Contents

COXELEr GIOUPS « & v v v v v v e e e e e e e e e e e e 1
1 Examples and motivation. . . . . . ... ... ..., 3
1.1  Geometric reflection groups . . . . . . .. ... ... ... 3
1.2 Definitionof a Coxeter group . . . . . . . . . . ... .. ... ... 15
1.3 Right-angled Coxeter groups . . . . . . . . . . . ... .. .. ... 17
1.4 Weylgroups . . . . . . oo 18
2 Some combinatorial theory of Coxeter groups . . . . . . . . .. ... ... 21
2.1 Word metrics and Cayley graphs . . . . . ... ... ... ..... 21
2.2 Cayley graphs of Coxeter systems . . . . . . . ... ... ..... 23
2.3 Reflection systems . . . . . .. .. ... 25
2.4 Coxeter and reflection systems; deletion and exchange conditions . . 27
3 The Titsrepresentation . . . . . . . . . . . . . v v v vt 35
3.1 Construction of the Tits representation . . . . . . . ... ... ... 35
3.2 Geometry whenmy;=oc0 . . ... ... .. 38
3.3 Faithfulness of the Tits representation . . . . . ... ... ..... 40
3.4 Discreteness and linearity . . . . . . . ... ... L. 42
3.5 Geometric realisations of finite and affine Coxeter groups . . . . . . 43
3.6 Special subgroups . . . . . . ... 45
3.7 Motivation for other geometric realisations . . . . . . .. ... ... 46
4 The basic construction of a geometric realisation. . . . . . . .. . .. .. 47
4.1 Simplicial complexes . . . . . . . . ... oo 47
4.2 The basic construction . . . . .. . ... oL Lo 48
4.3 Properties of the basic construction . . . . . . ... ... ... ... 52
4.4 Action of W on the basic construction . . . . ... ... ... ... 54
4.5 Universal property of the basic construction . . . . . ... ... .. 56
4.6 The basic construction and geometric reflection groups . . . . . . . 57
5 TheDaviscomplex. . . . . . . . . .. ... 61
5.1 Spherical special subgroups and thenerve . . . . . ... ... ... 61
5.2 The Davis complex as a basic construction . . . . . ... ... ... 64
5.3 Contractibility of the Davis complex . . . . .. ... ... .. ... 70
5.4 The Davis complex as the geometric realisation of a poset . . . . . . 72

5.5 The Davis complex asa CW complex . . .. ... ... ...... 74



II

X Contents
5.6 The Davis complex is CAT(0) . . . ... ... ... ........ 77
5.7 When is the Davis complex CAT(-1)? . . . . . . ... .. ..... 83
5.8 Cohomology of Coxeter groups and applications . . . . . .. .. .. 86
Buildings . . . . . . . . e 91
6 Buildings as unions of apartments . . . . . . .. ... ... ... 93
6.1 Buildings as unions of apartments . . . . ... ... ... ..... 93
6.2 First examples of buildings . . . . . ... ... ... ... 95
6.3 Extended example: The building for GL3(¢g) . . . . . . . . . . ... 99
7 Buildings as chambersystems . . . . . . ... .. L oo 105
7.1 Chamber systems and related notions . . . . . . ... .. ... ... 105
7.2 Buildings as chamber systems . . . . . ... ... oL, 107
7.3 Equivalence of definitions . . . . . ... ... ... .. 108
7.4 Comparing the definitions . . . . . .. ... ... ... ...... 111
7.5 Right-angled buildings . . . . ... ... ... 00, 112
8 Retractions. . . . . .. ... 115
8.1 Definition of retractions . . . . . . . . ... ... ... ... 115
8.2 Examples of retractions . . . . . . ... ... 0oL L. 116
8.3 Applications of retractions . . . . . . ... ... 117
9 BN-pairs. . . . . . . . e 121
9.1 BN-pairs and the Bruhat decomposition . . . . ... ... .. ... 121
9.2 Strongly transitive actions . . . . . . ... ..o oL 123
9.3 The building associated toa BN-pair . . . . . ... ... ... ... 124
9.4 Parabolic subgroups . . . . . .. ... 126
9.5 Spherical, affine and Kac-Moody BN-pairs . . . . ... ... ... 127
10 Exoticbuildings . . . . . . . .. ... oL 137
10.1 Linksinbuildings . . . . . .. ... ... ... ... ... 137
10.2 Constructions of exotic buildings . . . . . . .. .. ... ... ... 138
References. . . . . . . . . . . L 141



