
S

E

E
M

S
M E M S

SS

E

E
M

SS

E

E
M MM

ZLAM_Balkema_titelei.qxd  5.7.2007  9:46 Uhr  Seite 1



Zurich Lectures in Advanced Mathematics

Edited by

Erwin Bolthausen (Managing Editor), Freddy Delbaen, Thomas Kappeler (Managing Editor), Christoph Schwab,
Michael Struwe, Gisbert Wüstholz

Mathematics in Zurich has a long and distinguished tradition, in which the writing of lecture notes volumes
and research monographs play a prominent part. The Zurich Lectures in Advanced Mathematics series 
aims to make some of these publications better known to a wider audience. The series has three main con-
stituents: lecture notes on advanced topics given by internationally renowned experts, graduate text books
designed for the joint graduate program in Mathematics of the ETH and the University of Zurich, as well 
as contributions from researchers in residence at the mathematics research institute, FIM-ETH. Moderately
priced, concise and lively in style, the volumes of this series will appeal to researchers and students alike, 
who seek an informed introduction to important areas of current research.

Previously published in this series:

Yakov B. Pesin, Lectures on partial hyperbolicity and stable ergodicity
Sun-Yung Alice Chang, Non-linear Elliptic Equations in Conformal Geometry
Sergei B. Kuksin, Randomly forced nonlinear PDEs and statistical hydrodynamics in 2 space dimensions
Pavel Etingof, Calogero-Moser systems and representation theory

Published with the support of the Huber-Kudlich-Stiftung, Zürich

ZLAM_Balkema_titelei.qxd  5.7.2007  9:46 Uhr  Seite 2



SS

E

E
M

SS

E

E
M MM European Mathematical Society

S

E

E
M

S
M

Guus Balkema 
Paul Embrechts

High Risk 
Scenarios and
Extremes
A geometric approach

ZLAM_Balkema_titelei.qxd  5.7.2007  9:46 Uhr  Seite 3



A. A. Balkema
Department of Mathematics
University of Amsterdam
Plantage Muidergracht 24
1018 TV Amsterdam
Netherlands
guus@science.uva.nl

The cover shows part of the edge and of the convex hull of a realization of the Gauss-exponential point 
process. This point process may be used to model extremes in, for instance, a bivariate Gaussian or hyperbolic
distribution. The underlying theory is treated in Chapter III.

2000 Mathematics Subject Classification 60G70, 60F99, 91B30, 91B70, 62G32, 60G55

ISBN 978-3-03719-035-7

The Swiss National Library lists this publication in The Swiss Book, the Swiss national bibliography, 
and the detailed bibliographic data are available on the Internet at http://www.helveticat.ch.

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is 
concerned, specifically the rights of translation, reprinting, re-use of illustrations, recitation, broadcasting,
reproduction on microfilms or in other ways, and storage in data banks. For any kind of use permission 
of the copyright owner must be obtained. 

©2007 European Mathematical Society

Contact address:

European Mathematical Society Publishing House
Seminar for Applied Mathematics
ETH-Zentrum FLI C4
CH-8092 Zürich
Switzerland

Phone: +41 (0)44 632 34 36
Email: info@ems-ph.org
Homepage: www.ems-ph.org

Typeset using the authors’ TEX files: I. Zimmermann, Freiburg
Printed on acid-free paper produced from chlorine-free pulp. TCF °°
Printed in Germany
9 8 7 6 5 4 3 2 1

P. Embrechts
Department of Mathematics
ETH Zurich
8092 Zurich
Switzerland
embrechts@math.ethz.ch

ZLAM_Balkema_titelei.qxd  5.7.2007  9:46 Uhr  Seite 4



Annemarie and my daughters have looked on my labour with a
mixture of indulgence and respect. Thank you for your patience.

Guus

For Gerda, Krispijn, Eline and Frederik. Thank you ever so much
for the wonderful love and support over the many years.

Paul





Foreword

These lecture notes describe a way of looking at extremes in a multivariate setting. We
shall introduce a continuous one-parameter family of multivariate generalized Pareto
distributions that describe the asymptotic behaviour of exceedances over linear thresh-
olds. The one-dimensional theory has proved to be important in insurance, finance
and risk management. It has also been applied in quality control and meteorology.
The multivariate limit theory presented here is developed with similar applications in
mind. Apart from looking at the asymptotics of the conditional distributions given the
exceedance over a linear threshold – the so-called high risk scenarios – one may look
at the behaviour of the sample cloud in the given direction. The theory then presents a
geometric description of the multivariate extremes in terms of limiting Poisson point
processes.

Our terminology distinguishes between extreme value theory and the limit theory
for coordinatewise maxima. Not all extreme values are coordinatewise extremes! In
the univariate theory there is a simple relation between the asymptotics of extremes
and of exceedances. One of the aims of this book is to elucidate the relation between
maxima and exceedances in the multivariate setting. Both exceedances over linear
and elliptic thresholds will be treated. A complete classification of the limit laws is
given, and in certain instances a full description of the domains of attraction. Our
approach will be geometrical. Symmetry will play an important role.

The charm of the limit theory for coordinatewise maxima is its close relationship
with multivariate distribution functions. The univariate marginals allow a quick check
to see whether a multivariate limit is feasible and what its marginals will look like.
Linear and even non-linear monotone transformations of the coordinates are easily
accommodated in the theory. Multivariate distribution functions provide a simple
characterization of the max-stable limit distributions and of their domains of attrac-
tion. Weak convergence to the max-stable distribution function has almost magical
consequences. In the case of greatest practical interest, positive vectors with heavy
tailed marginal distribution functions, it entails convergence of the normalized sample
clouds and their convex hulls.

Distribution functions are absent in our approach. They are so closely linked to
coordinatewise maxima that they do not accommodate any other interpretation of
extremes. Moreover, distribution functions obscure an issue which is of paramount
importance in the analysis of samples, the convergence of the normalized sample
cloud to a limiting Poisson point process. Probability measures and their densities
on Rd provide an alternative approach which is fruitful both in developing the theory
and in handling applications. The theory presented here may be regarded as a useful
complement to the multivariate theory of coordinatewise maxima.



viii Foreword

These notes contain the text of the handouts, substantially revised, for a Nach-
diplom course on point processes and extremes given at the ETH Zurich in the spring
semester of 2005, with the twenty sections of the book roughly corresponding to
weekly two-hour lectures.
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