Appendix C

Bounds for forced linear Klein—-Gordon equations

The goal of this appendix is to obtain some Sobolev or L estimates of solutions
of half-Klein—-Gordon equations with zero initial data and force term that is time
oscillating. The kind of equations we want to study is of the form

_ LAt —
(Di — /1 + D2)U =M1 ' M(x), €D

U|t=l - 07

where M is in S(R), 1,1 = £ and A is a real number different from one. This

2

restriction means that the rigfl?—t}fand side of the equation oscillates at a frequency
which is non-characteristic when one restricts the symbol /1 + £2 of the opera-
tor on the left-hand side to frequency zero. Our goal is to prove estimates for U
or LyU=(x+ t(g—i))U for large times. Actually, we shall split the solution as
U =U"+U", where U’ is obtained writing the Duhamel formula to express U
and restricting the time integral to times that are O(+/7). It turns out that, when
time ¢ stays smaller than e™%°, L, U’(¢,-) has L? estimates that are o(t%), which
is acceptable for our applications. On the other hand L, U” would not enjoy such
bounds, but it has good estimates in L°°-like spaces.

Equation (C.1) is actually just a simplified model of the problem we study in
this Appendix. For the applications to our main problem, i.e. the description of some
approximate solutions (see Section 2.5 of Chapter 2), we need more general right-
hand sides than in (C.1). Though, the method of proof of our estimates is quite the
same as for the model above. It relies on the explicit writing of the solution using
Duhamel formula and the stationary phase formula.

We shall close this appendix with explicit computations that are used in the main
part of this text to check Fermi’s golden rule.

C.1 Linear solutions to half-Klein—-Gordon equations

We consider a function (¢, x) — M(t, x) thatis C ! in time, with values in S (R). If A
isin R, A # 1, we denote by U(t, x) the solution to

(D; — p(Dx)U = e M(1, x),

(C2)
U|t=1 = 07

where p(Dy) = /1 + D2, and where we study the solution for ¢ in an interval
[1, T]. We write the solution by Duhamel formula as

t
Ut,x) =i / e t—OPDI)+iAT pre g, (C.3)
1
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We fix some function y in C*°(R), equal to one close to |—oo, %], supported in
]—o0, %] Then for ¢ larger than some constant (say ¢ > 16), we may write (C.3) as
U =U'+ U" where

U/(l X) _; Fo0 ei(l—f)p(Dx)‘H'/lr (L M( )d
y = : X \/; T, T

t
U’(t, x =if el t—Dp(Dx)+idr S \m 7,-)dr.
=i (1 =n(Z)M@)

Our goal is to obtain Sobolev and L estimates for U’, U” and for the result of the
action on U’, U” of the operator

(C4)

/ DX
Li=x%1p(Dy)=x 12, (C.5)
(Dx)

under two sets of assumptions on M, that we describe now. We shall take ¢ in |0, 1]
and for ¢t > 1, we recall that we defined in (4.1)

te = e 2(te?) = (74 +12)2. (C.6)
For w in [1, +o0[, 8’ € ]0, %[, close to % we introduce the following:

Assumption (H1),,. For any o, N in N, any ¢ in [1, T'], x in R, € in ]0, 1], one has
bounds

|09 M (2, x)| < Cont;®(x)™N

)
_3
2

il , (C.7)
1020, M(t.x)] < Cants “ 720652 + 172 (2027 (x) V.

The second type of assumption we shall make on M is more technical. If A > 1,
we denote by £§&, the two roots of /1 + £2 = A (with &, > 0) and set W, for a small
open neighborhood of the set {§;, —&, }. We introduce:

Assumption (H2). For any «, N, the x-Fourier transform of M (¢, x) satisfies bounds

02D (1,6)] < Cant 2171 (6)7V, s
A _; _ _ N
19,02 M (1, )] < Cat =312 (E) 7.

Moreover, for £ in ‘W), one may decompose
DM(1.§) = (Dr + A — V1 +E)D(.E) + V(1.5). (C.9)
where ®, W satisfy the following bounds:

1 _
|®(t,8)| < Ct™ 21!,
[W(r, &) < Ct et

&

(C.10)

and a similar decomposition holds for x M instead of M. Of course, conditions (C.9)
and (C.10) are void if A < 1.
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For future reference let us state some elementary inequalities that hold if 8’ < 3

2
is close enough to L2/t <landow > 1:
N 3 ,
/1 T£w+2( 24 2(82\/—)2 )drfCez“’(szﬁ—i—ew_l) cin
< Ce*,
! _ 4l _3
/ Te w+2(r8 2+ 2?02 de
Jt
821 ’
< C£2‘"(<8 7] +e29 (22t ") (C.12)
t 2
< len(szw 1(<82t)) ,82“’),
£
ﬁ a
/ 0 dr < Cet3t8 | g > 1, (C.13)
1

J 2\ 21\? 1
/ r_“ts_ldthez"(sT) §C8( ¢ ) , —=<a<l1, (Cl14
Vi (&2t) (e21) 2

[t PR OO I N LW P

NG
2 3 2 3p/
2w—1 &t 2 ie/ &“t 40
=c (((8%) te ((32[)) (C.15)
1
20-1f €1 \?
=ce ((821)) ’
L1 &2t
/ﬁrzrg drfC«/?—<82t). (C.16)

Let us state two propositions giving the bounds we shall get for U’, U” under either
Assumption (H1),, or Assumption (H2). We denote below

[vllwe.co = [{Dx)?v||Loo (C.17)

for any p > 0.

Proposition C.1.1. The following statements hold.

(i) Assume that (H1),, holds for some w > 1. Then for anyr > 0, thereis C, > 0
such that U’ given by (C.4) satisfies for any ¢ €10, 1], t € [1,&7%],

U ar < Cre(e@ D (e2V0)3), (C.18)
|U'(t,)|lwree < Cre®®, (C.19)
1Ly Ut ) e < Crt# (@D (2 V). (C.20)
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(i) Under Assumption (H2), there is, for any r > 1, a constant C, > 0 such that
U’ satisfies for any € € 10,1], t € [1,74],

U’ (2. ) lr < Cre(e24/1)2, (€21
U’ (2. )lwroo < Cre®t™ 3, (C.22)
IL+U'(t, ) |mr < Crtd (3 (21 %). (C.23)

Let us state now the bounds we shall prove for U”.

Proposition C.1.2. The following statements hold.
(i) Under Assumption (H1),, with o > 1, one has for any r > 0, the following

bounds:
2 1
1 20—-1( €1 \2
10"l = G2 (155)" (C.24)
IU" (&, )wree < Cre®log(1 + 1), (C.25)
|LLU"(t,)||wroo < Crlog(l + 1) log(l + €21) ifo=1 (C26)
2
ILLU"(t,)|lwroo < Cre? @™V log(1 + z)(le)) ifo>1. (C27)
&
(i1) Under Assumption (H2), one has for any r > 0, the following bounds:
&2t \3
"
10" () ar scre((gzt)) , (C.28)
IU" (. )|wroe < Cre®(log(l +1))?, (C29)
ILLU"(t,)|lwree < Crlog(l + 1) log(1 + &21). (C.30)

Remark. Notice that we obtain Sobolev estimates for L U’ (¢, -) in (C.20), (C.23),
while we bound L U"(¢,-) in W™ gpaces in (C.26), (C.27), (C.30). Actually, we
could not obtain for the L U” contribution to L4+ U as good Sobolev estimates as
those that hold for L U’, and this is the reason for our splitting U = U’ + U".

Study of the U’ contribution. We shall prove Proposition C.1.1. By (C.4) and (C.5)
: +o00 . .
U't,x) = — / / el (= 1+52+“+XE]X(L)M(T, £)dedr  (C31)
2 )1 NG

and

; +o00 .
L U'(t,x) = i/l /e’((t_r) v 1+52+M+x$))((%)
(C.32)

x <‘L’é—)M(‘C, £) + xM(x, g)) dEdx.

We shall estimate first the above integrals when either A < 1, so that the coefficient of
7 in the phase A — /1 + &2 never vanishes, or when A > 1 but M (z, §) is supported
outside a neighborhood of the two roots +£, of that expression.
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Lemma C.1.3. Assume that either A < 1 or A > 1 and there is a neighborhood ‘W),
of {—Ex, £} such that M (-, €) vanishes for £ in 'Wy. Assume alsot < ¢4,

(i) Under Assumption (H1),, estimates (C.18)—(C.20) hold true.
(i) Under Assumption (H2), estimates (C.21)—(C.23) hold true.

Proof. LAet us prove first the Sobolev bounds (C.18), (C.20), (C.21) and (C.23). By
(C.31), U’(t, &) may be written as

+oo
ot V/1+82 /1 ol A—/1+82 fx(%)N(t’ £)dr, (C.33)

where N(z, £) satisfies for any N, any «, according to (C.7) and (C.8),
. — VA _3 INT
028/ N(2.6)] < Cavte " 2 (w2 + v 3(E2VD)2Y) ()N, j=0.1, (C34)
under Assumption (H1),, and
9% N(z,£)] < Cant 2, e 5 (8)N, j=0,1, (C.35)

under Assumption (H2). In the same way, by (C.32), l:_? '(z, €) may be written under
the form (C.33), where N satisfies, according to (C.7) and (C.8),

080 N(r.6)| < Cant'/r72(6) N, j=0.1, (C.36)
under Assumption (H1),, and
1020/ N(z, £)] < Cont2 5271 E)™N, j=0,1, (C.37)

under Assumption (H2).

Since N(z, §) is supported outside a neighborhood of the zeros of /1 + §2 — A,
we may perform in integral (C.33) one d.-integration by parts. Taking moreover an
L?((£)"d &) norm, we obtain quantities bounded in the following way:

o If N satisfies (C.34), we obtain a control of (C.33) in terms of C £2¢ and of (C.11).

This gives an £2® estimate, better than the right-hand side (C.18).

o If N satisfies (C.35), we obtain an upper bound by the right-hand side of (C.13),

which is better than (C.21).

o If N satisfies (C.36), the L2({£)"d &) norm of (C.33) is bounded by (C.13) with

a = 0, so by (C.20).

e If N satisfies (C.37), that same norm is bounded by (C.13), thus by the right-hand

side of (C.23).

We have thus proved Lemma C.1.3 for Sobolev estimates. It remains to establish
(C.19) and (C.22). Since M is rapidly decaying in £, it is sufficient to estimate the
L% norm of U’. Notice that the d é-integral in (C.31) may be written as

/eit((l—f)m+f€)]\2(r,§) dt (C.38)
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and that on the support of y(t/+/1), |t/t| < 1, so that the stationary phase for-
mula implies that (C 38) is smaller in modulus than C ¢~ 3 T, %1 NG under conditions
(CTand Ct™ 3773 7, 1]1t <Ji under condition (C.8). Integratlng in 7, we get bounds
in O(£2?) and O(g%t~ 4) respectively, as in (C.19) and (C.22). This concludes the
proof. |

Lemma C.1.3 provides Proposition C.1.1 when either A <1 or A > 1 and M in
(C.31) and (C.32) is cut-off outside a neighborhood of /1 + £2 = A. We have thus
to study now the case when A > 1 and M is supported in a small neighborhood of
one of the roots +§&, of that equation. More precisely, we have to study, in order to
estimate the contribution to U’, the expressions

0:1:(1’)() _ /1+00 / eit((l—f)«/1+§2+)t§+),‘§')X<%>Ni(f’ g)drde, (C.39)

where Ny is supported close to ££, and satisfies (C.34) or (C.35), and, in order
to estimate the contribution to L4 U’, an expression of the form (C.39) with N1
satisfying (C.36) or (C.37). We shall show actually the more precise result:

Proposition C.1.4. For any o in N, we have the following bounds:

0904 (1, x)| < Ca® (172 (Ax £ 183)) ! (C.40)

if N1 satisfies (C.34),
940 (1. 0] < Cae®™ (178 x £ 1£,))7 (C41)

if N1 satisfies (C.35),
02T (¢, x)| < Cae®t2 (™2 (Ax % 1£,)) " (C.42)

if N1 satisfies (C.36), and
19204 (1, x)| < Cae4 (17§ (Ax £ 18,)) ™! (C43)
if N1 satisfies (C.37).

It follows immediately from (C.40) (resp. (C.41)) that (C.18) and (C.19) (resp.
(C.21) and (C.22)) hold true. In the same way, computing the L2 norms of (C.42)
(resp. (C.43)) we obtain upper bounds by (C.20) (resp. (C.23)). Consequently, Propo-
sition C.1.1 will be proved if we establish Proposition C.1.4.

Lemma C.1.5. One may write the derivatives of U | given by (C.39) under the form
IUL(t,x) = / eVEELID L (1,1, 24) Ny (Tt ze)dT + RE,  (C44)
1

where ¥+ is supported for T < /t and for |z+| < ¢, and where

Zy = )I—C:l: % Fr=0(1), 0fx=00"2), (C45)
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where V4 (t,t, z4) satisfies
0:Ya (1, 20)| ~ |z2], 292 =0 (C.46)
on the support of the integrand, if t is large enough, and where Jy satisfies the bounds

[Ja(T.1.22)] < Cat 21,7,
1 —Ll)-‘rl -3 1 -1 3. 9 39/ (C47)
10cJa(T,0,24)| < Cat ™27, (w2 +17 1, 2 + 17 2(e%V/7)27)

if N1 satisfies (C.34), and

| Jo(z, 1, z+)] < Cat_%rg_lr_%, (©48)
0:Ja (1,1, 22)] < Ct 27, 74 '

if N satisfies (C.35).
In the same way, 0% U . is given by an integral of the form (C.44) with Jo satisfy-
ing
[Ja(t.1.22)] < Cat 21,1,

. (C.49)
|0: o (T, 1, 24)| < Cot ™27, ¢
if Ny satisfies (C.36), and
1 1
Jo(T.1,24)] < Cut ™27 122,
| a( :I:)l o 1 £ 1 (C.50)
[0:Jq(T,t,24)| < C(xt_frs_l'cZ
if N1 satisfies (C.37). Finally, the remainder Rgf in (C.44) satisfies
RE| < Cune®t™ Ax £1£)™N  under (H1),,
| al— a,N ( Ex) ( ® (C.51)

|RE| < Cune®t™ (Ax £15)Y  under (H2),
forany N in N.

Proof. For t bounded, estimates of the form (C.51) follow from (C.34), (C.36) and
Og-integration by parts. Assume ¢t >> 1. We treat the case of sign + and set z for z
in (C.45). We consider the d £ integral in (C.39), expressed in terms of z instead of x.
The oscillatory phase may be written as t¢ (z, 7, z, £) with

d¢ . 3 iy Tt &
PR (\/T_EZ—T)—;\/T_SZJFZ. (C.52)

Since we assume ¢ > 1, % < % < 11in (C.52).If |z| > ¢ > 0, under this condition
on ¢, and for |£ — &;| < 1, we see from (C.52) that |g—?(r, t,z,§)| ~ |z|, so that,
performing d¢-integration by parts, we get again estimates of the form (C.51).

We may thus assume from now on that ¢ > 1, |z| < 1. Forz = 0, % =0, (C.52)
vanishes at § = &, and since the d¢-derivative at this point is A7 # 0, we have for
t > 1, |z] < 1, a unique critical point £(¢, 7, z) close to &,. Moreover, it follows
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from (C.52) that

Eien=o(d). Zern=o(L). (€53)

t

We rewrite the phase ¢ as

BTz 8 = $ D)+ AT E—EC T (59
where the critical value ¢€(t, t, z) satisfies
0:¢¢(t, 7. 2)| = 0G™"),  [97¢°(, 7. 2)| = O 7?) (C.55)

and where A is strictly positive for 7 < 1, |z| < 1, |§ — &3] < 1 and satisfies for
any y,
0.0 A(t,7,2,6)| = O¢ ). (C.56)

We introduce the change of variables { = A(¢,7,2,8)(§ —£(¢, 1, 2)) for & close to &),
and its inverse § = E (¢, 7, z, {). By (C.53) and (C.56), we have

9
ot

a]"f‘lE )
3675 = 0 (C.57)

=01,

for any y. Then the expression of 92U | may be written from (C.39)

- Too T
agu;(r,x)zfl cit® (”f@x(ﬁ)Ju(z,z,z)dr, (C.58)
where
Jo(t,7.2) = /e”‘zzzva(z,z,z,g)dg, (C.59)

where N is supported close to ¢ = 0 and satisfies when © < 4/, by (C.57), the
following estimates for any y in N:

|3yNa(t,T,Z,Z;)| <Cr;°,

|0; 81' No(t,7,2,0)| <Crt, w+2( -3 +1 2(82f)2 + re_%t_l) (©e
if N1 in (C.39) satisfies (C.34),
|8y w(t,7,2,0)| <Ct™ 2t |0; 8” No(t,7,2,0)| < Ct™ 41 ! (C.61)
if N4 satisfies (C.35),
0] No(t,7,2,0)| < Ctr,®,  |0:9] No(t,7,2,0)| < Cr.® (C.62)

if N4 satisfies (C.36), and

|0} No(t.7.2.0)| < Cr2r] !, |aragﬁa(t,z,z,§)| < Crig)! (C.63)
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if Ny satisfies (C.37). If we apply the stationary phase formula to equation (C.59),
we gain a factor t_%, which, according to (C.60)—(C.63) provides bounds of the
form (C.47)—(C.50). To get expressions of the form (C.44), we still have to replace
the phase 1¢¢ of (C.58) by . By the Taylor-Lagrange formula relatively to t
and (C.55),

2

¢°(t,7,2) = ¢°(1,0,2) + 1(3:6°)(1,0,2) + 0(:—2).

Moreover, by the definition of the phase ¢ of (C.39),

1
(3:9°)(1.0,2) = ;(A —V1+E(,0,2)
and by (C.52), the critical point £(z, 0, z) satisfies
§0.02) _ & _ &

(£@0.2)) 2 T (&)

so that
VI4+E(1,0,2)2=1—-A%6z24 0(z%), z—0.

We thus get

P°(1.7.2) = $°(.0,2) + ~ (A28 + O(D) +7(1.7.2),

t
2 . (C.64)
r(t,t,z) = O(I—z), 0.r(t,t,z) = O(t_z)

We define

Vit 1,2) =1(¢°(t, 7. 2) — (1,7, 2)),

- TN (C.65)
£.1.2) = - ettr(t,r,z).

Tt e = x(—)

Plugging (C.64) in (C.58), we deduce from (C.65) that for |z| < 1, the properties of

X+, ¥4+ in (C.45), (C.46) do hold. This concludes the proof of the lemma. ]

Proof of Proposition C.1.4. Since R&t in (C.44) satisfy better estimates than those we
want, by (C.51), we just consider the integral in the expansion of 0% U i

Under condition (C.34), J, satisfies (C.47). It follows from (C.13) that the mod-
ulus of the integral in (C.44) is O(g2?). On the other hand, if we multiply (C.44)
by z4, use (C.46), integrate by parts in 7 in (C.44) and use (C.45), we deduce from
(C.11) and (C.13) a bound in =329 for the resulting expression. Together with the
definition (C.45) of z, this brings (C.40).

To prove (C.41), we proceed in the same way. Under estimates (C 35), (C.48)
holds for Jy. By (C.13), this provides for (C.44) an estimate in €2t~% . On the other
hand, if we multiply equatlon (C 44) by z+ and integrate by parts, we get using (C.48)
and (C.13) an estimate in £2¢~ 8 . Together with the first one, this implies (C.41).

One obtains (C.42) (resp. (C.43)) in the same way from (C.49) (resp. (C.50))
and (C.13). ]
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Study of the U” contribution. According to (C.4) and (C.5) we have
.t
U"(t,x) = — / / ol =DV 1+E+27+x8) (] _ X)(L)M(z, £)dtdr (C.66)
27 J oo Jt

and

. t
L+UN(I,X) — 21_/ /ei((t—r)\/1+$2+kr+xf)(1 _ X)(%)
T J-co

£ _
x (TEM(f, £) + xM(x, g)) dedr.

We treat first the case when A < 1 or A > 1and M is supported for £ outside a neigh-
borhood of +§,.

(C.67)

Lemma C.1.6. Assume A <1 or A > 1 and M supported outside a neighborhood

of {=§x. 61}
(i) Under Assumption (H1),,, estimates (C.24)—(C.27) hold true.

(i) Under Assumption (H2), estimates (C.28)—(C.30) hold true.
Proof. We write U” (¢, £) as

| eI (Ve an IR e

with N satisfying condition (C.34) under Assumption (H1),, and condition (C.35)
under Assumption (H2). In the same way, L1 U" is given by (C.68) with N satisfying
(C.36) when Assumption (H1),, holds and (C.37) under Assumption (H2).

We perform one d--integration by parts in (C.68) and compute the L({£)”) norm.
When N satisfies (C.34), we obtain from (C.12) (and from (C.13) if d, falls on
(1 = x)(t/+/1)) a bound of the form (C.24). If instead of computing the L2({£)"d§)
norm, we estimate the L' ({£)"d€) one, we get (C.25) from (C.12) and (C.13).

Under condition (C.35) we get an estimate of the L?({£)”d &) norm of (C.68) by

t
C / rs_lr_% dt+ Ce2t™?
Jt
which is smaller than the right-hand side of (C.28) by (C.14).
We are left with proving (C.26), (C.27), (C.29) and (C.30). Integrating by parts
in 7 in (C.66) and (C.67), we have thus to bound the integrals

/ MO N £) dE, (C.69)
t

i ((t—7) /T EZ+ AT +xE) _
/_ ) / (=Y b (N5 x)(ﬁ)>dédr, (C.70)

where N satisfies (C.35) (to get (C.29)) or (C.36) (to obtain (C.26)—(C.27)) or (C.37)
(to get (C.30)). The W norm of (C.69) is bounded from above by the L' norm of
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(£} N(z, ), that has immediately the wanted estimates. Let us study (C.70). Since
the integrand is in § (R) relatively to &, stationary phase shows that the d &-integral
is O({t — r)_%), with bounds given by the right-hand side of (C.35)—(C.37). Conse-
quently, the contribution of (C.70) to (C.29) will be estimated by

t 2
c[ -1y iy (C.71)
its contribution to (C.26)—(C.27) will be bounded by
t 1 82(0
C t—1) 2————dr, C.72
[t €7
and its contribution to (C.30) will be controlled by
d . &2 1
C / (t—1) 2 ——rt*dr. (C.73)
VI 14 te

One checks that (C.71) (resp. (C.72), resp. (C.73)) is bounded from above by the
right-hand side of (C.29) (resp. (C.26)—(C.27), resp. (C.30)). This concludes the proof
of the lemma. ]

‘We have obtained estimates (C.24)—(C.30) when M in (C.66)—(C.67) is supported
away from the zeros of A — /1 + 2. We shall next obtain these bounds for M
supported in a small neighborhood of this set. We prove first these estimates under
Assumption (H1),,, i.e. those of (i) in the statement of Proposition C.1.2. We have to
study again the integral

t
i((—1)/1+E2H AT +xE) (1 T
/_ ) / G (a-x( ﬁ)N(r,é)dédr, (C.74)

where N will satisfy (C.34) or (C.36) and is supported close to £&,.

Lemma C.1.7. Assume A > 1 and N supported in a small enough neighborhood of
{&1,—&2}. Then if N satisfies (C.34) (resp. (C.36)), estimates (C.24) and (C.25) (resp.
(C.26)—(C.27)) hold true.

Proof. Introduce 2(z,¢) = % and write (C.74), after making a d.-integration
by parts, as the sum of the following quantities:

/ei(n/1+$2+xé)9(,, A—+/1+ 52)]\](;, &) dE, (C.75)

_/t /ei(t«/1+$2+x$)9(_[’)t_m)

x 3,((1 _ X)(%)N(r, g)) dedr.

(C.76)
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Assume for instance that £ stays in a small neighborhood of &, on the support of N,
and make the change of variables { = A — /1 + £2 in the integrals, with ¢ staying
close to zero.

Consider first the case when N satisfies (C.34) and let us prove (C.25). We esti-
mate the modulus of (C.75) by

820) C82w
Q(z, dt < logt
/m«l| Ol s 96 = oz 08

which is controlled by the right-hand side of (C.25). In the same way, we bound the
modulus of (C.76) by

c/;;(r;w%( @i ¢ 2oty [l olagan

As
[ Q(r.0)|d¢ = O(log ) = O(log1).
[l

we obtain using (C.12) and (C.13) a bound in £2? log(1 + t) as wanted. Assume next
that N satisfies (C.36), and let us show (C.26)—(C.27). We estimate then (C.75) by

Ce*@¢

— 12z, 0)[d¢
(1+1e2)® /;|<<1
that is bounded by (C.26)—(C.27). On the other hand, (C.76) may be controlled by

t 82(0
logt———dr,
/ o8t (14 te2)e
that is bounded by (C.26) if w = 1, (C.27) if v > 1.

To finish the proof of the lemma, we still need to get (C.24). The H” norm of
(C.75) and (C.76) is bounded from above respectively by

|02 = VI+E)NCH] 2y ay €77)
and by
/ﬁ Q(r. A - m)a,((l —X)(I)N( g))‘Lz( Lt €T

We consider again the case when N is supported in a small neighborhood of &, and
use { = A — /1 + &2 as the variable of integration. Since

120, Dg«illzz@e = O

we estimate, in view of (C.34), (C.77) and (C.78) by (C.24) again using (C.15) and
(C.13). This concludes the proof. ]

Lemma C.1.7 concludes the proof of (i) of Proposition C.1.2. In order to finish
the proof of (ii), we need to show the following.
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Lemma C.1.8. Consider equation (C.66) (resp. (C.67)) when M is supported close
to {—§&y, &} and when Assumption (H2) holds i.e. under conditions (C.8)—(C.10).
Then estimates (C.28) and (C.29) (resp. (C.30)) hold true.

Proof. Notice first that the term xM under the integral (C.67) satisfies the same
hypothesis as M under integral (C.66) (see the lines below (C.10)). Since the right-
hand side of (C.30) is larger than the one in (C.29), it suffices to show (C.28) and
(C.29) for expression (C.66), and (C.30) for (C.67) where one forgets the xM term.
We thus have to study an expression

t
i(E—0) A/ 1+E2+AT+xE) (1 _ TN
/_oofe =)/ (1 X)(ﬁ)t]N(t, £)dedx, (C.79)

where, according to conditions (C.8)—(C.10), N is supported in a small neighborhood
of {—&,, &, } and there are functions ¢, ¥ such that the following estimates hold:

INGL )| + ot )] < Cr 27",
0, N(t.£)| < Cr= 31",
lw(t, &) < Ct e,

D/N({t,&) = (Dy + A — 1+ E2)p(,€) + (2, £),

and where j = 0 in the case of bounds (C.28)—(C.29) and j = 1 for (C.30).
Let yo be in C§°(IR), equal to one close to zero, and write the integral in (C.79)
as IZ + I, where

]Z:/t /ei((t—r)«/1+52+)lt+x§))(0((A_ /1+€2)ﬁ)

x (1— )()(%)‘CjN(T,g)d‘cdf.

(C.80)

(C.81)

Since A > 1, the d§ integral is O(t_%), and using the estimate of N in (C.80), we get
by (C.14) and (C.16)

1
e [ te? \2 te?
Pl<c () <c
il = «/?((fgz)) il = (te2)

which are better than the right-hand side of (C.29), (C.30), respectively. To study 7 J ,
we make a d,-integration by parts and write this term as a sum of

- i«/Z/ e"(*’”@m(«/?(x —V1+ 52))111\/(1,5) dE, (C.82)
where y1(z) = I_XTO(Z), of

t
i«/?/ /ei((t—r)«/1+§2+/lr+x§')
—00

x Xl((x _ 1+ 52)«/?)ar((1 - X)(%)H)N(t, £)dtdt

(C.83)
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and of

t
_\/;/ /ei((t—r)«/1+$2+kr+x$)
—00

(C.84)
x Xl((x —J1+ gZ)ﬁ)(l . X)(%)er,N(r, £)dedr.
We plug the last equality (C.80) in (C.84). We get on the one hand
_ﬁ/t [ ei((t—r)«/l-‘ré'z—l—)tr-‘rxé)
o0 (C.85)

T .
(= VTFEWVI) (= 0( ) v dedr
and, after another integration by parts, the terms

i [0 (Vi - VT D)) .8 ds (C56)
and

Vi / t / ol (=TT +Arxd)
Ji
(= VIFEWVE)a (1 - () o e g d

(C.87)
Notice that since N and ¢ satisfy the same bound (C.80), a bound for (C.82) will also
provide a bound for (C.86). In the same way, an estimate for (C.83) will bring one
for (C.87). We are just reduced, in order to get (C.29) and (C.30), to estimate the L°°
norms of (C.82), (C.83) and (C.85).

We estimate the modulus of (C.82) by

&2t/ de 273
C <C log(1
(te2) /;|<c ig) = € ey oA

which is better than the right-hand side of (C.29) (resp. (C.30))if j = O (resp. j = 1).
We bound (C.83) by

cvi Itl<c (j?i“) /ﬁf_ ar(fj(l_)()<%>)|dt

If j =0, we get a bound in log(1 + t)szt_%, better than (C.29), and if j = 1, we
obtain using (C.13), a bound in

82

1+ &2

D=

2¢% log(1 + 1)

which is better than (C.30) since ¢ < g%,
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Finally, we estimate (C.85) by, using (C.80),

82

t
log(1 +¢ J-1 d
og(1+ )/ﬁl’ T T

which is bounded by (C.29) if j = 0 and by (C.30)if j = 1. We have thus established
these two estimates. To get the remaining bound (C.28), we just plug inside (C.66)
bound (C.8) of M and use (C.14). This concludes the proof. ]

C.2 Action of linear and bilinear operators

The goal of this section is to study the action of some operators on a function of the
form (C.3), and on its decomposition U = U’ + U” given by (C.4). These operators
will be of the form Op(m’), given by the non-semiclassical quantization (B.17), for
symbols m’(y, &) that do not depend on x and belong to the class S~IQ’O(1, Jj)j=12,
defined in Definition 3.1.1.

We study first linear operators.

Proposition C.2.1. Let (¢, x) — M(t, x) be a function satisfying Assumption (H1),,,
i.e. inequalities (C.7). Assume moreover that M is an odd function of x. Let m' be
a symbol in the class SY)’O(I, 1) of Definition 3.1.1, i.e. a function m’(y, &) on R x R
such that ,

85°0%m’ (v.6)| < C(1 + [y~ (C.88)

or any N,ay, o, and that m’ satisfies m'(—y, —&) = m'(y, &), so that Op(m’) wi
N« d th " sati ! ! hat Op(m’) will
preserve odd functions. Then, for U" defined from M by (C.4), we have

Op(m"\U" = "™ M, (t, x) + r(t, x), (C.89)
where M1 (t, x) is an odd function of x, satisfying for any o, N € N,

0% My (£, )| < Canty®(x) 7Y,

ks 2 / (C.90)
020 My (1, )| = Cate ™2 (12 + 732V ) ()7

and where r(t, x) is such that for any a, N,

1027 (£, x)| < Co,n (2t log(1 + 1)) (x)™V. (C.91)
Moreover, if L+ is the operator (C.5), foranya € N, k = 0,1,

1

| 10p (L4 U Dl die = Cr.
! (C.92)

1
/_ 1050p(n ) (LU e Dl di = Cae®.
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Proof. The definition (B.17) of Op(m’) and the expression (C.4) of U” imply that

.ot
Op(m/)U” — l_/ /ei(x$+(z—r)./1+$2+Ar)m/(x,g)

2 (C.93)
x (1= (=) M(x.§) dg dr.

Vi

We decompose M (t,€) = M'(z, &) + M" (1, £), where M’ is supported for £ in
a small neighborhood of the two roots +&;, of v/1 + £2 = A and M” vanishes close
to that set when A > 1, and M’ = 0if A < 1. Moreover, M'(t, £), M" (., £) are odd

in £, because M is odd in x. We define then

B'(x,7.§) = ™ m'(x, §)M' (1, £),

B"(x,7,£) = e™m/(x, §)M" (1, §). (99
By the evenness of m’, we have
B'(—x,7,—§) = —-B'(x.1,§), B"'(—x,1,—-§) = —B"(x,1,§). (C.95)
Let us study first the contribution of M” to (C.93), given by
/ / i@V HEHAD iy 1oy —x)(\[) dt dr. (C.96)

We perform one . -integration by parts, that provides on the one hand e’* M, (¢, x),

where
Mi(t,x) = /( \/1+§2) B"(x.1,£) dE

satisfies (C.90) by (C.94), (C.88) and (C.7), and is odd in x by (C.95), and on the
other hand a contribution

1 [ ‘
— / / ! COVIHERO Ny 7 £) dE d, (C.97)

where
V2.8 = =0c(B'er 00 = () (A= VTHE)
satisfies by (C.88) and (C.7)
920 N, 7,6)] < C ()™ (§) N e

L » (C.98)
('t T2 VD)2,

By the oddness of M in &, N(x,t,0) = 0. Consequently, if we apply the stationary
phase formula to the d¢-integral in (C.97) at the unique (non-degenerate) critical point
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£ = 0, we gain a decaying factor in (t — r)~! instead of (t — r)_%. Taking (C.98)
into account, and using (C.12), we obtain for (C.97) and its d,-derivatives a bound in

t 1 ,
CN(x)_N/ (t — r)_lrg_“’(rg_l + r_l]lwﬁ + 12 (_%(gzﬁ)%g )dr
< Cy{x)"Ne2rTog(1 + 1)

which is bounded by (C.91).
Let us study next the contribution of M’ to (C.93). We get

flt/e"“’—f)m“”za’(x,r, £)(1 - x)(%) dtd. (C.99)

Write for1 <7 <t
B'(x,7.8) = B'(x,1.8) + (t —1)B'(x, 1.1, §), (C.100)
where B’ satisfies by (C.7) and (C.88)
~ 1 ’
9992 B'(x. 7.1, §)| < Cop @ (07 + 2213 (VD)3 ) (x) ™V
and is supported for § close to {—£, §1}. If we substitute in the integral (C.99) expres-
sion (z —t)B’ to B/, and use that, since £, # 0, B’ is supported far away the critical

point £ = 0 of the phase, we may gain a factor (t — 7)™ for any N by d¢-integration
by parts. We thus get a contribution to (C.99) and to its dx-derivatives bounded by

t 1 ,
Cy{x)™ / (t — r)_Nrg_“’(rs_l + ‘L'EZ‘L'_%(F,‘Z\/Z)%G )dr.

This again provides a contribution to (C.91). We are left with studying (C.99) with
B’(x, 1, &) replaced by B’(x,t, &) according to (C.100), i.e.

! i((t—t 240t T ’
/1 /e (=0 /148244 )(1—)()($>B (x,1,6)dEdt
:eM’/T(I,\/l FE2—A)B(x.1.6) dE

(C.101)

with
T(t’ é-) = Tl(t’ é') + TZ(t’ é')

and

t—1
Ti(t.¢) = / e/t dr,
1]

To(t.0) = —/OH em%(%) dr.
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Note that if ¢ € S(R),

t—1 “+o00
[ Ty(t. (0 dE = /0 () dr = /0 p-r)dr + 0(—).
(C.102)

[ To(t. () d = 0(1=),

Using that B’ is supported close to £ = +£;, and that £, # 0, we may use in the
last integral in (C.101) ¢ = /1 + £2 — A as a variable of integration close to this
point. We express thus (C.101) from integrals of the form (C.102), with ¢ expressed
from B’. The definition (C.94) of B” and (C.88), (C.7) imply that the principal term
on the first line (C.102) brings to (C.101) a contribution in e MM, (t, x) with M,
satisfying estimates (C.90). The other contributions, as well as their d,-derivatives,
are 017t~V (x)™) for any N, so satisfy (C.91).

It remains to prove (C.92). We express LU’ from (C.32), which allows us to
write Op(m’)((L+U’)(u-)) as the sum of two expressions

i +oo ; T
_ (=) 1+E2447) ( _° \ pu .
2]T/; /e X(ﬁ)BJ (x,t,.8)drds, j=1,2, (C.103)

with ) -
BY'(x,7,§) = & m' (x, u§)x M (1, §),

. . £ (C.104)
By (x,7,§) = e'**H'm (X,,LL&)‘E@:—)M(T, £).

When j = 1, we use the stationary phase formula in & to make appear a (t — 7)™ 2
factor. Using also (C.7) and (C.88), we get for any dy-derivative of (C.103) with
j = 1l abound in

Vi 1
c/ (t—1) 20,9 de(x)™N < Ce?(x)7N. (C.105)
1

When j = 2, we notice that because M is odd in g, BY (x,t,£) vanishes at second
order at £ = 0. Consequently, stationary phase formula in (C.103) makes gain a factor
in {t — t)~2, so that (C.103) is controlled, using again (C.13), by

ﬁ 3
C / (t—1) 2 %de(x) ™V < Ce??(x)™V.
1
Bounds (C.92) follow from this inequality and (C.105). This concludes the proof of
(C.92) when k = 1. If £ = 0, the estimate is similar to the one with B{L above. [
Let us prove a similar result to Proposition C.2.1 for some bilinear operators.

Proposition C.2.2. Let M and U" be as in the statement of Proposition C.2.1. Let
m' be a symbol in Sy (1_[J2~=l ()71, 2) for some k > 0, satisfying

m'(—y, =1, —&1) = —m'(y. £1.&2).



Action of linear and bilinear operators 195

Then for any function v,
Op(m') (U, v) = e**Op(b1)v + Op(b2)v, (C.106)
where by, by satisfy for any g, o, N the following estimates:
57
+ 1732V () V)T, (10D
05002 ba (e, », £)] = Ce21 log(1 + 0){y) N (£) ",
Moreover, bj(t,—y,—§) = b;(t,y.§).

195092y (1, v, )] < C17 ()™

1
950020:b1 (1, v, )] < C1o 2 (177

Proof. By expression (C.4) of U”, we have

Op(m') (U v) = i /’ //ei(x(&-i-é)-i-(t—t) 1+£2+47)

()
X' (1,61 = ()M (@ 600(E) dE dr de
= Op(b)v
if o
bl x.8) = 2l_n/_oo // e (C.108)
' 6,00 - 0( )M e dadn

We notice that if we consider £ as a parameter, the function

(v.&1) > m' (3. E1. )M (1, &)

satisfies estimates of the form (C.88) for every t, as the losses in

Mo(§1.8)" = O((61)")

appearing when one takes derivatives in the definition of symbol classes in (B.13)
are compensated by the rapid decay of M (z, &;). We obtain thus an integral of the
form (C.93) (with & replaced by &), depending on an extra parameter £. By (the
proof of) Proposition C.2.1, we obtain thus that (C.108) has an expression of the
form (C.89), i.e. e/ by + by, with by, (resp. by) satisfying bounds of the form (C.90)
(resp. (C.91)), which gives (C.107), using also that m’(x, &1, €) in equatlon (C.108)
is O((¢)™1). The evenness of b; in (y, £) comes from the oddness of m’ and M . This
concludes the proof. ]

Corollary C.2.3. Under the assumptions of Proposition C.2.2, one has the following
estimates for any a, N :

1020p(m")(U", U")| < C{x)™N (172 + e**1 72 (log(1 + 1))?). (C.109)
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Proof. By (C.106), we may write
Op(m/)(UN, U//) — ei)ttop(bl)U// 4 Op(bz)U//

with by, b satisfying (C.107). We may apply (C.89) to each term above, using that
b1, by satisfy estimates of the form (C.88), with an extra pre-factor given by the first
and last estimates (C.107). Using the first bound (C.90) and (C.91), we reach the
conclusion. ]

We have obtained in the preceding results estimates under assumptions of the
form (C.7) for the function M in (C.4), i.e. under Assumption (H1),. We shall need
also variants of the preceding results when Assumption (H2), i.e. (C.8) holds instead.
In this case, we shall split the function U defined in (C.3) in a different way than
in (C.4), cutting at time of order t ~ ct instead of T ~ /7. More precisely, we set

U=U]+U/.

’ oo it—t)p(Dy)+irr (T
U/(t,x) =i - x —)M(z,-)dr,
1(t.x) l/l e X(,) (z.-) dx (C.110)

t
Ut x) = i / IO — (D) M(r, ) de
oo t
Proposition C.2.4. Let us assume that M is odd in x, satisfies the first inequality
of (C.8) and that m’ satisfies (C.88). We have then the following estimates for any
oa, N € N:

_1
10%0p(m")U]'| < Con (x)Nt; 2t og(1 + 1) (C.111)
and for £ = 0,1,
1
l850p(m") (LG U7) (. 1)l .2
/—1( * (C.112)
+ 820p(m ) (LU, 1)) oo ) dip < Co
Estimate (C.112) holds as soon as (C.88) is true for some large enough N.
Proof. We denote .
B(x,7,§1) = ™ 1m (x, §) M (¢, £1),
that satisfies by the first inequality of (C.8) and (C.88)
192002 B(x, 7, E1)] < Caga ()™ (E1) Ve 27!
and that vanishes at £, = 0 as M is odd. Then as in (C.93), (C.96)
w1 i((t—7)\/14+£2+A7)
Op(mHU{ = — e 1
27 J—o0 (C.113)

x (1 — X)(;)B(x, T, £ dE dr.



Action of linear and bilinear operators 197

Using stationary phase in &; and the fact that B vanishes at §&; = 0, we get for some
a €10,1],
t

#0p)U{ 0] =€ [ (= o)t ey

at

which is bounded by the right-hand side of (C.111).

To prove estimate (C.112) with £ = 1, we express Op(m’)((L+U’)(u-)) under
form (C.103), except that the cut-off y(z/+/t) has to be replaced by y(t/t), i.e. we
have to study

1 +o0 ) 5
2’_7[/1 /ez((t—r) 1+$1+M)X(;)B}‘.’“(x,f,51)d§1df, (C.114)

where BJ’-L , J =1,2,1s given by (C.104). If j = 1, we get from the first inequality
of (C.8), (C.88) and stationary phase in &; a bound of d,-derivatives of (C.114) by

at 1 L
)N / (t -7y e dr C.115)
1

for some a € ]0, 1], whence the O(¢?) wanted bound for the L? and L™ norms.
If j = 2, using stationary phase and the fact that BéL vanishes at order 2 at £ = 0, we
get an estimate in

at 3 1
C(x)_N/ (t—t)2r2¢ M de (C.116)
1
which is also O(g?). This concludes the proof of (C.112) when £ = 1. If £ = 0, we
may use directly (C.115) to get the estimate. Notice that to get (C.112), we do not

need that (C.115) and (C.116) hold for any N, but just for a large enough N (actually
N = 1 suffices), so that (C.88) has to be assumed only for some large enough N. =

Let us write a version of Proposition C.2.2 under Assumption (H2) as well.

Proposition C.2.5. Let M be as in Proposition C.2.4 and m’ in S~,Q’O(]_[]2-=1 (£)71,2).
Then Op(m’)(U{, v) and Op(m’)(U{,v) may be written as Op(b)v for all symbols
b(t,y,§) satisfying the estimates
’ _1
185°02b(1. y.6)| < Cty 2t og(1 + 1)(y) N (&) 71, (C.117)

Proof. Consider first Op(m’)(U;’, v) that may be written using expression (C.110)
of U’ as

Op(n)(UYv) = 5 [ Ebe.x.£)0(6) d C.118)
with

i (! ; ((— 2
b(t,x,“.;‘) _ E/ /ezxi-‘l-‘rt((t 1)/ 1+&7 +A71)
—00

xm'(r 61 OM (. 8)(1 = (7 ) dé d.

Using again stationary phase with respect to £; and the fact that M (z,0) = 0 to gain
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1

a decaying factor in (t — t)~", we obtain for the 950 8g—derivatives of b an upper

bound in

c/ta —)y e e ()Y E)T (@ e]0,1)) (C.119)

t
since, as seen at the beginning of the proof of Proposition C.2.2,

(y. &) > m/(y. 1.5 M (x. £1)

and its derivatives have bounds in
N -1 _ _ _
C{y) N eV E) !

according to (C.8). As (C.119) is bounded by the right-hand side of (C.117), we get
the wanted conclusion for Op(m’)(U/’, v).
Consider now the case of Op(m’) (U7, v), i.e.

(271,)2 / e E ! (x, £, 6)0] (£1)D(€) d&1 dE.

We may rewrite it as

= / (1 x, E)D(E) dE

with, for any N,

bt.x.6) = [ Knlex = y.x D,V U{0) . (€.120)
where :
K208 = o / 7 () 2N T (. £1.€) dE.

By the assumption on m’, estimates of the form (B.13) hold (with y on the right-hand
side of this inequality replaced by x) whence

00020 m' (v, 61, 6)] = C(1+ |x|(E) ™)™ (6) 71 () T+l
for any N’. We conclude that for any «, 8, N’, N”, one has estimates
19298 Ky (t.2.x.§)| < C(x) ™ (2) ™V (g) !

if N is taken large enough relatively to N, N”, «, B. Plugging this in (C.120), we
conclude that for any N’, N”, «, B, there is N such that

0202 b(r. x. £)] < C(x)™ supl(y) N (D) IO ()IE)TT. (€121
Yy
Since U] is odd, we may write

1
(DM 1010) =i [ (Da(D MU W) d
-1

1
=i (DM UD ) = my (DN UD () dp



An explicit computation 199

using the definition (C.5) of L. We get finally

() (Dy) MU ()]

< £(||(y>_N//+1L (D >2NU/|| + ”( —N"+2 D ZNU/ (C122)
=7 +{Ux 111Loe ) (Dx) 1||L°°)-

We may apply estimate (C.112) with U replaced by (Dx)?NU{ (as (Dx)*N M(z,-)
in (C.110) satisfies the same assumption as M(z, -)), and the pre-factor (y)~N"+1,
(y)™N "+2 on the right-hand side of (C.122) satisfies estimates of the form (C.88) with
some large fixed N (instead of for any N ). By the last statement in Proposition C.2.4,
this is enough to apply (C. 112) Plugging this in (C.121), we get for that expression
a bound in &2/~ (x)~N'(£)~!, which is controlled by the right-hand side of (C.117)
since t < ¢~*. This concludes the proof. ]

C.3 An explicit computation

In this last section of this chapter, we make an explicit computation that will be used
in relation with Fermi’s golden rule.
Let y be in C5°(R), even, equal to one close to zero. If A > 1 and if £, are still

the two roots of /1 + &2 — A = 0, set
x(8) = x(€ =) + x( + &) (C.123)
IfA < 1,set yp =0.

Proposition C.3.1. Let M be a function satisfying (C.7) with w = 1, that is odd in x.
Let U be defined from M by (C.3) ant let Z be an odd function in § (R). Then

[ 00026 a
400
= lim ie"“/ /e”W1+52—*+f“)“(§)1\2(t,5)2(5)dsdr (C.124)
0

o—>0+
i [ (L= x) @)

_ \/TEZM(t’E)Z(E)dS +r(1),

+e

where r satisfies
()] < C (273 + 172 4+ 2173 (2V1)37). (C.125)

Remark. It is clear that the limit on the right-hand side of (C.124) exists and may
be computed from (1/1 + £2 — A 4+ i0)~!. We keep it nevertheless under the form
(C.124) as this will be more convenient for us when using the proposition.

To prove the proposition, we shall write the left-hand side of (C.124), according
to (C.3), under the form

t
i/ /el'(f—f)v1+52+l‘“1\2(r,g)2(5)dgdz. (C.126)
1
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We decompose

M(x.§) = M'(r.§) + M"(z.§).
M'(r.€) = M(x.§) 1.(6), (C.127)
M"(t.§) = M(z.6)(1— x)(©).
We notice that M” vanishes at order one at ¢ = 0 by the oddness assumption on M.

Lemma C.3.2. Expression (C.126) with M replaced by M may be written as

(1= x)E)
PR

modulo a remainder satisfying (C.125).

M(t.§)Z()déE (C.128)

Proof. The expression under study is the sum of (C.128) and of

/ it— 1)./1+§2+1AM(1 5)% &) dg (C.129)

and

/ / i(t— r)«/1+g2+tkra M( E)%Z(E)dédr (C.130)

In (C.129) and (C.130), the integrand vanishes at order 2 at £ = 0 by the oddness
of M and Z. The stationary phase formula in & allows thus to gain a factor ¢~ 3 or
(t — 1)~ 3 . Taking into account (C.7) with @ = 1, we thus bound (C.129) by C&? =3
and (C.130) from

t 4 1436 ,
f (t — r)_%( ‘ 55 T : ; r_%(l_%)) dt
1 1+ 7e?) (1 + t62)2

<C( + et 2(82\/—)2 )

(using ¢ < £~4). We thus get quantities controlled as in (C.125). ]

The lemma implies the proposition when A < 1. We shall assume from now on
that A > 1 and study (C.126) with M replaced by M’.

End of the proof of Proposition C.3.1. By the Taylor formula, we write for 1 <7 <7,
M'(x.§) = M'(t.§) + (t = H(1.w.§).

where according to (C.7) with @ = 1, H satisfies for any «,

02 H(, T, 6)| < Cata * (0 2 + 173 (2V0)3Y).
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Integral (C.126) with M replaced by M’ may be written as the sum J; + J,, where

t
Ji=i / / TONVITERIN (1. 6)Z (§) d§ d,
1t (C.131)
Jo=1i / /ei(t—t)«/ 1+$2+i/lr(_[ _ I)H(l, T, 5)2(&-) d%’ dr.
1

Since H is supported close to £, so far away from zero, we can make in J, any
number of integrations by parts in £ in order to gain a decaying factor in (t — 7)™V
for any N, so that

t 1 3,
1| < c/ (t =) N2 4w 23 (VD)3 ) de
1
which is better than the right-hand side of (C.125). On the other hand, we may write

t—1
J1 =iei“/ /eir(VHSz_MM’(z,g)Z(g)dgdf
o (C.132)
= lim ie”"/ /e"fwlﬁz—“"@M’(z,g)Z(g)dsdr+J',
0

o—0+

where

+o00
J| = —ie* lim / o TWIHE =AY Ny £ 7(£) dE d.
o—>0+ J;_1
The first term on the right-hand side of (C.132) provides the first term on the right-
hand side of (C.124). Moreover, in the expression of J{, we can make as many
integrations by parts in £ as we want to get a decaying factor in (t) ™" for any N. This
shows that J; is 0(&2t~), so may be incorporated to r in (C.124). This concludes
the proof. |



