
Chapter 5

Reduced form of dispersive equation

In Section 3.2, we performed a quadratic normal form on equation (3.11) satisfied by
uC in order to get equation (3.13). On the other hand, in Section 4.1, we constructed
some approximate solution solving equation (4.37). Making the difference between
(3.13) and (4.37), we shall get an equation for the action of Dt � p.Dx/ on

QuC D uC �
X
jI jD2

Op. Qm0;I /.uI / � u
app
C :

The goal of this chapter is to invert in convenient spaces the map uC 7! QuC, to obtain
an expression for uC in terms of QuC and to write down the equation satisfied by QuC
in closed form.

5.1 A fixed point theorem

We establish first some abstract theorem. We consider E;F two Banach spaces with
norms k � kE , k � kF . We consider also two other normed spaces QE; QF such thatE \ QE
(resp. F \ QF ) is also a Banach space. We set BF .r/; BE .r/ for the closed ball of
center zero, radius r in F;E. We assume given a function

ˆ W .E \ F / � .E \ F /! E \ F;

.u00; f / 7!ˆ.u00; f /
(5.1)

satisfying the following estimates: There are C > 0; � > 0 such that for any parame-
ter � � 1, any u00; f; f1; f2 in E \ F , one has

kˆ.u00; f /kE � C
�
ku00kF C kf kF

��
ku00kE C kf kE

�
; (5.2)

kˆ.u00; f /kF � C�
�
�
ku00kF C kf kF

�2
C C��1

�
ku00kF C kf kF

��
ku00kE C kf kE

�
;

(5.3)

kˆ.u00; f1/ �ˆ.u
00; f2/kE

� C
�
ku00kF C kf1kF C kf2kF

�
kf1 � f2kE

C C
�
ku00kE C kf1kE C kf2kE

�
kf1 � f2kF ;

(5.4)

kˆ.u00; f1/ �ˆ.u
00; f2/kF

� C
�
��
�
ku00kF C kf1kF C kf2kF

�
C ��1

�
ku00kE C kf1kE C kf2kE

��
kf1 � f2kF

C C��1
�
ku00kF C kf1kF C kf2kF

��
kf1 � f2kE :

(5.5)
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We assume also that if, in addition to preceding assumptions, u00 is in QF and f is
in QE, then ˆ.u00; f / is in QE, with estimate

kˆ.u00; f /k QE � C.ku
00
k QF ku

00
kE C

�
ku00kF C kf kF

�
kf k QE

�
(5.6)

and if f1; f2 are in QE,

kˆ.u00; f1/ �ˆ.u
00; f2/k QE � C

�
ku00kF C kf1kF C kf2kF

�
kf1 � f2k QE : (5.7)

Lemma 5.1.1. There is r0 > 0 such that for any r in �0; r0Œ, any � � 1, any u0; u00; Qu
in BE .r�/ \ BF .r��� /, the fixed point problem

f D u0 C QuCˆ.u00; f / (5.8)

has a unique solution f in BE .3r�/ \ BF .3r��� /. Moreover, if one defines induc-
tively

ˆ1.u00; a; g/ D aCˆ.u00; g/;

ˆnC1.u00; a; g/ D ˆn.u00; a;ˆ1.u00; a; g// D ˆ1.u00; a;ˆn.u00; a; g//;
(5.9)

and if one sets

E� D �
�
�
ku00kF C ku

0
kF C k QukF

�
C ��1

�
ku00kE C ku

0
kE C k QukE

�
;

one has for any N � 1 and a new constant C > 0,

kf �ˆN .u00; u0 C Qu; u0/kE

� CNC1EN� kf � u
0
kE

C CNC1EN�1�

�
ku00kE C ku

0
kE C k QukE

�
kf � u0kF ;

kf �ˆN .u00; u0 C Qu; u0/kF

� CNC1EN� kf � u
0
kF C C

NC1EN� �
�1
kf � u0kE :

(5.10)

Furthermore, if one assumes that u0; Qu are also in QE and u00 is also in QF , then f is
in QE and one has for any N � 1,

kf �ˆN .u00; u0C Qu;u0/k QE � C
N
�
ku0kF Ck QukF Cku

00
kF

�N
kf � u0k QE : (5.11)

Proof. We define the usual sequence of approximations

fNC1 D ˆ
NC1.u00; u0 C Qu; u0/ D u0 C QuCˆ.u00; fN /;

f0 D 0

using notation (5.9). By (5.2) and (5.3), we have

kfNC1kE � ku
0
kE C k QukE C C

�
ku00kF C kfN kF

��
ku00kE C kfN kE

�
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and
kfNC1kF � ku

0
kF C k QukF C C

�
��
�
ku00kF C kfN kF

�
C ��1

�
ku00kE C kfN kE

���
ku00kF C kfN kF

�
:

It follows that if u0; u00; Qu are in BF .r��� / \ BE .�r/ with r small enough, one has
for any N ,

kfNC1kE �
4

3

�
ku0kE C k QukE

�
C
1

3
ku00kE ;

kfNC1kF �
4

3

�
ku0kF C k QukF

�
C
1

3
ku00kF :

In particular, .fN /N remains bounded inBF .3r��� /\BE .3�r/. Moreover, by (5.4)
and (5.5) and the above bounds, for r small enough, .fN /N converges in E \ F to
a limit f satisfying

f D u0 C QuCˆ.u00; f / D ˆ1.u00; u0 C Qu; f /:

Then (5.10) with N D 1 follows from (5.4) and (5.5). One obtains the general case
by induction, using (5.4) and (5.5). In the same way, (5.11) follows from (5.7).

We shall apply the preceding lemma with E D H s.R/, F D W �;1.R/, s > 0,
� D t � 1, � 2 N. We define the spaces QE; QF by

QE D ¹f 2L2.R/ W xf 2L2.R/º; QF D ¹f 2W �;1.R/ W xf 2W �;1.R/º (5.12)

and we endow them with norms depending on the parameter t :

kf k QE D tkf kL2 C kxf kL2 ; kf k QF D tkf kW �;1 C kxf kW �;1 :

The functions u0; u00 of (5.8) will be the functions u0app
C ; u

00app
C of Proposition 4.1.2.

By (4.39)–(4.41) applied with a large enough r , and using (4.42), we get

ku0
app
C .t; � /kE � C.A;A

0/"2t
1
4 ;

ku0
app
C .t; � /kF � C.A;A

0/"2;

ku0
app
C .t; � /k QE � C.A;A

0/."2t
5
4 C t

1
4 ."2
p
t /
7
8 "

1
8

�
:

(5.13)

In particular, for " small, t�ku0app
C .t; � /kF C t

�1ku0
app
C .t; � /kE may be made as small

as we want (uniformly in t � "�4) if " > 0 is small enough. In the same way, by
(4.43)–(4.45)

ku00
app
C .t; � /kE � C.A;A

0/";

ku00
app
C .t; � /kF � C.A;A

0/"2.log.1C t //2;

ku00
app
C .t; � /k QF � C.A;A

0/t "2.log.1C t //2:

(5.14)

Again, for t � "�4, we see that t�ku00app
C .t; � /kF C t

�1ku00
app
C .t; � /kE may be made

as small as we want for " > 0 small.
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We shall take some function QuC in BE .�r/ \ BF .���r/ \ QE, and shall solve
in uC the equation

QuC D uC �
X
jI jD2

Op. Qm0;I /.uI / � u0
app
C � u

00app
C ; (5.15)

where Qm0;I are symbols in QS1;0.
Q2
jD1h�j i

�1M0; 2/ defined in Proposition 3.2.1. Set-
ting fC D uC � u00

app
C , we rewrite (5.15) as

fC D u
0app
C C QuC Cˆ.u

00app
C ; fC/; (5.16)

where
ˆ.u00

app
C ; fC/ D

X
jI jD2

Op. Qm0;I /
�
.u00app

C f /I
�
: (5.17)

Let us check that the assumptions of Lemma 5.1.1 are satisfied by the preceding map.

Lemma 5.1.2. If we take E D H s.R/, F D W �;1.R/, with s; � large enough and
QE; QF defined by (5.12), then inequalities (5.2) to (5.7) are satisfied by the function ˆ

defined by (5.17).

Proof. To prove (5.2) we have to check that, for any I with jI j D 2,

kOp. Qm0;I /
�
.u00 C f /I

�
kH s � C

�
ku00kW �;1 C kf kW �;1

��
ku00kH s C kf kH s

�
which follows from (D.32) if � is large enough, since Proposition D.1.6 applies in
particular to symbols that are independent of x, which is the case of elements of
QS1;0.

Q2
jD1h�j i

�1M0; 2/ according to Definition 3.1.1. In the same way, (5.3) may be
written

kOp. Qm0;I /
�
.u00 C f /I

�
kW �;1

� C
�
t�
�
ku00kW �;1 C kf kW �;1

�
C t�1

�
ku00kH s C kf kH s

���
ku00kW �;1 C kf kW �;1

�
which follows from (D.39) with r D 1 if .s � �/� is large enough. Inequalities (5.4)
and (5.5) are proved in the same way using the bilinearity of Op. Qm0;I /.

Let us prove (5.6) and (5.7). To simplify notation, consider for instance the case
I D .2; 0/. It is enough to prove the estimates

kOp. Qm0;I /.f1; f2/kL2 � Ckf1kW �;1kf2kL2 ; (5.18)

kxOp. Qm0;I /.f1; f2/kL2 � C
�
tkf1kW �;1 C kxf1kW �;1

�
kf2kL2 ; (5.19)

kxOp. Qm0;I /.f1; f2/kL2 � Ckf1kW �;1

�
tkf2kL2 C kxf2kL2

�
(5.20)

(and the symmetric ones) in order to get (5.6) and (5.7). But (5.18) (resp. (5.19))
follows from (D.33) (resp. (D.37)) if on the right-hand side of the latter inequality we
estimate

kL˙vj kW �0;1 � C
�
kxvj kW �0;1 C tkvj kW �0C1;1

�
:
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To get (5.20), one applies instead (D.33) after commuting x to Op. Qm0;I / in order to
put it against the f2 argument.

This concludes the proof of the lemma.

We may now state the main result of this section, that will show that the implicit
equation (5.16) may be solved in fC, and that we get an expansion for fC in terms
of u0app

C ; u
00app
C and QuC.

Proposition 5.1.3. Let u0app
C ; u

00app
C be function satisfying (5.13)–(5.14). Let also QuC

be a function of .t; x/ 2 Œ1; T � �R, with T � "�4Cc satisfying for some 0 < � 0 < � <
1
2

(� 0 and � being close to 1
2

), some ı > 0, some constant D the following estimates

k QuC.t; � /kE � D"t
ı ;

k QuC.t; � /kF � D
."2
p
t /�
0

p
t

;

k QuC.t; � /k QE � Dt
5
4 ."2
p
t /� :

(5.21)

Then, if " is small enough, there is a unique function fC in E \ F with

kfCkF � 3max.C.A;A0/;D/max
�
"2.log.1C t //2;

."2
p
t /�
0

p
t

�
;

kfCkE � 3max.C.A;A0/;D/"tı
(5.22)

such that, setting f� D � NfC,

fC D u
0app
C C QuC C

X
jI jD2

Op. Qm0;I /
�
.u00app

C f /I
�
: (5.23)

Moreover, one may find symbols .mI /2�jI j�4 in the class QS1;0.
QjI j
jD1h�j i

�1M �
0 ; jI j/

for some �, such that one may write the solution fC to (5.23) under the form

fC D u
0app
C C QuC C

X
2�jI j�4

ID.I 0;I 00/

Op.mI /
�
QuI 0 ; u

app
I 00

�
CR; (5.24)

where R satisfies

kR.t; � /kH s � C
0.A;A0;D/

�
."2
p
t /�
0

t�
p
t

�4
"tı ; (5.25)

kxR.t; � /kL2 � C
0.A;A0;D/

�
."2
p
t /�
0

t�
p
t

�4
t
5
4 ."2
p
t /� (5.26)

for some new constants C 0.A;A0;D/, � > 0 as small as we want.

Proof. Equation (5.23) may be written under the form (5.16) with ˆ given by (5.17).
We have seen in Lemma 5.1.2 that inequalities (5.2) to (5.7) hold true, with the spaces
E;F; QE; QF defined in that lemma. By (5.13), (5.14) and (5.21), if t � "�4 and " is
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small enough, we can make t�ku0app
C .t; � /kF , t�ku00app

C .t; � /kF , t�k Qu0C.t; � /kF and
t�1ku0

app
C .t; � /kE , t�1ku00app

C .t; � /kE , t�1k Qu0C.t; � /kE as small as we want. We may
thus apply Lemma 5.1.1, that gives the solution fC to (5.23) and its uniqueness. This
lemma gives as well the first inequality of (5.22). To get the second one, we deduce
from (5.8) and (5.2) that

kfCkE � ku
0app
C kE C k QuCkE C �."/

�
kfCkE C ku

00app
C kE

�
; (5.27)

where �."/ is controlled by kfCkF and ku00app
C kF , so goes to zero if " goes to zero by

the first inequality of (5.22) and (5.14). Using (5.13), (5.14), (5.21), it follows that,
for " small enough,

kfCkE � 3max.C.A;A0/;D/"tı : (5.28)

In the same way, we get from (5.8) and (5.6),

kfCk QE � ku
0app
C k QE C k QuCk QE C Cku

00app
C k QF ku

00app
C kE C �."/kfCk QE ;

where �."/ is controlled by ku00app
C kF C kfCkF , so goes to zero with ". Plugging

(5.13), (5.14), (5.21) in this inequality, we get for " small enough, and some new
constant QC.A;A0;D/,

kfCk QE �
QC.A;A0;D/t

5
4 ."2
p
t /� : (5.29)

We apply next (5.10) with N D 4. We obtain, using (5.13), (5.14), (5.21), (5.22) that

fC �ˆ4.u00app
C ; u

0app
C C QuC; u

0app
C /


E
� C 0.A;A0;D/

�
."2
p
t /�
0

t�
p
t

�4
"tı (5.30)

since we assume t � "�4Cc with some c > 0. In the same way, by (5.11)fC �ˆ4.u00app
C ; u

0app
C C QuC; u

0app
C /


QE

� C 0.A;A0;D/

�
."2
p
t /�
0

t�
p
t

�4
t
5
4 ."2
p
t /� :

(5.31)

The right-hand side of (5.30) (resp. (5.31)) is controlled by (5.25) (resp. (5.26)).
To finish the proof, we have to rewrite ˆ4.u00app

C ; u
0app
C C QuC; u

0app
C / as the main

term on the right-hand side of (5.24), up to remainders. Let us show by induction that
one may write

ˆN .u00
app
C ; u

0app
C C QuC; u

0app
C /D u

0app
C C QuCC

X
2�jI j�NC1

ID.I 0;I 00/

Op.mNI /. QuI 0 ; u
app
I 00 / (5.32)

for some new symbols mNI in QS1;0.
QjI j
jD1h�j i

�1M �
0 ; jI j/ for some �. For N D 1

this follows from the definition (5.9) of ˆ1 and of (5.17). The general case follows
using (5.9) and Corollary B.2.6, i.e. the stability of operators of the form Op.mNI / by
composition.
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We apply (5.32) with N D 4, and according to (5.30) and (5.31), equality (5.24)
will be proved if we show that the contribution to the right-hand side of (5.32) given
by I with jI j D 5 forms part of R in (5.24). Using (D.33), we estimate the H s norm
of such a term by

C
�
k QuCkW �0;1 C ku

0app
C kW �0;1 C ku

00app
C kW �0;1

�4
�
�
k QuCkH s C ku

0app
C kH s C ku

00app
C kH s

�
;

so by the right-hand side of (5.25), using (5.13), (5.14), (5.21).
To study the L2 norm of the product of x and of the terms in the sum (5.32) with

jI j D 5, we rewrite the latter, decomposing uapp D u0app C u00app under the formX
jI jD5

ID.I 0;I 00;I 000/

Op. Qm5I /. QuI 0 ; u
0app
I 00 ; u

00app
I 000/ (5.33)

with symbols Qm5I in QS1;0.
Q5
jD1h�j i

�1M �
0 ; 5/.

In (5.33), we distinguish the cases jI 000j < 5 and jI 000j D 5. In the first one, we use
(D.36), making play the special role to one argument different from u00

app
˙

. We obtain
a bound in�

k QuCkW �0;1 C ku
0app
C kW �0;1 C ku

00app
C kW �0;1

�4�
ku0

app
C k QE C k QuCk QE

�
which is controlled by the right-hand side of (5.26). When jI 000j D 5, we use (D.37),
to obtain a bound in

ku00
app
C k

3
W �0;1ku

00app
C kL2ku

00app
C k QF � C.A;A

0/t
�
log.1C t /

�8
"9

by (5.14). Since t � "�4Cc , the last bound is smaller, for " small enough, than

C 0.A;A0;D/

�
."2
p
t /�
0

p
t

�4
t
5
4 ."2
p
t /� ;

so than the right-hand side of (5.26). This concludes the proof.

5.2 Reduction of the dispersive equation

The goal of this section is to deduce from equation (3.13) satisfied by uC an equation
satisfied by the function QuC defined in (5.15). More precisely, we shall prove:

Proposition 5.2.1. We fix c > 0, 0 < � 0 < � < 1
2

, with � 0 close to 1
2

and ı > 0 small.
We take numbers satisfying s � �� 1 (that may depend on the preceding param-
eters c; �; � 0). Let " 2 �0; 1� and T 2 Œ1; "�4Cc�. Assume we are given on interval
Œ1; T � a solution uapp

C D u
0app
C C u

00app
C of (4.37) satisfying bounds (4.39)–(4.41) and

(4.43)–(4.45). Assume also given a function uC in C.Œ1; T �;H s.R//, odd, solution
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of (3.13) and such that, if we define QuC by (5.15), i.e.

QuC D uC �
X
jI jD2

Op. Qm0;I /.uI / � u0
app
C � u

00app
C ; (5.34)

then QuC satisfies for t 2 Œ1; T � the bounds

k QuC.t; � /kH s � D"t
ı ;

k QuC.t; � /kW �;1 � D
."2
p
t /�
0

p
t

;

kLC QuC.t; � /kL2 � Dt
1
4 ."2
p
t /�

(5.35)

for some constant D. Then QuC solves the equation�
Dt � p.Dx/

�
QuC

D

X
3�jI j�4

ID.I 0;I 00/

Op. QmI /. QuI 0 ; u
app
I 00 /C

X
jI jD2

ID.I 0;I 00/

Op.m00;I /. QuI 0 ; u
app
I 00 /

C aapp.t/
X
jI jD1

Op.m01;I /. QuI /

C
1

3

�
eit
p
3
2 g.t/C e�it

p
3
2 g.t/

�2 X
jI jD1

Op.m00;I /. QuI /CR.t; x/;

(5.36)

where for some � 2N, QmI are symbols in QS1;0.
QjI j
jD1h�j i

�1M0.�/
� ; jI j/, 3�jI j�4,

where m00;I ; Qm
0
1;I are in QS 01;0.

QjI j
jD1h�j i

�1M0.�/
� ; jI j/, all these symbols satisfying

(3.7), and where

aapp.t/ D

p
3

3

�
a

app
C .t/ � a

app
� .t/

�
(5.37)

with aapp
C .t/ being given by the first four terms on the right-hand side of (4.8), namely

a
app
C .t/ D e

it
p
3
2 g.t/C !2g.t/

2eit
p
3
C !0jg.t/j

2
C !�2g.t/

2
e�it

p
3 (5.38)

and
aapp
� .t/ D �a

app
C .t/;

and where R.t; x/ satisfies the following bounds for t 2 Œ1; T �:

kR.t; � /kH s � "t
ı�1e.t; "/; (5.39)

kL˙R.t; � /kL2 � t
� 34 ."2

p
t /�e.t; "/; (5.40)

where
lim
"!0C

sup
1�t�"�4Cc

e.t; "/ D 0: (5.41)
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As a preparation for the proof, let us rewrite equation (3.13) replacing in its left-
hand side uC by the expression of that function that follows from (5.34), namely�

Dt � p.Dx/
��
QuC C u

0app
C C u

00app
C

�
D F 20 Œa�C F

3
0 Œa�C

X
3�jI j�4

Op.m0;I /ŒuI �C
X
jI jD2

Op.m00;I /ŒuI �

C

3X
jD1

a.t/j
X

1�jI j�4�j

Op.m01;I /ŒuI �:

(5.42)

Recall that we have written in (4.37) an expression for .Dt � p.Dx//u
app
C . Making

the difference between (5.42) and (4.37), we get that .Dt � p.Dx// QuC is equal to the
sum of the following expressions:

F 20 Œa� � F
2
0 Œa

app�C F 30 Œa� � F
3
0 Œa

app�; (5.43)X
3�jI j�4

Op.m0;I /ŒuI �; (5.44)

X
jI jD2

Op.m00;I /ŒuI �; (5.45)

a.t/
X
jI jD1

Op.m01;I /ŒuI � � a
app.t/

X
jI jD1

Op.m01;I /Œu
app
I �; (5.46)

a.t/
X

2�jI j�3

Op.m00;I /ŒuI �; (5.47)

a.t/j
X

1�jI j�4�j

Op.m00;I /ŒuI �; j D 2; 3; (5.48)

�R.t; x/; (5.49)

where R satisfies (4.38).
We shall analyze successively the expressions (5.43) to (5.49), using (5.34), in

order to rewrite their sum as the right-hand side of (5.36) with a new remainder R.
We first write in a lemma some elementary inequalities that we shall refer to in

the sequel.

Lemma 5.2.2. We denote by e.t; x/ any real-valued function defined on the interval
Œ1; "�4Cc�, satisfying (5.41). We have then the following inequalities:

t�1" t� D O."t�1e.t; "// if  >
1

2
; (5.50)

jlog "jt�" t�
1
2 D O

�
t�

3
4 ."2
p
t /�e.t; "/

�
if  �

1

2
; � <

1

2
; (5.51)�

" C ."2
p
t /
0

t�1
�
"tı D O

�
"tı�1e.t; "/

�
if ı > 0;  � 4;  0 > 0; (5.52)

."2
p
t / jlog "j4t�

3
4 ."2
p
t /� D O

�
t�

3
4 ."2
p
t /�e.t; "/

�
if  > 0; 0 < � <

1

2
;

(5.53)
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."2
p
t / jlog "jt�

3
2�˛

�
t
1
4 ."2
p
t /�
�
D O

�
"tı�1e.t; "/

�
if
1

2
� � <  �

1

2
� � C 2ı; ˛ � 0;

(5.54)

jlog "j2"t�
1
2 D O

�
t�

3
4 ."2
p
t /�e.t; "/

�
if 0 < � <

1

2
; (5.55)

jlog "j2"t
� 12
" t� D O."t�1e.t; "// if

1

2
<  < 1; (5.56)

"2t�1" t
1
4 D O."t�1e.t; "//: (5.57)

Proof of Proposition 5.2.1. Since .Dt � p.Dx// QuC is given by (5.43) to (5.49), we
have to write each of these terms as contributions to the right-hand side of (5.36). We
study them successively.

Terms of the form (5.43). Recall that a D
p
3
3
.aC � a�/ with a� D �NaC (see (2.33))

and that aC.t/ is given by (4.96). Since by (4.99), g.t/ is O.t�1=2" /, it follows from
(4.96), (4.98) that aC.t/ � a

app
C .t/ D O.t

�3=2
" /. The definition (2.28) of F 20 Œa�; F

3
0 Œa�

implies that for any ˛;N integersˇ̌
@˛x
�
F
j
0 Œa� � F

j
0 Œa

app�
�
.t; x/

ˇ̌
� C˛;N t

�2
" hxi

�N ; j D 2; 3: (5.58)

Thus (5.50) implies that (5.39) holds (even with ı D 0) and (5.51) implies that (5.40)
is true for any � < 1

2
. So these terms contribute to R in (5.36).

Terms of the form (5.44). Notice that if QuC satisfies estimates (5.35), then it satis-
fies bounds (5.21) (with a new constant D) in view of the definition of E D H s ,
F D W �;1 and (5.12) of QE. Moreover, if we set fC D uC � u00

app
C , equation (5.34)

may be written as (5.23). Then Proposition 5.1.3 implies that for " small enough, there
is a unique solution fC solving equation (5.23), and we have an expansion (5.24) for
fC in terms of Qu; uapp. We may rewrite this as

uC D u
app
C C QuC C

X
2�jI j�4

ID.I 0;I 00/

Op.mI /. QuI 0 ; u
app
I 00 /CR (5.59)

with symbols mI in QS1;0.
QjI j
jD1h�j i

�1M �
0 ; jI j/ and R satisfying (5.25) and (5.26).

We plug expansion (5.59) inside (5.44). Recall that by Proposition 3.2.1, the symbols
m0;I in (5.44) belong to QS1;0.

QjI j
jD1h�j i

�1M0; jI j/. By Corollary B.2.6, we shall
get terms of the following form:

Op. QmI /. QuI 0 ; u
app
I 00 /; 3 � jI j � 4; I D .I 0; I 00/; (5.60)

where QmI is some new symbol in QS1;0.
QjI j
jD1h�j i

�1M �
0 ; jI j/ for some new �;

Op. QmI /.U1; U2; : : : ; Uk/; k D jI j (5.61)

with QmI as above and either

k � 5; U` 2 ¹ Qu˙; u
0app
˙
; u00

app
˙
º (5.62)
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or
k � 3; U` 2 ¹ Qu˙; u

0app
˙
; u00

app
˙
; Rº (5.63)

with R satisfying (5.25), (5.26), one of the U` at least being equal to R.
Terms of the form (5.60) are present on the right-hand side of (5.36). We have to

show that (5.61) contributes to the remainder in that formula. By (D.32), under (5.62),
the H s norm of (5.61) is bounded from above by

C
�
k QuCkW �;1 C ku0

app
C kW �;1 C ku00

app
C kW �;1

�k�1
�
�
k QuCkH s C ku

0app
C kH s C ku

00app
C kH s

�
:

By (5.35), (5.13), (5.14), and since k � 5, we obtain a bound in

C

�
"2jlog "j2 C

."2
p
t /�
0

p
t

�4
"tı (5.64)

so that (5.52) implies that (5.39) holds. On the other hand, consider the action of L˙
on (5.61) and let us estimate theL2 norm of the resulting expression by the right-hand
side of (5.40). If we multiply (5.61) by x, we have to study

xOp. QmI /.U1; : : : ; Uk�1; Uk/: (5.65)

Consider first the case when among the U`’s in (5.61), at least one of them is
equal to Qu˙ or u0app

˙
, say Uk . We apply (D.36) (with j D k) and obtain thus for the

L2 norm of the relevant quantity at time � a bound in

C
�
k QuCkW �;1 C ku0

app
C kW �;1 C ku00

app
C kW �;1

�k�1
�
�
�k QuCkL2 C kLC QuCkL2 C �ku

0app
C kL2 C kLCu

0app
C kL2

�
:

(5.66)

By (5.35), (4.40), (4.44), (4.39), (4.41), and the fact that k � 5, we obtain a bound at
time � in

C

�
"2jlog "j2 C

."2
p
�/�
0

p
�

�4
�
5
4 ."2
p
�/� : (5.67)

By (5.53) we get a bound of the form (5.40) for (5.66).
Consider next the case when in (5.61), all the U` are equal to u00app

˙
. In this case,

we use (D.37) (with � > �0) to estimate the L2 norm of (5.65) at time � . We get
a bound by

Cku00
app
C k

k�2
W �;1

�
�ku00

app
C kW �;1 C kLCu

00app
C kW �;1

�
ku00

app
C kL2 : (5.68)

By (4.43)–(4.45) we get an estimate by

C"."2
p
�/4jlog "j8��1 C "."2

p
�/3jlog "j8��

3
2

to which (5.53) largely applies.
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On the other hand, the L2 norm of the product of (5.61) by � is estimated using
(D.33) by (5.66) or (5.68) as well. We thus have obtained that, under condition (5.62),
(5.61) forms part of the remainder in (5.36).

Let us study now case (5.63). If we compute the H s norm of (5.61) applying
(D.32), we obtain a bound in

C
�
k QuCkW �;1 C ku0

app
C kW �;1 C ku00

app
C kW �;1 C kRkW �;1

�k�1
kRkH s

C C
�
k QuCkW �;1 C ku0

app
C kW �;1 C ku00

app
C kW �;1 C kRkW �;1

�k�2
�
�
k QuCkH s C ku

0app
C kH s C ku

00app
C kH s

�
kRkW �;1 :

(5.69)

By (5.25), that allows to bound kRkW �;1 by Sobolev injection, (4.40), (4.44), (5.35),
the first line is bounded by (5.25), so it satisfies (5.39). The second line of (5.69) is
also estimated in that way. Notice that the assumption k � 3 is not used here, and that
k � 2 suffices.

If we compute instead the L2 norm of the product of (5.61) by x from an expres-
sion of the form (5.65) withUk replaced byR and apply (D.36), we obtain an estimate
at time � in

C
�
k QuCkW �;1 C ku0

app
C kW �;1 C ku00

app
C kW �;1 C kRkW �;1

�k�1
�
�
�kRkL2 C kxRkL2

�
:

(5.70)

The first factor is O."2�
0

/ by (4.40), (4.44), (5.35) and (5.25) (coupled with Sobolev
injection). The last one is bounded from above using (5.25) and (5.26), so that it sat-
isfies (5.40) using (5.53). The L2 norm of the product of (5.61) by � is also estimated
by (5.70). Again, only k � 2 is used.

Terms of the form (5.45). We plug in (5.45) expansion (5.59). By Corollary B.2.6, we
get terms of the form

Op.m00;I /. QuI 0 ; u
app
I 00 /; jI j D 2; I D .I

0; I 00/ (5.71)

and terms of higher degree of homogeneity. We may thus write these terms as

Op. Qm0I /.U1; : : : ; Uk/; jI j D k; (5.72)

where Qm0I is in QS 01;0.
QjI j
jD1h�j i

�1M �
0 ; jI j/ for some � and where either

k � 3; U` 2 ¹ Qu˙; u
0app
˙
; u00

app
˙
º (5.73)

or
k � 2; U` 2 ¹ Qu˙; u

0app
˙
; u00

app
˙
; Rº (5.74)

with at least one factor equal to R. Terms (5.72) under condition (5.74) provide
remainders satisfying (5.39) and (5.40), as it has been seen in (5.69) and (5.70). (The
fact that k � 3 there has not been used.)
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Terms (5.71) are present on the right-hand side of (5.36). Let us show that terms
(5.72) under condition (5.73), provide contributions to R in (5.36). To estimate the
H s norm of (5.72), we may first split the symbols in new ones satisfying the support
condition of Corollary D.2.12, i.e. for instance j�1j C � � � C j�k�1j � K.1C j�kj/. We
shall apply estimate (D.78) with n D k; ` D k � 1. Let `0 be the number of indices j
between 1 and k � 1 such that in (5.72), Uj is equal to Qu˙ or u0app

˙
. Then by (D.78)

kOp. Qm0I /.U1; : : : ; Uk/kH s

� Ct�.k�1/C�
�
kLC QuCkL2 C kLCu

0app
C kL2 C k QuCkH s C ku

0app
C kH s

�`0
�
�
kLCu

00app
C kW �0;1 C ku

00app
C kW �0;1 C t

� 12 ku00
app
C kH s

�k�1�`0
�
�
k QuCkH s C ku

0app
C kH s C ku

00app
C kH s

�
:

(5.75)

Since k � 3, we obtain from (4.39)–(4.41), (4.43)–(4.45) and (5.35) a bound in

Ct��2
�
t
1
4 ."2
p
t /� jlog "j2

�2
"tı � Ct�1e.t; "/"tı

if � is taken small enough, so that (5.39) holds.
We consider next the L2 norm of (5.72) multiplied by x or t . The rapid decay of

symbols in the S 0�;0 class relatively to M0.�/
�� jyj given by (B.13) implies that the

product of Qm0I by x is still a symbol of the form Qm0I (with a new value of �). We thus
have to estimate just

tkOp. Qm0I /.U1; : : : ; Uk/kL2 (5.76)

with U` satisfying (5.73). If at least one Uj is equal to Qu˙ or u0app
˙

, we use (D.71)
with that value of j . We get a bound of (5.76) in

C
�
k QuCkW �0;1 C ku

0app
C kW �0;1 C ku

00app
C kW �0;1

�k�1
�
�
kLC QuCkL2 C kLCu

0app
C kL2 C k QuCkL2 C ku

0app
C kL2

�
:

(5.77)

If all Uj are equal to u00app
˙

, we use (D.72) in order to obtain a bound in

Cku00
app
C k

k�2
W �0;1

�
kLCu

00app
C kW �0;1 C ku

00app
C kW �0;1

�
ku00

app
C kL2 : (5.78)

By (4.39)–(4.41), (4.43)–(4.45) and (5.35), the sum of (5.77) and (5.78) is estimated
at time � (since k � 3) by

C
� ."2p�/� 0
p
�
C "2jlog "j2

�2
�
1
4 ."2
p
�/� C "3jlog "j4: (5.79)

By (5.53), the first term is smaller than the right-hand side of (5.40). The same holds
true trivially for the last term in (5.79). This finishes the proof that terms (5.45) con-
tributes to the remainder in (5.36).

Terms of the form (5.46). We need to prove that (5.46) contributes to the remainder
and to the aappP

jI jD1 Op. Qm00;I /.uI / terms on the right-hand side of (5.36). Substi-
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tute (5.59) in (5.46). We get the following terms:�
a.t/�aapp.t/

� X
jI jD1

Op.m01;I /.u
app
I /C

�
a.t/�aapp.t/

� X
jI jD1

Op.m01;I /. QuI /; (5.80)

aapp.t/
X
jI jD1

Op.m01;I /. QuI /; (5.81)

a.t/
X
jI jD1

X
2�j QI j�4

QID. QI 0; QI 00/

Op.m01;I /Op.m QI /. Qu QI 0 ; u
app
QI 00
/; (5.82)

a.t/
X
jI jD1

Op.m01;I /.R/; (5.83)

where R satisfies (5.25), (5.26).
By (5.38), (4.8), (4.6), (4.3) and (4.96), (4.98),

aapp.t/ � aapp.t/ D O
�
t
� 12
" t�

1
2 ."2
p
t /�
0�

and
a.t/ � aapp.t/ D O

�
t
� 32
"

�
D O

�
t
� 12
" t�

1
2 ."2
p
t /�
0�
:

By (D.31), the H s norm of (5.80) is thus bounded from above at time � by

C�
� 12
" ��

1
2 ."2
p
�/�
0�
ku0

app
C kH s C ku

00app
C kH s C k QuCkH s

�
� C��1."2

p
�/�
0

"�ı

using (4.39), (4.43), (5.35). This quantity satisfies (5.39). If we make actL˙ on (5.80)
and use (D.71) to estimate the L2 norm, we obtain a bound in

C�
� 12
" ��

1
2 ."2
p
�/�
0�
kLCu

0app
C kL2 C kLC QuCkL2 C ku

0app
C kL2 C k QuCkL2

�
for the contribution of u0app

˙
and Qu˙ to (5.80). Using (5.35) and (4.39), (4.41), we get

by (5.53) the wanted estimate of the form (5.40). On the other hand, if we consider
the contribution .a.t/ � aapp.t//Op.m0I;1/u

00app
˙

to (5.80) on which acts L˙, we may
estimate the L2 norm from the L1 one, asm01;I .x; �/ is rapidly decaying in x. Then,
by (D.77) with ` D n D 1, we obtain a bound in

Ct ja � aapp
j
�
t�r

�
ku00

app
C kW �0;1 C t

� 12 ku00
app
C kH s

�
C t�1C�

�
ku00

app
C kW �0;1 C kLCu

00app
C kW �0;1

��
:

(5.84)

As a � aapp D O.t
� 32
" /, it follows, taking for instance r D 1, and using (4.43), (4.44),

(4.45) that (5.84) at time � may be estimated, if � is small enough, from

C�
� 32
" �� jlog "j2 � C�

� 12
" ��

1
2 "1�2� jlog "j2:

By (5.51), (5.40) will hold largely. We have thus obtained that (5.80) is a remainder.
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Term (5.81) is present on the right-hand side of (5.36).
Consider next (5.82). By Corollary B.2.6, the composition Op.m01;I / ı Op.m QI /

may be written under the form Op.m0
1; QI
/ for new symbols m0

1; QI
in

QS 01;0

 
j QI jY
jD1

h�j i
�1M �

0 ; j
QI j

!

for some � and 2 � j QI j � 4. Consequently, we write (5.82) under the form

a.t/
X

2�j QI j�4

QID. QI 0; QI 00/

Op.m0
1; QI
/. Qu QI 0 ; u

app
QI 00
/: (5.85)

Since such expressions will appear also in the study of terms of the form (5.47), we
postpone their study.

Finally, let us study (5.83). As Op.m01;I / is bounded on H s , the Sobolev norm
of (5.83) is O.t�1=2" kR.t; � /kH s /. Using (5.25), it satisfies (5.39). If we make act
L˙ on (5.83), the rapid decay of m01;I and (5.25), show that we obtain at time � an
expression whose L2 norm is bounded from above by

C�
� 12
" ."2

p
�/4�

0

��1C4� ."�ı/

that trivially satisfies (5.40).
This concludes the study of terms of the form (5.46).

Terms of the form (5.47) (and (5.85)). We study now expressions of the form (5.47)
and the related ones introduced in (5.85).

We plug expansion (5.59) in (5.47). By Corollary B.2.6, we get again terms of the
form (5.85), with 2 � j QI j � 6 instead of 2 � j QI j � 4, and terms of the form

a.t/Op. Qm01;I /.U1; : : : ; Uk/; jI j D k � 2 (5.86)

with again Qm01;I in QS 01;0.
QjI j
jD1h�j i

�1M �
0 ; jI j/, U` belonging to

¹ Qu˙; u
0app
˙
; u00

app
˙
; Rº;

one of the arguments at least being equal to R satisfying (5.25) and (5.26). We have
already checked that terms of this last form provide remainders (even without the
pre-factor a.t/) (see (5.69) and (5.70), where the assumption k � 3 was not used).
We are thus reduced to the study of terms of the form (5.85), with j QI j � 2 in the sum.
If j QI j � 3, we get terms of the form (5.72) with conditions (5.73), that have been seen
to be remainders. We must thus just study

a.t/Op. Qm01;I /.U1; U2/ (5.87)

with jI j D 2, U1; U2 2 ¹ Qu˙; u0
app
˙
; u00

app
˙
º. Moreover, we may assume, in order to

bound the Sobolev norm, that Qm01;I is supported for j�1j � K.1C j�2j/ for instance.
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Applying (D.78) with `0D `D 1 if U1D Qu˙ or u0app
˙

and `D 1; `0D 0 if U1D u00
app
˙

,
we bound the H s norm of (5.87) by

ja.t/jt�1C�
�
kLC QuCkL2 C k QuCkH s C kLCu

0app
C kL2 C ku

0app
C kH s

C kLCu
00app
C kW �0;1 C ku

00app
C kW �0;1 C t

� 12 ku00
app
C kH s

�
�
�
k QuCkH s C ku

0app
C kH s C ku

00app
C kH s

�
:

As a.t/ D O.t
� 12
" /, one gets at time � a bound in "�ı�1e.�; "/ using (4.39)–(4.41),

(4.43)–(4.45) and (5.35). It follows that (5.39) will hold. On the other hand, if we
make act L˙ on (5.87) and compute the L2 norm, we get a bound given by

ja.t/j D O.t
� 12
" /

multiplied by (5.77) or (5.78) with k D 2. Using again (4.39)–(4.41), (4.43)–(4.45)
and (5.35), we obtain at time � an upper bound in

C�
� 12
"

�� ."2p�/� 0
p
�
C "2jlog "j2

�
�
1
4 ."2
p
�/�

C log.1C �/ log.1C �"2/"
� �"2
h�"2i

� 1
2
�
:

By (5.53), (5.55), (5.40) will hold true. This concludes the estimate of these terms.

Terms of the form (5.48). Terms (5.48) with jI j � 2 are of the same form as (5.47),
with a smaller pre-factor a.t/j , so they are remainders. We have thus to study

a.t/j
X
jI jD1

Op.m00;I /.uI /; j D 2; 3: (5.88)

By (4.96), (4.97), (4.98), (4.100) and the definition of a.t/ D
p
3
3
.aC � a�/, one may

write (5.88) from the term

1

3

X
jI jD1

�
eit
p
3
2 g.t/C e�it

p
3
2 g.t/

�2
Op.m00;I /.uI / (5.89)

and from terms like
Qa.t/

X
jI jD1

Op.m00;I /.uI /; (5.90)

where
j Qa.t/j � Ct�1" .t�

1
2 ."2
p
t /�
0

C t
� 12
" /: (5.91)

Terms (5.89) are present on the right-hand side of (5.36). We have to show that (5.90)
provides remainders. The H s norm of these terms in bounded from above, using
the Sobolev boundedness of Op.m00;I / and estimates (4.39), (4.43) and (5.35) by
C"tı�1"2�

0

so that (5.39) will hold.
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On the other hand, if we make act L˙ on (5.90) and compute the L2 norm, we
have to estimate by (5.91) expressions of the form

t t�1"
�
t�

1
2 ."2
p
t /�
0

C t
� 12
"

�
kOp. Qm00;I /U kL2 ; (5.92)

where Qm00;I is of the same form as m00;I and U D Qu˙ or u0app
˙

or u00app
˙

.
When U D Qu˙ or u0app

˙
, we use (D.71) to bound (5.92) by

Ct�1"
�
t�

1
2 ."2
p
t /�
0

C t
� 12
"

��
kLC QuCkL2 C kLCu

0app
C kL2 C k QuCkL2 C ku

0app
C kL2

�
:

Using (4.39), (4.41) and (5.35), we see from (5.53) that (5.40) will hold. On the other
hand, if U D u00app

C , we estimate the L2 norm in (5.92) from an L1 one, using the
rapid decay of Qm00;I , and we use (D.77) with ` D n D 1, r D 1, in order to obtain
a bound in

t� t�1"
�
t�

1
2 ."2
p
t /�
0

C t
� 12
"

��
ku00

app
C kW �0;1 C kLCu

00app
C kW �0;1 C t

� 12 ku00
app
C kH s

�
:

By (4.43)–(4.45), we bound this by

C jlog "j2"t�
1
2 .t�"/

so that, since t � "�4 and � may be taken as small as we want, (5.55) implies that
(5.40) holds. This concludes the study of terms (5.48).

Terms of the form (5.49). These terms satisfy (4.38). It follows immediately from
(5.50) that (5.39) holds. Using (5.51), we get as well (5.40).

This concludes the proof of Proposition 5.2.1.

The reduced equation (5.36) obtained in Proposition 5.2.1 still needs one more
reduction before we are able to deal with it. Recall that in Proposition 4.1.2, we have
decomposed uapp

C under the form (4.48) uapp
C D u

app;1
C C†C, where uapp;1

C was given
by (4.49). We refined this decomposition in (4.54) as

u
app;1
C D u0

app;1
C C u00

app;1
C ;

u0
app;1
C D

X
j2¹�2;0;2º

U 0j;C.t; x/;

u00
app;1
C D

X
j2¹�2;0;2º

U 00j;C.t; x/;

(5.93)

where U 0j;C; U
00
j;C are defined in (C.4) from the right-hand side of (4.50), namely

U 0j;C.t; x/ D i

Z C1
1

ei.t��/p.Dx/Cij
p
3
2 �

� �
p
t

�
Mj .�; � / d�;

U 00j;C.t; x/ D i

Z t

�1

ei.t��/p.Dx/Cij
p
3
2 .1 � �/

� �
p
t

�
Mj .�; � / d�

(5.94)

with Mj given by (4.21). Let us prove the following corollary of Proposition 5.2.1.
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Corollary 5.2.3. Under the assumptions of Proposition 5.2.1, QuC solves an equation
of the form

�
Dt � p.Dx/

�
QuC �

2X
jD�2

eitj
p
3
2 Op.b0j;C/ QuC �

2X
jD�2

eitj
p
3
2 Op.b0j;�/ Qu�

D

X
3�jI j�4

ID.I 0;I 00/

Op. QmI /. QuI 0 ; u
app
I 00 /C

X
jI jD2

Op.m00;I /. QuI /

C

X
ID.I 0;I 00/

jI 0jDjI 00jD1

Op.m00;I /. QuI 0 ; u
0app;1
I 00 /

C

X
jI jD2

Op.m00;I /.u
0app;1
I /CRC.t; x/;

(5.95)

where . QmI /3�jI j�4 is as in the statement of Proposition 5.2.1, where .m00;I /jI jD2
are symbols in the class QS 01;0.

Q2
jD1h�j i

�1M0.�/; 2/, where RC satisfies (5.39) and
(5.40), and where the symbols b0j;˙ satisfy (3.7) and the following estimates for ˛, ˇ,
N in N: If j D �1 or j D 1,

j@˛x@
ˇ

�
b0j;˙.t; x; �/j � C˛;ˇ;N t

� 12
" hxi

�N
h�i�1;
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p
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hxi�N h�i�1;

(5.96)

and if j D �2; 0; 2,

j@˛x@
ˇ

�
b0j;˙.t; x; �/j � C˛;ˇ;N t

�1
" hxi

�N
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j@t@
˛
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ˇ
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� 12
"

�
t
� 32
" C ."2

p
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�
hxi�N h�i�1:

(5.97)

Proof. Let us analyze the different terms on the right-hand side of (5.36). The first
sum appears unchanged in (5.95).

By the definition (5.38) of aapp
C , the fact that aapp D

p
3
3
.a

app
C C a

app
C / and (4.3),

the aapp.t/
P
jI jD1 Op.m01;I /. QuI / term in (5.36) contributes to the terms involving

b0j;˙ on the left-hand side of (5.95). The same holds true for the last but one term
in (5.36). We are thus left with studyingX

jI jD2

ID.I 0;I 00/

Op.m00;I /. QuI 0 ; u
app
I 00 /: (5.98)

First step. If jI 00j D 0, we get the
P
jI jD2 Op.m00;I /. QuI / contribution in (5.95).

Second step. We consider next the contributions to (5.98) with jI 0j D 1, jI 00j D 1.
As one may decompose

u
app
C D u

0app;1
C C u00

app;1
C C†C
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by (4.48) and (4.55), we shall get three type of terms:X
ID.I 0;I 00/

jI 0jDjI 00jD1

Op.m00;I /. QuI 0 ; u
0app;1
I 00 /; (5.99)

X
ID.I 0;I 00/

jI 0jDjI 00jD1

Op.m00;I /. QuI 0 ; u
00app;1
I 00 /; (5.100)

X
ID.I 0;I 00/

jI 0jDjI 00jD1

Op.m00;I /. QuI 0 ; †I 00/: (5.101)

Term (5.99) appears on the right-hand side of (5.95). From (5.93), we may rewrite
(5.100) as a sum of expressions

Op.m00;I /. QuI 0 ; U
00
j;I 00/; j D �2; 0; 2: (5.102)

We shall apply Proposition C.2.2 with � D 1; ! D 1. Since U 00j;C is defined by (5.94)
from a Mj given by (4.21), thus satisfying by (4.3) inequalities (C.7) with ! D 1,
Assumption (H1)1 of Proposition C.2.1 is satisfied, and so Proposition C.2.2 applies.
It follows from (C.106), applied with � D j

p
3
2

, j D �2; 0; 2, that (5.102) may be
written as

eijt
p
3
2 Op.bj1 / QuI 0 C Op.bj2 / QuI 0 (5.103)

where bj1 (resp. bj2 ) satisfies (3.7) and the first two lines (resp. the last line) in (C.107)
with ! D 1. The first term in (5.103) brings thus contributions to the last two sums on
the left-hand side of (5.95), for j D �2; 0; 2, with symbols satisfying (5.97) and (3.7).

We have to check next that the last term in (5.103) contributes to the remainders.
By the last line in (C.107) and (D.32), (5.35)

kOp.bj2 / QuI 0kH s � C"
2t�1 log.1C t /"tı

from which a remainder estimate of the form (5.39) follows. If we make act L˙ on
Op.bj2 / QuI 0 and use (D.71) with n D 1 and the bounds (C.107) for the semi-norms
of bj2 (with ! D 1), we obtain from (5.35)

kL˙Op.bj2 / QuI 0kL2 � C"
2t�1 log.1C t /t

1
4 ."2
p
t /� (5.104)

so that a bound of form (5.40) holds.
It remains to study (5.101). Recall the definition of †C given after (4.50): this

function is a sum
3X

jD�3

Uj .t; x/;

where Uj solves (4.50) with source term eijt
p
3
2 Mj , where Mj satisfies (4.51),

i.e. the first inequality in (C.8). We may then decompose each Uj as U 0j;1 C U
00
j;1,
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according to (C.110) with � D j
p
3
2

and rewrite the terms in (5.101) from

Op.m00;I /. QuI 0 ; U
0
j;1;I 00/; Op.m00;I /. QuI 0 ; U

00
j;1;I 00/ (5.105)

to which Proposition C.2.5 applies. This allows us to rewrite these terms in the form
Op.b/. Qu˙/, where b satisfies estimates (C.117), namely

j@
˛0
0
y @�b.t; y; �/j � Ct

� 12
" t�1 log.1C t /hyi�N h�i�1: (5.106)

By (D.32) and (5.35), we thus get

kOp.b/. Qu˙/kH s � Ct
� 12
" t�1 log.1C t /k QuCkH s

� Ct
� 12
" t�1 log.1C t /"tı :

An estimate of the form (5.39) follows at once. If we make actL˙ on Op.b/. Qu˙/, use
the rapid decay in y of (5.106) and (D.71), we obtain an estimate of the L2 norm by
the right-hand side of (5.104), with "2 replaced by t�1=2" � ". This suffices to imply
that (5.40) holds, and thus shows that (5.101) is a remainder.

Third step. We study finally contributions to (5.98) where jI 0j D 0. Again, we use
(4.48) and (4.55) to write

u
app
C D u

0app;1
C C u00

app;1
C C†C:

Plugging this expression inside the terms (5.98) with jI 0j D 0, we shall get expres-
sions given by

Op.m00;I /
�
u0

app;1
I

�
; jI j D 2; (5.107)

Op.m00;I /
�
†I 0 ; u

0app;1
I 00

�
; jI 0j D jI 00j D 1; I D .I 0; I 00/; (5.108)

Op.m00;I /.†I /; jI j D 2; (5.109)

Op.m00;I /
�
u00

app;1
I

�
; jI j D 2; (5.110)

Op.m00;I /
�
†I 0 ; u

00app;1
I 00

�
; jI 0j D jI 00j D 1; I D .I 0; I 00/; (5.111)

Op.m00;I /
�
u0

app;1
I 0 ; u00

app;1
I 00

�
; jI 0j D jI 00j D 1; I D .I 0; I 00/; (5.112)

where m00;I are still elements of QS 01;0.
QjI j
jD1h�j i

�1M �
0 ; jI j/.

Term (5.107) appears on the right-hand side of (5.95).
Term (5.108) is treated as (5.101): actually, u0app;1

C satisfies (4.39)–(4.41) as has
been established after (4.54), and these bounds are better than inequalities (5.35)
for QuC.

Term (5.109) may be treated in the same way: we have seen in the study of
(5.101) that Op.m00;I /. � ; †I 00/ may be written as Op.b/ � for b satisfying (5.106)
(see (5.105)). By (4.52), we shall get for any N ,

kxNOp.m00;I /.†I /kH s � Ckx
NOp.b/.†˙/kH s

� Ct
� 12
" t�1.log.1C t //2

�
t
� 32
" C t�1t

� 12
" C t�1"2

�
:

(5.113)
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By (5.56), we see that (5.39) will hold. Estimating the action ofL˙ on Op.m00;I /.†I /
in L2, we get an upper bound by the right-hand side of (5.113) multiplied by t . Then
(5.55) shows that (5.40) holds.

To study (5.110), we recall that u00app;1
C is given by (4.54), where U 00j;C is given

by the second formula (C.4) in terms of an M that satisfies (4.13), i.e. such that
(C.7) with ! D 1 (Assumption (H1)1) holds. We may thus apply Corollary C.2.3
with ! D 1. It follows that the H s norm of (5.110) is bounded from above by

C
�
t�2" C "

4t�2.log.1C t //2
�
:

This largely implies (5.39). On the other hand, the L2 norm of the action of L˙ on
(5.110) is bounded by

C
�
t t�2" C "

4t�1.log.1C t //2
�
:

Then (5.55) implies that (5.40) largely holds.
Terms (5.111) may be treated in a similar way as (5.109): we have seen that

Op. Qm0I /.†I 0 ; u
00app;1
I 00 / may be written as Op.b/u00app;1

˙
with b satisfying (5.106). By

the expression (4.54) of
u00

app;1
C D

X
j2¹�2;0;2º

U 00j;C;

where U 00j;C is defined by the second formula (C.4) with � D j
p
3
2

and M DMj
given by (4.21), we see that we may apply Proposition C.2.1 with ! D 1. Taking into
account the time decaying factor on the right-hand side of (5.106), it follows from
(C.89)–(C.91) that

j@˛xOp.m00;I /.†I 0 ; u
00app;1
I 00 /j

� Ct
� 12
" t�1.log.1C t //

�
t�1" C "

2t�1 log.1C t /
�
hxi�N :

(5.114)

Thus the H s norm of (5.111) is bounded from above by the t -depending factor in
(5.114). By (5.56), we get that (5.39) largely holds. If we make act L˙ on (5.111)
and estimate the L2 norm, we get a bound in

Ct
� 12
" log.1C t /

�
t�1" C "

2t�1 log.1C t /
�
:

Thus (5.55) implies (5.40).
It just remains to treat (5.112). Notice that (5.112) is of the same form as (5.100)

with QuI 0 replaced by u0app;1
I 0 , so that may be written under a similar form as (5.103),

namely

eijt
p
3
2 Op.bj1 /u

0app;1
I 0 C Op.bj2 /u

0app;1
I 0 ; (5.115)

where bj1 (resp. bj2 ) satisfies the first two lines (resp. the last line) in (C.107) with
! D 1. We have checked after (5.103) that the second term in that formula is a remain-
der. Since as seen above, u0app;1

C satisfies (4.39)–(4.41), which are better estimates than
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those verified by QuC, it follows that the last term in (5.115) is also a remainder. Let us
prove that, because of the better bounds satisfied by u0app;1

C versus QuC, the first term
in (5.115) is a remainder as well. By the estimates of b1 in (C.107) and (D.32),

kOp.bj1 /u
0app;1
C kH s � Ct

�1
" ku

0app;1
C kH s � Ct

�1
" "2t

1
4

according to (4.39) written for u0app;1
C . By (5.57), we conclude that (5.39) holds.

To estimate kL˙Op.bj1 /u
0app;1
C kL2 , we are reduced, by the fact that bj1 is rapidly

decaying in x, to bounding tkOp.bj1 /u
0app;1
C kL2 . According to (D.71) and the bounds

(C.107) of bj1 , we thus get an estimate in

t�1"
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ku0
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C kL2 C kLCu

0app;1
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� Ct�1" t

1
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p
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p
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7
8 "

1
8

�
by (4.41). As in (5.40) � < 1

2
, (5.53) shows that (5.40) holds.

This ends the study of term (5.112) and thus the proof of Corollary 5.2.3.


