Table of Contents

Quantumvs. Classical DynamiCs .. ..., 1
1.1 AFIrSt LOOK . ..o 1
.1.1 Classical Mechanics ............ ... oottt 1
1.1.2 QuantumMechanics ............. .. .ttt 2
1.2 The Free Schrodinger Equation . ...........cooiiauan ... 3
1.2.1 Dispersion Relation ............. ... .. i, 3
1.2.2 Solution by Fourier Transformation................... 4
1.2.3 Propagation of Heavy Wave Packets . B <
1.3 The Schrodinger Equation with a Potential . - 4
1.3.1 Self-Adjoint Operators and EX|stence of Dynamlcs R
1.3.2 Potentials Giving Self-Adjoint Operators . ............. 9
1.3.3 Lie—Trotter ProductFormula ........................ 9
1.4 Averages, Commutators, Uncertainty ............couu........ 11
1.4.1 Observables and Averages ....... T |
1.4.2 Heisenberg Picture and Ehrenfest Theorem T N |
1.4.3 Heisenberg Uncertainty Relation ..................... 13
1.5 Many-Body Systems ... ... 14
1.5.1 Distinguishable Particles . . ........... ... ivuuii.t. 14
1.5.2 Indistinguishable Particles .......................... 15
1.5.3 The Molecular Hamiltonian ......................... 16
Reduced Models via Variational Approximation ...................... 19
II.L1  The Dirac—Frenkel Time-Dependent Variational Pngiei. . ......... 19
[1.1.1  Abstract Formulation............. .. ... .. ieaa. .. 19
[1.1.2  Interpretation as an Orthogonal Projection ... ......... 20
[1.1.3 Interpretation as a Symplectic Projection .............. 21
[1.1.4  Interpretation as an Action Principle .................. 23
[1.L1.5 Conservation Properties ............. .. .ot 23
[1.L1.6  An A PosterioriErrorBound ............ ... ... ... 24
1.2 Adiabatic / Born—Oppenheimer Approximation ................ 25
[1.2.1  Electronic Schrodinger Equation ..................... 25

[1.2.2  Schrodinger Equation for the Nuclei on an ElectooBih-
ergysSurface ...... ... 25



viii

Table of Contents

1.2.3 Semi-Classical Scaling ................ciiimunnan.. 27
[1.2.4  SpectralGap Condition ............. ... cooiiaaan... 28
[1.2.5  Approximation Error............. ... 29
1.3  Separating the Particles: Self-Consistent Field Md#h. .. .......... 33
11.3.1 Time-Dependent Hartree Method (TDH) .............. 34
11.3.2 Time-Dependent Hartree—Fock Method (TDHF) . . . ........ 37
[1.3.3  Multi-Configuration Methods (MCTDH, MCTDHF) .. .... 42
1.4 Parametrized Wave Functions: Gaussian Wave Packets. ........ 46
[1.4.1 Variational Gaussian Wave-Packet Dynamics.......... 47
11.4.2  Non-Canonical Hamilton Equations in Coordinates ....... 48
11.4.3 Poisson Structure of Gaussian Wave-Packet Dynamics . 51
1.4.4  Approximation Error . ...t 53
.5  Mixed Models, Quantum-Classical Models .................... 54
[1.5.1 Mean-Field Quantum-Classical Model ................ 54
11.5.2 Quantum Dressed Classical Mechanics............... 56
15,3 SwarmsofGaussians. ...........ciiiiiiiniimann.. 57
1.6 Quasi-Optimality of Variational Approximations ................ 58
Numerical Methods for the Time-Dependent Schrodinger Equation .. . .. 63
1.1  Space Discretization by Spectral Methods .. ................... 63
[11.1.1 Galerkin Method, 1D Hermite Basis .................. 64
[11.1.2 Higher Dimensions: Hyperbolic Cross and Sparsal&ri. .. 70
[11.1.3 Collocation Method, 1D FourierBasis ................ 75
l1.L1.4 Higher Dimensions: Hyperbolic Cross and Sparsal&ri... 79
1.2 Polynomial Approximations to the Matrix Exponential . .......... 85
1.2.1 ChebyshevMethod .............. ... ... .. .. ccoa... 85
1.2.2 LanczosMethod........... ... ... .. .. 91
1.3 Splitting and Composition Methods .......................... 96
[11.3.1 Splitting Between Kinetic Energy and Potential ... ...... 96
111.3.2 Error Bounds for the Strang Splitting ................. 98
111.3.3 Higher-Order Compositions ......................... 101
1.4 Integrators for Time-Dependent Hamiltonians .. ................ 102
Numerical Methods for Non-Linear Reduced Models. . ................ 105
IV.1  \Variational Space Discretization ............................. 105
IV.1.1 Abstract Formulation............. ... ... ... . cec.. ... 105
IV.1.2 Space Discretization of the Hartree and MCTDH Equai . 106
IV.1.3 Discretization Error . ......... ... i 108
IV.2  Variational Splitting: Abstract Formulation ..................... 109
IV.2.1 Splitting the Variational Equation .................... 109
IV.2.2 Error Analysis ... 110
IV.3  Variational Splitting for MCTDH ........... .. .. uuiioa.. 116
IV.4  Variational Splitting for Gaussian Wave Packets . .................118



Table of Contents ix

V.  Semi-Classical Dynamics Using Hagedorn Wave Packets. ............ 123
V.1 Hagedorn’s Parametrization of Gaussian Wave Packets. . ....... 123
V.2 Hagedorn's Semi-Classical Wave Packets ....................127
V.3 A Numerical Integrator for Hagedorn Wave Packets............ 131

Bibliography .. ... . 137



