Contents

Preface

1 The Laplace-Poisson equation

1.1
1.2
1.3
1.4
1.5
1.6
1.7

Introduction, basic definitions, and plan of the book . . . . . . ..
Fundamental solutions and integral representations . . . . . . . .
Green’s functions . . . . . .. ... ..o
Harmonic functions . . . . . . ... ... ... L.
The Dirichletproblem . . . . . . ... ... ... .. .......
The Poisson equation . . . . . . ... ... ............
Notes . . . . . o

2 Distributions

2.1
22
23
24
2.5
2.6
2.7
2.8
29

The spaces D(R)and D'(RQ) . . . . . . . . ... L.
Regular distributions, further examples . . . . . . . .. ... ...
Derivatives and multiplications with smooth functions . . . . . . .
Localisations, the spaces 8'(2) . . . . . . . .. . ... ... ...
The space §(R"), the Fourier transform . . . . . . .. ... ...
The space '(R™) . . . . . . . . .
The Fourier transformin 8 (R") . . . ... .. ... ... ....
The Fourier transformin L,(R™) . . . . ... ... ... .. ...
Notes . . . . . o e

3 Sobolev spaces on R" and R’}

3.1
32
33
34
35
3.6

The spaces ka([R”) .........................
The spaces H5(R™) . . . . . . . . . .
Embeddings . . . . . . . .. ...
Extensions . . . . . . . ...

4 Sobolev spaces on domains

4.1
4.2
4.3
4.4
4.5
4.6

Basicdefinitions . . . . . . . .. ... ... ..o
Extensions and intrinsicnorms . . . . . . . . . . ... ... ...
Odd and evenextensions . . . . . . . . .. ... .. ...
Periodic representations and compact embeddings . . . . . . . ..
Traces . . . . . . . ..
Notes . . . . . . . e e e

25
25
27
31
33
38
43
47
49
53

56

56
59
70
72
79
82



viii

5

Contents

Elliptic operators in L,

5.1 Boundary valueproblems . . . . . ... ... ... L.
5.2 Outline of the programme, and some basicideas . . . . . ... ..
5.3 Aprioriestimates . . . . . .. ... ..o
5.4 Some properties of Sobolev spaceson R . . .. ... ... ...
5.5 TheLlaplacian . . . . . . ... ... ... ... ...
5.6 Homogeneous boundary value problems . . . . . ... ... ...
5.7 Inhomogeneous boundary value problems . . . . ... ... ...
5.8 Smoothnesstheory . . ... ... ... ... ... ... . ...
5.9 Theclassicaltheory . . . . . . ... ... ... .. ...
5.10 Green’s functions and Sobolev embeddings . . . . . .. ... ..
5.11 Degenerate elliptic operators . . . . . . . . . .. ... ......
SA2 Notes . . . . . . o e

Spectral theory in Hilbert spaces and Banach spaces
6.1 Introduction and examples . . . . . . ... ... ... ... ...
6.2  Spectral theory of self-adjoint operators . . . . . ... ... ...
6.3 Approximation numbers and entropy numbers: definition and basic
PIOPETtieS . . . . . v v o it e e
6.4 Approximation numbers and entropy numbers: spectral assertions
6.5 The negative spectrum . . . . . . . ... ... L.
6.6 Associated eigenelements . . . . . ... Lo L L
6.7 NoOtes . . . . . . . e

Compact embeddings, spectral theory of elliptic operators

7.1 Introduction . . . . . . ... ... ...
7.2  Compact embeddings: sequence spaces . . . . . ... ......
7.3 Compact embeddings: function spaces . . . . .. .. ... ....
7.4  Spectral theory of elliptic operators: the self-adjoint case . . . . .
7.5 Spectral theory of elliptic operators: the regular case . . . . . . .
7.6 Spectral theory of elliptic operators: the degenerate case . . . . .
7.7 The negative spectrum . . . . . . . .. ...
7.8 NOtES . . . o o

Domains, basic spaces, and integral formulae

A.1 Basic notation and basicspaces . . . . . . ... ... ... ...
A2 Domains . . . . . . ...
A3 Integral formulae . . .. .. ... ... ... ... ...
A4 Surfacearea . . . . . . .. ..o

Orthonormal bases of trigonometric functions



C Operator theory
C.1 Operators in Banach spaces . .

Contents

C.2 Symmetric and self-adjoint operators in Hilbert spaces . . . . . .
C.3 Semi-bounded and positive-definite operators in Hilbert spaces . .

D Some integral inequalities

E Function spaces
E.1 Definitions, basic properties .
E.2 Special cases, equivalent norms

Selected solutions

Bibliography
Author index
List of figures
Notation index

Subject index

X

252
252
254
256

259

261
261
264

269

275
283
285
286
290



