Contents

Introduction . . . . . . . . ...

1

Geometric Invariant Theory . . . . . . .. .. ... .. ... .. ... ..

1.1

1.2

1.3

1.4

1.6

1.7

Algebraic Groups and their Representations . . . . . . ... .. ...
1.1.1 Linear Algebraic Groups I — Definitions . . . . . . ... ..
1.1.2 Representations . . . . . . . . . . .. ...
1.1.3 Linear Algebraic Groups II — Linear Algebraic Groups as

Subgroups of General Linear Groups . . . . . .. ... ...
1.1.4 Reductive Affine Algebraic Groups . . . . . ... ... ...
1.1.5 Homogeneous Representations of the General Linear Group .
1.1.6  Faithful Representations and Extensions of Representations
1.1.7 Appendix. The Reductivity of the Classical Groups via

Weyl’s Unitarian Trick . . . ... ... ... .........
Geometric Invariant Theory for Affine Varieties — A First Encounter
1.2.1 The Categorical Quotient of a Vector Space

by aRepresentation . . . . . . .. ... ...
Examples from Classical Invariant Theory . . . . . . . ... ... ..
1.3.1 AlgebraicForms . . ... ... ... ... ........
1.32 Examples . . . . . . . ...
1.3.3 The Invariant Theory of Matrices . . . . ... ... ... ..
Mumford’s Geometric Invariant Theory . . . . . ... ... .. ...
1.4.1 Good and Geometric Quotients . . . . . .. .. .. .. ...
1.4.2 Quotients of Affine Varieties . . . . . . ... .. ... ....
1.43 Linearizations. . . . . . .. .. ... ... ... ..
Criteria for Stability and Semistability . . . . . ... ... ... ...
1.5.1 The Hilbert-Mumford Criterion . . . . . .. ... ... ...
1.5.2  Semistability for Direct Sums of Representations . . . . . . .
1.5.3  Semistability for Actions of Direct Products of Groups . . . .
The Variation of GIT-Quotients . . . . . . . . .. .. ... ......
1.6.1  The Finiteness of the Number of GIT-Quotients . . . . . . . .
1.6.2  Variation of the GIT-Quotients . . . . . . .. .. ... ....
The Analysis of Unstable Points . . . . .. ... ... ........
1.7.1 A Few Words about GIT on Non-Algebraically Closed Fields
1.7.2  The Theory of the Instability Flag . . . . . . ... ... ...
1.7.3  The Instability Flagina Product . . . . . .. ... ... ...

17
17
17
19

21
23
24
26

27
30



vi

2  Decorated Principal Bundles . . . . . . ... ... ... ... ..... 103
2.1.1 Principal Bundles — Definitions and First Properties . . . . . 103
2.1.2  The Classification Problem for Decorated Principal Bundles . 115
2.2 Rudiments of the Theory of Vector Bundles . . . . . ... ... ... 118
2.2.1 The Topology of Vector Bundles . . . . . ... ... ..... 118
2.2.2  The Riemann-Roch Theorem . . ... ... ... ... ... 119
2.2.3 Bounded Families of Vector Bundles . . . . ... ... ... 121
2.2.4 The Moduli Space of Semistable Vector Bundles . . . . . . . 124
2.3 Decorated Vector Bundles: Projective Fibers . . . . . . .. ... ... 135
2.3.1 Set-Up of the Moduli Problem . . . . .. ... ... ... ... 135
2.3.2 Semistability of Swamps . . . . ... ... ... 138
233 Examples . . . . . ... 143
234 Boundedness . . . ... ... ... ... 144
2.3.5 TheParameter Space . . . . . . ... ... ... ... ... 146
2.3.6  On the Geometry of the Moduli Spaces . . . . ... .. ... 163
2.3.7 The Chain of Moduli Spaces . . . . ... ... ........ 167
2.4 Principal Bundlesas Swamps . . . . . ... ..o 174
2.4.1 Principal Bundles and Associated Vector Bundles . . . . . . . 174
242 BacktoSomeGIT ... ..... ... ... ......... 179
243 PseudoG-Bundles . . . .. .. ... ... 185

2.44 Semistable Reduction for Principal Bundles and the Proof of
Theorem2.4.1.8 . . . . . . .. ... ... ... ... 188
2.4.5 TheProof of Theorem2.4.3.3 . . ... ... ... ...... 190

2.4.6 The Geometry of the Moduli Spaces —

A Guide to the Literature . . . . . ... ... ......... 195

2.4.7 Appendix I: Some Remarks Concerning the Moduli Stack of
Principal Bundles . . . . . . .. ... .. ... ... .. ... 195

2.5

2.6

2.7

2.4.8 Appendix II: Moduli Spaces for Principal Bundles
with Reductive Structure Group

via the Ramanathan—-Gémez—SolsMethod . . . . . . . . . .. 199
2.4.9 Appendix III: Anti-Dominant Characters . . . . . . ... .. 208
Decorated Tuples of Vector Bundles:
Projective Fibers . . . . . . . . . ... L oL 210
2.5.1 Homogeneous Representations . . . . . ... ... ...... 210
2.5.2 More on One Parameter Subgroups . . . . .. ... ... .. 211
2.5.3 The Moduli Problem of Tumps . . . . . . ... ... ..... 217
254 Proofof Theorem2.53.7 . . .. ... .. ... ... ..... 223
2.5.5 Properties of the Semistability Concept . . . . ... .. ... 229
2.5.6  Quiver Representations . . . . . . ... ... ... ...... 237
Principal Bundles as Tumps . . . . . . ... ... ... ....... 257
2.6.1 Principal Bundles and Associated Tuples of Vector Bundles . 258
2.6.2 The Relevant GIT-Quotients . . . . . .. .. ... ...... 259
2.63 PseudoG-Bundles . .. ........ ... ... 263
Decorated Principal Bundles: Projective Fibers . . . . . . ... ... 266
2.77.1 TheModuliSpaces . . . . . .. ... ... .. ... ... 266

2.7.2 Decorated PseudoG-Bundles . . ... ... ......... 270



vii

2 Decorated Principal Bundles . . . . . . ... .. ... .. ... ...... 103
2.7.3 Asymptotic Semistability . . . . ... ..o 279

2774 HitchinPairs . . . ... ... ... ... .. .. 283

2.7.5 Fine Tuningof the Theory . . . .. ... ... ... ..... 286

2.8 Decorated Principal Bundles: Affine Fibers . . . .. ... ... ... 288
2.8.1 TheModuliFunctors . . . . ... ... ... ......... 288

2.8.2 Comparison with Projective o-Bumps . . . . . ... .. ... 292

2.8.3 Construction of the Moduli Spaces . . . . . ... ... .... 295

2.8.4  Further Properties and Examples . . . . . .. ... ... ... 303

2.9 More Generalizations . . . . . . . ... ... 321
2.9.1 Positive Characteristic . . . . . . ... ... ... ...... 321

2.9.2 Higher Dimensional Base Varieties . . . ... ... ... .. 325

2.9.3 Parabolic Structures . . . . ... ... 354
Bibliography . . . . . . ... 363



