Chapter 11

Dubrovin conjecture for Hirzebruch surfaces F,;

11.1 A, -stratum and Maxwell stratum of QH ® (Fzx+1)
Fix a point
p= t1’2k+1T1,2k+1 + l2’2k+1T2,2k+1

of the small quantum cohomology of F,x 1. The matrix associated to the U-tensor
at pis

0 2q1 0 3¢5 g,
U(p) = kqi a2 9792 0
1 -2k k(—kqaq* —q¥q2) —kqag¥ —d¥qr 24
0 2%k +3 2 0

The canonical coordinates are the roots u1(p), u2(p), us(p), us(p) of the polyno-
mial

Ja) = ut +uiqkqr — 8q1u® — 36ugf ' g2 — 274343 + 1643
Hence the bifurcation set Bp,, , ,, along the small quantum cohomology, is defined
by the zero locus of the discriminant of j(u), i.e.
By =1{p: q%k+zqg(27454fk +25641)> = 0}.

Since any point of the small quantum cohomology of F,x; is semisimple, the set
above actually coincides with the Maxwell stratum M, . The determinant of the
A-matrix is given by
z
(27qfkq§ + 25641)z — 24q2q]1c .

detA(z, p) =
Hence, the #4 A -stratum is given by
Ap = {p:27¢%¢% + 2564, = 0). (11.1.1)

Also in this case, the Maxwell stratum and the #4 A -stratum coincide along the small
quantum cohomology of Fpj 1.

11.2 Small qDE of F;

At the point p, the grading operator p has matrix
n = diag(—1,0,0, 1).
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Hence the isomonodromic system of differential equations (2.7.3) for QH*(Fax+1)
is given by

0
% = (1-2k)é + 26 + 5_1
0z z
0
d % = 2k +3)8 + kgzqqulc + k§3(—k6]26]]1€ - qquf) + 28141,
H
0
% = quw]f + E3(—kq2qlf — qzq]f) + 28,4,
0
? = 36124} T + 263q1 — s
z z

As explained in Remark 4.5.2, the computation of the monodromy data of J(’,‘c’d can
be reduced to the single case Jf(‘)’d.

The point 0 € QH*(IF1) is not in the « 4 -stratum, as it follows from (11.1.1). At
the point 0 € QH *(IF1), indeed, the system HJ¢ can be reduced to the small quantum
differential equation

(2832 — 24)9*® 4 (28322 — 590z + 24)9>d
+ (=2264z7% + 192z + 3)%
—42%(25472% + 350z — 104)9
+ 22(=311323 — 992422 + 1476z + 192)® = 0.

(11.2.1)

Given a solution ®(z) of (11.2.1), the corresponding solution of the system F¢ can
be reconstructed by the formulas

£1(2) = z- ®(2), (11.2.2)

b2(2) = (1692381 (2) + 2°€](2) + 2042361 (2)

z2(283z — 24)
— 8235, ®(2) — 922€] (2) — 10522, (z) — 82¢)(z)

+ 9z&1(2) + 8£1(2)), (11.2.3)
1
£3(z) = m(—%fﬁ (2) —22°E](z) — 40823£,(2)
+ 16238, P (2) — 6228 (2) — 73221 (2) + 162, (2)
+ 62&1(2) — 16£1(2)), (11.2.4)
§a(2) = (—2823%1(2) + 352%¢ (2) — 2182°£1(2)

z2(283z — 24)
+ 323, 3 (2) — 3522¢] (2) — 322E](z) + 162%&1(2)
+ 62£1(2) + 35z£1(2) — 6£1(2)). (11.2.5)
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These formulas are obtained by the identity

51
&
"
1
(3
1

£=AT

El

where the A-matrix at 0 € QH*(IFy) is

1 204z3-105z249z48 —408z3-73z2+4+6z—16 —218z3+1622+4+352—6
z2(283z—24) 2z2(283z—24) z2(283z—24)
0 169z2-9z—8 —5522—62z+16 —282z2-352z+6
A(Z, 0) — z(283z—-24) z(283z—-24) z(283z—-24)
0 _z ___2z 35z—3
283z—24 283z—24 283z—24
0 _ 8z 16z 3z
283z—24 283z—24 283z—24

Remark 11.2.1. The quantum differential equation (11.2.1) has one apparent singu-

larity at z = %. This coincides with the zero of the denominator of the determinant
of the A-matrix: .
detA(z,0) = ———.
24 — 283z
The W-matrix at the point 0 € Q H*(IF;) is given by

1
o1 afur
3 3 3 3
ayer ;8 a;02 Q5 U
Loads ades adul
ajes w303 @303 03 VU3
3 3 3 3
aye4 Qz04 ;04 Q4 Vs

1
afer apd

- = N—=
= = N

where the numbers «;, ¢;, 8;, 0;, v; satisfy the algebraic equations

af 4 —6a? —283 =0,

283ef + 667 —g; — 1 =0,

2838} — 287 —98; — 1 = 0,

2830} — 3207 —0; +1 =0,

283v — 28307 + 10507 — 17v; + 1 = 0.

Their numerical approximations are

o) ~ 4.21193, &1 ~ 0.237421,
ap ~ —0.204399 — 3.73457i, &2 ~ —0.0146116 + 0.266969i,
a3z ~ —0.204399 + 3.73457i, &3 ~ —0.0146116 — 0.266969i,

%

a4 ~ —4.80313, g4 ~ —0.208197,
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81 ~ 0.353808, o1 &~ 0.194489,

8y ~ —0.122264 — 0.276482i, 0y ~ —0.240929 — 0.0719476i,
83 ~ —0.122264 + 0.276482i, 03 ~ —(0.240929 4 0.0719476i,
84 ~ —0.10928, o4 ~ 0.28737,

v; ~ 0.28983,

Uy & 0.279666 — 0.05113371,

v3 &~ 0.279666 + 0.0511337i,

vg &~ 0.150837.

The reader can check that W7 W = 7, and that
UY! = diag(x1, x2, X3, X4),

where the canonical coordinates x; are the roots of the polynomial
x* +x7 —8x* —36x —11=0.

Their numerical approximations are

X1 & 3.7996,

Xp &~ —2.23455 4 1.94071i,
X3 &~ —2.23455 — 1.94071i,
x4 ~ —0.3305.

11.3 Coordinates on S (P1) ® S (P?)

Consider the spaces S(P!) and §(P2) of solutions of the qDEs of P! and P? spe-
cialized at the origins of H?(P!,C) and H?(PP2, C), respectively: these equations
are

B2y = 422y, (11.3.1)

93D, = 27230,. (11.3.2)

Solutions ®;(z) of equation (11.3.1) have the following expansion at z = 0:

ZZm

o0
®1(2) = Y (Ama + Am,ologz)W, (11.3.3)
m=0 :

where Ao and Ap,; are arbitrary complex numbers, and the other coefficients are
uniquely determined by the difference equations
Am-1,0 = Am,o. (11.3.4)
Am,O
m

A1 = + Ams. (11.3.5)
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In particular, notice that from equation (11.3.5) we deduce that
Ami1 = Ao — AooHyn, m=0,

where Hy, 1= Y it ll denotes the m-th harmonic number.
Analogously, solutions ®,(z) of equation (11.3.2) have the following expansion
atz = 0O:

Z3n

(n!)*’

where By o, Bo,1, Bo,2 are arbitrary complex numbers, and the other coefficients are
uniquely determined by the difference equations

o0
®3(z) = Y (Bup + Bn1logz + By olog®2)

n=0

(11.3.6)

Bn—1,0 = Bu,o. (11.3.7)
2
By-11 = EBn’O + Bp.1, (11.3.8)
2 1
Bu-12=7=5Bno+ —Bun1+ Bnp. (11.3.9)
3n n

From the difference equation (11.3.8) we deduce that
By,1 = Bo,1 —2Bo,0Hp.

The products Ao ; By, ;j, withi = 0,1and j = 0, 1, 2, define a natural system of coor-
dinates on the tensor product $(P!) ®c S (P?).

11.4 Solutions of qDE of F; as Laplace (1, 2; %, %)-multitransforms

According to Theorem 7.3.1, the space of solutions of the quantum differential equa-
tion (11.2.1) can be reconstructed from the spaces of solutions of the qDEs (11.3.1)
and (11.3.2). From the polynomial equation (9.1.1), indeed, it follows that Theo-
rem 7.3.1 applies with the specialization of the parameters 7 = 2, £ = (2,3) and
d =(1,1).

Hence, we expect to reconstruct the solutions of the differential equation (11.2.1)
via a C-bilinear operator

2:S(P) @ $(P?) — O(C*)
involving the Laplace (1, 2; %, %)—multitransform:

= e—”/ ®1(z2A2)Dy(z3A3)e* dA,
0

for a suitable number ¢ € QQ to be determined.
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Lemma 11.4.1. We have ¢ = 1.
Proof. Along the locus of small quantum cohomology, the J -function of P"~! is

(o)
s 1
Tpna1(8) = et Yy Qled — . 8=1H,
d=0 (=1 (H + kh))"
where H € H?(P"~!, C) denotes the hyperplane class. It follows that the 7 -function
Ip1yp2 F, equals

IIP’IXPZ,]FI(Sl ® 1 + 1 &® 52)

etldl etzdz
=eh ®eh . Z Q ;® — .
didr>0 (1'[ (Hy + km)? (T8, (Ha + k)
di+d>
] Hi®1+1® H + jh)
j=1

1, 4 1
=1+£( Diet! +51®1+1®82)+0(h2)

where we set:

e H; € H*(P!,C)and H, € H?(P?, C) are the hyperplane classes,
e 8§ =t'H and 8, = t?H, witht1,t? € C,

«  Q; = Q¥F, B; being the dual homology class of H;, fori = 1,2.

In the notations of Proposition 5.3.5, we have H(§; ® 1 + 1 ® §) = Qf diet! The
number ¢ equals
c = H(0)|Q=1 = 1. L

For brevity, in all the remaining part of this section, we will simply write .Z to

denote the Laplace (1,2; 3 5 3)-multitransform.

11.4.1 The subspace #

The space $ (P!) ® $(IP?) has dimension 6. We are going to identify a subspace # of
dimension 4 which is isomorphically mapped to the space $ (IF;) via the operator &2.

Theorem 11.4.2. Let ©1(z) and ®,(z) be two solutions of the quantum differential
equations of P! and P2, respectively, namely

B2D1(z) = 422®(2), 93Dy(z) = 2723D,(2).

The function
D(z) := e 7LD, Dy 2]
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is a solution of the quantum differential equation of Ty if the following vanishing
conditions are satisfied:

D1[P1. P2:2] =0, D[Py, P:2] =0,
where

2
D[ @1, Dy z] := 222 L9 Dy, Dy 2] — 5.,2”[196131, B2 d,; 2]

4
+ §z$[<b1,192<1>2;21,

2
Da[®1, By 2] i= 23 LDy, Pr; 2] — Z?DS,”[CDI, 0, 7]

_ gg[cbl, 920, 2] + %.,s,ﬂwcpl, 9y z].
Proof. Let us look for solutions of equation (11.2.1) in the form
cI>(Z) = e_z"?il,Z;%a%)[(Dl’ (I)z; Z],

where ®; and ®, are solutions of the quantum differential equation for P! and P2,
respectively, that is,

92d, = 4220, (11.4.1)
93D, = 27230,. (11.4.2)

Given arbitrary functions f and g, we have
1
ZL[s*f(s). g(s): 2] = Z{i”[f(S),g(S);Z] + L0 f(5). 8(5): 2]

+ %,,S,ﬂ[f(s), Osg(s);z] = I(f, g)},

with L 21
I(fg) = A f(z2A7)g(z3A%)e H[=. (11.4.3)

Applying the previous identity to ®; and ®,, and using equations (11.4.1)—-(11.4.2),
we deduce the following identities:

1
L2, 0y 2] = 42{.2[@1, ®,;z] + 5,,6f[z9c1>1, ®,; 7]
i %z[cbl,mz;z]} s
3[193@1, Dy 2] =8(z + Zz)f[d)l, Dy z] + (82 + 422).,%[19@)1, Dy; 7]
8
+ g(Z +2%).L[®1,9 Dy 2]

4
+ 523[19(191, l?q)z;Z] + R,,
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L4, y:2] = 16(z + 422 + 2°) L[Dy, Py; 2]
+ 83z + 5z% + 23) L[ 1, Dy: 2]

+ ?(z +52% 4+ 2°) 2[00, 9 D1 2]

. ?(z +22).L[9 D, Dy 2]

4 %zzj[d)l,ﬁzcbz;z] + Rs,
Loy 93y 7] = 27zz{g[q>l, @i 2]+ %z[f}qn, ;7]

+ %.Z[d?l, 29@2;2]} + Ry,

9
L1, 04Dy 2] = Ezz{lzg.,zﬂ[obl, ®y: 2] + 12.2[®1, 9 Dy: 2]
+2.L[®1, 0% ®y; 2] + 9.L[0 Dy, Ps; 2]
+ 33[0@1,0%;2]} + Rs.
BALIIR 193d>2;z] = 5423.,2”[@1, Dy z] + 27(z% + 23)$[z9CI>1, D,; z]
+ 1823.Z[®y, 9 ®y; 2]
+ 922 L0 D1, 0 Py; 2] + R,
L2, 02 Dy; z] = 3623 L[Dy, Br; z] + 1823 L0 Py, y: 2]
+ 1223 L[®1, 9 Oy 2] + 42.L[ Dy, 92 D5; 2]
+ 223[19(1)1, 192q>2;Z] + fR7,
L3P, 0Py z] = 8(z + 22).L[P1, O Ps; 2]
+ (82 + 422 L0 1,9 Dy: 2]
8
+ 5(2 + 22). L[ @1, 92 Dy; 2]
4
+ 523[19(131, 192(1)2;21 + Rg,
1
L9230 Py;z] = 4z{$[q>1, D dy:z] + Ez[ml, ¥y 2]
1
; gf[cbl,zs‘zcbz;z]} T Ro.

where R; with j = 1, ..., 9 denote some negligible boundary terms due to the cumu-
lations of terms like (11.4.3). Using these identities, after some computations, we can
rewrite the quantum differential equation (11.2.1) as follows:

(=72 + 1674z + 2832%) D1 [®y, By] + (36 + 724z + 48112%) D[P, D,] = 0. m
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An explicit computation shows that 2,[®1, ®,;z] and Z,[®D, P,; z] have the
following expansions:

D@1, @2;2] = O1(2) log’ z + Oz(z) log? z + O3(2) log z + B4(z),
Da[®1, Briz] = Ay(2)log® z + Az(2)log? z 4+ As(z) logz + A4(2),

where the functions ®; (z) and A;(z) are of the form
(m+m)! o) @)
®;(z) = A (m,n) + A, (m,n)z
+ A(’)(m n)z?) 2", (11.4.4)
(m+m! o0 Q)
Ai(z) = Z Z el ')3 (81" (m,n) + By (m,n)z
m=0n=0
+ ﬂgl)(m, n)22)2m+2n+1 (11.4.5)

fori =1,2,3, 4. See Appendix B for the explicit expressions of the coefficients A(l)

and 58(1)

Lemma 11.4.3. Forallm,n = landi = 1,2, 3, 4, the following identities hold true:
(m + n)eAu(li)(m,n) + ngAu(li)(m —1,n) + n3¢>4)§i)(m,n -1 =0, (11.4.6)
m+n)B8Pm.n) +m*B8Pm —1.0) +n*B8Pm.n—1)=0, (1147

AD(m,0) + mAP (m—1,00=0,  (114.8)
B89m,0)+m8P(m—1,00=0, (1149
AP, n) +n2APO.n—1) =0, (11.4.10)
890.n) +n280.n—1)=0. (11411
Proof. The reader can check the validity of these identities using the explicit expres-

sions in Appendix B, equations (11.3.4), (11.3.5), (11.3.7), (11.3.8), (11.3.9), and the
following identities (see e.g. [64]):

kK1
YO =y O+ T ko
F/
VO = Hyr =y, n=1, ()= F((ZZ))

Theorem 11.4.4. Let ®,(z) € S(P), ®,(2) € S(P?) be as in equations (11.3.3)
and (11.3.6), respectively. Then the function ®(z) := e *.L[®y, Oy; z] is a solution
of the gDE of 1 if

Ao,0Bo,0 =0, 4Ap,1Bo,0 =340,0B0.1- (11.4.12)
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Proof. Let us rearrange the double series (11.4.4) as follows:

0;(z) = {043(1)(0 0) + Z Z ((I’I’l +n)! EA)gi)(rn’n)Zm-i-Zn

2 3
m=1n=1 ‘) ')
(*)
- 1,0 - 1 o 2n
m
+ ZlﬁAl (m,0)z +Z: (n!)ZAI (0,n)z
m= n=

(%) (*x%)
m-—n i
+ Z Z (m 4 n)! Ag)(m’n)zl+m+2n

|2 N3
mOnlm) I’l)

(*)
+ Z A(l)(m 0)z!*tm

(%)

+2 (z(Z)j(nt))gAgi)(mv")22+m+2"

)
- 1 @) 2+42n
+ Z( ')2A3 (Oﬂn)z )
— (!

(*x*)

where
(1) the (x)-labelled summands cancel by equation (11.4.6),
(2) the (xx)-labelled summands cancel by equation (11.4.8),
(3) the (x * x)-labelled summands cancel by equation (11.4.10).
The proof for A;(z) is identical. ]

Definition 11.4.5. Let J# denote the four-dimensional subspace of §(P!) ® $(P?)
defined by the linear equations (11.4.12).

Corollary 11.4.6. The space K is isomorphic to the space of solutions § (F1) via the
operator 2. [

11.4.2 Bases of S (P1)
Define

1 2
§() =5~ r(%) 275 ds, (11.4.13)
i £
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where £ is a (positively oriented) parabola Res = —c - (Ims)? + ¢’, for suitable
¢, ¢’ € Ry so that it encircles all the poles of the integrand at s € 2Z <. It is easy to
see that the integral in (11.4.13) converges for all z € C* and that its value does not
depend on the particular choice of ¢, ¢’.

Proposition 11.4.7. The functions g(e " z) and g(z) define a basis of solutions of
the gDE of P, ]

Define the bases (g1(2), g2(z)) and (s1(2), 52(2)) of S(P1) by
g1(2)\ _ gle™™'z) s1(2)\ _ gle™™z)
(50)=m (507) ()= ("507):

_ly  ilytin) -1 2
Ml = 14” 4"1’- s M2 = ( ) .
4r T 4nm 0 I

Lemma 11.4.8. For z — 0, the following asymptotic expansions hold true:

where

g1(z) = logz + 0(z%logz),
g2(2) = 1 + 0(z%log 2).
Proof. The proof is a simple computation of residues: by modifying the paths of

integration £, one obtains the asymptotic expansions of g as a sum of residues of
the integrand. ]

Lemma 11.4.9. We have

22
g(z) ~ nl e, 7 00,

z2
in the sector |arg z| < %n.
Proof. The estimate follows from application of steepest descent method. ]
11.4.3 Bases of S (P?)
Define s

1 wis
h(z) = — F(f) ™ 27 d, (11.4.14)
2wi Jg, 3

where £, is a (positively oriented) parabola Res = —c - (Ims)? + ¢’, for suitable

¢, ¢’ € Ry so that it encircles all the poles of the integrand at s € 3Z<o. It is easy to
see that the integral in (11.4.14) converges for all z € C* and that its value does not
depend on the particular choice of ¢, ¢’.

1T

Proposition 11.4.10. The functions h(e™ x4 z),h(z),h(e 4 z) define a basis of solu-
tions of the gDE of P2. |
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Define the bases (h1(z), h2(z), h3(z)) and (p1(2). p2(2). p3(2)) of S(P?) by

h(2) h(e=* 2) p1(2) he=*5 2)
ha(z) | = Ny h(z) , p2(2) | =N, h(z) ,  (11.4.15)
h3(z) h(eZITﬂz) p3(2) h(ezzTﬂz)
where
—18y2—72  —18y2—24iyx+7n2  18y2+12iyn+57n2
21672 21672 10872
N; = y 3y+2inm =3y—im
1 1272 3672 1872 ’
__1_ __1_ _1_
1272 1272 612
-1 3 -3
N,=10 1 0
0O 0 -1

The basis (p1, p2, p3) will be studied later, in Section 11.7, where it will be used
to construct Stokes bases of solutions. We now focus on the properties of the basis

(h1, h2, h3).
Lemma 11.4.11. For z — 0, the following asymptotic expansions hold true:
hi(z) =log? z + O(z31og? 2),
hy(z) =logz + O(z%log? z),
hi(z) = 14 0(z3log? 2).
Proof. The proof is a simple computations of residues: by modifying the paths of

integration &£,, one obtains the asymptotic expansions of / as a sum of residues of
the integrand. u

Lemma 11.4.12. We have

: 3 i
h(z) ~ e_%’”£ exp(3esz), 7z — 00,
z

in the sector —m < argz < %ﬂ.

Proof. The estimate follows from the steepest descent method. ]

11.5 Basis of solutions Y of S (1)
Theorem 11.5.1. The tensors

§g1®h2+%gz®h1, g1®h3, g2Qhy, g>Qh;3 (11.5.1)
define a basis of the subspace .
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Proof. Each of the vectors given in (11.5.1) satisfy the constraints (11.4.12), by Lem-
mata 11.4.8 and 11.4.11. ]

Corollary 11.5.2. The functions

1 1
T = @(§g1 ® hy + 182 ® hl),
T := P(g1 ® h3),
T3 := P (g2 ® ha),
T4 = ﬁ(gz ® h3)
define a basis of solutions of the gDE of IF;. ]

Remark 11.5.3. Explicit double Mellin—Barnes integral representations of solutions
Y1,..., Y4 can be obtained: for any j, k we have

P 2nji e_Z s 2 t 3 s {
@ ki h(e™3" _ ¢ NN
(g(e ) ® (e Z)) (27i)2 Jg,x2, (2) (3) ( ) 3)
: e_”ikﬁ%it(l_zj)z_%_% dt ds.

The functions Y; are linear combinations of the integrals above, in accordance with
Theorem 7.4.2.

11.6 Asymptotics of Laplace (1, 2; %, %)-multitransforms

Consider the integral
o 1.1 2.1 g
I(z) ::/ D(z2A2)Dy(z3A3)e™ " dA,
0
where

@, (2) = 2P exp(zuy), ®2(z) = zP2 exp(zun),

with D1, Dy, uq,us € C. The integral I(z) is convergent for all z € C*.
Set z = re'® with r > 0, and change variable of integration A = az:
e*i/(oo D, Dy

I(2) :zl+D1+D2/ azt3 exp{z(—a—i—ula% —|—uzoe-%)} da.
0

Change variable @ = 89, by taking the principal determination of the sixth root:
e 3 00

I(z) =621+D1+02/ BIT3P1T2D2 exp L2 (— B8 +u1 B2 +uaB?) ) dB. (11.6.1)
0
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Define
S(Biur,uz) = —ﬂG + M1ﬁ3 + uzﬂz for p € C,

and consider the z-dependent downward flow in the 8-plane defined by

aw_ o B
i S A 2 (11.6.2)

The equilibria points S are the critical points of f, that is,

of
B |p=p.

For a fixed z, we associate to each critical point 8. a curve £, a Lefschetz thimble,
defined as the set-theoretic union of the trajectories of the flow (11.6.2) starting at S,
for t — —o0. Morse and Picard-Lefschetz theory guarantee that the cycles £, are
smooth one-dimensional submanifolds of C, piecewise smoothly dependent on the
parameter z, and they represent a basis for the inverse limit of relative homology
groups

= 0.

l(iilHl((C,(CT,z), Crz:={B€C :Re(zf(B;u1,uz)) <-T}, T e Ry.
T

Lemma 11.6.1. The Lefschetz thimble £ is the steepest descent path at B.: the func-
tiont —Im(zf(B;u1,uz)) is constant on L. and the functiont — Re(zf(B;u1,u2))
is strictly decreasing along the flow.

Proof. We have

d C(dB 9 dB a\[zf -]
GGl = (G + 2 )|t o

dt op ~ dt 3B 2i
d dB 3 dp dI\[zf +zf af |?
—[R =\—=+——=|—|=—z275| -
ar ReCDI (dt T, aﬁ)[ 2 98 "
We are interested in the following cases, by Lemmata 11.4.9 and 11.4.12:
i
up = +2, up =3tk 3= exp % k=0,1,2. (11.6.3)

For any possible pair (11, #2), define 84 as the critical point of f(8;u1,uz) with
maximal real part (the bold one in Table 11.1).

Lemma 11.6.2. We have

21 2
I(Z) ~ 6Z%+D1+D2ﬂj—+2D1+3D2 (m) CXPZ(—ﬂﬁ_ + ul,Bi + Mz,Bi)

for|z| — oo in the sector |arg z — arg f(B+)| < 7.
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ui uz ﬂc f(,Bc) f(ﬂc)_l
2 3 —0.724492 0.6695 —0.3305
2 3 0. 0. —1.
2 3 1.22074 4.7996 3.7996
2 3 —0.248126—1.03398/ —1.23455+1.94071i —2.2345541.94071i
2 3 —0.248126+1.03398i —1.23455—1.94071i —2.23455—1.94071i
2 303" 0. 0. ~1.
2 3¢5 —0.771392—0.731875i —1.23455—1.94071i —2.23455—1.94071i
2 3035 —0.610372+ 1.0572i 4.7996 3.7996
2 3¢%5 0.362246—0.627428i 0.6695 —0.3305
2 3¢35 1.01952+0.302108 —1.23455-+1.94071i —2.23455+1.94071i
2 3e—3im 0. 0. —1.
2 3e32iM) _0771392+4+0.731875i —1.23455+1.94071i —2.23455+ 1.94071i
2 3e73@iM  _0.610372—1.0572i 4.7996 3.7996
2 3e=3QIm) (3622464 0.627428i 0.6695 —0.3305
2 3e"3CGiT 1,01952-0.302108; —1.23455—1.94071i —2.23455—1.94071i
-2 3 —1.22074 4.7996 3.7996
-2 3 0. 0. —1.
-2 3 0.724492 0.6695 —0.3305
-2 3 0.248126—1.03398; —1.23455—1.94071i —2.23455—1.94071i
-2 3 0.248126+1.03398/ —1.23455+1.94071i —2.234554 1.94071i
-2 305 0. 0. ~1.
-2 3¢%5 —1.01952—0.302108; —1.23455-+1.94071i —2.23455+1.94071i
-2 3¢ —0.362246 +0.627428i 0.6695 —0.3305
-2 305" 0.610372—1.0572i 4.7996 3.7996
-2 3e355 0771392+ 0.731875i  —1.23455—1.94071i —2.23455—1.94071i
—2 3e—3Qim 0. 0. —1.
—2 3e73QiM  _101952+40.302108i —1.23455—1.94071i —2.23455—1.94071i
—2 3e73CIM 0362246 —0.627428i 0.6695 —0.3305
—2 3e—3Cim 0.610372 +1.0572i 4.7996 3.7996

2 3¢~3CQIm 0.771392—0.731875i —1.23455+1.94071i —2.23455+ 1.94071i

Table 11.1. For any possible value of the pair (u1,u2), we list the corresponding critical
points B, of the function f(B;u1,u>), and the corresponding critical values f(B.). Notice
that the numbers f(B.) — 1, with S, # 0, equal all possible values of the canonical coordi-
nates X1, X2, X3, X4 at the origin of Q H*(IF1). In bold, we represent the critical point S with
maximal real part.



Dubrovin conjecture for Hirzebruch surfaces Fox 41 96

Proof. After choosing an orientation for each Lefschetz thimble, the path of integra-
tion y, = ¢! 6 - R, defining the function I in equation (11.6.1), can be expressed
as integer combination, y, = Zle nj(z)&; with n; € Z, of the thimbles £ for
any value of z not on a Stokes ray Rij, defined by

Rij={z€C* iz2=r(fBei) — [(Bep). 7 €R} ij =1.....5,

where . are the critical points of (11.6.2). If we let z vary, the Lefschetz thimbles
change. When z crosses a Stokes ray R;;, Lefschetz thimbles jump discontinuously:
in particular, for z on a Stokes ray there exists a flow line of (11.6.2) connecting two
critical points B.. A detailed analysis of the phase portrait of the flow (11.6.2), for
each pair (11, u5) as in (11.6.3), shows that in the sector |argz —arg f(B+)| <7
we have y, = +£p, + £8 £ £, where £} is only one half of the Lefschetz thim-
ble £o, and &£’ denotes the sum of Lefschetz thimbles attached to other critical
points B.. Hence, we have three contributions in the asymptotics of I(z): one from
the integration along £, , one from other critical points, the last one from the inte-
gration along éﬁ(l). The last two contributions are easily seen to be negligible with
respect to the first one. So, by the steepest descent method, we obtain the estimate

2

e ]
See Figure 11.1. ]

1
I(z) ~ :I:6Z§+D1—irDz,BijLZDFHD2 (—

Remark 11.6.3. Note that the arbitrariness of the orientations of the Lefschetz thim-
bles can be incorporated in the choice of the entries of the W-matrix. Consequently,
it will affect the monodromy data by the action of the group (Z/27)%.

Proposition 11.6.4. Let now ®1, ®; be two functions with asymptotic expansions
®,(z) ~ zPVexp(zuy), ®2(z) ~ zP2 exp(zuz) (11.6.4)
for |z| — oo in the sectors
A; <argz < By, Ap <argz < By, (11.6.5)
respectively. We have
D%(l,z;%,%)[dh, Dy 2] ~ CZ%JFDIJFD2 exp Z(—f3_6|r + ulﬂi + uzﬂi),

where .

C = 6pTHP1+3D: 2 2
+ 9141,3+ + 8142 ’

for|z| — oo in the sector A’ < argz < B’, where
A’ = max{A, —3arg By, A» —2arg B4, arg f(B4) — 7},
B’ :=min{B; —3arg B4, B, —2arg B4, arg f(B1) + w}.
(See Table 11.2.)
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Lefschetz thimbles are in red. The path of integration in equation (11.6.1) is drawn in green.
To be continued on the next page.
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Figure 11.1 (continued). Notice that, for tain range of values of arg z, there is also a contri-
bution in the asymptotic expansion coming from a third critical point. Such a term is negligible,
since it is dominated by the exponential term from the critical point 8.

A B’

2 3 -7 %
2 3¢ 371775 0.471036
2 3¢% —1.00423 1.62336
-2 3 -7 %
2 3¢ -1.00423  —0.706554
2 3¢ 162336 1.00423

Table 11.2. In this table we represent the values A’ and B’ predicted in Proposition 11.6.4 for
all possible values of u; and u;.
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Proof. The statement follows by application of the steepest descent path method and
Lemma 11.6.2. Notice that the sector A’ < argz < B’ is chosen so that the critical
point of the logarithm of the integrand lies in the region (11.6.5) of validity of the
asymptotic expansions (11.6.4). u

11.7 Stokes basis of the qDE of [y

Set
sij =5 ® pj € S(PY) ® S(P?)
fori =1,2and j = 1,2, 3. See equation (11.4.15).
Theorem 11.7.1. The following linear combinations of the tensors s;; define a basis
of #:
S11 — 5822 — 6523, S12 + 523, S13 — S22 — 2823, S21 — 4822 — 5823.

Proof. Define the column vectors
e g=1(g1.82)T ands = (51, 52)7, bases of §(P1),
o h=(hi,hy,h3)T and p = (p1. p2., p3)7T, bases of S (P?), respectively.
In what follow we denote by A ® B the Kronecker tensor product of two matrices A
and B. Hence we denote
* by g ® h the basis (g; ® hj);,; of S(P') ® S(P?),
* bys ® p the basis (s; ® p;);,; of S(P1) ® S(P?).
We have

g®h =[(MM;")® (N1N; s ® p. (11.7.1)
where we represent the basis g ® h and s ® p as column vectors. Multiply on the
left both sides of (11.7.1) by the matrix

1 0 0 0 0 O
01 0 0 0O
0 01 0 0O
E1 = 1 1
0 3 0 7200
0 0 0 010
0 0 0 0 01
We thus obtain the relation
g1 ® hy
g1 ® hy
g1 ® hs3
sQp=X (11.7.2)
P 181 ®hy+ tea® Iy
g2 ® hy

g2 ® hs
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where X is the matrix

X =[(MiM;") ® (N1 N; D' ET!
54 36(y + 1liw)
—54  —36(y +in)
54 36(y + 3in)
54 36(y +9im)
—54  —36(y —im)
54 36(y +im)

* ¥ X X X% *
EE I SR

* ¥ X X X% *
* K X X X *

Multiply on the left each sides of (11.7.2) by the matrix

1 0 0 0 -5 -6
01 0 0 O 1
001 0 -1 -2
E2=10 001 -4 —s
0O 0 0 0 1 1
00 0 0 O 1
‘We obtain
S11 — 5822 — 6523 g1®m
S12 + $23 g1 ® hy
§13 — 8§22 — 2523 _Bx|, g1 ®}ll3
521 — 4522 — 5823 381 ® ha + 782 ® Iy
S22 + 523 g2 ® hy
$23 g2 ® hs
and we have
0 0
0 0 C
0 0
E>)X = 11.7.3
2 0 0 ( )
0 T2imw ¥ x k%
54 36(y +im) | % x *x %
This proves the claim. |

Remark 11.7.2. The matrix C; in equation (11.7.3) is

24(=3iy —2m)m —216imw 367(=5iy +97m) 3n(—42iy?+Ryn +17i7?)
Tiym 216iw 367 (5iy +m) 3n(42iy? + 12ymw —in?)
—N2iym —216im 36m(=5iy+m) 3a(—42iy>+ 12ym +in?)
—4872 0 0 —48ym?
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Corollary 11.7.3. The functions

X = P(s11 — 5522 — 6523), Xp 1= P(s12 + 523),
Y3 = P(s13 — S22 — 28523), X4 := P(s21 — 4522 — 5523)

define a basis of solutions of the gDE of TF;. |

Proposition 11.7.4. The Stokes basis E g of H on the sector T1g(e) can be recon-
structed, using formulas (11.2.2)—(11.2.5), from a basis X of solutions of the gDE
of 1 of the form

AMXo, AX3+A3X5, AgXa+AsE34+AeXs, A7 +AsXa+AoX3+ 41020,

for a suitable choice of the coefficients A; € C, with j =1, ..., 10.

Proof. The canonical coordinates xi, x5, X3, X4 are in lexicographical order with
respect to a line of slope ¢ > 0 sufficiently small. The functions above have the
expected exponential growth exp(x;z) in the sector [1g(¢e) defined by an oriented
line of slope ¢. This follows from the data in Tables 11.1 and 11.2, and from the
configuration of the Stokes rays R;; := {—r V=17 — Xj):r € R4 }: these are given
by

Rip = fargz = m). Rz = fargz = 2.36573},
Ris = {argz = 1.88197}, Ra3 = {argz = 0.775863),
b1
R24 = {argz = 125962}, R34 = {argz — 5}’
see Figure 11.2. .

Remark 11.7.5. Notice that, according to Proposition 11.6.4, the function X3 has
the expected exponential growth exp(zx;) in the sector in which this is minimal with
respect to the dominance relation, i.e. in which it is dominated by any other exponen-
tial exp(zx1), exp(zx3), exp(zx4). Hence, we expect that A3 = 0.

Ris R34 Ryy4
Ri3 R>;3

5 R12

Figure 11.2. From the left to the right: Stokes rays corresponding to the origin of the quantum
cohomology of P 1 P2 and Fy, respectively.
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11.8 Computation of the central connection and Stokes matrices

Denote by J the system of differential equations JJ" specialized at 0 € Q H*(Fy).
Consider the fundamental system of solutions of

zY1(z) zYa(z) zY3(z) zYa(2)
ET(Z)::< : : : : )

El

reconstructed from the basis (Y1, Y5, Y3, Y4) of the gDE of IF; (see Corollary 11.5.2)
by formulas (11.2.2)—(11.2.5).

Proposition 11.8.1. We have

where )
18 0 0 0
—r 1 0 0
Co = P 0 (11.8.1)
138 2 3
6y2+n2 Y _v 1
72 2 3

Proof. From Lemmata 11.4.8 and 11.4.11, we can compute the asymptotic expan-
sions of Y;(z) for z — 0. We have
1

Ti(z) = 7

1
(161og?(z) — 20y log(z) + 6y> + %) + ﬁz(log(z) —y=2)

1
+ 7—222(16 log?(z) — 20y log(z) — 17 log(z) 4+ 6y + 7% + 13y + 2)
3

+ 1944

(43210g?(z) — 540y log(z) — 750 log(z) + 162>
+277% + 426y +311) + -+,
12() = 5(l0g(2) — ) — 5 + 32 (Alog(z) — 4y +3)
+ 31—623(1810g(2) — 18y —37)

1
+ @24(2410g(2) — 24y +13) 4 -+,
2log(z) =z 1
Ys(z) = —% + 3g + 2+ T522(8log(z) — 4y = 9)

1
+ 5—423(36 log(z) — 18y — 17)

1
+ ﬁz“(4810g(z) — 24y —49) + ...,
Z4
T4(Z):1+22+Z3+Z+”' .
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After some computations, one finds the first terms of the asymptotic expansion of
Evx(z) forz — 0:

z(1610g2(2)—20y log(z)+6y2+n2)  z(log(z)—y) z(2log(z)—y)
72 2

3 z
log(z) vy 0 1 0
= - 6 9 3
Ev(2) log(z) + z(log(z)—y—1) _ y 1z z 0 + h.o.t.
9 18 18 272 3
(2log(2)—y—1) 1
S z 0 0
The leading term of the asymptotic expansion of Ep(z) for z — 0 is
Etop(Z) = T}ZMZR + h.o.t.
4zlog?(z) 3zlog(z) 2zlog(z) =z
3lo 1 1 0
= 8(z) + h.o.t.,
2log(z) 1 0 0
1 0 0 0

z

where y = diag(—1,0,0, 1) and R is the operator of U-multiplication by c¢; (IF;) on
H*(F;, C), that is,

00 0O
2 0 00
R =
1 000
0320
By comparison of the leading terms of the asymptotic expansions of Ey and Eqp,
one obtains the matrix Cy in formula (11.8.1). [

Theorem 11.8.2. The central connection and Stokes matrices at0 € QH *(Fy), com-
puted with respect to an admissible oriented line of slope € > 0 sufficiently small,

equal

1 _ 1 1 1
2w 27 i o
z -z i+ X i_x
¢ = " 5 T Il s
eihy) I L(iey)
y(—i+2) y(—i—2) 2own 2040
1 2 -1 -3
01 1 -1
S=lo o 1 2 (11.8.3)
0O 0 O 1

Proof. Denote

* by E, the fundamental system of solutions of #{ constructed from the basis X3
of Proposition 11.7.4,
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* by E x the fundamental system of solutions of J# constructed from the basis X
of Corollary 11.7.3.

We have
0O 0 0 Ay 0O 0 0 Ay
= At Az As Ao —=~nTcT A1t Az As Ao
SATEE 0 A, s Ao ST L0 A As Ao |
0 0 Az Ag 0 0 Aq Ag
where C; is as in Remark 11.7.2 and
01 0O
1 0 00
= 0 01 0
0 0 01
Thus, we obtain
0O 0 0 Ay
A Az Ag A
Ep = EBiwpCa, Ca:=ConTcl |t 73 26 ~op
2 topCa py 0 o a4 As 2o
0 0 As Ag

where Cy is given by (11.8.1). In order to determine the values of A for which &} is
the Stokes basis, let us compute the product

Clnemite™Rc,, (11.8.4)

If 8, is the Stokes basis, then the matrix above is the inverse of the Stokes matrix S,
by equation (4.4.2): in particular, it is an upper triangular matrix with ones along the
main diagonal. An explicit computation gives the following result: the columns of
(11.8.4) are

—57614A2
—5767‘[4llk3
—5767% X1 A6 ’

—5767‘[4/\1 (317 + )&10)

5767‘[4/\1 (212 — /\3)
57674 (hy —A5)>2
—5767‘[4()&316+12(A4+A5—216)) ’
57674 (A (A7 —Ag — Ao +2X10) —A3(3A7 + A10))

—5767T4A1 (/14 — 215 + As)
—5767‘[4()k215 +A3(Ag—2A5+ AG))
—5767* (A% + (A5 +A6)As + (A5 — A¢)?) ’
—5767*(A6(3A7 4+ A10) + A4 (547 4+ As + A10) + As5(—A7 + Ag + A9 —2410))
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5767‘[411 (6)&7 —/\8 + 2/\9 _AIO)
—5767* (A2 (647 4+ Ao) + A3(—6A7 + Ag — 2Ao + A10))
—57671’4(/\5(617 4+ A9) + A4 (6A74+Ag +Ag) + Ag(—6A7 + Ag—2X9 + A10))
—5767‘[4(13A% + (1 1A8 + Slg - 3)&10)A7 + A% + ()tg —110)2 + 18(19 + klo))

The matrix (11.8.4) is upper triangular with ones along the diagonal if and only if

1 1 1

M= AM2=——" A3=0, A= A5 =4,

L7 757624 2T 576040 P 47 7576040 ¢

1

Ae =0, M= Ag=-217, Ao =317, Ao = —347.

6 7 5764 8 7 9 7 10 7
For the choice A; = A, = A4 = A7 = —ﬁ, we obtain the central connection and
Stokes matrices (11.8.2) and (11.8.3). ]

Theorem 11.8.3. The central connection matrix of QH®*(Fax+1), computed with
respect to an oriented line of slope ¢ > 0 sufficiently small, and a suitable choice
of the branch of the V-matrix, equals

1 1 1 1

27 2 27 2w
y v Sy iy
C = ~ ” ‘o ‘w 1185
k= | y-ayk—in _ y—2yk+in —2yk—iQ@rktm)ty @k—D@+in) |- 11.8.5)
2 2 2 2
S 2y .2y 2y(y+in) 2y +im)?
v(=i+3F) v(=i—3F) = e

This is the matrix associated with the morphism
g, . Ko(Faks1)c = H* (Fakq1, C),

1 ~ .
(71 5Ty, Ue ™) U Ch(2),
T

with respect to

* an exceptional basis € := (Ei)?=1 of Ko(Fak+1)c,
*  the basis (Tj 2k +1);_g of H®*(Fa41.C).

The exceptional basis € mutates to the exceptional basis

([(9]’ [O(E%k-i-l)]’ [(g(zik-i-l)]’ [(9(2%k+1 4 Eﬁk+l)]), (1186)

by application of the following natural transformations:

(1) action of the braid B3B28183P2,
(2) action of the element Jy € (Z)27)*

7 .o JELLEDPEDPTY ik = 2p,
Tl L e e ik =2p 4L

(3) action of the element ,3’; .



Dubrovin conjecture for Hirzebruch surfaces Fox 41 106

Proof. Equations (9.3.11) and Proposition 4.5.1 imply equation (11.8.5). The matrix
associated to I[]EZI(Jrl with respect to the basis (11.8.6) is

1 1 1 1
2w 2 2w 2w
| . :
Ey = (1-2k)(y—int) —2yk+iQRrk+n)+y (1—2k)(y—im) —2vk+iQRrk+m)+y
2w 2 2w 2w
2 2 s
Ay=iz) Zrly—iz) y(=i +2ik +2)  y(i +2ik+2)
Set C}, := C£3ﬂ2ﬂlﬂ3ﬁ2. We have
-1 0 0 0

r\—1 _ 0 -
COEe=|0o o 1k &

0 O -k  —k-1

It is now easy to see that this is the matrix representing the action of the element
(Jx, ,3’3‘) € (Z/27)* x B4: the argument is the same as in Step 3 of the proof of
Theorem 10.3.3. ]



