Contents

Figures, Flowcharts,and Tables . ........................................ vii
Introduction. ...... ... ... ix
1 Decompositiontheorems................... ... ..oiiiiiiiiiiiin... 1
1.1 Topological and smooth 3-manifolds................... .. ... ..... 2
1.2 The Prime Decomposition Theorem................................ 3
1.3 The Loop Theorem and the Sphere Theorem........................ 4
1.4 Preliminary observations about 3-manifold groups................... 5
1.5 Seifert fibered manifolds............. .. i i 6
1.6 The JSJ-Decomposition Theorem. ... 10
1.7 The Geometrization Theorem ............. ..., 12
1.8 Geometric 3-manifolds ........... ... i i 16
1.9  The Geometric Decomposition Theorem............................ 18
1.10 The Geometrization Theorem for fibered 3-manifolds............... 22
1.11  3-manifolds with (virtually) solvable fundamental group............ 23
2 Classification of 3-manifolds by their fundamental groups............. 27
2.1 Closed 3-manifolds and fundamental groups ........................ 27
2.2 Peripheral structures and 3-manifolds with boundary................. 29
2.3 Submanifolds and subgroups .............. . i i 31
2.4 Properties of 3-manifolds and their fundamental groups.............. 31
2.5 CentraliZers . . ...t e 35
3 3-manifold groups after geometrization............................... 43
3.1 Definitions and cONVeNtions . ..........ouutinteenteenieennennnennn. 44
3.2 JUSHEICALIONS . o ottt ettt e e et e et e 48
3.3 Additional results and implications............... ..., 65
4 The work of Agol, Kahn—-Markovic, and Wise......................... 69
4.1 The Tameness Theorem........ ..., 70
4.2 The Virtually Compact Special Theorem ........................... 71

4.3 Special cube COmMPIEXS. . ..o vttt 73



vi Contents
4.4 Haken hyperbolic 3-manifolds: Wise’s Theorem .................... 78
4.5 Quasi-Fuchsian surface subgroups: work of Kahn and Markovic...... 80
4.6 Agol'sTheorem. .........c.ouiiiiiiii i 81
4.7 3-manifolds with non-trivial JSJ-decomposition..................... 82
4.8 3-manifolds with more general boundary ........................... 84
4.9 Summary of previous research on the virtual conjectures ............. 86
5 Consequences of the Virtually Compact Special Theorem ............. 91
5.1 Definitions and CONVENtIONS . . ... .vvuutteenit e, 91
5.2 JUSHEICALIONS. . .ottt e 93
5.3 Additional results and implications. ............ ..., 105
54  Proofs ..o 107
6 Subgroups of 3-manifold groups ........... ... ... .. 115
6.1 Definitions and conventions . ..............oeeeeeeennnniinnneen... 115
6.2 JUSHfICAtIONS. . ...\ttt e 116
6.3 Additional results and implications. ............. ..., 122
7 Open questionsS. ... .......ooutitiii 125
7.1 Some classical CONJeCtures .. ........uuiuuuti i 125
7.2 Questions motivated by the work of Agol, Kahn, Markovic, and Wise . 131
7.3 Further group-theoretic properties. ..............ooiiiieeeee.... 134
7.4 Random 3-manifolds ............... . 139
7.5 Finite covers of 3-manifolds............ ... o i 142
Bibliography . ............. 147



