance of Mercury, the
bending of light near the sun and other astronomical phenomena, see [Wald1984, Ch. 6]
and [O’Neill1983, Ch. 13].

Corollary 1.3.12. On every globally hyperbolic Lorentzian manifold M there exists
a smooth function h: M — R whose gradient is past directed timelike at every point
and all of whose level-sets are spacelike Cauchy hypersurfaces.

Proof. Define h to be the composition ¢t o ® where ®: M — R x S is the isometry
given in Theorem 1.3.10 and ¢ : R xS — R is the projection onto the first factor. [

Such a function % on a globally hyperbolic Lorentzian manifold will be referred to
as a Cauchy time-function. Note that a Cauchy time-function is strictly monotonically
increasing along any future directed causal curve.

We quote an enhanced form of Theorem 1.3.10, due to A. Bernal and M. Sanchez
(see [Bernal-Sanchez2006, Theorem 1.2]), which will be needed in Chapter 3.

Theorem 1.3.13. Let M be a globally hyperbolic manifold and S be a spacelike smooth
Cauchy hypersurface in M. Then there exists a Cauchy time-functionh: M — R such
that S = h=1({0}). O

Any given smooth spacelike Cauchy hypersurface in a (necessarily globally hy-
perbolic) Lorentzian manifold is therefore the leaf of a foliation by smooth spacelike
Cauchy hypersurfaces.

Recall that the length L|[c] of apiecewise C'-curve c: [a, b] — M onaLorentzian
manifold (M, g) is defined by

b
L] = [ V@@ eldr.

Definition 1.3.14. The time-separation on a Lorentzian manifold (M, g) is the function
7: M x M — R U {00} defined by

sup{L[c] | ¢ future directed causal curve from p to g, if p <gq

(p.q) = {

0, otherwise,

forall p,qin M.
The properties of t which will be needed later are the following:

Proposition 1.3.15. Let M be a time-oriented Lorentzian manifold. Let p, q, and
r € M. Then
(1) ©(p.q) > 0ifand only if g € 1Y (p).
(2) The function t is lower semi-continuous on M x M. If M is convex or globally
hyperbolic, then T is finite and continuous.
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(3) The function t satisfies the inverse triangle inequality: If p < q <, then

t(p,r) > t(p,q) +1(q,r). (1.10)

See e.g. Lemmas 16, 17, and 21 from Chapter 14 in [O’Neill1983] for a proof. [

Now let M be a Lorentzian manifold. For a differentiable function f: M — R,
the gradient of f is the vector field

grad f := (df)*. (1.11)

Here @ + o' denotes the canonical isomorphism T*M — TM induced by the
Lorentzian metric, i.e., for w € T} M the vector L= Tx M is characterized by the
fact that w(X) = (w¥, X) for all X € TxM. The inverse isomorphism TM —
T*M is denoted by X — X". One easily checks that for differentiable functions
fig: M —>R

grad(fg) = ggrad f + fgradg. (1.12)

Locally, the gradient of f can be written as

grad [ = Zej df(ej)e;

j=1

where ey, ..., e, is a local Lorentz orthonormal frame of TM, ¢; = (e;,e;) = £1.
For a differentiable vector field X on M the divergence is the function

n
divX :=tr(VX) = > &;{ej. Ve, X).
=1

If X is a differentiable vector field and f a differentiable function on M, then one
immediately sees that

div(fX) = fdivX + (grad f, X). (1.13)

There is another way to characterize the divergence. Let dV be the volume form
induced by the Lorentzian metric. Inserting the vector field X yields an (n — 1)-form
dV(X,-,...,-). Hence d(dV(X,-,...,-)) is an n-form and can therefore be written
as a function times dV, namely

d(dV(X,-,...,-) =divX - dV. (1.14)

This shows that the divergence operator depends only mildly on the Lorentzian metric.
If two Lorentzian (or more generally, semi-Riemannian) metrics have the same volume
form, then they also have the same divergence operator. This is certainly not true for
the gradient.

The divergence is important because of Gauss’ divergence theorem:
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Theorem 1.3.16. Let M be a Lorentzian manifold and let D C M be a domain with
piecewise smooth boundary. We assume that the induced metric on the smooth part
of the boundary is non-degenerate, i.e., it is either Riemannian or Lorentzian on each
connected component. Let 1 denote the exterior normal field along 0D, normalized
to (n,n) =: ey = £1.

Then for every smooth vector field X on M such that supp(X) N D is compact we
have

/ div(X) dV:/ en{X,n) dA O
D aD
where dA is the induced volume element on 0D.

Let ey, ..., e, be a Lorentz orthonormal basis of 7xM. Then EL .. ) -
exp,(2_; §/¢;) is a local diffeomorphism of a neighborhood of 0 in R" onto a neigh-

borhood of x in M. This defines coordinates £!,...,£" on any open neighborhood
of x which is geodesically starshaped with respect to x. Such coordinates are called
normal coordinates about the point x.

We express the vector X in normal coordinates about x and write X = ) j n’ 9

(.’s—j.
From (1.14) we conclude, using dV = - d€' A--- AdE"
div(u ;' X) - dV = d(dV(u'X,-,...,")
=d( Y1yt ! Ao ndE RN
J

=Z(—1)j_1dnj AdE! /\"'/\C?é\j Ao AdE"

_Zan dé-l e AdE

Thus )
a J
1 div(uI1X) = Z ar (1.15)

For a C2-function f the Hessian at x is the symmetric bilinear form
Hess(f)|x: TxM x TxyM — R, Hess(f)|x(X,Y):= (Vxgrad f,Y).
The d’Alembert operator is defined by
Of := —tr(Hess(f)) = —div grad f.
If f: M — Rand F: R — R are C? a straightforward computation yields
O(F o f) = —(F"o f){df.df ) + (F'o f)O. (1.16)
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Lemma 1.3.17. Let Q be a domain in M, geodesically starshaped with respect to
x € Q. Then the function [Ly defined in (1.9) satisfies

1. 1
px(x) =1, dux|x =0, Hess(uy)|x = —7 ricx. Opx)(x) = —scal(X)
where ricy denotes the Ricci curvature considered as a bilinear form on T2 and scal
is the scalar curvature.

Proof. Let X € T2 be fixed. Letey,..., e, be a Lorentz orthonormal basis of Ty 2.
Denote by Ji, ..., J, the Jacobi fields along c(t) = exp, (tX) satisfying J;(0) = 0

and VJ’ (0) = ¢ forevery 1 < j < n. The differential of exp, at X is, for every ¢
for Wthh it is defined, given by

1
dix expy(e)) = ~J; (1),
j =1,...,n. From the definition of u, we have

Mx (expx(tX))el NeeeNey = det(th epr)el A+ Aey
= (dix expy(e1)) A+ A (dix expy(en))

1 1
= ;Jl(t) JARREIAN ;Jn(l)

Jacobi fields J along the geodesic c(f) = exp, (tX) satisty the Jacobi field equation
y t2 27 (z) = —R(J(1),¢(t))¢(2), where R denotes the curvature tensor of the Levi-Civita
connection V. Differentiating this once more ylelds J ) = _W(J (), ¢@))c(t)—
R(dtJ(t),c(t))c(t). For / = J;andt = 0 we have J;(0) =0, VJ] 0) = ey,
VIL0) = —R(0,é(0))é(0) = 0, and 24(0) = —R(e;, X)X where X = ¢(0).

di?
Identifying J; (¢) with its parallel translate to T, 2 along c the Taylor expansion of J;

up to order 3 reads as

[3
Ji(t) =tej — gR(ej,X)X +0(H).

This implies

1 1
;Jl(t)/\---/\;J,,(t) =ejA---Aey

2 &
-< et A~ AR(ej, X)X A+ Aey +O(t?)
j=1
=ej A" Aey
2 n
——Zej R(ej, X)X, ej)e; A-+-Aey +O(t3)

[2
- (1 — = rie(X. X) + 0(z3))e1 A Aen



28 1. PRELIMINARIES

Thus 5
t
pa(expy (1X)) = 1 — = ric(X, X) + O(%)

and therefore
1
Ux(x) =1, dpux(X) =0, Hess(ux)(X,X)= —3 ric(X, X).

Taking a trace yields the result for the d’ Alembertian. O
Lemma 1.3.17 and (1.16) with f = uy and F(¢) = t~'/2 yield:

Corollary 1.3.18. Under the assumptions of Lemma 1.3.17 one has
1
(D/L;l/z)(x) = —gscal(x). |

Let 2 be a domain in a Lorentzian manifold M, geodesically starshaped with
respect to x € 2. Set
[y:=yoexp; : Q— R (1.17)

where y is defined as in (1.6) with V' = T, Q.

Lemma 1.3.19. Let M be atime-oriented Lorentzian manifold. Let the domain Q2 C M
be geodesically starshaped with respect to x € 2. Then the following holds on 2.

(1) (grad Ty, grad T'y) = —4T,.

2) Onl f (x) (oron I (x)) the gradient grad Ty is a past directed (or future directed
respectively) timelike vector field.

(3) OTx —2n = —(grad Iy, grad (log(stx)))-

Proof. (1) Let y € Q and Z € T,2. The differential of y at a point p is given by
dpy = —2(p.-). Hence

dyTx(Z) = dyyy1(,y7 © dy expy (Z)
= —2(exp; ' (). dy exp; ' (Z)).

Applying the Gauss Lemma [O’Neill1983, p. 127], we obtain

dyTx(Z) = =2(dy-1(y) XDy (expy ' (1)), Z).
Thus
grad, I'y = —2dexp;l(y) exp, (expy ' (). (1.18)
It follows again from the Gauss Lemma that
(grad, I'x, grad, I'x) = 4(d,,—1(,) €xpy (exp; ' (), doyp=1 (y) CXPx (exp; ' (1))

= 4{expy ' (v), expy ' (1))
= —4T'y (v).
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(2) On If (x) the function I'y is positive, hence (grad I'y, grad ') = —4T", < 0.
Thus grad I'y is timelike. For a future directed timelike tangent vector Z € T2 the
curve c(t) := exp, (¢ Z) is future directed timelike and I'y increases along ¢. Hence
0=< %(Fx oc) = (grad 'y, ¢). Thus grad I'y is past directed along c. Since every
pointin / f (x) can be written in the form exp, (Z) for a future directed timelike tangent
vector Z this proves the assertion for / f (xx). The argument for 7 (x) is analogous.

(3) Using (1.13) with f = u; ! and X = grad T, we get

diV(/L;1 grad Ty) = p ! divgrad Ty + (grad(u; '), grad Ty)
and therefore
0Ty = (grad(log(uy ")), grad Ty) — sy div(py " grad Ty)
= —(grad(log(ix)). grad T'x) — pu div(u;" grad Ty).

It remains to show px div (;L;l grad I'y) = —2n. We check this in normal coordinates
g',....§" about x. By (1.18) we have grad [y = -2 )", g2 57 S0 that (1.15) implies

L g/
fx div(py' grad Ty) = Z ag - = m

Remark 1.3.20. If Q2 is convex and t is the time-separation function of €2, then one

can check that
vI(p.q). ifp<gq

0, otherwise.

t(p,q) =

1.4 Riesz distributions on a domain

Riesz distributions have been defined on all spaces isometric to Minkowski space. They
are therefore defined on the tangent spaces at all points of a Lorentzian manifold. We
now show how to construct Riesz distributions defined in small open subsets of the
Lorentzian manifold itself. The passage from the tangent space to the manifold will be
provided by the Riemannian exponential map.

Let ©2 be a domain in a time-oriented n-dimensional Lorentzian manifold, n > 2.
Suppose €2 is geodesically starshaped with respect to some point x € 2. In par-
ticular, the Riemannian exponential function exp, is a diffeomorphism from Q' :=
exp 1(Q) C Tx R to Q. Let py:  — R be defined as in (1.9). Put

R (e, x) := px expt Ri(a),

that is, for every testfunction ¢ € D(R2, C),

R (e, x)[¢] := R (@)[(1tx9) 0 exp,].
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Note that supp((itx®) o exp, ) is contained in 2. Extending the function (i) oexp,
by zero we can regard it as a testfunction on 7, €2 and thus apply Ry () to it.

Definition 1.4.1. We call Rﬁ(a, x) the advanced Riesz distribution and RS («, x) the
retarded Riesz distribution on 2 at x for o € C.

The relevant properties of the Riesz distributions are collected in the following
proposition.
Proposition 1.4.2. The following holds for all @ € C and all x € Q:

(1) If Re(xr) > n, then RS % (a0, x) is the continuous function

st Q
Ri(a, X) = C(a,n) Ty on Ji(x),
0 elsewhere.

(2) For every fixed testfunction ¢ the map o +— Ri (o, x)[¢] is holomorphic on C.
(3) Ty - R¥(ar,x) = (@ —n + 2) RS (e + 2, x).

(4) grad (Ty) - RY Yo, x) =2 gradR (a +2,x).

(5) Ifa # 0, then ORS (o + 2,x) = (F5222 + 1) R (e, x).

(6) RS (0, x) = 6.

(7) Foreverya € C\ ({0,—2,—4,...}U{n—2,n—4,...}) we have

supp (Ri(a,x)) = Jf(x) and  sing supp (R (a,x)) C Ci (x).
(8) Foreverya € {0,—2,—4,...}U{n—2,n—4,...} we have
supp (Rﬁ(a, x)) = sing supp (Ri(a, x)) C Ciz (x).
9) Forn >3 anda =n—2,n—4,...,1 o0r2 respectively we have
supp (Rg(a, x)) = sing supp (Rg((x,x)) = Cf (x).

(10) For Re(a) > 0 we have ord(Rﬁ(oz,x)) < n + 1. Moreover, there exists a
neighborhood U of x and a constant C > 0 such that

|RE (e, )]l < C - llgllcnt1 (g

forallp € D(Q,C)andall x' € U.

(11) IfU C Q is an open neighborhood of x such that Q2 is geodesically starshaped
with respect to all x’ € U and if V € D(U x 2, C), then the function U — C,
x> RE(a, x")[y = V(x', )], is smooth.

(12) If U C Q is an open neighborhood of x such that Q2 is geodesically starshaped
with respect to all X’ € U, ifERe(oz) >0, and if V e D" TR (U x Q, C), then
the function U — C, x" — R (o, x")[y > V(x', y)], is ck.
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(13) For every ¢ € DX(Q, C) the map o +— Ri(a, X)[¢] is a holomorphic function
on{a € C | Re(w) >n—2[£]}.

(14) Ifa € R, then R (a, x) is real, i.e., R¢(at, x)[¢] € R for all ¢ € D(L,R).

Proof. 1t suffices to prove the statements for the advanced Riesz distributions.
(1) Let Re(a) > n and ¢ € D(2,C). Then

R (e, x)[¢] = R (o, x)[(jex 0 expy) - (@ 0 expy)]

= C(a.n) 2 - (poexpy) - prdz
J1+(0)

= C(a,n) Fx% - dV.
T (x)

(2) This follows directly from the definition of RS ¥ (a, x) and from Lemma 1.2.2 (4).
(3) By (1) this obviously holds for ERe(a) > n since C(a,n) = a(e —n + 2) -
C(a + 2,n). By analyticity of > R% ¥ (a, x) it must hold for all a.

(4) Consider « with fte(x) > n. By (1) the function R¥ Y (o +2,x)is then C!. On
Jf (x) we compute

a+2—n
ZagradR (@ +2,x) =20C(x + 2, n)grad( 2 )
ot

2 — o
— 2aC(a + 2,n)“+T” T,

C(a,n)
= R?_(a, x) grad I'y.

For arbitrary @ € C assertion (4) follows from analyticity of o — R Yo, x).
(5)Leta € C with Re(a) > n+2. Since RY Y (x+2,x)is then C2 we can compute

DRE (o +2, x) classically. This will show that (5) holds for all @ with fe(c) > n+2.
Analyticity then implies (5) for all «.

DR%(OZ +2,x)
= —div (gradR (@ +2,x))

&_1 div (R (e, x) - grad(T'y))
1 1
Aal3 o ar, - R Tla,x) — (grad Iy, grad RQ(oz X))
1 1
(4) DF RQ(Ol x)— ——(grad 'y, grad Ty - Rg(a —-2,x))

200 - 2(a — 2)

Lemma 1 3. 19(1) 1
5o Ol R (e, x) + Ty - RE (e —2,x)

1
a(a —2)
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3 1 (¢ —2)(a —n)

Q Q
= ZDFX-RJr(a,x)—i— 2@ —2) RY (o, x)
Or'y —2n Q
(T )

(6) Let ¢ be a testfunction on €2. Then by Proposition 1.2.4 (7)

RE(0.x)[¢] = R4(0)[(11x9) 0 exp,]
= So[(pxp) o expy]
= ((uxg) o exp,)(0)
= px(X)p(x)
= ¢(x)
= Ox[o].

(11) Let A(x, x"): Ty — T,/ be a time-orientation preserving linear isometry.
Then
RE(@. )V )] = Re @ - V(X)) 0 expyr 0A(x,x')]

where R () is, as before, the Riesz distribution on Ty 2. Hence if we choose A(x, x')
to depend smoothly on x’, then (ty - V(x', y)) o exp,, 0A(x, x’) is smooth in x" and
y and the assertion follows from Lemma 1.1.6.

(10) Since ord(R+(«)) < n+ 1 by Proposition 1.2.4 (8) we have ord(Ri (o, x)) <
n + 1 as well. From the definition Rg((x, X) = Wx expy Ri(@) it is clear that the
constant C may be chosen locally uniformly in x.

(12) By (10) we can apply Rﬁ (a, x") to V(x’,-). Now the same argument as for
(11) shows that the assertion follows from Lemma 1.1.6.

The remaining assertions follow directly from the corresponding properties of the
Riesz distributions on Minkowski space. For example (13) is a consequence of Corol-
lary 1.2.5. O

Advanced and retarded Riesz distributions are related as follows.

Lemma 1.4.3. Let Q be a convex time-oriented Lorentzian manifold. Leto € C. Then
forallu € D(Q x Q,C) we have

[ B2 w0 V6 = [ B2y ue )] V).

Proof. The convexity condition for €2 ensures that the Riesz distributions Ri (o, x) are
defined for all x € 2. By Proposition 1.4.2 (11) the integrands are smooth. Since u
has compact support contained in 2 x €2 the integrand Rf(a, xX) [y u(x,y)] (asa
function in x) has compact support contained in 2. A similar statement holds for the
integrand of the right-hand side. Hence the integrals exist. By Proposition 1.4.2 (13)
they are holomorphic in «. Thus it suffices to show the equation for o with Jte(a) > n.
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For such an o € C the Riesz distributions R (o, x) and R_(«, y) are continuous
functions. From the explicit formula (1) in Proposition 1.4.2 we see

Ri(a,x)(y) = R—(a,y)(x)

for all x, y € Q. By Fubini’s theorem we get
/R&mmwwuwwwwm=/(/R&mmwmuymww}wm
Q Q Q
=L(LR&mmmwmwwu0ww)

ZLRﬂmwuHumwwww. O

As atechnical tool we will also need a version of Lemma 1.4.3 for certain nonsmooth
sections.

Lemma 1.4.4. Let Q2 be a causal domain in a time-oriented Lorentzian manifold of
dimension n. Let Re(a) > 0 andletk > n + 1. Let K1, Ka be compact subsets of Q
and letu € C*(Q x Q) so that supp(u) C Jf (K1) x J2(K3). Then

| B@ob sl v = [ R ut ] Vi)
Q Q

Proof. For fixed x, the support of the function y — u(x, y) is contained in J#(K>).
Since Q is causal, it follows from Lemma A.5.3 that the subset J52(K5) N Jf (x) is
relatively compact in Q. Therefore the intersection of the supports of y + u(x, y) and
Rﬁ (a, x) is compact and contained in Q. By Proposition 1.4.2 (10) one can then apply
Rg(a, x) to the C*-function y + u(x, y). Furthermore, the support of the continu-
ous function x +— Rf(a,x) [y = u(x, y)] is contained in Jf (K1) N J2(supp(y —
u(x,y))) C Jf (K)NJEITE(K)) = Jf (Ky)N Jf (K3), which is relatively com-
pact in Q, again by Lemma A.5.3. Hence the function x Rf(oz, X) [y = u(x,y)]
has compact support in €, so that the left-hand side makes sense. Analogously the
right-hand side is well defined. Our considerations also show that the integrals depend
only on the values of u on (Jf(Kl) nJe (Kz)) X (Jf(Kl) nJe (Kz)) which is a
relatively compact set. Applying a cut-off function argument we may assume without
loss of generality that u has compact support. Proposition 1.4.2 (13) says that the inte-
grals depend holomorphically on « on the domain {#te(«) > 0}. Therefore it suffices
to show the equality for o with sufficiently large real part, which can be done exactly
as in the proof of Lemma 1.4.3. O

1.5 Normally hyperbolic operators

Let M be a Lorentzian manifold and let £ — M be a real or complex vector bundle.
For a summary on basics concerning linear differential operators see Appendix A.4.
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A linear differential operator P: C*°(M, E) — C®(M, E) of second order will be
called normally hyperbolic if its principal symbol is given by the metric,

op(§) = —(5.§) -idE,

forall x € M and all £ € T;‘ M . In other words, if we choose local coordinates

x!, ..., x" on M and a local trivialization of E, then
n N 82 n 9
P=- g S Ai(x)— + B
”ZZIg () 5o +j; ()5 + Bi(x)

where A; and B, are matrix-valued coefficients depending smoothly on x and (") 7]
is the inverse matrix of (g;;);; with g;; = (%, (,)xi,)
Example 1.5.1. Let E be the trivial line bundle so that sections in E are just functions.

The d’ Alembert operator P = [ is normally hyperbolic because

0uad§) f = fE,  oan()X = E(X)

and so

on(E) f = —0aiv(£) 0 0gua(§) f = —E(fE") = —(£.8) f.

Recall that £ — &# denotes the isomorphism 7, M — T, M induced by the Lorentzian
metric, compare (1.11).

Example 1.5.2. Let E be a vector bundle and let V be a connection on E. This
connection together with the Levi-Civita connection on 7* M induces a connection on
T*M ® E, again denoted V. We define the connection-d’Alembert operator 0V to
be minus the composition of the following three maps

v
C®(M,E) — C®(M,T*M ® E)
v r ®i
YoM, T*M @ T*M @ E) 225, ¢ (M, E)
where tr: T*M ® T*M — R denotes the metric trace, tr(§ ® ) = (£,7). We
compute the principal symbol,

ogv(§)¢ = —(r®idg) o ov(§) o ov(§)(p) = —(r ®idp)(§ ®E @ ¢) = —(5.§) ¢.
Hence OV is normally hyperbolic.

Example 1.5.3. Let E = A¥T*M be the bundle of k-forms. Exterior differentiation
d: C®(M,AN*T*M) — C°(M, A**1T* M) increases the degree by one while the
codifferential §: C°(M, A¥T*M) — C®°(M, A*~1T*M) decreases the degree by
one, see [Besse1987, p. 34] for details. While d is independent of the metric, the
codifferential § does depend on the Lorentzian metric. The operator P = d§ + 8d is
normally hyperbolic.
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Example 1.5.4. If M carries a Lorentzian metric and a spin structure, then one can
define the spinor bundle £ M and the Dirac operator

D: C®(M,SM) — C®(M,SM),

see [Bar—Gauduchon—-Moroianu2005] or [Baum1981] for the definitions. The principal
symbol of D is given by Clifford multiplication,

op(E)y = £* -y

Hence
op2(E)Y = opE)opE)y = EF - EF .y = —(E.£) y.
Thus P = D? is normally hyperbolic.

The following lemma is well-known, see e.g. [Baum—Kath1996, Prop. 3.1]. It says
that each normally hyperbolic operator is a connection-d’ Alembert operator up to a
term of order zero.

Lemma 1.5.5. Let P: C®°(M, E) — C°(M, E) be a normally hyperbolic operator
on a Lorentzian manifold M. Then there exists a unique connection V on E and a
unique endomorphism field B € C*°(M,Hom(E, E)) such that

P =0+ B

Proof. First we prove uniqueness of such a connection. Let V' be an arbitrary con-
nection on E. For any section s € C*®(M, E) and any function f € C®(M) we
get ) )

OV (f-s)=f-(@s) =2V rs + (@) -s. (1.19)

Now suppose that V satisfies the condition in Lemma 1.5.5. Then B = P — [0V is an
endomorphism field and we obtain

f(P(s)—0Vs) = P(f-5)—0OY(f -5).
By (1.19) this yields

Verad £8 = 3/ - P(s) = P(f -5) + (Of) -5} (1.20)

At a given point x € M every tangent vector X € T, M can be written in the form
X = grad, f for some suitably chosen function f. Thus (1.20) shows that V is
determined by P and OJ (which is determined by the Lorentzian metric).

To show existence one could use (1.20) to define a connection V as in the statement.
We follow an alternative path. Let V' be some connection on E. Since P and OV’ are
both normally hyperbolic operators acting on sections in E, the difference P — av'is
a differential operator of first order and can therefore be written in the form

P-0OV =AoV + B,
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for some A’ € C*®°(M,Hom(T*M ® E, E)) and B’ € C*®°(M,Hom(E, E)). Set for
every vector field X on M and section s in £

1
Vxs 1= Vgs — EA’(Xb ® ).

This defines a new connection V on E. Let ey, ..., e, be a local Lorentz orthonormal
basis of TM . Write as before ¢; = (e;,e;) = £1. We may assume that at a given
point p € M we have V. e;(p) = 0. Then we compute at p

n
OVs+ A oV's = Zsj{ — Ve, Ve s+ A’(e]k? ® Véjs)}
j=1
- 1 r¢ b 1 re.b
- Zg,{ — (Ve + 546} ® )(Veys + 54'(&} ©5))
j=1

1
A & Vo) + 5 A} ® A} @)
- 1
= D] = Ve Vey5 = 3 Ve, (46} ©.5))
j=1

1 I
+ 34 ® Vess) + 7A€} ® A} @ 9))]

=

=Dvs—|—

n
& {A’(elll? ® A/(ejl? ®5)) —2(Ve, A’)(e‘? ® s)},
Jj=1

where V in V., A" stands for the induced connection on Hom(7*M ® E, E). We
observe that Q(s) :=O0V's + A’ o Vs —OVs = % 27=1 sj{A’(e}’. ® A’(e? ®s)) —
2(Ve, A’ )(e; ® s)} is of order zero. Hence

P=0"440V +B =0+ 0(s) + B'(5)
is the desired expression with B = Q + B’. |

The connection in Lemma 1.5.5 will be called the P -compatible connection. We
shall henceforth always work with the P-compatible connection. We restate (1.20) as
a lemma.

Lemma 1.5.6. Ler P = OV + B be normally hyperbolic. For f € C®(M) and
s € C®(M, E) one gets

P(f-s)=f -P(s)—2Vgaars+0Of -s. O



