Contents

1 Introduction . . . . . . . . . . . . e e 1

2 Notation and preliminaries . . . . . . ... ... ... ... .. ... 4

2.1 General notationandmeasures. . . . . . . . . . . . . v v ... 4

2.2 Weak™ convergenceof measures . . . . . . ... ... ... 5

2.3 Covering theorems and differentiation of measures . . . ... ... .. 9

2.4 Hausdorffmeasures . . . . . .. . . . . .. ... 10

2.5 Lipschitzfunctions . . .. ... ... ... ... ... ... .. ..., 11

2.6 The Stone—Weierstrass Theorem . . . . . ... ... ... ... ..... 12

3 Marstrand’s Theorem and tangent measures . . . . . . ... ... ...... 13

3.1 Tangent measures and Proposition3.4. . .. ... ... ... ...... 16

3.2 Lemma3.7and someeasyremarks . . ... ............... 21

3.3 Proofof Lemma3.8. .. ... ... ... ... .. ... .. ... .... 22

34 ProofofCorollary3.9. . . . . . ... ... .. ... . 25

4 Rectifiability . .. ... ... . 27

4.1 The Area Formulal: Preliminary lemmas . . . . . ... ... ...... 29

4.2 The AreaFormulall . ... ... ... ... ............... 32

4.3 The Geometric Lemma and the Rectifiability Criterion . . .. ... .. 35

4.4 Proof of Theorem4.8 . . . . . ... .. ... . . . . . ... ... 37

5 The Marstrand—Mattila Rectifiability Criterion . . . ... ... . ... ... 40

5.1 Preliminaries: Purely unrectifiable sets and projections . . . . . .. .. 42

5.2 The proof of the Marstrand—Mattila rectifiability criterion . . . . . . . 47

5.3 Proof of Theorem 5.1 . . . . ... ... ... .. ... .. ........ 53

6 Anoverviewof Preiss’ proof . . .. ... ... ... ... ... . . ..., 56

6.1 Thecone {x] =X+ X3+ X3} v v v vt 59

6.2 Part Aof Preiss’strategy . . . . . .. .. .. ... . 63

6.3 Part B of Preiss’ strategy: Three mainsteps . . . ... ... ...... 65

6.4 From the three main steps to the proof of Theorem6.10 . . . . . . . .. 66

7 Moments and uniqueness of the tangent measure at infinity . . . ... ... 70
7.1 From Proposition 7.7 to the uniqueness of the tangent measure at

INfinity . . .. L 74

7.2 Elementary bounds on b 5 and the expansion (7.5) . . ... .. .. .. 76

7.3 Proof of Proposition 7.7 . . ... ... ... .. ... 79



vi Contents

8 Flatversuscurvedatin?nity . . . . . . . ... ... 85
8.1 The tangent measure atin?nityisacone . . ... ... ... ...... 88
8.2 Conical uniformmeasures . . . . . .. .. ... ... ... ... .. 88
8.3 Proof of Proposition8.5 . . . ... .. ... ... . L L 91
9 Flatness at in?nity implies ?atness . . . . .. ... ... ... ... 95
9.1 Proofsof(ii)and (iv) . . .. ... ... ... .. ... .. 99
9.2 Anintegral formulafortr (b7 L V) .. .. ... 100
9.3 Anintermediate inequality . . . . . . ... ... oL 103
9.4 Proofof (9.7)andconclusion . . ... ... ... ............ 106
10 Openproblems . . . . . .. . . 110
Appendix A. Proof of Theorem3.11. . .. .. ... ... .. ... ....... 117
Appendix B. Gaussianintegrals . . . ... ... ... ... ... ... ... 122
Bibliography . . . . . . . . . 125



