Chapter 4

Construction of approximate solutions

In the preceding chapter, we have performed a quadratic normal form in order to
reduce ourselves to an equation of the form (3.13). The right-hand side of this equa-
tion contains a source term and in Section 4.1 below, we construct an approximate
solution solving the linear equation whose right-hand side is essentially this source
term. We explained this part of the proof in Section 2.5, see equations (2.48)—(2.49).
The construction of the approximate solution relies on Appendix C below.

On the other hand, because of the coupling between a dispersive equation and
the evolution equation for the bound state, we have seen in Section 2.2 that we have
also to study an ordinary differential equation (2.34), which is equivalent to the first
equation in (2.9). We have explained at the end of Section 2.5 what is the form of
that ODE, and how we can show that its solutions are global and decaying using
Fermi’s golden rule. Section 4.2 below is devoted to the asymptotic analysis of this
ODE. Of course, the study is more technical than in the presentation in Chapter 2
since we have to fully take into account those terms on the right-hand side that come
from the interaction between the bound state and the dispersive part of our problem.

4.1 Approximate solution to the dispersive equation

The proof of our main theorem being done by bootstrap, we shall assume that we
know, on some interval [1,T], an approximation of the function ¢ > a(¢) that is
present on the right-hand side of (3.13).
Letsg €]0,1], 4,4’ > 1,6 €]0, %[ (close to %) be given. Let T € [1,e74]. We
shall denote for¢t > 1, ¢ € ]0, g¢],
te = & 2(t?) 4.1)
and assume given functions
1, T] = C, 4 :[1,T] xR — C,
g:[1.7) L [LTIXR = € ws)
1 g(0), (t,x) > ux(1, x)

and x — Z(x) in §(R), real valued, satisfying the following conditions:

_1 _3 ,
18 < A2, |0, < A6 2 + (2VD3173), 1e[1LT).  (43)

3

(Z.iis(t, )] < (VD173 1 e[1,T). (4.4)

Moreover, we assume given W a neighborhood of {—1,1} in R and for any A in
R — ‘W, two functions

t—=> (A1), t> Y1) 4.5)
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satisfying forany ¢ € [1,T],any A € R — W,
o 0] = VD172 Jya(in] = (VD7 (4.6)
and solving the equation
(Dy = VoA, 1) = (Z, i) + Y+ (A, 1). (4.7)
We define from the above data
a(0) = €5 g1) + wrg (123 + wolg (P + w250 ¢V
608 (g(0p+ (0.0) — (g (0.1) (438)
+ e gD+ (V3.0) — 59— (V3.1)).

where wg, w2, w_5 are given complex constants. We set

=, ) = L0 - ), “9)

We assume given, as in the statement of Proposmon 3.2.1, symbols m1 pfor |1 =1
(i.e. I = 4 or —) belonging to the class St 0((5) , 1) satisfying (3. 7) We want to
construct an approximate solution ", + P to the equation

(Di = p(D))u’ = Fgla®™] + Fgla*™] +a*(1) Y Op(m} D™l (4.10)
[I]=1

that is deduced from (3.13) computing the source terms FZ, F; at a®P, and retaining
from the other terms on the right-hand side only those that are linear both in a and u 4.
Before stating the main proposition, let us re-express the source term in (4.10).

Lemma 4.1.1. Under the preceding assumptions on a**®, one may rewrite

FE[a*™] + F3la™] = I + I + I + R(t, x), (4.11)
where 5
.. 3
Lx)= Y /"5 M. x) (4.12)
j€{—2,0,2}

Sfor smooth odd functions of x, M; (t, x), satisfying for any o, N € N,
0 M (t.8)] < Cants (6)7V,

. N R P (4.13)
050, M, (1,8)] < Can ()™ Vite (1 2 +172(2V1)27)
with constants Cy N depending on A, A" in (4.3)—(4.4), where
/3
Ltx)= Y T M) (4.14)

Jje{=3,-1,1,3}
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for smooth odd functions of x satisfying

) _3
0§ M, (1.6)| < Cante >(E)N,

(4.15)
~ _3 ’
1920, M; (1. 8)] < Can (&) V17 (122 +172(2V0)2Y),
and where I3 is a sum of terms
l ..
It.x) = Y e"V3M3 (e x), (4.16)

j=—1

where M /‘3 are odd and satisfy the following conditions: First, for any j with |j| < 1,
any o, N,
- PR R
023 (1,6)] < ContT ()N
- “1,-3 =
080, M} (1.8)] < Cont; 177 (E)N.
Moreover, for j = 1, and when & is a point in a small neighborhood ‘W of the set

{&: /1 + &2 = /3), one may find functions ®1 (¢, €), W, (¢, §), satisfying
D11, 6) < Cr7' 72, |0 (,8) < Cole! (4.18)

(4.17)

such that for £ € ‘W,
DMP(t,8) = (Dr + (V3= V1 +E2))D1(1,6) + U1 (1, %). (4.19)

A similar decomposition holds for x M 13 instead of M 13
Finally, the remainder R in (4.11) satisfies for any «, N € N,

05 R(1,x)| < Cant ™'t

&

Lx)=™N (4.20)

and we have for M;(t, x) in (4.12) the following explicit expressions:
1
Ma(t.x) = 381 ¥ (),
2
Mo (t, x) = §|g(l)|2Y2(X), (4.21)

Moot ) = 50 Vo),
where Y, is given by
Y2(x) = b(x, Dx)*(k(x)Y(x)?) € S(R). (4.22)
Moreover, the constants in all above inequalities depend only on A, A" in (4.3)—(4.4).

Proof. Consider first the contribution FO2 [a?P] that is given according to (2.28), (4.9)
and (4.22) by

1, , ;
F (@ +a")¥a(0).
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We replace az_ifp by its expansion (4.8). We get terms of the following form (up to
irrelevant multiplicative constants):

V3e(1)?Y,,  |gPYa, e V3g() Y (4.23)
) /3 a3
dCEIE (e 'y, 0=t <3, (4.24)

and

V3 (1) (91 (0.0) = 9 (0.1) + 9+ (V3,1) — p_(v/3,0)) Y,
go(1)Re(p4(0.1) — 9_(0.1) + ¢4 (v/3.1) — p_(V/3.1)) Y, (4.25)
eV 1) (1 (0.1) —9-(0.0) + ¢4 (V3,0) — - (V3>

with g2;, j = —1,0, 1 satisfying, according to (4.3), the bounds

1 _3 39/
182/ ()] < CANT", 0,82 ()] < C(A, ANt 2 (1% + 173 (£2V0)3Y), (4.26)

and expressions that are, according to conditions (4.3) and (4.6), O(t, %t_% (x)™)
or O(t7't7(x)™N) for any N, as well as their d, derivatives, so that they will
satisfy (4.20). Terms (4.23) give I, with actually the explicit expression (4.21) for
My, My, M_5. Terms (4.24) provide contributions to I, in (4.14).

To study terms in (4.25) that will provide 73, let us define

Gr(A, 1) = e oA, 1). 4.27)
By (4.7), we have
DiGr(A.t) = (Z iithe ™ + ya(A,1)e” M. (4.28)

Then all contributions in (4.25) may be written under the form e/’ 3m jE(t X),
J =—10,1, with M; * given by linear combinations of expressions

3 (L35 L+ 8=1,0<80<1,ifj =1
2 20(GL(N3.0)Ys. g20(1)G£(EN/3.1)Ys, £ =01, if j =0 (4.29)
V3 (1)L (5N3.1)Ys, L+8=1,0<8,6<1,ifj = —1.
Since by (4.28), (4.6), (4.7), (4.4),
1D g (83/3,1)] < Ct_%(szﬁ)e/

we deduce from (4.3) and (4.6) that (4.17) holds for M 3 which is a combination of
M+ and M —1 <j <l.Inthecase j =1, we have to obtain (4.19), i.e. to find
functlons <I>1 VL %5 é, £ =0, 1 satisfying (4.18), such that if we define according to
the first line in (4. 29)

ME(t.x) = g20()@+((1 = O3.1)Va(x), (4.30)
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for & in the neighborhood W of {—+/2, +/2}, we have
D Mt (1.6) = (D, +(V3-V1+ 52))&@@,5) +UE,0E). @3
Let us apply (4.7) with A replaced by A(§) = /1 + &2 —£+/3 and § € W, so that
A(£) remains close to Z~/3, and thus outside a neighborhood of {—1,1}. We may
then find functions ¢4 (A(§),1), ¥+ (A(§), ) such that

(D = V1 + 8+ £33)p (M), 1) = (Z, 1) + Y (A(E). 1) (4.32)

with estimates of the form
lp2(M®.01 = VD172 [P (E).0] = VD71 (4.33)
uniformly for & in ‘W. Define
O (1,8) = 9+ (M), e 1703 g0 (1) P2 (6).
Then (4.33) implies that

(Dr = (VI+8 = V3))b5(0.8)

=(Z, fti)e_it(l_g)ﬁgze(t)?z(g)

. ) (4.34)
+ YA€), e 0OV g (1) D (8)
+ r(A(E), e 11=OV3D 0y (1) V2 (£).
On the other hand, (4.30), (4.28), (4.6) and (4.26) imply that
DiME(1.6) = (Z.iix)e O3 g5 () F2(8) + RE((1.6) (4.35)
with
0 RE, (1. 8)] < Cr a7 (VD) (8)7Y (4.36)

for any N. Making the difference between (4.34) and (4.35), and using (4.3) and
(4.6), we obtain that (4.31) holds, with functions ®F,, Wi, satisfying (4.18) since
the last two terms in (4.34) and (4.36) are

_1 ’
O 7  + 1,272V 3%y = 01 Y)

fort < g4,

As xM 1i,e (¢, x) is also of the form (4.30), with Y, replaced by xY,, the same
reasoning applies to that function and shows that (4.19) holds as well for x M 13 (with
different functions 5)1, \fll on the right-hand side).

We have thus obtained that the first term FZ[a®P] in (4.11) has the wanted struc-
ture.
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To study FO3 [a®P], we notice that by (2.28), (4.9), (4.8), it may be written as
a linear combination of expressions of the form (4.24) (with Y, replaced by another
function in §(R)), that have been already treated, and of products of an §(R) func-
tion by expressions that are, by (4.3) and (4.6), O(t; 1¢=1), so that form part of the
remainder term (4.20). ]

We may now state the main proposition of this section.

Proposition 4.1.2. Assume that properties (4.3)— (4.7) hold. One may construct
a function uapp :[1,T] x R — C (where T < &™* is the length of the interval on
which aapp is deﬁned by (4.8)), solving the equation

(Dt = p(DEF = F§ (@) + F3(a*)
+a® ) 0pimy D) + REX). 437
[Il=1
uéfp|t=1 =0,

where m'| ; is the symbol in the last sum of (3.13), where the remainder R satisfies
bounds

|0%R(t, x)| < Cont; 't og(1 + 1) (x)™V (4.38)
for any a, N in N, with constants Cy N(A, A") depending on the constants A, A’
in (4.3), and where uefp has the following structure: One may decompose

u :[_)P / app + " app

where u'’{ P satisfies for any r € N,

1/, e < C(A, A1, (4.39)
||u’app(t Nlwree < C(A, A )8 (4.40)
ILu ()l < C(A ANF (VD) + (2VDe¥), (@41
where
Ly =x+1p'(Dy), (4.42)
and where """ satisfies for any r,
re? \2
", ) ar < C(A,A’)s((t82>) , (4.43)
)
[P (2, ) lwroo < C(A, A& log(1 + 1), (4.44)
IL4u" P (2, ) ||wroee < C(A, A')log(1 + 1) log(1 + &°1). (4.45)

For the action of the half-Klein—Gordon operator on u’e_lfp, we have estimates

I(Ds = p(D W™ (1, ) | e < C(A, A)s% 3 (4.46)
and
IL4+(D; — p(D W@, )| < C(A, AN~ (V0 + (2D Fe). (4.47)
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. .. app
Moreover, we may write also another decomposition of u", of the form

ua_lfp(l,x) = u‘fp’ (t,x)+ X4(t,x), (4.48)
p,1 .
where u+ is a sum
WPl )= Y U, (4.49)
j€{—2,0,2}

where U; 1 solves the equation

/3
(Dy — p(D))Uj 1 = &'V Mj (1. x).
Uj+li=1 =0,

(4.50)

with source term M given by (4.21). The second contribution Xy on the right-hand
side of (4.48) may be also written as a sum

3
Z U, x),

j:_
/3
with U ; solving an equation of the form (4.50), with source terms e’ 15 M (2, x),
where M ; satisfies for any o, N,
|02 B (1,§)| < Can (A AN 173 ()N @.51)

and for any symbol m’ in the class S(’),O((E)_l, 1) of Definition 3.1.1, one has for any
o, N € N estimates

|xN3§Op(m’)(2+(Z,X))|EC(A,A’)(ZE + 7y +l_182)10g(1+l) (4.52)

In addition, all constants C(A, A’) in the above inequality depend only on A and A’
in (4.3) and (4. 4)
Moreover u'l? > may be decomposed as ufp’l =u'P 'y u”” ' with u
(resp. u““Pp ) satisfying (4.39)—(4.41) and (4.46), (4.47) (resp (4. 4%) (4.45)).
Finally, all functions above are odd.

/dpp 1

Proof. The proof of the proposition will be divided in several steps, and use the results
of Appendix C below.

First step. We have decomposed in equation (4.11) the source term of (4. 37) i.e.
FZ[a®™P] + Fg'[a®P]. In this first step, we construct a first contribution u®y PP o the
solution of (4.37) taking as forcing term the contribution /; given by (4.1 2) to (4.11),
i.e. we solve, with the notation (4.12)

(D — p(D))uP™! = 3 itV % M (t, x),
Jj€{-2,0,2} (4.53)

W =0,

+
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The functions M; 0n the right-hand side are given by (4.21), satisfy (4.13), and one
may thus write u’y top.1 under the form (4.49), with U; 1 given as the solution of (4.50).
We apply Appendlx C. The solution of (4.50) is given by (C.3) with A = j +/3/2 and
may be decomposed according to (C.4) in U/, + U/’, . We define

rapp,1 __ i rapp,1 __ "
Wy = Z U, wy = Z Ui+ (4.54)

Jj€{=2,0,2} Jj€{-2,0,2}

and check that they give contributions to ", u”" that satisfy (4.39)~(4.41) and
(4.43)—(4.45). By (4.13), the functions M; on the right-hand side of (4.53) satisfy
(C.7) with v =1, i.e. Assumption (H1); holds. By (i) of Proposition C.1.1, we
thus get bounds of the form (4.39)—(4.41), and by (i) of Proposition C.1.2, we have
(4.43)—(4.45). We shall define the contribution uapp’ in (4.48) by

app, rapp,1 17app,1
=u +u
+ +

u'f , (4.55)

i.e. by the right-hand side of (4.49). Moreover, as M; is odd in x, so are U; 4, U jf’ n
and UV .

Second step. We consider now the term 1nvolv1ng Op(m1 ;) on the rlght hand side

of (4.37), where we replace u’" by udpp’ given by (4.49) (with y@P-1 = —u’” b,
ie.
a™(@) Y Y Op(my)(Ur) (4.56)

[11=1;€{~2,0,2}

with U;_ = —U ;. Recall that we decomposed U; ; = = U, + U/, according to
(C.4). Let us examine first the contribution coming from Op(m1 1)(U v '7) to (4.56).
The symbol m1 ; lies in S{ o((E)7' M, 1), which is contained in S} (1 1) (recall
that My = 1 when there is only one £ variable), and it satisfies (3. 7) Since U ”
is defined by (C.4) with A = j V3 3/2 from some odd M;, we may apply Prop051—
tion C.2.1, with M; satisfying Assumption (H1){, i.e. (C.7) with @ = 1 according
to (4.13). We shall thus get from (C.89)

Op(m_)(U/',) = e M) %) + (. x) 4.57)
with for any , N, by (C.91),
|0%r(t, x)| < Ca,stt_l log(1 + t)(x)_N (4.58)
and where M) satisfies by (C.90)
02M ) (t.x)| < Canty < )7V,
o . , L (4.59)
020 MO (1, )] = Cats (1572 + 17320037 ) ()Y,

By conjugation, we shall have also

Op(m) )(U)) = e MO (t.x) + r_(1.x) (4.60)
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with M](l_) (resp. r—) satisfying also (4.59) (resp. (4.58)). We plug (4.57) and (4.60)
in (4.56) and use the expression (4.8)—(4.9) of a®P. We get that (4.56) is a sum of
quantities of the following form:

e Terms of the form
eli'ts M“)(tx) j'=-3,-1,1,3, (4.61)

coming from the product of the first term in (4.8) (or its conjugate) and of the
M a ) terms in (4.57) and (4.60). One gets thus smooth odd functions of x, that
satlsfy by (4.59) and (4.3) estimates

_3
02M D (1.x)| < Cante  (x )‘N,
(4.62)

020, MV (0, x)| < Cants (1 +1 3 2V1)3%) (x)

e Terms satisfying (4.38) and thus contributing to R in (4.37). These terms come
from the product of (4.57) or (4.60) with all terms on the right-hand side of (4.8),
except e’ V3/2 g(?) (and its conjugate), and from the product of a*P with ry in
(4.57) and (4.60). As

_1
27, 2 <ct7 ]!

ift < e7*, we do get that these terms satisfy (4.38).

e Terms of the form

a™ (@) Yy Y. Op(m) (U ), (4.63)

1I=1,€{~2,0,2}

where U j’ ; is given by (C.4) in terms of M; satisfying Assumption (H1),, with
o = 1. We shall see in fifth step below that (4.63) satisfies also (4.38) and thus
contributes to R.

It follows thus from (4.53) and the fact that (4.56) is given by (4.61) up to remainders,
that

(De — p(D))u! —a™(1) Y Op(my NPy =11 — ;P + R(1.x). (4.64)
|I]=1
where I is given by (4.12), I{" is the sum of terms (4.61) and R satisfies (4.38).
Making the difference between (4.37) and (4.64), we get, taking (4.11) into account
(Di — p(D)) ¥ —uf™)

=L+ I+ IV + a™ () Z Op(m'y 1) (uy™ — w3 + R(1, %), (4.65)
1I]=1

with R satisfying (4.38). Notice that by (4.62), I 2(1) has the same form as I, given by
(4.14) and (4.15) so that we shall be able to treat both terms altogether.
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Third step. We now construct an appr0x1mate solution in order to eliminate />+1, 1
on the right-hand side of (4.65). Define uapp’ as the solution to the linear equation

D = I + 1.V,
(D= p( );gz 27T (4.66)
uy 2 lt=1 = 0.

As the right-hand side has structure (4 14) with M; satisfying (4.15), we may express
the solution as a sum Zje{ 3-1,1,3 Uj, +(t, x), where U; 4 is obtained from the j-th
term in (4.14) and expressed under form (C.3) with A = j V3 3/2. By (C.4),

o/ "
Ut =Ujr +Uj4

and since (4.15) shows that (C.7) holds with @ = 3/2, Assumption (H1);/, holds.

By Proposition C.1.1, bounds (C.18)—(C.20) with @ = 3/2 hold for U]’+, and by
Proposition C.1.2, (C.24), (C.25) and (C.27) are true. If we set
W= Y U = Y U (4.67)

je{=3,-1,1,3} je{=3,-1,1,3}

this shows that these functions provide to u"S", u”*" contributions satisfying esti-

mates (4.39)—(4.41) and (4.43)—(4.45).
Let us study
a* (1) Y Op(my )™?). (4.68)
1I]=1
If we apply Proposition C.2.1, using that Assumption (H1)3 /2 holds, we get from
(C.89), (C.90), (C.91) and the fact that a®P(¢) is O(t, 1 2) that the contribution of
u/L P2 1o (4.68) is O(t; 't~ (x)™"), i.e. may be included in R satisfying (4.38).
On the other hand, if we replace in (4.68) uapp’ by u/,*P2, we shall get terms of
the form (4 63), with U; ! 1 givenby (C.4) in terms of M; satlsfymg Assumption (H1),,
with w = 5. These terms are thus better than those in (4.63) and the fact that they
fulfill remamder estimates (4.38) will be seen in Step 5 below.
Consequently, we have shown that

(D¢ = p(D))uP? —a*™ (1) > Op(m ™?) = L + I3 + R(t.x) (4.69)
|I]=1

with R satisfying (4.38). Making the difference between (4.65) and (4.69), we get

(D= (D) (T =T ")

= I3 +a™(0)( Z Op(m} N —u™ —u?)) + R, x). 470
[I]=1

Fourth step. We construct an approximate solution in order to eliminate /3 in (4.70),
i.e. we solve 5

a"“lt o 4.71)
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with I3 given by equation (4.16). For each contribution e/’ [M (z,x) to (4.16),
with —1 < j <1, we get an equation of the form (C.2) with A = j V3. Moreover,
by (4.17)—(4.19) assumptions (C.8)—(C.10) hold (the last two ones being empty if
A= V3 with j = 0or —1), i.e. Assumption (H2) of section (C.2) holds. We may
thus apply (ii) of Proposition C.1.1 and Proposition C.1.2 that allow to write uap P3 as

a sum

U’ = Z Upt(t.x), Uy =Uj + U/, 4.72)
j—
with Uj, satisfying (C.21)—(C.23) and U”+ satisfying (C.28)—(C.30). If we now set
uifpa u[l_app’ +u'} apP:3 with
1

u/, PP3 Z L @x), = YU (), (4.73)
J== j==
it follows that (4.39)—(4.41) and (4.43)—(4.45) hold true. Let us check that
a™ () Y Op(my )™ (4.74)
1I]=1

is a remainder satisfying (4.38). Since we are here under Assumption (H2), we shall
apply Proposition C.2.4 splitting each U; 1 in (4.72) as

Ui+ = U;ﬂL’l + U]{,’Jﬁ1 (4.75)
_1
according to (C.110). Then by (C.111), and the fact that a®® = O(t, 2), the contri-

bution coming from U jf/ 4.1 obeys remainder estimates (4.38), so that (4.74) may be
written as a contribution to R in (4.37) and as

a*™(t) Y Op(my ') (4.76)
[I|=1
with
P = Z Ul (). 4.77)

j=-—1
We shall see in Step 5 below that (4.76) provides also a contribution to R. Conse-
quently, we have obtained that

(Dy — p(D))UP? —a™ (1) > Op(my )F™?) =I5 + R(t.x).
[I|=1

Making the difference with (4.70), we conclude that 1" will solve (4.37) if and only

if
3
(1= p(D0) (s = Yt

=1

3
—a™ (1) Y Op(m’u)(ul Z PP‘) = R(1.x).

[7]=1
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Consequently, we just have to take uapp ap L uap P2 4 u?fpﬁ. We have checked
that then estimates (4.39)—(4.41) and 4. 43) (4.45) hold. It remains to check that
terms of the form (4.63) and (4.76) provide remainders, and that estimates (4.46)—
(4.47) hold true, as well as the properties of the decomposition (4.48). This will be
done in the following steps.

Fifth step. Let us show that (4.63) and (4.76) are remainders. Let us use the same
notation U/ Jj+ 4 for either U 4 in (4.63) or U; / i+ in (4.77). Notice that since the func-
tions M; in (4.12), (4. 14) (4 16) are odd i 1n X, so are the U / 4 defined from them.
Moreover, as m' ; is in S1 o({(E)71, 1), we may write

Op(m} 1) (U} 1) = Op(it1, £)({Dx) ' Uj 1) (4.78)

with /i)  in §7 (1, 1). By oddness of U; ,

_ ix (/D
(Dx) 1Uj’,+=_ _1( al )(t,/uc)d,u

2 (Dy) 7t
zx
2t

4.79)

((L+ L ux) — pxUJ L (1, px)) dp

As m has rapidly decaying coefficients in x, we rewrite (4.78) as a linear combi-
nation of expressions

1

for new symbols m1 ; in the class S! 0(1 1). Using (C. 92) withw = 1 or (C.112), we
bound any L norm of x# 9% acting on (4.80) by C&?¢t~1. Taking into account that
a®P(t)is O(t, 1/2) we see that (4.63) and (4.76) satisfy (4.38) (using again t < &™%).

Sixth step. We shall prove estimates (4.46) and (4.47). Recall that by definition

/app __ ./ app,l / app,2 / app,3
wit=uy +u, +uy

with u/, P! given by (4.54), u/, P2 given by (4.67) and u’, *PP3 given by (4. 73).
Consequently, the term (D,—p(Dx))u’ PP is a sum of expressions (D;—p(D))U ] 4o
where U j’, is given by an integral of the form (C.4) (resp. (C.110)) with M replaced
by an M; satisfying either (4.13) (for those coming from (4.54)) or (4.15) (for those
coming from (4.67)) (resp. satisfying (4.17) for those coming from (4.73)). Conse-
quently, for contributions of the form (C.4),

1

( p(Dx))U//+ =73

oo . T
TP @IA Ty () My(r, ) dr, (481)
1 Vil
where y(t) = tx/(r) and A; is some integer multiple of @ In other words, we
obtain still an expression of the form of the first line in (C.4), but with a gain of a fac-
tor 1. Estimates (4.39) and (4.41) that we have already obtained for u’** furnish



Approximate solution to the dispersive equation 71

thus (4.46) and (4.47) multiplying them by ¢! (the change of cut-off ¥ does not
matter, as it has support contained in the one of y). This shows also that (4.46) and
(4.47) hold for 1/#P-1 4 34/%P-2 The case of u'*P-3 is similar, using (C.110) to get an
expression of the form (4.81), but with X( u ) replaced by %(7), i.e. again an integral
of form (C.110) with the gain of a pre- factor 1~

Seventh step. We have to establish still (4.48). The contribution uif’p’l on the right-
hand side is the one that has been defined in the first step by (4.53), with right-hand
side glven in terms of M; defined in (4.21). The term X, in (4.48) is thus given
by uapp’ + uapp >~ introduced in (4.67) and (4.72). These functions are constructed as
sums of contrlbutlons U that satisfy equations of the form (4.50), where the source
term satisfies (4.15) or (4‘17) and thus (4.51). It remains to show (4.52). As m’ has
rapidly decaying coefficients in x, we may forget the x factor in (4.52), and are thus
reduced to the study of 9%Op(m’) (uapp’ ) and 0°Op(m’) (uapp’ ).
Consider first 920p(m”) (u’f™ %). By (4.67), we express that from

3%Op(m’ )(U-/+), 8§Op(m/)(Uj/:+). (4.82)

As Assumption (H1),, holds with w = accordmg to (4.15), the second term above
is given by (C.89) of Proposition C.2. 1 It follows from (C.90) and (C.91) that its
modulus is smaller than

_3
t; 2 + &3t Mog(1 + 1),

so than the right-hand side of (4.52). On the other hand, Op(m)(U; ) has been
expressed in fifth step under the form (4.80). If we plug there estimates (C.92), we
see that the modulus of the first term in (4.82) is O (e3¢~ 1), so better than the right-
hand side of (4.52).

Consider next d$Op(m”) (ua]p p.3 ). Solving (4.71), we have written uffp > under the
form Z] ——1 (U] 4, + U/, ) according to (4.75). If we plug this decomposition
in d¢Op(m’)(-), we get on the one hand expressions of the form (C. 111) that are
bounded by the right-hand side of (4.52). For the contribution 0¢Op(m’) (U i +1)> we
use again that we can write an expression of the form (4.80) and bounds (C.112).
We get an estimate in O(g2¢~!) that is better than the right-hand side of (4.52). This
concludes the proof. |

To conclude this section, let us compute some integrals that will be useful in
the sequel.

Proposition 4.1.3. Let Y, be the function defined in (4.22). The functions U; .,
j = —=2,0,2, on the right-hand side of (4.49) satisfy the following:
/ Us,+(t,x)p(D) " Yo dx = (ea + i) V3g (1) + 7 (1), (4.83)

where o is real,

Ba = —%ifz(ﬁ)z (4.84)
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for the function Y, defined in (2.6), and where r(t) satisfies
()| < C(A, A’)(g%—% b ez—%(gw;)%f’/) <CcA A (485)
Moreover;
/ Uo.+ (1) p(Dy) " Yo dx = aolg () + (1), (4.86)
-1 _ 2, —ity/3
/Uz,_(t,x)p(Dx) Yodx =a_,g(t) e + r(1), (4.87)

where o, —y are real constants, and where r satisfies (4.85). Finally, the function
34 in (4.48) satisfies

’/EJr(t,x)p(Dx)_le dx’ (4.88)

_3 _1
<CA At 2 + 27 + 171, ?) log(1 +1).

Proof. Let us establish (4.83). The function U, 4 is defined as the solution of (4.50)
with j = 2 and M, on the right-hand side given by (4.21). We write (4.83) as

oo [ Gase0p@ Fa-6) d

Since Y> is odd, we get from equation (C.124) applied with Z &) =—p@E)! Vs &),
M(t, &) = My(t,8), A = /3, a contribution to r and two integral terms. By (4.21),
the second one is

B V3 (1= x ) Ya(e)?
or ) V3-1+8& J1+§
which may be written since Y, is real and odd, under the form o/zei 13 g(t)? for some
real o).

Using the definition (C.123) of y;, and the fact that ¥5(&)? is even, the first term
on the right-hand side of (C.124) brings the contribution

deg(t)? (4.89)

; +o00

_ l_eitﬁg(t)Z lim / eir(«/ 1+§'2—\/§)—01X(E _ ﬁ)

o omordo (4.90)
RA0s |

V1+E2
Denote by &(¢) the reciprocal of the change of variables & — ¢ = /3 — /1 + &2

defined from a neighborhood of & = V2t0a neighborhood of { = 0. We rewrite
(4.90) as

dEdt

¢

0] dt. (4.91)

. +o0 . R
~ Lty tim / T (€ (D) — VDT (E D))

3 o—=>0+ Jo
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Notice that

. oo —it¢—ot : c—1 : 1
Ul_l)r(r)1+ ; e dt =—-i(¢—1i0) —nSO—zp.V.Z.

Plugging in (4.91), we obtain an expression a5 + if> with o real and B, given
by (4.84).

To obtain (4.86) and (4.87), we apply again Proposition C.3.1 but with A = 0 or
A = —+/3 so that x2 = 0 and in (C.124) the first term on the right-hand side disap-
pears. Only the second one and r remain, so that one gets no imaginary contribution
to (4.86) and (4.87).

Finally, let us prove (4.88). As Y5 is in § (R), the integral may be expressed as an
integral of Op(m’)(X ) for the symbol m’ = Y,(x)p(§)~', so that (4.52) brings the
conclusion. |

4.2 Asymptotic analysis of the ODE

In this section, we shall prove that solutions of the ordinary differential equation
(2.34) have a certain asymptotic expansion by a bootstrap argument.

We make some a priori assumptions on the functions ®; and I'; on the right-hand
side of (2.34).

Assumption (H)). Assume that 1 is a solution to equation (2.27) defined on the set
[1,T] x R for some T < &% such that the functions ®, and T';, Jj =1,2,3, defined
on (2.36) satisfy the inequality

3 3,
(@200 (o )ou—(to N+ e 22T (0 )ou— (2. )

= (4.92)

< B/l—% (82\/;)20/

for some constant B’, some 6’ € ]0, %[ (close to %), allt € [1, T], and assume that the
function ®; given by (2.36) satisfies for any ¢ € [1, T'],

‘q)l(u-i-(lv ')’ u—(t’ )) - ?(Y’ YK(X)b(X, Dx)p(Dx)_l(qu - u?p)>

— (Z.iiy) — (z,a_>)( < B3 (2 VD)7,

(4.93)

where uifp is the approximate solution constructed in Section 4.1, Z is a function
in § (R), ti1 are functions verifying inequality (4.4) such that forany A in R —{—1, 1},
one may find functions ¢+ (A, 7) and Y+ (4, 7) as in (4.5), solving equation (4.7) and
such that estimates (4.6) hold true, for A outside a given neighborhood W of {—1, 1}
in R.



Construction of approximate solutions 74

We consider on the interval [1, 7'] the solution a4 of equation (2.34), namely

3 2 .
<D, - %_)aJr = Z(a+ —a )" ®j[uy,u_]
/=0 (4.94)

3
+ Z(a+ —a )/ Tjluy,u]
=0

with an initial condition at ¢ = 1 satisfying
lar (D] = Aoe (4.95)

for some constant Ay. We introduce as a second assumption an estimate on a., that
we give in terms of upper bounds (4.99) below:

Assumption (H)). The solution of equation (4.94) with initial condition (4.95) exists
on some interval [1,7] with T < &= and satisfies on that interval the following
requirements: One may write

ay(t) = aif’p(t) + S(@), (4.96)
where a’* (¢) has the structure
@TP(1) = 5 g(t) + w0ag (126 + wolg () + w_2g (1) eV
+ e (1) (¢4 (0,1) — 9_(0,1)) (4.97)
+ e T g D) (04 (V3.1) — - (V3,1)
and where
S(1) = 03g()*e¥5 + w1 |g()Pge T + w_sg@) e T (4.98)

with the following notation:

e The coefficients w; in (4.97) (resp. (4.98)) are real (resp. complex) constants that
will be chosen below.

e The function g satisfies, for some constants A, A" and ¢ € [1, T,

_1 _3 ,
2] < A1 2, 19,g(0)] = A2 +173EVD3Y),  (4.99)
where 0’ € ]0, L[ is close to % and has been introduced in (H7).

e The functions ¢ (0, 1), p+(+/3, 1) satisfy conditions (4.5)~(4.7) with Z and i+
introduced in (4.93), i.e. one has estimates
1

o0l < (VD172 Y] < (VDT
(Z.dis, )] < (VD717
(when ¢ is small enough) and one has the equation
(Di = V(A1) = (Z,ux(r,-)) + ¥+ (A, 1) (4.101)
for A = 0 or v/3.

(4.100)
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We shall bootstrap Assumption (H)), i.e. estimates (4.99) assuming that (H)
holds:

Proposition 4.2.1. Let ¢ €10, 1] and 6’ € ]0, %[, 0’ close to % There are constants
A, A’ g9 > 0 such that if Assumption (H') holds and if the solution a of (4.94)
exists on [1,T] and has structure (4.96) with g satisfying (4.99) on [1,T], then if
£€10,e0, T < e 4T¢, one has actually, for any t € [1,T],

1 _1 1 _3 ,
g0 = 5467, 10ig0] = 54/ (17 + 73 EVDE). (4.102)

As a first step towards the proof of the proposition, let us rewrite equation (4.94).

Lemma 4.2.2. There are a real constant y1 and complex constants y3, y—1, V—3 such
that, under the assumptions of the proposition,

(- ?)CH = % g0 g () (11 - if—ffz(ﬁ)z)

/3 i3 —

+ e g (1)Pys + R 2 () 22Oy @103
PV p— ’

+ e ¥ () Y,

+ (ay —a-)*®o + (at —a-)’Ty

+(ay —a)(Z,uy)—(Z,u_)) +r(t),

where r(t) satisfies
3 /
r(0)] < C(4, 4", B2 (V1) (4.104)
for a constant depending only on the constants A, A’, B" of (4.99), (4.92), (4.93).

Proof. Consider thegright-hand side of equation (4.94). By (4.92), the ®, contribution
is bounded by B't 3 (¢2/1)2%', so satisfies (4.104). By (4.96), (4.97), (4.99), (4.100)

las ()] + la_(6)] < C(Ay; * (4.105)

so that (4.92) implies that the contributions (a4 — a_)3_f Iy, j =1,2,3,to (4.94)
satisfy (4.104). We are thus left with studying

Oo(ay —a_)? + ®uy,u_l(ay —a_)+ Tolay —a_)>. (4.106)

The first and last terms in (4.106) are present on the right-hand side of (4.103). Con-
sider (a4 — a_)®;. By (4.93), up to another contribution to r, we get on the one hand
the last but one term on the right-hand side of (4.103) and the quantity

NE] _
= (@ —a){Y. Ye(x)b(x. Dx) p(Dy) Ll — uPy)
that, according to the definition (4.22) of Y,, may be written

‘?(u —a-){(Y2, p(Dx) ™ (uf® — u™)). (4.107)
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We replace above ui'fp by expansion (4.48). According to (4.88),

_3 _1
(Y2, p(Dx) 'Z4)| < C(A ANt 2 + 171> + 171, 2) log(1 +1).

If we use also (4.105) and (4.1), we conclude, since
_1
172 < Ct72(2V1), 1,217 1% < Cr2(2V0), Tl < Ct3(2V0),

that (4.107) satisfies inequality (4.104) (if we absorb the logarithm using that we
assume &2/t < 85 0 < —, and that we take & small). We are thus left with the
contribution to (4.107) of

?(Uu —a_){(Ya., p(Dx) " P! —urly) (4.108)

with ua pp-1 given by (4.49). The bracket above has been computed in (4.83), (4.86)
and (4. 87) It is in particular O(C(A4, A )t_l) By equations (4.96)—(4.100) the diffe-
rence ay — ¢'V3/2g is bounded by C(A) (17 + 1, 124=1/2(62 /1)¥'), so that if we
replace in (4.108) a1 by e'’ V3/2 g, we get an error bounded by

C(4, A )( e z(&{)") < C(A, A3 (2 VD)%Y (4.109)

so that we get a remainder. Consequently, using again (4.49), we have reduced (4.108)
to

ﬁ

(50 F 450N Y (. p(D0 7 Ui + Tp))] @110)

Jj€{-2,0,2}

up to remainders. We have computed the bracket above in (4.83), (4.86) and (4.87).
Up to terms bounded by the product of (4.85) with 7, 1/ 2 which still provides remain-
ders satisfying (4.104), we get that (4.110) is given by

L _
A E g (1) + AT g0 (1) + ey g ()P + e E Y35 () s

where y; are complex constants, with y; = ‘/75(2040 4+ ay + a—p +iB5), where «y,
o, 0o are real and B, is given by (4.84). We obtain thus the first four terms on the
right-hand side of (4.103). This concludes the proof. ]

‘We shall next compute from expression (4.96) of a4 and from (4.103) an equation
satisfied by g.

Lemma 4.2.3. One may choose the coefficients w;, =3 < j <3, j # 1, in (4.97)
and (4.98) such that if a4 is given by (4.96) and satisfies (4.103), then g solves

Dig(t) = (o= if—ffz(ﬁ)z)m(z)ﬁg(z) + (), (4.111)
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where « is real, ?2(«/5)2 is negative and r(t) satisfies
()] < C(A)E 27 VD +C(4, 4, B) (r;2 + 17N VD
I TN LN o TNt L z—z(ezﬁ)%"’),

where C(-) are constants depending only on the indicated quantities.

(4.112)

Proof. Let us express in a more explicit way the right-hand side of (4.103). By equa-
tions (4.96)—(4.100),

. /3 i —2 —i
a:(t) = (€7 g(0) + g (12" V? + wo|g () + w28(1) ¢ *V?)

(4.113)

w

< C 2 VDY + CA)y

for constants C(A) depending only on A.
It follows that

(a+() —a_(0))® = e"™3g(1)* + 202 + e V35 (1)
+ 2e3"’§g(r)3(w2 + w_3)
+ zeff%g(ng(z)(zwo oyt o) (G114)
+2e710F |g(r)|2g(r)(2wo + w2+ w_2)
+2e73% D) (@2 + ) + (1),

where r satisfies (4.112).
In the same way

(a+() —a-(1))* = T g(t)3+3e” *g0Pg()
+3¢7F g0 8@ + gD + (1)

where r satisfies (4.112). We plug (4.114)—(4.115) in the right-hand side of (4.103).
We get, as ©¢, I'g given by (2.35) are real constants, the expression

(4.115)

¢V3Dog(t)? +2g(1) 2o + e V3 Dog(1)

+ e 2 g0 Pe)(y, - if—ffz(ﬁ)z)

+ T g1y, + e gDy + e T gy, G110
e F g ()(Z.iy) — (Z.5-)

e GO (Zg) — (Z.02) + (1),

where Zj’ Jj = —3,—1,1,3, are new constants with Y, real, Y 3V 075 depending



Construction of approximate solutions 78

on w_,, g, W butnot on w_3, w—_1, w3, and where r(¢) satisfies (4.112), and contains
in particular the product of (Z, ii+) with a, (1) — e/*™V3/2g(t), a_(1) + €'V3/2g(1),
according to estimates (4.113) and (4.100).

On the other hand, we may compute the left-hand side of (4.103) replacing a by
its expression (4.96). We get, using (4.101) with A = 0 or V3,

(D, — ?)M —it% D.g + ?e"’ﬁwzg(t)2 — ?cvolg(l)l2
_ 3%§w_2e_i’ﬁm2 + «/§w3e3i’§g(f)3
N R NP0 30) @.117)
— 2«/§w_3e_3”§m3
+ T g(1)(Z,i4) — (Z.0-)
4 e RGO Z, k) — (Z.62) + 1),

where r1(t) is made of terms of the form

O(IgD:g)). O(1D:ge+(0,1)]), O(ID;gp+(v/3,1)]),

5 (4.118)
0(1gy+(0,0)), O(gy+(v3,0)). O(g*Dig).
By a priori estimate (4.99) and (4.100), these terms are bounded by
C(A, A)( 4232V 13 (VDY + 223 )
(4.119)

I TN

the last contribution coming from the first two terms in the second line of (4.118). We

choose now the free parameters w;, j € {—3,...,3} — {1} setting
V3 B 2J§q> B 4J§¢
w3 = sz w2 = 3 o wo = 3 Yo
V3 2V3 o V3
w_1=—— , W_p = ——— , W_3 = ———
1 3 Y, 2 9 0 3 6 Y 3

(which is possible as y Y Y do not depend on w_3,w—_1,w3). In that way,
when we make the difference between the two expressions (4.116) and (4.117) of
(D — 25 ) we obtain equation (4.111) with a remainder satisfying (4.119). This
concludes the proof, as Yz(«/_ ) being purely imaginary (since Y5 is real and odd),
Yz(\/_)2 < 0 and moreover, by Proposition G.1.2, Yz(«/_) # 0. ]

Proof of Proposition 4.2.1. Let us show first that under the assumptions of the propo-
sition, the first inequality of (4.102) holds if A has been chosen large enough, ¢ small
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enough and ¢ < ¢#7¢_ In a first step, consider the case when ¢ is small, i.e. let us
show that there is 79 € ]0, 1] such thatif 1 <t < ro , and ¢ is small enough,

)= At
g®)] < 41‘5 . (4.120)

Since for these ¢ one has % <11 < ¢?, the a priori bound (4.99), equation (4.111)
and estimates (4.112) imply that, for any such ¢,

lg()] < |g(D)| + KA3*t + C(A, A, B') (1T + &%),

where K = |o — i‘{—sgfz(ﬁ)2| and C(-) is a new constant depending on A, A’, B/
(and 7). If A4 is taken such that

lg(D)] =

oo|::;
Sle

and tp small enough so that

1
KA%t < ,
* T 162
and if we take ¢ small enough, we get, using that 8’ is close to , that
A A -1
N < ——=e<—t1 2,
i.e. (4.120).
We shall thus study from now on equation (4.111) forz > ’g and initial condition

at ro bounded by fs In this regime, for some new constant C(A4, A’, B’), (4.112)
1mphes

Ir(0)] < C(4, 4 B (73 (20" +172), (4.121)

remembering that ¢ stays in [rge ™2, e74¢]. For ¢ in [rg, 27¢], set

_ 1 s
e(t) = e 1(1 +t)2g(82). (4.122)
We deduce from (4.111) and (4.121) thatif 8 = —‘{—Ef’g(ﬁ)z > 0,

_le()  —BHia >
D) = 51+ o leOPe@ + RO, (4.123)

where

PR 14+t ’ 1+1¢ P
|R(z)|sc(A,A,B)(( 3) e+ ,2)2)
C(A, A, B) 3 ; e
SO e ),
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Denote w(t) = |e(t)|?. Then

1
dew(r) = 1——1—t(w(t) —2Bw(1)* 4+ Q(1)), (4.125)
where according to (4.124), for t € [tg, e721¢],
[0(1)] < C(s%c + sro_%)|w(t)|% (4.126)

for some constant depending on A4, A", B’, t9. Moreover, we have

w(te) < (%)2. 4.127)

We fix A large enough so that (%)2 — 2/3(%)4 < —% and then take & < g¢ small
enough (in function of A, A’, B’, 7o) such that (4.126) implies |Q(¢)| < 1|w(r)|"/2.
Then it follows that if, at some time 7., w(?«) reaches (%)2, the right-hand side
of (4.125) is strictly negative. Consequently, taking (4.127) into account, we get

w(t) < (%)2 for any ¢ in [rg, £27¢]. Using (4.122), we conclude that

A -1
)] < 5ts

for ¢ in [;—2, £~4%¢]. This gives the first inequality of (4.102).
To get the second one, we notice that we may bound the right-hand side of (4.112)
by
=3 =32 /30
C(A)(ts 2 +172(2/1)27)
’ _3 ,
+CA, A, B’)(s + (82\/2)67>(t8 N ICNO L

for new constants C(A), C(A, A’, B"), depending only on the indicated arguments.
Plugging this in (4.111), we get

9,80)] = Klg0P + (C(A) + C(A, A, Be(t. o) (1* + 1732V

with
lim sup e(t,e) =0.
E0F e[y e—4+e]
If we plug there the first inequality of (4.102), choose A’ large enough relatively to
A, so that

K 42 C(A A
—_ <
(3) +ew =3
and then take & small enough relatively to A, A’, B’, we get the second inequality
of (4.102). This concludes the proof. ]



