
Chapter 11

Dubrovin conjecture for Hirzebruch surfaces F2kC1

11.1 Aƒ-stratum and Maxwell stratum ofQH �.F2kC1/

Fix a point
p D t1;2kC1T1;2kC1 C t

2;2kC1T2;2kC1

of the small quantum cohomology of F2kC1. The matrix associated to the U-tensor
at p is

U.p/ D

0BBBB@
0 2q1 0 3qkC11 q2

2 kqk1q2 qk1q2 0

1 � 2k k.�kq2q
k
1 � q

k
1q2/ �kq2q

k
1 � q

k
1q2 2q1

0 2k C 3 2 0

1CCCCA :
The canonical coordinates are the roots u1.p/; u2.p/; u3.p/; u4.p/ of the polyno-
mial

j.u/ WD u4 C u3qk1q2 � 8q1u
2
� 36uqkC11 q2 � 27q

2
2q
2kC1
1 C 16q21 :

Hence the bifurcation set BF2kC1 , along the small quantum cohomology, is defined
by the zero locus of the discriminant of j.u/, i.e.

BF2kC1 D ¹p W q
2kC2
1 q22.27q

2
2q
2k
1 C 256q1/

3
D 0º:

Since any point of the small quantum cohomology of F2kC1 is semisimple, the set
above actually coincides with the Maxwell stratum MF2kC1 . The determinant of the
ƒ-matrix is given by

detƒ.z; p/ D �
z

.27q2k1 q
2
2 C 256q1/z � 24q2q

k
1

:

Hence, the Aƒ-stratum is given by

Aƒ WD ¹p W 27q
2k
1 q

2
2 C 256q1 D 0º: (11.1.1)

Also in this case, the Maxwell stratum and the Aƒ-stratum coincide along the small
quantum cohomology of F2kC1.

11.2 Small qDE of F1

At the point p, the grading operator � has matrix

� D diag.�1; 0; 0; 1/:
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Hence the isomonodromic system of differential equations (2.7.3) for QH �.F2kC1/
is given by

H od
k W

8̂̂̂̂
ˆ̂̂̂̂̂̂
<̂
ˆ̂̂̂̂̂̂
ˆ̂̂:

@�1

@z
D .1 � 2k/�3 C 2�2 C

�1

z
;

@�2

@z
D .2k C 3/�4 C k�2q2q

k
1 C k�3.�kq2q

k
1 � q2q

k
1 /C 2�1q1;

@�3

@z
D �2q2q

k
1 C �3.�kq2q

k
1 � q2q

k
1 /C 2�4;

@�4

@z
D 3�1q2q

kC1
1 C 2�3q1 �

�4

z
:

As explained in Remark 4.5.2, the computation of the monodromy data of H od
k

can
be reduced to the single case H od

0 .
The point 0 2 QH �.F1/ is not in the Aƒ-stratum, as it follows from (11.1.1). At

the point 0 2 QH �.F1/, indeed, the system H od
0 can be reduced to the small quantum

differential equation

.283z � 24/#4ˆC .283z2 � 590z C 24/#3ˆ

C .�2264z2 C 192z C 3/#2ˆ

� 4z2.2547z2 C 350z � 104/#ˆ

C z2.�3113z3 � 9924z2 C 1476z C 192/ˆ D 0:

(11.2.1)

Given a solution ˆ.z/ of (11.2.1), the corresponding solution of the system H od
0 can

be reconstructed by the formulas

�1.z/ D z �ˆ.z/; (11.2.2)

�2.z/ D
1

z2.283z � 24/

�
169z3� 01.z/C z

3� 001 .z/C 204z
3�1.z/

� 8z3�1
.3/.z/ � 9z2� 01.z/ � 105z

2�1.z/ � 8z�
0
1.z/

C 9z�1.z/C 8�1.z/
�
; (11.2.3)

�3.z/ D
1

z2.283z � 24/

�
�55z3� 01.z/ � 2z

3� 001 .z/ � 408z
3�1.z/

C 16z3�1
.3/.z/ � 6z2� 01.z/ � 73z

2�1.z/C 16z�
0
1.z/

C 6z�1.z/ � 16�1.z/
�
; (11.2.4)

�4.z/ D
1

z2.283z � 24/

�
�28z3� 01.z/C 35z

3� 001 .z/ � 218z
3�1.z/

C 3z3�1
.3/.z/ � 35z2� 01.z/ � 3z

2� 001 .z/C 16z
2�1.z/

C 6z� 01.z/C 35z�1.z/ � 6�1.z/
�
: (11.2.5)
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These formulas are obtained by the identity

� D ƒT

0BBB@
�1

� 01
� 001

�
.3/
1

1CCCA ;
where the ƒ-matrix at 0 2 QH �.F1/ is

ƒ.z; 0/ D

0BBBB@
1 204z3�105z2C9zC8

z2.283z�24/
�408z3�73z2C6z�16

z2.283z�24/
�218z3C16z2C35z�6

z2.283z�24/

0 169z2�9z�8
z.283z�24/

�55z2�6zC16
z.283z�24/

�28z2�35zC6
z.283z�24/

0 z
283z�24

�
2z

283z�24
35z�3
283z�24

0 �
8z

283z�24
16z

283z�24
3z

283z�24

1CCCCA :
Remark 11.2.1. The quantum differential equation (11.2.1) has one apparent singu-
larity at z D 24

283
. This coincides with the zero of the denominator of the determinant

of the ƒ-matrix:
detƒ.z; 0/ D

z

24 � 283z
:

The ‰-matrix at the point 0 2 QH �.F1/ is given by

‰ D

0BBBBBB@
˛
1
2

1 "1 ˛
1
2

1 ı1 ˛
1
2

1 �1 ˛
1
2

1 �1

˛
1
2

2 "2 ˛
1
2

2 ı2 ˛
1
2

2 �2 ˛
1
2

2 �2

˛
1
2

3 "3 ˛
1
2

3 ı3 ˛
1
2

3 �3 ˛
1
2

3 �3

˛
1
2

4 "4 ˛
1
2

4 ı4 ˛
1
2

4 �4 ˛
1
2

4 �4

1CCCCCCA ;

where the numbers ˛i ; "i ; ıi ; �i ; �i satisfy the algebraic equations

˛4i C ˛
3
i � 6˛

2
i � 283 D 0;

283"4i C 6"
2
i � "i � 1 D 0;

283ı4i � 2ı
2
i � 9ıi � 1 D 0;

283�4i � 32�
2
i � �i C 1 D 0;

283�4i � 283�
3
i C 105�

2
i � 17�i C 1 D 0:

Their numerical approximations are

˛1 � 4:21193; "1 � 0:237421;

˛2 � �0:204399 � 3:73457i; "2 � �0:0146116C 0:266969i;

˛3 � �0:204399C 3:73457i; "3 � �0:0146116 � 0:266969i;

˛4 � �4:80313; "4 � �0:208197;
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ı1 � 0:353808; �1 � 0:194489;

ı2 � �0:122264 � 0:276482i; �2 � �0:240929 � 0:0719476i;

ı3 � �0:122264C 0:276482i; �3 � �0:240929C 0:0719476i;

ı4 � �0:10928; �4 � 0:28737;

�1 � 0:28983;

�2 � 0:279666 � 0:0511337i;

�3 � 0:279666C 0:0511337i;

�4 � 0:150837:

The reader can check that ‰T‰ D �, and that

‰U‰�1 D diag.x1; x2; x3; x4/;

where the canonical coordinates xi are the roots of the polynomial

x4 C x3 � 8x2 � 36x � 11 D 0:

Their numerical approximations are

x1 � 3:7996;

x2 � �2:23455C 1:94071i;

x3 � �2:23455 � 1:94071i;

x4 � �0:3305:

11.3 Coordinates on �.P1/˝ �.P2/

Consider the spaces �.P1/ and �.P2/ of solutions of the qDEs of P1 and P2 spe-
cialized at the origins of H 2.P1;C/ and H 2.P2;C/, respectively: these equations
are

#2ˆ1 D 4z
2ˆ1; (11.3.1)

#3ˆ2 D 27z
3ˆ2: (11.3.2)

Solutions ˆ1.z/ of equation (11.3.1) have the following expansion at z D 0:

ˆ1.z/ D

1X
mD0

.Am;1 C Am;0 log z/
z2m

.mŠ/2
; (11.3.3)

where A0;0 and A0;1 are arbitrary complex numbers, and the other coefficients are
uniquely determined by the difference equations

Am�1;0 D Am;0; (11.3.4)

Am�1;1 D
Am;0

m
C Am;1: (11.3.5)
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In particular, notice that from equation (11.3.5) we deduce that

Am;1 D A0;1 � A0;0Hm; m > 0;

where Hm WD
Pm
iD1

1
i

denotes the m-th harmonic number.
Analogously, solutions ˆ2.z/ of equation (11.3.2) have the following expansion

at z D 0:

ˆ2.z/ D

1X
nD0

.Bn;2 C Bn;1 log z C Bn;0 log2 z/
z3n

.nŠ/3
; (11.3.6)

where B0;0; B0;1; B0;2 are arbitrary complex numbers, and the other coefficients are
uniquely determined by the difference equations

Bn�1;0 D Bn;0; (11.3.7)

Bn�1;1 D
2

n
Bn;0 C Bn;1; (11.3.8)

Bn�1;2 D
2

3n2
Bn;0 C

1

n
Bn;1 C Bn;2: (11.3.9)

From the difference equation (11.3.8) we deduce that

Bn;1 D B0;1 � 2B0;0Hn:

The productsA0;iB0;j , with i D 0; 1 and j D 0; 1; 2, define a natural system of coor-
dinates on the tensor product �.P1/˝C �.P2/.

11.4 Solutions of qDE of F1 as Laplace .1; 2I 1
2
; 1
3
/-multitransforms

According to Theorem 7.3.1, the space of solutions of the quantum differential equa-
tion (11.2.1) can be reconstructed from the spaces of solutions of the qDEs (11.3.1)
and (11.3.2). From the polynomial equation (9.1.1), indeed, it follows that Theo-
rem 7.3.1 applies with the specialization of the parameters h D 2, ` D .2; 3/ and
d D .1; 1/.

Hence, we expect to reconstruct the solutions of the differential equation (11.2.1)
via a C-bilinear operator

P W �.P1/˝ �.P2/! O.fC�/
involving the Laplace .1; 2I 1

2
; 1
3
/-multitransform:

PŒˆ1; ˆ2�.z/ WD e
�czL.1;2I 12 ;

1
3 /
Œˆ1; ˆ2�

D e�cz
Z 1
0

ˆ1
�
z
1
2�

1
2

�
ˆ2
�
z
2
3�

1
3

�
e�� d�;

for a suitable number c 2 Q to be determined.
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Lemma 11.4.1. We have c D 1.

Proof. Along the locus of small quantum cohomology, the J -function of Pn�1 is

JPn�1.ı/ D e
ı
„

1X
dD0

Qdedt
1�Qd

kD1.H C k„/
�n ; ı D tH;

whereH 2 H 2.Pn�1;C/ denotes the hyperplane class. It follows that the I -function
IP1�P2;F1 equals

IP1�P2;F1.ı1 ˝ 1C 1˝ ı2/

D e
ı1
„ ˝ e

ı2
„ �

X
d1;d2>0

Qd1
1 Qd2

2

et
1d1�Qd1

kD1
.H1 C k„/

�2 ˝ et
2d2�Qd2

kD1
.H2 C k„/

�3
�

d1Cd2Y
jD1

.H1 ˝ 1C 1˝H2 C j„/

D 1C
1

„

�
Qd1
1 e

t1
C ı1 ˝ 1C 1˝ ı2

�
CO

�
1

„2

�
;

where we set:

• H1 2 H
2.P1;C/ and H2 2 H 2.P2;C/ are the hyperplane classes,

• ı1 D t
1H1 and ı2 D t2H2 with t1; t2 2 C,

• Qi D Qˇi , ˇi being the dual homology class of Hi , for i D 1; 2.

In the notations of Proposition 5.3.5, we have H.ı1 ˝ 1C 1˝ ı2/ D Qd1
1 e

t1 . The
number c equals

c D H.0/jQD1 D 1:

For brevity, in all the remaining part of this section, we will simply write L to
denote the Laplace .1; 2I 1

2
; 1
3
/-multitransform.

11.4.1 The subspace H

The space �.P1/˝ �.P2/ has dimension 6. We are going to identify a subspace H of
dimension 4 which is isomorphically mapped to the space �.F1/ via the operator P .

Theorem 11.4.2. Let ˆ1.z/ and ˆ2.z/ be two solutions of the quantum differential
equations of P1 and P2, respectively, namely

#2ˆ1.z/ D 4z
2ˆ1.z/; #3ˆ2.z/ D 27z

3ˆ2.z/:

The function
ˆ.z/ WD e�zL Œˆ1; ˆ2I z�
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is a solution of the quantum differential equation of F1 if the following vanishing
conditions are satisfied:

D1Œˆ1; ˆ2I z� D 0; D2Œˆ1; ˆ2I z� D 0;

where

D1Œˆ1; ˆ2I z� WD 2z
2L Œ#ˆ1; ˆ2I z� �

2

9
L Œ#ˆ1; #

2ˆ2I z�

C
4

9
zL Œˆ1; #

2ˆ2I z�;

D2Œˆ1; ˆ2I z� WD z
3L Œˆ1; ˆ2I z� �

z2

3
L Œˆ1; #ˆ2I z�

�
z

9
L Œˆ1; #

2ˆ2I z�C
z

6
L Œ#ˆ1; #ˆ2I z�:

Proof. Let us look for solutions of equation (11.2.1) in the form

ˆ.z/ D e�zL.1;2I 12 ;
1
3 /
Œˆ1; ˆ2I z�;

where ˆ1 and ˆ2 are solutions of the quantum differential equation for P1 and P2,
respectively, that is,

#2ˆ1 D 4z
2ˆ1; (11.4.1)

#3ˆ2 D 27z
3ˆ2: (11.4.2)

Given arbitrary functions f and g, we have

L Œs2f .s/; g.s/I z� D z

²
L Œf .s/; g.s/I z�C

1

2
L Œ#sf .s/; g.s/I z�

C
1

3
L Œf .s/; #sg.s/I z� � 	.f; g/

³
;

with
	.f; g/ WD � � f .z

1
2�

1
2 /g.z

2
3�

1
3 /e��

ˇ̌�D1
�D0

: (11.4.3)

Applying the previous identity to ˆ1 and ˆ2, and using equations (11.4.1)–(11.4.2),
we deduce the following identities:

L Œ#2ˆ1; ˆ2I z� D 4z

²
L Œˆ1; ˆ2I z�C

1

2
L Œ#ˆ1; ˆ2I z�

C
1

3
L Œˆ1; #ˆ2I z�

³
CR1;

L Œ#3ˆ1; ˆ2I z� D 8.z C z
2/L Œˆ1; ˆ2I z�C .8z C 4z

2/L Œ#ˆ1; ˆ2I z�

C
8

3
.z C z2/L Œˆ1; #ˆ2I z�

C
4

3
zL Œ#ˆ1; #ˆ2I z�CR2;
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L Œ#4ˆ1; ˆ2I z� D 16.z C 4z
2
C z3/L Œˆ1; ˆ2I z�

C 8.3z C 5z2 C z3/L Œ#ˆ1; ˆ2I z�

C
16

3
.z C 5z2 C z3/L Œˆ1; #ˆ2I z�

C
16

3
.z C z2/L Œ#ˆ1; #ˆ2I z�

C
16

9
z2L Œˆ1; #

2ˆ2I z�CR3;

L Œˆ1; #
3ˆ2I z� D 27z

2

²
L Œˆ1; ˆ2I z�C

1

2
L Œ#ˆ1; ˆ2I z�

C
1

3
L Œˆ1; #ˆ2I z�

³
CR4;

L Œˆ1; #
4ˆ2I z� D

9

2
z2
°
18L Œˆ1; ˆ2I z�C 12L Œˆ1; #ˆ2I z�

C 2L Œˆ1; #
2ˆ2I z�C 9L Œ#ˆ1; ˆ2I z�

C 3L Œ#ˆ1; #ˆ2I z�
±
CR5;

L Œ#ˆ1; #
3ˆ2I z� D 54z

3L Œˆ1; ˆ2I z�C 27.z
2
C z3/L Œ#ˆ1; ˆ2I z�

C 18z3L Œˆ1; #ˆ2I z�

C 9z2L Œ#ˆ1; #ˆ2I z�CR6;

L Œ#2ˆ1; #
2ˆ2I z� D 36z

3L Œˆ1; ˆ2I z�C 18z
3L Œ#ˆ1; ˆ2I z�

C 12z3L Œˆ1; #ˆ2I z�C 4zL Œˆ1; #
2ˆ2I z�

C 2zL Œ#ˆ1; #
2ˆ2I z�CR7;

L Œ#3ˆ1; #ˆ2I z� D 8.z C z
2/L Œˆ1; #ˆ2I z�

C .8z C 4z2/L Œ#ˆ1; #ˆ2I z�

C
8

3
.z C z2/L Œˆ1; #

2ˆ2I z�

C
4

3
zL Œ#ˆ1; #

2ˆ2I z�CR8;

L Œ#2ˆ1; #ˆ2I z� D 4z

²
L Œˆ1; #ˆ2I z�C

1

2
L Œ#ˆ1; #ˆ2I z�

C
1

3
L Œˆ1; #

2ˆ2I z�

³
CR9;

where Rj with j D 1; : : : ; 9 denote some negligible boundary terms due to the cumu-
lations of terms like (11.4.3). Using these identities, after some computations, we can
rewrite the quantum differential equation (11.2.1) as follows:

.�72C 1674z C 283z2/D1Œˆ1; ˆ2�C .36C 724z C 4811z
2/D2Œˆ1; ˆ2� D 0:
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An explicit computation shows that D1Œˆ1; ˆ2I z� and D2Œˆ1; ˆ2I z� have the
following expansions:

D1Œˆ1; ˆ2I z� D ‚1.z/ log3 z C‚2.z/ log2 z C‚3.z/ log z C‚4.z/;

D2Œˆ1; ˆ2I z� D ƒ1.z/ log3 z Cƒ2.z/ log2 z Cƒ3.z/ log z Cƒ4.z/;

where the functions ‚i .z/ and ƒi .z/ are of the form

‚i .z/ D

1X
mD0

1X
nD0

.mC n/Š

.mŠ/2.nŠ/3

�
A
.i/
1 .m; n/CA

.i/
2 .m; n/z

CA
.i/
3 .m; n/z

2
�
zmC2n; (11.4.4)

ƒi .z/ D

1X
mD0

1X
nD0

.mC n/Š

.mŠ/2.nŠ/3

�
B
.i/
1 .m; n/CB

.i/
2 .m; n/z

CB
.i/
3 .m; n/z

2
�
zmC2nC1 (11.4.5)

for i D 1; 2; 3; 4. See Appendix B for the explicit expressions of the coefficients A
.i/
j

and B
.i/
j .

Lemma 11.4.3. For allm; n > 1 and i D 1; 2; 3; 4, the following identities hold true:

.mC n/A
.i/
1 .m; n/Cm

2A
.i/
1 .m � 1; n/C n

3A
.i/
1 .m; n � 1/ D 0; (11.4.6)

.mC n/B
.i/
1 .m; n/Cm

2B
.i/
1 .m � 1; n/C n

3B
.i/
1 .m; n � 1/ D 0; (11.4.7)

A
.i/
1 .m; 0/CmA

.i/
2 .m � 1; 0/ D 0; (11.4.8)

B
.i/
1 .m; 0/CmB

.i/
2 .m � 1; 0/ D 0; (11.4.9)

A
.i/
1 .0; n/C n

2A
.i/
3 .0; n � 1/ D 0; (11.4.10)

B
.i/
1 .0; n/C n

2B
.i/
3 .0; n � 1/ D 0: (11.4.11)

Proof. The reader can check the validity of these identities using the explicit expres-
sions in Appendix B, equations (11.3.4), (11.3.5), (11.3.7), (11.3.8), (11.3.9), and the
following identities (see e.g. [64]):

 .k/.z C 1/ D  .k/.z/C
.�1/kkŠ

zkC1
; k > 0;

 .0/.n/ D Hn�1 � ; n > 1;  .z/ WD
� 0.z/

�.z/
:

Theorem 11.4.4. Let ˆ1.z/ 2 �.P1/; ˆ2.z/ 2 �.P2/ be as in equations (11.3.3)
and (11.3.6), respectively. Then the function ˆ.z/ WD e�zL Œˆ1; ˆ2I z� is a solution
of the qDE of F1 if

A0;0B0;0 D 0; 4A0;1B0;0 D 3A0;0B0;1: (11.4.12)



Dubrovin conjecture for Hirzebruch surfaces F2kC1 90

Proof. Let us rearrange the double series (11.4.4) as follows:

‚i .z/ D

´
A
.i/
1 .0; 0/C

1X
mD1

1X
nD1

.mC n/Š

.mŠ/2.nŠ/3
A
.i/
1 .m; n/z

mC2n

„ ƒ‚ …
.?/

C

1X
mD1

1

mŠ
A
.i/
1 .m; 0/z

m

„ ƒ‚ …
.??/

C

1X
nD1

1

.nŠ/2
A
.i/
1 .0; n/z

2n

„ ƒ‚ …
.???/

C

1X
mD0

1X
nD1

.mC n/Š

.mŠ/2.nŠ/3
A
.i/
2 .m; n/z

1CmC2n

„ ƒ‚ …
.?/

C

1X
mD0

1

mŠ
A
.i/
2 .m; 0/z

1Cm

„ ƒ‚ …
.??/

C

1X
mD1

1X
nD0

.mC n/Š

.mŠ/2.nŠ/3
A
.i/
3 .m; n/z

2CmC2n

„ ƒ‚ …
.?/

C

1X
nD0

1

.nŠ/2
A
.i/
3 .0; n/z

2C2n

„ ƒ‚ …
.???/

µ
;

where

(1) the .?/-labelled summands cancel by equation (11.4.6),

(2) the .??/-labelled summands cancel by equation (11.4.8),

(3) the .???/-labelled summands cancel by equation (11.4.10).

The proof for ƒi .z/ is identical.

Definition 11.4.5. Let H denote the four-dimensional subspace of �.P1/˝ �.P2/
defined by the linear equations (11.4.12).

Corollary 11.4.6. The space H is isomorphic to the space of solutions �.F1/ via the
operator P .

11.4.2 Bases of �.P1/

Define

g.z/ WD
1

2�i

Z
L1

�

�
s

2

�2
z�s ds; (11.4.13)
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where L1 is a (positively oriented) parabola Re s D �c � .Im s/2 C c0, for suitable
c; c0 2 RC so that it encircles all the poles of the integrand at s 2 2Z60. It is easy to
see that the integral in (11.4.13) converges for all z 2 fC� and that its value does not
depend on the particular choice of c; c0.

Proposition 11.4.7. The functions g.e�i�z/ and g.z/ define a basis of solutions of
the qDE of P1.

Define the bases .g1.z/; g2.z// and .s1.z/; s2.z// of �.P1/ by�
g1.z/

g2.z/

�
DM1

�
g.e��iz/

g.z/

�
;

�
s1.z/

s2.z/

�
DM2

�
g.e��iz/

g.z/

�
;

where

M1 WD

 
�
i
4�

i.Ci�/
4�

i
4�

�
i
4�

!
; M2 WD

�
�1 2

0 1

�
:

Lemma 11.4.8. For z ! 0, the following asymptotic expansions hold true:

g1.z/ D log z CO.z2 log z/;

g2.z/ D 1CO.z
2 log z/:

Proof. The proof is a simple computation of residues: by modifying the paths of
integration L1, one obtains the asymptotic expansions of g as a sum of residues of
the integrand.

Lemma 11.4.9. We have

g.z/ �
2�

1
2

z
1
2

e�2z; z !1;

in the sector jarg zj < 3
2
� .

Proof. The estimate follows from application of steepest descent method.

11.4.3 Bases of �.P2/

Define

h.z/ WD
1

2�i

Z
L2

�

�
s

3

�3
e
�is
3 z�s ds; (11.4.14)

where L2 is a (positively oriented) parabola Re s D �c � .Im s/2 C c0, for suitable
c; c0 2 RC so that it encircles all the poles of the integrand at s 2 3Z60. It is easy to
see that the integral in (11.4.14) converges for all z 2 fC� and that its value does not
depend on the particular choice of c; c0.

Proposition 11.4.10. The functions h.e�
2i�
3 z/; h.z/; h.e

2i�
3 z/ define a basis of solu-

tions of the qDE of P2.
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Define the bases .h1.z/; h2.z/; h3.z// and .p1.z/; p2.z/; p3.z// of �.P2/ by0B@h1.z/h2.z/

h3.z/

1CA D N1
0B@h.e

� 2i�3 z/

h.z/

h.e
2i�
3 z/

1CA ;
0B@p1.z/p2.z/

p3.z/

1CA D N2
0B@h.e

� 2i�3 z/

h.z/

h.e
2i�
3 z/

1CA ; (11.4.15)

where

N1 WD

0BB@
�182��2

216�2
�182�24i�C7�2

216�2
182C12i�C5�2

108�2



12�2
3C2i�

36�2
�3�i�

18�2

�
1

12�2
�

1
12�2

1
6�2

1CCA ;

N2 WD

0@�1 3 �3

0 1 0

0 0 �1

1A :
The basis .p1; p2; p3/ will be studied later, in Section 11.7, where it will be used
to construct Stokes bases of solutions. We now focus on the properties of the basis
.h1; h2; h3/.

Lemma 11.4.11. For z ! 0, the following asymptotic expansions hold true:

h1.z/ D log2 z CO.z3 log2 z/;

h2.z/ D log z CO.z3 log2 z/;

h3.z/ D 1CO.z
3 log2 z/:

Proof. The proof is a simple computations of residues: by modifying the paths of
integration L2, one obtains the asymptotic expansions of h as a sum of residues of
the integrand.

Lemma 11.4.12. We have

h.z/ � e�
5
3�i

p
3

z
exp

�
3e

2�i
3 z

�
; z !1;

in the sector �� < arg z < 5
3
� .

Proof. The estimate follows from the steepest descent method.

11.5 Basis of solutions ‡ of �.F1/

Theorem 11.5.1. The tensors

1

3
g1 ˝ h2 C

1

4
g2 ˝ h1; g1 ˝ h3; g2 ˝ h2; g2 ˝ h3 (11.5.1)

define a basis of the subspace H .
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Proof. Each of the vectors given in (11.5.1) satisfy the constraints (11.4.12), by Lem-
mata 11.4.8 and 11.4.11.

Corollary 11.5.2. The functions

‡1 WDP

�
1

3
g1 ˝ h2 C

1

4
g2 ˝ h1

�
;

‡2 WDP.g1 ˝ h3/;

‡3 WDP.g2 ˝ h2/;

‡4 WDP.g2 ˝ h3/

define a basis of solutions of the qDE of F1.

Remark 11.5.3. Explicit double Mellin–Barnes integral representations of solutions
‡1; : : : ; ‡4 can be obtained: for any j; k we have

P
�
g.e�kiz/˝ h

�
e
2�ji
3 z

��
D

e�z

.2�i/2

Z
L1�L2

�

�
s

2

�2
�

�
t

3

�3
�

�
1 �

s

2
�
t

3

�
� e��iksC

�i
3 t.1�2j /z�

s
2�

2t
3 dt ds:

The functions ‡i are linear combinations of the integrals above, in accordance with
Theorem 7.4.2.

11.6 Asymptotics of Laplace .1; 2I 1
2
; 1
3
/-multitransforms

Consider the integral

	.z/ WD

Z 1
0

ˆ1.z
1
2�

1
2 /ˆ2.z

2
3�

1
3 /e�� d�;

where
ˆ1.z/ D z

D1 exp.zu1/; ˆ2.z/ D z
D2 exp.zu2/;

with D1;D2; u1; u2 2 C. The integral 	.z/ is convergent for all z 2 fC�.
Set z D rei� with r > 0, and change variable of integration � D ˛z:

	.z/ D z1CD1CD2
Z e�i�1

0

˛
D1
2 C

D2
3 exp

®
z.�˛ C u1˛

1
2 C u2˛

1
3 /
¯
d˛:

Change variable ˛ D ˇ6, by taking the principal determination of the sixth root:

	.z/D 6z1CD1CD2
Z e
� i�
6 1

0

ˇ5C3D1C2D2 exp
®
z.�ˇ6Cu1ˇ

3
Cu2ˇ

2/
¯
dˇ: (11.6.1)
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Define
f .ˇIu1; u2/ WD �ˇ

6
C u1ˇ

3
C u2ˇ

2 for ˇ 2 C;

and consider the z-dependent downward flow in the ˇ-plane defined by

dˇ

dt
D �z

@f

@ˇ
;

dˇ

dt
D �z

@f

@ˇ
: (11.6.2)

The equilibria points ˇc are the critical points of f , that is,

@f

@ˇ

ˇ̌̌̌
ˇDˇc

D 0:

For a fixed z, we associate to each critical point ˇc a curve Lc , a Lefschetz thimble,
defined as the set-theoretic union of the trajectories of the flow (11.6.2) starting at ˇc
for t ! �1. Morse and Picard–Lefschetz theory guarantee that the cycles Lc are
smooth one-dimensional submanifolds of C, piecewise smoothly dependent on the
parameter z, and they represent a basis for the inverse limit of relative homology
groups

lim
 �
T

H1.C;CT;z/; CT;z WD ¹ˇ 2 C W Re.zf .ˇIu1; u2// < �T º; T 2 RC:

Lemma 11.6.1. The Lefschetz thimble Lc is the steepest descent path at ˇc: the func-
tion t 7! Im.zf .ˇIu1; u2// is constant on Lc and the function t 7!Re.zf .ˇIu1; u2//
is strictly decreasing along the flow.

Proof. We have

d

dt
ŒIm.zf /� D

�
dˇ

dt

@

@ˇ
C
dˇ

dt

@

@ˇ

��
zf � zf

2i

�
D 0;

d

dt
ŒRe.zf /� D

�
dˇ

dt

@

@ˇ
C
dˇ

dt

@

@ˇ

��
zf C zf

2

�
D �

ˇ̌̌̌
z
@f

@ˇ

ˇ̌̌̌2
:

We are interested in the following cases, by Lemmata 11.4.9 and 11.4.12:

u1 D ˙2; u2 D 3�
k
3 ; �3 WD exp

2�i

3
; k D 0; 1; 2: (11.6.3)

For any possible pair .u1; u2/, define ˇC as the critical point of f .ˇIu1; u2/ with
maximal real part (the bold one in Table 11.1).

Lemma 11.6.2. We have

	.z/ � 6z
1
2CD1CD2ˇ

5C2D1C3D2
C

�
2�

9u1ˇC C 8u2

� 1
2

exp z.�ˇ6C C u1ˇ
3
C C u2ˇ

2
C/

for jzj ! 1 in the sector jarg z � argf .ˇC/j < � .
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u1 u2 ˇc f .ˇc/ f .ˇc/�1

2 3 �0:724492 0:6695 �0:3305

2 3 0: 0: �1:

2 3 1:22074 4:7996 3:7996

2 3 �0:248126�1:03398i �1:23455C1:94071i �2:23455C1:94071i

2 3 �0:248126C1:03398i �1:23455�1:94071i �2:23455�1:94071i

2 3e
2i�
3 0: 0: �1:

2 3e
2i�
3 �0:771392�0:731875i �1:23455�1:94071i �2:23455�1:94071i

2 3e
2i�
3 �0:610372C1:0572i 4:7996 3:7996

2 3e
2i�
3 0:362246�0:627428i 0:6695 �0:3305

2 3e
2i�
3 1:01952C0:302108i �1:23455C1:94071i �2:23455C1:94071i

2 3e�
1
3 .2i�/ 0: 0: �1:

2 3e�
1
3 .2i�/ �0:771392C0:731875i �1:23455C1:94071i �2:23455C1:94071i

2 3e�
1
3 .2i�/ �0:610372�1:0572i 4:7996 3:7996

2 3e�
1
3 .2i�/ 0:362246C0:627428i 0:6695 �0:3305

2 3e�
1
3 .2i�/ 1:01952�0:302108i �1:23455�1:94071i �2:23455�1:94071i

�2 3 �1:22074 4:7996 3:7996

�2 3 0: 0: �1:

�2 3 0:724492 0:6695 �0:3305

�2 3 0:248126�1:03398i �1:23455�1:94071i �2:23455�1:94071i

�2 3 0:248126C1:03398i �1:23455C1:94071i �2:23455C1:94071i

�2 3e
2i�
3 0: 0: �1:

�2 3e
2i�
3 �1:01952�0:302108i �1:23455C1:94071i �2:23455C1:94071i

�2 3e
2i�
3 �0:362246C0:627428i 0:6695 �0:3305

�2 3e
2i�
3 0:610372�1:0572i 4:7996 3:7996

�2 3e
2i�
3 0:771392C0:731875i �1:23455�1:94071i �2:23455�1:94071i

�2 3e�
1
3 .2i�/ 0: 0: �1:

�2 3e�
1
3 .2i�/ �1:01952C0:302108i �1:23455�1:94071i �2:23455�1:94071i

�2 3e�
1
3 .2i�/ �0:362246�0:627428i 0:6695 �0:3305

�2 3e�
1
3 .2i�/ 0:610372C1:0572i 4:7996 3:7996

�2 3e�
1
3 .2i�/ 0:771392�0:731875i �1:23455C1:94071i �2:23455C1:94071i

Table 11.1. For any possible value of the pair .u1; u2/, we list the corresponding critical
points ˇc of the function f .ˇIu1; u2/, and the corresponding critical values f .ˇc/. Notice
that the numbers f .ˇc/ � 1, with ˇc ¤ 0, equal all possible values of the canonical coordi-
nates x1; x2; x3; x4 at the origin of QH�.F1/. In bold, we represent the critical point ˇC with
maximal real part.
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Proof. After choosing an orientation for each Lefschetz thimble, the path of integra-
tion z � e�i

�
6 �RC, defining the function 	 in equation (11.6.1), can be expressed

as integer combination, z D
P5
jD1 nj .z/Lj with nj 2 Z, of the thimbles Lc for

any value of z not on a Stokes ray Rij , defined by

Rij WD
®
z 2 fC� W z D r.f .ˇc;i / � f .ˇc;j //; r 2 RC

¯
; i; j D 1; : : : ; 5;

where ˇc;i are the critical points of (11.6.2). If we let z vary, the Lefschetz thimbles
change. When z crosses a Stokes ray Rij , Lefschetz thimbles jump discontinuously:
in particular, for z on a Stokes ray there exists a flow line of (11.6.2) connecting two
critical points ˇc . A detailed analysis of the phase portrait of the flow (11.6.2), for
each pair .u1; u2/ as in (11.6.3), shows that in the sector jarg z � argf .ˇC/j < �
we have z D ˙LˇC ˙L1

0 ˙L0, where L1
0 is only one half of the Lefschetz thim-

ble L0, and L0 denotes the sum of Lefschetz thimbles attached to other critical
points ˇc . Hence, we have three contributions in the asymptotics of 	.z/: one from
the integration along LˇC , one from other critical points, the last one from the inte-
gration along L1

0. The last two contributions are easily seen to be negligible with
respect to the first one. So, by the steepest descent method, we obtain the estimate

	.z/ � ˙6z
1
2CD1CD2ˇ

5C2D1C3D2
C

�
�

2�

f 00.ˇC/

� 1
2

exp zf .ˇC/:

See Figure 11.1.

Remark 11.6.3. Note that the arbitrariness of the orientations of the Lefschetz thim-
bles can be incorporated in the choice of the entries of the ‰-matrix. Consequently,
it will affect the monodromy data by the action of the group .Z=2Z/4.

Proposition 11.6.4. Let now ˆ1; ˆ2 be two functions with asymptotic expansions

ˆ1.z/ � z
D1 exp.zu1/; ˆ2.z/ � z

D2 exp.zu2/ (11.6.4)

for jzj ! 1 in the sectors

A1 < arg z < B1; A2 < arg z < B2; (11.6.5)

respectively. We have

L.1;2I 12 ;
1
3 /
Œˆ1; ˆ2I z� � Cz

1
2CD1CD2 exp z.�ˇ6C C u1ˇ

3
C C u2ˇ

2
C/;

where

C WD 6ˇ
5C2D1C3D2
C

�
2�

9u1ˇC C 8u2

� 1
2

;

for jzj ! 1 in the sector A0 < arg z < B 0, where

A0 WD max
®
A1 � 3 argˇC; A2 � 2 argˇC; argf .ˇC/ � �

¯
;

B 0 WD min
®
B1 � 3 argˇC; B2 � 2 argˇC; argf .ˇC/C �

¯
:

(See Table 11.2.)
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Figure 11.1. In this figure we represent the downward flow (11.6.2) and the mutations of Lef-
schetz thimbles for jzj D 105, and jarg z � argf .ˇC/j < � for the pair .u1; u2/ D .2; 3e

4�i
3 /.

Lefschetz thimbles are in red. The path of integration in equation (11.6.1) is drawn in green.
To be continued on the next page.
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Figure 11.1 (continued). Notice that, for a certain range of values of arg z, there is also a contri-
bution in the asymptotic expansion coming from a third critical point. Such a term is negligible,
since it is dominated by the exponential term from the critical point ˇC.

u1 u2 A0 B 0

2 3 �� �
3

2 3e
2�i
3 �3:71775 0:471036

2 3e
4�i
3 �1:00423 1:62336

�2 3 �� �
3

�2 3e
2�i
3 �1:00423 �0:706554

�2 3e
4�i
3 �1:62336 1:00423

Table 11.2. In this table we represent the values A0 and B 0 predicted in Proposition 11.6.4 for
all possible values of u1 and u2.
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Proof. The statement follows by application of the steepest descent path method and
Lemma 11.6.2. Notice that the sector A0 < arg z < B 0 is chosen so that the critical
point of the logarithm of the integrand lies in the region (11.6.5) of validity of the
asymptotic expansions (11.6.4).

11.7 Stokes basis of the qDE of F1

Set
sij WD si ˝ pj 2 �.P1/˝ �.P2/

for i D 1; 2 and j D 1; 2; 3. See equation (11.4.15).

Theorem 11.7.1. The following linear combinations of the tensors sij define a basis
of H :

s11 � 5s22 � 6s23; s12 C s23; s13 � s22 � 2s23; s21 � 4s22 � 5s23:

Proof. Define the column vectors

• g D .g1; g2/
T and s D .s1; s2/T , bases of �.P1/,

• h D .h1; h2; h3/
T and p D .p1; p2; p3/T , bases of �.P2/, respectively.

In what follow we denote by A˝ B the Kronecker tensor product of two matrices A
and B . Hence we denote

• by g ˝ h the basis .gi ˝ hj /i;j of �.P1/˝ �.P2/,

• by s˝ p the basis .si ˝ pj /i;j of �.P1/˝ �.P2/.

We have
g ˝ h D Œ.M1M

�1
2 /˝ .N1N

�1
2 /�s˝ p; (11.7.1)

where we represent the basis g ˝ h and s˝ p as column vectors. Multiply on the
left both sides of (11.7.1) by the matrix

E1 WD

0BBBBBBB@

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 1
3

0 1
4

0 0

0 0 0 0 1 0

0 0 0 0 0 1

1CCCCCCCA
:

We thus obtain the relation

s˝ p D X

0BBBBBBB@

g1 ˝ h1

g1 ˝ h2

g1 ˝ h3
1
3
g1 ˝ h2 C

1
4
g2 ˝ h1

g2 ˝ h2

g2 ˝ h3

1CCCCCCCA
; (11.7.2)
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where X is the matrix

X D Œ.M1M
�1
2 /˝ .N1N

�1
2 /��1E�11

D

0BBBBBBB@

54 36. C 11i�/ � � � �

�54 �36. C i�/ � � � �

54 36. C 3i�/ � � � �

54 36. C 9i�/ � � � �

�54 �36. � i�/ � � � �

54 36. C i�/ � � � �

1CCCCCCCA
:

Multiply on the left each sides of (11.7.2) by the matrix

E2 D

0BBBBBBB@

1 0 0 0 �5 �6

0 1 0 0 0 1

0 0 1 0 �1 �2

0 0 0 1 �4 �5

0 0 0 0 1 1

0 0 0 0 0 1

1CCCCCCCA
:

We obtain 0BBBBBBB@

s11 � 5s22 � 6s23

s12 C s23

s13 � s22 � 2s23

s21 � 4s22 � 5s23

s22 C s23

s23

1CCCCCCCA
D E2X

0BBBBBBB@

g1 ˝ h1

g1 ˝ h2

g1 ˝ h3
1
3
g1 ˝ h2 C

1
4
g2 ˝ h1

g2 ˝ h2

g2 ˝ h3

1CCCCCCCA
;

and we have

E2X D

0BBBBBBB@

0 0

0 0 C1

0 0

0 0

0 72i� � � � �

54 36. C i�/ � � � �

1CCCCCCCA
: (11.7.3)

This proves the claim.

Remark 11.7.2. The matrix C1 in equation (11.7.3) is0BBB@
24.�3i �2�/� �216i� 36�.�5iC9�/ 3�.�42i2C92�C17i�2/

72i� 216i� 36�.5iC�/ 3�.42i2C12�� i�2/

�72i� �216i� 36�.�5iC�/ 3�.�42i2C12�C i�2/

�48�2 0 0 �48�2

1CCCA :
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Corollary 11.7.3. The functions

˙1 WDP.s11 � 5s22 � 6s23/; ˙2 WDP.s12 C s23/;

˙3 WDP.s13 � s22 � 2s23/; ˙4 WDP.s21 � 4s22 � 5s23/

define a basis of solutions of the qDE of F1.

Proposition 11.7.4. The Stokes basis „R of H od
0 on the sector …R."/ can be recon-

structed, using formulas (11.2.2)–(11.2.5), from a basis ˙� of solutions of the qDE
of F1 of the form

�1˙2; �2˙3C�3˙2; �4˙4C�5˙3C�6˙2; �7˙1C�8˙4C�9˙3C�10˙2;

for a suitable choice of the coefficients �j 2 C, with j D 1; : : : ; 10.

Proof. The canonical coordinates x1; x2; x3; x4 are in lexicographical order with
respect to a line of slope " > 0 sufficiently small. The functions above have the
expected exponential growth exp.xiz/ in the sector …R."/ defined by an oriented
line of slope ". This follows from the data in Tables 11.1 and 11.2, and from the
configuration of the Stokes rays Rij WD ¹�r

p
�1.xi � xj /W r 2 RCº: these are given

by
R12 D ¹arg z D �º; R13 D ¹arg z D 2:36573º;

R14 D ¹arg z D 1:88197º; R23 D ¹arg z D 0:775863º;

R24 D ¹arg z D 1:25962º; R34 D

²
arg z D

�

2

³
;

see Figure 11.2.

Remark 11.7.5. Notice that, according to Proposition 11.6.4, the function ˙3 has
the expected exponential growth exp.zx2/ in the sector in which this is minimal with
respect to the dominance relation, i.e. in which it is dominated by any other exponen-
tial exp.zx1/; exp.zx3/; exp.zx4/. Hence, we expect that �3 D 0.

�
3

R12

R13

R14
R23

R24R34

Figure 11.2. From the left to the right: Stokes rays corresponding to the origin of the quantum
cohomology of P1, P2, and F1, respectively.
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11.8 Computation of the central connection and Stokes matrices

Denote by H 000 the system of differential equations H od
0 specialized at 0 2 QH �.F1/.

Consider the fundamental system of solutions of H 000

„‡ .z/ WD

 
z‡1.z/ z‡2.z/ z‡3.z/ z‡4.z/
:::

:::
:::

:::

!
;

reconstructed from the basis .‡1; ‡2; ‡3; ‡4/ of the qDE of F1 (see Corollary 11.5.2)
by formulas (11.2.2)–(11.2.5).

Proposition 11.8.1. We have

„‡ .z/ D „top.z/ � C0;

where

C0 WD

0BBBB@
1
18

0 0 0

�

18

1
2

0 0

�

18

�
1
2

1
3

0

62C�2

72
�

2
�

3

1

1CCCCA : (11.8.1)

Proof. From Lemmata 11.4.8 and 11.4.11, we can compute the asymptotic expan-
sions of ‡i .z/ for z ! 0. We have

‡1.z/ D
1

72

�
16 log2.z/ � 20 log.z/C 62 C �2

�
C

1

18
z.log.z/ �  � 2/

C
1

72
z2
�
16 log2.z/�20 log.z/�17 log.z/C62C�2C13C2

�
C

z3

1944

�
432 log2.z/ � 540 log.z/ � 750 log.z/C 1622

C 27�2 C 426 C 311
�
C � � � ;

‡2.z/ D
1

2
.log.z/ � / �

z

2
C
1

8
z2.4 log.z/ � 4 C 5/

C
1

36
z3.18 log.z/ � 18 � 37/

C
1

192
z4.24 log.z/ � 24 C 13/C � � � ;

‡3.z/ D �


3
C
2 log.z/
3

C
z

3
C

1

12
z2.8 log.z/ � 4 � 9/

C
1

54
z3.36 log.z/ � 18 � 17/

C
1

288
z4.48 log.z/ � 24 � 49/C � � � ;

‡4.z/ D 1C z
2
C z3 C

z4

4
C � � � :
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After some computations, one finds the first terms of the asymptotic expansion of
„‡ .z/ for z ! 0:

„‡ .z/ D

0BBBBB@
z.16 log2.z/�20 log.z/C62C�2/

72
z.log.z/�/

2
z.2 log.z/�/

3
z

log.z/
6
�

9

0 1
3

0

log.z/
9
C

z.log.z/��1/
18

�

18

1
2
�
z
2

z
3

0

z.2 log.z/��1/
18

C
1
18z

z
2

0 0

1CCCCCAC h.o.t.

The leading term of the asymptotic expansion of „top.z/ for z ! 0 is

„top.z/ D �z
�zR C h.o.t.

D

0BBB@
4z log2.z/ 3z log.z/ 2z log.z/ z

3 log.z/ 1 1 0

2 log.z/ 1 0 0
1
z

0 0 0

1CCCAC h.o.t.;

where � D diag.�1; 0; 0; 1/ and R is the operator of [-multiplication by c1.F1/ on
H �.F1;C/, that is,

R D

0BB@
0 0 0 0

2 0 0 0

1 0 0 0

0 3 2 0

1CCA :
By comparison of the leading terms of the asymptotic expansions of „‡ and „top,
one obtains the matrix C0 in formula (11.8.1).

Theorem 11.8.2. The central connection and Stokes matrices at 0 2 QH �.F1/, com-
puted with respect to an admissible oriented line of slope " > 0 sufficiently small,
equal

C D

0BBBB@
1
2�

�
1
2�

1
2�

�
1
2�


�

�

�

i C 
�

�i � 
�

1
2

�
�i C 

�

�
�
Ci�
2�

1
2

�
�i C 

�

�
�
Ci�
2�


�
�i C 2

�

�

�
�i � 2

�

�
2.Ci�/

�
�
2.Ci�/2

�

1CCCCA ; (11.8.2)

S D

0BB@
1 2 �1 �3

0 1 1 �1

0 0 1 2

0 0 0 1

1CCA : (11.8.3)

Proof. Denote

• by„� the fundamental system of solutions of H 000 constructed from the basis˙�
of Proposition 11.7.4,
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• by „˙ the fundamental system of solutions of H 000 constructed from the basis ˙
of Corollary 11.7.3.

We have

„� D „˙ �

0BB@
0 0 0 �7
�1 �3 �6 �10
0 �2 �5 �9
0 0 �4 �8

1CCA D „‡…TC T1

0BB@
0 0 0 �7
�1 �3 �6 �10
0 �2 �5 �9
0 0 �4 �8

1CCA ;
where C1 is as in Remark 11.7.2 and

… WD

0BB@
0 1 0 0

1 0 0 0

0 0 1 0

0 0 0 1

1CCA :
Thus, we obtain

„� D „topC�; C� WD C0…
TC T1

0BB@
0 0 0 �7
�1 �3 �6 �10
0 �2 �5 �9
0 0 �4 �8

1CCA ;
where C0 is given by (11.8.1). In order to determine the values of � for which „� is
the Stokes basis, let us compute the product

C T� �e
�i�e�iRC�: (11.8.4)

If „� is the Stokes basis, then the matrix above is the inverse of the Stokes matrix S ,
by equation (4.4.2): in particular, it is an upper triangular matrix with ones along the
main diagonal. An explicit computation gives the following result: the columns of
(11.8.4) are0BB@

�576�4�21
�576�4�1�3
�576�4�1�6

�576�4�1.3�7C�10/

1CCA ;
0BB@

576�4�1.2�2��3/

�576�4.�2��3/
2

�576�4.�3�6C�2.�4C�5�2�6//

576�4.�2.�7��8��9C2�10/��3.3�7C�10//

1CCA ;
0BB@

�576�4�1.�4�2�5C�6/

�576�4.�2�5C�3.�4�2�5C�6//

�576�4.�24C .�5C�6/�4C .�5��6/
2/

�576�4.�6.3�7C�10/C�4.5�7C�8C�10/C�5.��7C�8C�9�2�10//

1CCA ;
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0BB@
576�4�1.6�7��8C2�9��10/

�576�4.�2.6�7C�9/C�3.�6�7C�8�2�9C�10//

�576�4.�5.6�7C�9/C�4.6�7C�8C�9/C�6.�6�7C�8�2�9C�10//

�576�4.13�27C .11�8C5�9�3�10/�7C�
2
8C .�9��10/

2C�8.�9C�10//

1CCA :
The matrix (11.8.4) is upper triangular with ones along the diagonal if and only if

�21 D �
1

576�4
; �22 D �

1

576�4
; �3 D 0; �24 D �

1

576�4
; �5 D ��4;

�6 D 0; �27 D �
1

576�4
; �8 D �2�7; �9 D �3�7; �10 D �3�7:

For the choice �1 D �2 D �4 D �7 D � i
24�2

, we obtain the central connection and
Stokes matrices (11.8.2) and (11.8.3).

Theorem 11.8.3. The central connection matrix of QH �.F2kC1/, computed with
respect to an oriented line of slope " > 0 sufficiently small, and a suitable choice
of the branch of the ‰-matrix, equals

Ck D

0BBBB@
1
2�

�
1
2�

1
2�

�
1
2�


�

�

�

i C 
�

�i � 
�

�2k�i�
2�

�
�2kCi�

2�
�2k�i.2�kC�/C

2�
.2k�1/.Ci�/

2�


�
�i C 2

�

�

�
�i � 2

�

�
2.Ci�/

�
�
2.Ci�/2

�

1CCCCA : (11.8.5)

This is the matrix associated with the morphism

D�F2kC1 WK0.F2kC1/C ! H �.F2kC1;C/;

ŒF � 7!
1

2�
y��F2kC1 [ e

��ic1.F2kC1/ [ Ch.F /;

with respect to

• an exceptional basis E WD .Ei /
4
iD1 of K0.F2kC1/C ,

• the basis .Ti;2kC1/3iD0 of H �.F2kC1;C/.

The exceptional basis E mutates to the exceptional basis�
ŒO�; ŒO.†2kC12 /�; ŒO.†2kC14 /�; ŒO.†2kC12 C†2kC14 /�

�
; (11.8.6)

by application of the following natural transformations:

(1) action of the braid ˇ3ˇ2ˇ1ˇ3ˇ2,

(2) action of the element zJk 2 .Z=2Z/4

zJk WD

´
.�1;�1; .�1/p; .�1/pC1/ if k D 2p;

.�1;�1; .�1/pC1; .�1/pC1/ if k D 2p C 1;

(3) action of the element ˇk3 .
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Proof. Equations (9.3.11) and Proposition 4.5.1 imply equation (11.8.5). The matrix
associated to D�F2kC1 with respect to the basis (11.8.6) is

Ek WD

0BBBB@
1
2�

1
2�

1
2�

1
2�

�i C 
�

�i C 
�


�


�

.1�2k/.�i�/
2�

�2kCi.2�kC�/C
2�

.1�2k/.�i�/
2�

�2kCi.2�kC�/C
2�

2.�i�/2

�
2.�i�/

�

�
�iC2ikC 2

�

�

�
iC2ikC 2

�

�

1CCCCA :

Set C 0
k
WD C

ˇ3ˇ2ˇ1ˇ3ˇ2
k

. We have

.C 0k/
�1Ek D

0BB@
�1 0 0 0

0 �1 0 0

0 0 1 � k �k

0 0 �k �k � 1

1CCA :
It is now easy to see that this is the matrix representing the action of the element
. zJk; ˇ

k
3 / 2 .Z=2Z/

4 ÌB4: the argument is the same as in Step 3 of the proof of
Theorem 10.3.3.


