Contents

Preface

Preface to the first edition

1

3

Combinatorics of finite generalized quadrangles

1.1 Axioms and definitions . . . . . . . ... ... ..
1.2 Restrictions on the parameters . . . . . . ... ... ... ......
1.3 Regularity, antiregularity, semiregularity, and property (H) . . . . . .
1.4 An application of the Higman—Sims technique . . . . . . . ... ...
1.5 Regularityrevisited . . . . . . .. ... oL o o
1.6 Semiregularity and property (H) . . . . .. ... ... ... .. ...
1.7 Triads withexactly 1 +¢/scenters . . . . . . ... ... .......
1.8 Ovoids, spreads and polarities . . . . . .. ... ... ... .....
1.9 Automorphisms . . . . . . . . ... L
1.10 A second application of Higman—-Sims . . . . . ... ... ... ...

Subquadrangles

2.1 Definitions. . . . . . . ...
2.2 Thebasicinequalities . . . . . . .. .. ... Lo oL
2.3 Recognizing subquadrangles . . . . .. ... ... ... ...
2.4 Automorphisms and subquadrangles . . . . . . ... ... ... ...
2.5 Semiregularity, property (H) and subquadrangles . . . ... ... ..
2.6 3-Regularity and subquadrangles . . . . . ... ... ... ... ...
2.7 k-arcs and subquadrangles . . . ... ... ... ... ... ... ..

The known generalized quadrangles and their properties
3.1 DescriptionoftheknownGQ . . . . . ... ... ... ... ...
3.2 Isomorphisms between the known GQ . . . . . ... ... ... ...
3.3 Combinatorial properties: regularity, antiregularity, semiregularity,
property (H) . . . . . . . . o
3.4 Ovoids and spreads of the known GQ . . . . . ... ... ... ...
3.5 Subquadrangles . . . . . .. ...
3.6 Symmetric designs derived from GQ . . . . . . ... .. ...

Generalized quadrangles in finite projective spaces

4.1 Projective generalized quadrangles . . . . . . ... ... ... ....
4.2 Thetangent hyperplane . . . . . . . .. ... ... ... .......
4.3 Embedding § in a polarity: preliminary results . . . ... . ... ..
44 Thefinitecase . . . . . . . . . ...

vii

AN = =

11
14
17
19
20

22
22
22
23
24
25
27
28

31
31
37



Contents

Combinatorial characterizations of the known generalized quadrangles
5.1 Introduction . . . . . . .. .. ...
5.2 Characterizations of W(g)and Q(4,q) . . . . . . . . ... ... ...
5.3 Characterizations of 75(0) and Q(5,¢) . . . . . . . . . . ... ...
5.4 Tallini’s characterizationof H(3,s) . . . . ... .. ... ......
5.5 Characterizations of H(4,9%) . . . . . . . . ... ... ... ....
5.6 Additional characterizations . . . . .. ... ... ... .......

Generalized quadrangles with small parameters

6.1 s =2 .
6.2 S =3 .. e
6.3 s =4 . . e

Generalized quadrangles in finite affine spaces

7.1 Introduction . . . . . . .. . L.
7.2 Embeddingin AG(2,s+1) . .... .. .. . ... ... ...,
7.3 Embeddingin AG(3,s+1) . ... ... ... . ... ... ... .
7.4 Embedding in AG(4,s+1) . ... ... ... ... L.
7.5 Embedding in AG(d,s +1),d =5 ... ... ... .. .......

Elation generalized quadrangles and translation generalized
quadrangles

8.1 Whorls, elations and symmetries . . . . . ... ... ... ... ...
8.2 Elation generalized quadrangles . . . . . .. ... ... ... ....
83 RecognizingTGQ . . . . . . . .. ... ..
8.4 Fixed substructures of translations . . . . ... ... ... ... ...
8.5 ThekemelofaTGQ . ... ... ... ... . .. ... .......
8.6 Thestructureof TGQ . . . . . . . .. .. ... .. ... .......
87 T(n,m,q) . . ... e

Moufang conditions

9.1 Definitions and an easy theorem . . . . ... ... ... .......
9.2 The Moufang conditions and property (H) . . . . . .. .. ... ...
9.3 Moufang conditionsand TGQ . . . . . ... ... ... ... ....
9.4 An application of the Higman—Sims technique . . . . . . . ... ...
9.5 Thecase(iv)of9.25 . . ... .. . .. . ... ...
9.6 The extremal case ¢ = 1 + 52 + b
9.7 Atheoremof M.A.Ronan . .. ... ... ....... . ......
9.8 Other classifications using collineations . . . . . . ... ... ....

64
64
64
68
82
89
94

101
101
102
107

126
126
126
126
131
135

138
138
139
143
144
146
147
148



Contents Xi

10 Generalized quadrangles as group coset geometries 171
10.1 4-gonal families . . . . . . . . .. . ... L 171
10.2 4-gonal partitions . . . . . . . . . . ..o 172
10.3 Explicit description of 4-gonal families for TGQ . . . . . . . . .. .. 173
104 Amodel for STGQ . . . . . . .. .. ... . . 174
10.5 A model for certain STGQ with (s,7) = (¢%.q) . . . ... ... ... 178
10.6 Examples of STGQ with order (g%.q) . . . . .. ... ... ..... 182
10.7 4-gonal bases: span-symmetricGQ . . . . . . . .. ... ... .. .. 188

11 Coordinatization of generalized quadrangles with s = ¢ 194
11.1 Oneaxisof symmetry . . . . . . . . . ... ... ... 194
11.2 Two concurrent axes of symmetry . . . . . ... ... .. ...... 199
11.3 Three concurrent axes of symmetry . . . . . . . .. .. ... ..... 203
11.4 ThekernelofaT-setup . . . . . . . .. ... ... .. .. ..... 209

12 Generalized quadrangles as amalgamations of desarguesian planes 213
12.1 Admissiblepairs. . . . . . . . .. ... 213
12.2 Admissible pairs of additive permutations . . . . . .. .. ... ... 216
12.3 Collineations . . . . . . . . .. . e 222
12.4 Generalized quadrangles 7,(O) . . . . . . . .. ... .. ... ... 225
12.5 Isomorphisms . . . . . . . . . ..o 231
12.6 NonisomorphicGQ . . . . . . .. . . ... ... ... ... ..., 235
12.7 Theovalsof D.Glynn. . . . . .. . ... ... ... .. ....... 236

13 Generalizations and related topics 241
13.1 Partial geometries, partial quadrangles and semi partial geometries . . 241
13.2 Partial 3-spaces . . . . . . . ... 242
13.3 Partial geometricdesigns . . . . . . . . .. ... 243
13.4 Generalized polygons . . . . . . . . .. ... o 244
13.5 Polar spaces and Shultspaces . . . . . . ... ... ... ... .... 245
13.6 Pseudo-geometric and geometric graphs . . . . . . .. .. ... ... 246
Bibliography 247
Appendix. Development of the theory of GQ since 1983 259
A.1 GQ, g-clans, flocks, planes, property (G) and hyperovals . . . . . .. 259
A2 g-clangeometry . . . . . . ... ... 263
A.3 Translation generalized quadrangles . . . . . ... ... ... . ... 267
A.4 Subquadrangles, ovoids and spreads . . . . . ... ... ... .... 272
A.5 Automorphisms of generalized quadrangles . . . . .. ... ... .. 274
A.6 Embeddings, tight subsets, extensions . . . . . . ... ... ..... 276
Bibliography 279
Index 285



