
Historical context diagram

Galois
Theory

modulo
arithmetic

symmetry

Gauss’
composition of
binary quadratic

forms

Brandt’s
composition of

quaternary
quadratic forms

celestial
mechanics groups

van Kampen’s
Theorem

groupoids
algebraic
topology

monodromy
fundamental

group
invariant
theory

categorieshomology

homology

fundamental
groupoid free

resolutions
cohomology
of groups

higher
homotopy

groups

(Čech, 1932)
(Hurewicz, 1935)

groupoids in
differential
topology

identities
among

relations double
categories

structured
categories

(Ehresmann)

relative
homotopy

groups

crossed
modules

2-groupoids

nonabelian
cohomology

crossed
complexes

double
groupoids algebraic

K-theory

cat1-groups
(Loday, 1982)

cubical
ω-groupoids

catn-groups

crossed
n-cubes of

groups

higher
homotopy
groupoids

Higher Homotopy
van Kampen
Theorems

nonabelian
tensor

products

higher order
symmetry

quadratic
complexes

gerbes

computing
homotopy

types
multiple

groupoids in
differential
topology

nonabelian
algebraic
topology

Pursuing
Stacks

�����������

��

���������

�����

������������
��

�����������������������

��

		��
��
� 

����

��				

��







����������������������������������

����
��

���������

���������

��									

��������������������������������������������������

������������������������

����
��
��
��

���
��

��
��

��
��

��
��

���
��

�

����
��

��
��

��
��

��
��

��
��

��
��

��
��

����������

�������������������

���������������������������������������

����������

������

���
��

��
�

����
��
��
��
��
��

��

����

�������������

  �����������

����
��

��

��

����������

!! 
  

  
  

""������

������

##!!
!

$$"
""
""
""
""
"

%%������������������������������������������������

��

&&######## ���
�

��

''$$$$$$$

��

����������
  %%%%

��&&

�������������

((����������������������������������

����
�

))''''''''''''''''''''''''''''''''''''''''''

**((((((

++������

,,)))))))))))))))))))

��****

--

..++++++++++

//,
,,

,,
,

00------

""....
11////////

220
00

00
00

00
00

00
00

00
00

0

�������������

33111111111111111111111111111
442222200333333

55444444444444444444444
335555555555

��111111111111111111111111111111111111111111111111111111111111

00--------

11666666666666666666

6677777777777777777777

����

--

''$$$$$$$$$$$$$

778888888

�� ��

..444444

..444444

�� ����

��999

��

This diagram aims to give a sketch of some influences and interactions leading to
the development of nonabelian algebraic topology, and higher dimensional algebra, so
that this exposition is seen as part of a continuing development. There are a number of
other inputs and directions which were not easy to fit in the diagram, for example the
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contribution of Seifert to the Seifert–van Kampen Theorem, and the work of C. Ehres-
mann on n-fold categories. He was a pioneer in this, and his definition and examples of
double categories in [Ehr65] were in 1965 a starting input for this project on groupoids
in higher homotopy theory.

The theory of groupoids and categories gets more complicated in higher dimensions
basically because of the complexity of the basic geometric objects. Thus in dimension 2
we might take as basic objects the 2-disk, 2-globe, 2-simplex, or 2-cube as in the
following pictures:

In this book we will use principally the 2-disks, which give us crossed modules,
and the 2-cubes, which give us double groupoids, while in higher dimensions the disks
and cubes give us crossed complexes and cubical!-groupoids respectively. In essence,
the cubical model leads to conjectures and then theorems, partly through the ease of
expressing multiple compositions, see p. xxii, and Remark 6.3.2, while the disk model
leads to calculations, and clear relations to classical work.

In category theory rather than groupoid theory the disk model is not available. There
is however important work, even a majority, in higher category theory which takes a
globular or simplicial rather than cubical route, so there is still much work to be done
to relate and evaluate all these models, for the aims of this treatise, or for current and
future applications.


