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LocAL INDEX THEORY AND HIGHER ANALYTIC T'ORSION

JEAN-MICHEL BismuT!

ABSTRACT. In this paper, we report on the construction of secondary
invariants in connection with the Atiyah-Singer index theorem for fami-
lies, and the theorem of Riemann-Roch-Grothendieck. The local families
index theorem plays an important role in the construction.

In complex geometry, the corresponding objects are the analytic torsion
forms and the analytic torsion currents. These objects exhibit natu-
ral functorial properties with respect to composition of maps. Gillet
and Soulé have used these objects to prove a Riemann-Roch theorem in
Arakelov geometry.

Also we state a Riemann-Roch theorem for flat vector bundles, and report
on the construction of corresponding higher analytic torsion forms.
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The purpose of this paper is to report on the construction of certain secondary
invariants which appear in connection with the families index theorem of Atiyah-
Singer [4] and the Riemann-Roch-Grothendieck theorem [7]. These invariants are
refinements of the n invariant of Atiyah-Patodi-Singer [2], and of the Ray-Singer
analytic torsion for de Rham and Dolbeault complexes [50], [51], which are spectral
invariants of the considered manifolds.

Progress in this area was made possible by the development of several related
tools:

e The discovery by Quillen [48] of superconnections.

e A better understanding of local index theory (Getzler [31]) and the proof of
a local families index theorem by the author [9], and of related results by
Berline-Vergne [6], Berline-Getzler-Vergne [5].

e Progress on the theory of determinant bundles, by Quillen [49], Freed and
the author [16], and Gillet, Soulé and the author [17].

e The development of adiabatic limit techniques to study the behaviour of
certain spectral invariants (like the n-invariants of Atiyah-Patodi-Singer [2])
under degenerations, by Cheeger and the author [15], Mazzeo-Melrose [44],
and Dai [29].
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C.N.R.S., URA 1169.
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144 JEAN-MICHEL BismuT

Algebraic geometry gave an essential impetus to the above developments. Ex-
tending earlier work by Arakelov and Faltings, Gillet and Soulé [33],[34] developed
an algebraic formalism which could use as an input results coming from analysis,
and invented the adequate Riemann-Roch-Grothendieck theorem.

Our starting point is the local families index theorem [9], [5]. Let 7 : X — S
be a fibration with compact even dimensional oriented Riemannian spin fibre Z.
Let E be a complex vector bundle on X . Let (DZ?)scs be the associated family
of Dirac operators [3] acting along the fibres Z. Let Ind(D%) € K(S) be the
corresponding index bundle. In [4], Atiyah and Singer proved the index theorem
for families,

(0.1) ch(Ind(D?)) = 7, [A(TZ)ch(E) | in H(S, Q).

In [9], starting from natural geometric data, connections were introduced
on the vector bundles appearing in (0.1), so that by Chern-Weil theory, we can
represent the cohomology classes in (0.1) by differential forms. Using a special case
of a Quillen superconnection [48], the Levi-Civita superconnection [9], a “natural”
family of closed differential forms a;cr, on S was produced, which interpolates
between the differential forms representing the right-hand side of (0.1) (for t — 0)
and the left-hand side of (0.1) (for ¢ — 400, by [6], [5]). Moreover, following
earlier work by Quillen [49], Freed and the author [16] proved a curvature theorem
for smooth determinant bundles associated to a family of Dirac operators. Also
extending earlier work in [16], [27], Cheeger and the author [15] constructed an
odd form on S, 7, which transgresses equation (0.1) at the level of differential
forms. These forms 77 were used to evaluate the “adiabatic” limit of n-invariants
[16], [27], [15].

Let f : X — S be a proper holomorphic map of complex quasiprojective
manifolds, and let E be a holomorphic vector bundle on X. By Riemann-Roch-
Grothendieck [7],

(0.2) TA(TS)ch(f,E) = f.[TA(TX)ch(E)]in H(S, Q).

Assume that 7 : X — S is a holomorphic fibration with compact fibre Z. Let
E be a holomorphic vector bundle on X. Let (2(Z, E|Z),5Z) be the family of
relative Dolbeault complexes along the fibres Z. Let wX be a closed (1,1)-form on
X restricting to a Kihler metric g7# along the fibres Z, and let g be a Hermitian
metric on E. Recall that a holomorphic Hermitian vector bundle is naturally
equipped with a unitary connection, which can be used to calculate Chern-Weil
forms. Assume that Rm,FE is locally free. Let gR’T*E be the Ly metric on Rm.E
one obtains via Hodge theory. In work by Gillet, Soulé and the author [17], and
by Kohler and the author [20], a sum of real (p,p) forms on S was constructed,
the analytic torsion forms T'(w™, g¥), such that the following refinement of (0.2)
holds,
(0.3) %T(wx, 9%) = ch(Rm. B, g"™F) — n, [TA(T Z, g"#)ch(E, g")] .
The forms T'(w™, g¥) also refine the forms 7j of [15]. The component of degree 0 of
T(w*, g¥) is the fibrewise holomorphic Ray-Singer torsion [51] of the considered
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LocAL INDEX THEORY AND HIGHER ANALYTIC TORSION 145

Dolbeault complex, a spectral invariant of the Hodge Laplacians along the fibres. It
was used by Quillen [49] to construct a metric on (det(Rm, E))~!, whose properties
were studied by Quillen [49], and by Gillet, Soulé and the author [17].

At the same time, Gillet and Soulé were pursuing their effort to construct
an intersection theory on arithmetic varieties, in order to formulate a Riemann-
Roch-Grothendieck in Arakelov geometry. In [33], [34], they constructed refined

~

Chow groups CH , and Hermitian K-theory groups K. They used the analytic
torsion forms T'(w™, g¥) to define a direct image in K. From a computation with
Zagier [35] of the analytic torsion of PN equipped with the Fubini-Study metric,
they conjectured a Riemann-Roch-Grothendieck theorem in Arakelov geometry,
where the additive genus associated to an exotic power series R(x) appears as a
correction to the Todd genus Td.

In [11], a secondary characteristic class for short exact sequences of holomor-
phic vector bundles was constructed, which was evaluated in terms of the R class.

In [10], [18], the analogue of the above construction for submersions was car-
ried out for immersions. Namely, let ¢ : ¥ — X be an embedding of complex
manifolds, let F' be a holomorphic vector bundle on Y, and let (E,v) be a reso-
lution of i, F' by a complex of holomorphic vector bundles on X. Under natural
compatibility assumptions on Hermitian metrics g%, ¢, g™v/x, analytic torsion
currents T'(E, g¥) were constructed on X, such that

(04) %T(E7 gE) = Td_l (NY/X7 gNY/X )Ch(F7 gF)(SY - Ch(Ea gE)
Again, (0.4) refines (0.2) at the level of currents. The functoriality of these con-
structions was established in work by Gillet, Soulé and the author [19].

In [21], using [11], Lebeau and the author calculated the behaviour of Quillen
metrics under resolutions. Then Gillet and Soulé [36] gave a proof of their
Riemann-Roch formula for the first Chern class. In [30], Faltings provided an
alternative strategy to a proof of the Riemann-Roch theorem of Gillet-Soulé, by
using deformation to the normal cone. In [13], the author extended his previous
result with Lebeau [21]. Namely, in the case of the composition of an embedding
and a submersion, a natural combination of analytic torsion forms is expressed in
terms of analytic torsion currents. When combined with the arguments of Gillet
and Soulé [36], this leads to a proof of the Riemann-Roch-Grothendieck theorem
of Gillet and Soulé in the general case. A remaining mystery of the theory was the
fact that the genus R seemed to appear twice in the theory: through the explicit
spectral computations in [35] of the analytic torsion of P, and also in the eval-
uation of certain characteristic classes in [11]. The mystery was solved by Bost
[24] and Roessler [53]. They show in particular that the evaluation in [35] of the
analytic torsion of P,, can be obtained as a consequence of [11],[21].

In [22], Lott and the author extended the formalism of higher analytic torsion
to de Rham theory. Assume that w# : X — S is a fibration of real manifolds
with compact fibre Z. Let F be a complex flat vector bundle on X. Then R, F
is a flat vector bundle on S. The differential characters of Cheeger-Simons [28]
produce Chern classes of flat vector bundles on a manifold M, with values in
H°d4(M,C/Z). In [22], a Riemann-Roch-Grothendieck formula was established
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146 JEAN-MICHEL BismuT

for the real part of these classes, and corresponding real higher analytic torsion
forms were introduced, whose part of degree 0 is just the Ray-Singer torsion of
[50]. From these torsion forms, one can produce certain even cohomology classes
on S. In degree 0, the Ray-Singer conjecture, proved by Cheeger [26] and Miiller
[45], shows that, for unitarily flat vector bundles, the Ray-Singer torsion coincides
with the Reidemeister torsion [52]. In positive degree, the evaluation of the higher
analytic torsion forms of [22] is still mysterious, although some evidence suggests
they might possibly be related to constructions by Igusa and Klein [39] using Borel
regulators.

This paper is organized as follows. In Section 1, we state the local families
index theorem. In Section 2, we introduce the higher analytic torsion forms.
In Section 3, we describe the analytic torsion currents. In Section 4, we give a
compatibility result between analytic torsion forms and analytic torsion currents,
and we state the Riemann-Roch theorem of Gillet-Soulé. Finally, in Section 5, we
state a Riemann-Roch theorem for flat vector bundles.

For a more detailed survey on the analytic aspects of this paper, we refer the
reader to [14].

1. THE LOCAL FAMILIES INDEX THEOREM

1.1. THE LOCAL INDEX THEOREM. Let Z be a compact even dimensional oriented
spin manifold. Let g”# be a Riemannian metric on TZ. Let S7% = STZ @ STZ be
the Zs-graded hermitian vector bundle of (T'Z, g7#) spinors. Let VTZ be the Levi-
Civita connection on (77, g7%). Let v = v @ v be the corresponding
unitary connection on 7% = ST2357Z et (E,g”, VF) be a complex Hermitian
vector bundle on Z, equipped with a unitary connection V.

Let ¢(TZ) be the bundle of Clifford algebras of (TZ,g7#). Then ST4 @ E is
a Clifford module for the Clifford algebra ¢(T'Z). If X € TZ, let ¢(X) denote the
action of X € ¢(TZ) on ST4 @ E. Put

(1.1) H=0%(2,8"”®E), Hy =C0=(Z,5T%? ® E).

Let eq1,--- , e, be an orthonormal basis of T'Z.
Let D? be the Dirac operator acting on H,

n

(1.2) D% =Y c(e) V5 TOF,

e
1

Let Di be the restriction of D% to H.y, so that

z 0 D?
The elliptic operator Df is Fredholm. Its index Ind(Df ) € Z is given by
(1.4) Ind(D?) = dim(ker DZ) — dim(ker DZ).
Let A be the multiplicative genus associated to the power series
~ x/2
1. Alz) = ———.
(15) (=) sinh(x/2)
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LocAL INDEX THEORY AND HIGHER ANALYTIC TORSION 147

The Atiyah-Singer index theorem [3] asserts that

(1.6) Ind(D?) = /Z A(TZ)ch(E).

If F = F, @ F_ is a Zy-graded vector space, let 7 = £1 on F define the
grading. If A € End(F), let Trs[A] be the supertrace of A, i.e. Trs[A] = Tr[TA].
Now we state the McKean-Singer formula [42].

ProrosiTiON 1.1. For any t > 0,
(1.7) Ind(D?) = Tryexp(—tD??)].

Let Pi(z,y) be the smooth kernel of exp(—tD?%?) with respect to the volume
element dy, so that (1.7) can be written as

(1.8) Ind(D7) = /ZTrS[Pt(x, x)|dz.

In Patodi [46], Gilkey [32], Atiyah-Bott-Patodi [1], it was proved that, as con-
jectured in [42], “fantastic cancellations” occur in the asymptotic expansion of
Trg[P(z, )] , so that as t — 0,

(1.9) Try [Py (z, 2)] = {A(TZ,VT7)ch(E, VE)}max,

Another proof of (1.9) by Getzler [31] has considerably improved our geometric
understanding of the above cancellations. Equation (1.9) is known as a local index
theorem. From (1.8), (1.9), one recovers the index formula (1.6).

1.2. QUILLEN’S SUPERCONNECTIONS. Here we follow Quillen [48]. Let £ = E,. &
E_ be a Za-graded vector bundle on a manifold S.

DEFINITION 1.2. A superconnection is an odd first order differential operator A
acting on C°(S, A(T*S)®E) such that if w € C®(S,A(T*S)),s € C>®(S, E),

(1.10) Aws) = dws + (—1)%8“w As.

By definition, the curvature of A is A2 € C*(S, (A(T*S)@End(E))®¥*®). Let
0w € ANT*S) = puw = (2im)~ de8w/2, € A(T*S).

DEFINITION 1.3. Let ch(E, A) be the even form on S,
(1.11) ch(E, A) = ¢Trg[exp(—A?)].

THEOREM 1.4. The even form ch(E,A) is closed, and its cohomology class
[ch(E, A)] is given by

(1.12) [ch(E, A)] = ch(E,) — ch(E_).

Remark 1.5. Observe the striking algebraic similarity of the right-hand sides of
(1.7) and (1.11) with the density exp(—z?) of the gaussian distribution on R.
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148 JEAN-MICHEL BismuT

1.3. LOCAL FAMILIES INDEX THEOREM AND ADIABATIC LIMITS. Let 7: X — S
be a submersion of smooth manifolds with even dimensional compact fibre Z. We
assume that TZ is oriented and spin. Let g7% be a Riemannian metric on TZ.
Let (E, g¥,VF) be a Hermitian vector bundle on X with unitary connection. Let
(D%)4cs be the family of Dirac operators acting fibrewise along the fibres Z on
H, = H ;& H_g. Then to the family of Fredholm operators (D£7s)8653 there is
an associated virtual vector bundle Ind(D%) € K(S). The families index theorem
of Atiyah-Singer [4] asserts in particular that

(1.13) ch(Ind(D?)) = 7. [A(TZ)ch(E)] in H*"(S, Q).

Assume temporarily that X and S are even dimensional oriented compact
spin manifolds. Let g%, g7° be Riemannian metrics on TX,TS. For € > 0, put

1
9

Letting € tend to 0 is often described as taking an adiabatic limit. Let DX be the

Dirac operator associated to (g7, V¥).

Let VIX and V7 be the Levi-Civita connections on (TX,gl™) and
(TS, g™%). Let TH X be the orthogonal bundle to TZ in TX with respect to
gt . If U € TS, let U¥ € THX be the lift of U in THX. Let P74 be the
projection TX = THX @ TZ — TZ. Let VIZ be the connection on (T'Z, g7%),

(1.15) viZ = prayTx
which does not depend on € > 0. A trivial calculation shows that as ¢ — 0,
(1.16) A(TX,VTX) 5 o [A(TS, VT A(TZ, V7).
Let Pf(x,y) be the smooth kernel of exp(—tDZX:?). Then by (1.9),
(1.17) Try[Pf (2, 2)] — {A(TX,VIX)ch(E, V) ™,
We change our notation slightly, and temporarily assume that gZ* is given
by gTX :w*g © g’ IfUV TS, put
(1.18) T(U,V)=-PT2[UH vH]
If U € TS, let divz(UH) be the divergence of U with respect to the vertical vol-

ume form dvyz. Let (eq,... ,e,) and (fi,..., fm) be orthogonal bases of (T'Z, g7%)
and (TS, g7%). If STX is the vector bundle of (T'X, gI*) spinors,

(1.19) STX = m*8sT938T2.
Put
Ui A*STS25gTZ 1 .
(1.20) D" = ;dfawff WETEE 4 divz(£3):
Then by [15],
(1:21) DX# = VED" + D7 = Selfa)elfs)elT(fur f5))-
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LocAL INDEX THEORY AND HIGHER ANALYTIC TORSION 149

Put
(1.22) H=C>(Z,(5"” ® E)|z).

Then H = Hy ® H_ is an infinite dimensional Zq-graded vector bundle on S, and
C®(M,7*STS @ E) = C>=(S,STS®H).

DEFINITION 1.6. Let V¥ be the connection on H, such if U € T'S,s € C>=(S, H),
1
(1.23) VHs = VS, ®s ¢ Sdivz(U™)s
Then D¥ is the Dirac operator action on C*(S,STS®H) associated to
(7%, VH). Following [9], we formally replace c(f) by f& A . in (1.21).

DEFINITION 1.7. For ¢ > 0, put
1
(1.24) A, =VH 4+ VtD?% — mf“fﬂc(T(fa, fs))-

Then A; is a superconnection on H, the Levi-Civita superconnection associ-
ated to (THX, gT% VE).
For ¢t > 0, let a; be the even form on S

(1.25) a; = ©Trglexp(—A2)].
Now we state the local families index theorem [9], [6], [5].

THEOREM 1.8. The form ay is real, even and closed. Moreover

(1.26) [a] = ch(IndD?) € H*"(B, Q).
Ast — 0,
(1.27) oy = m JA(TZ, VT %)ch(E, VE)] + O(t).

If ker D C H is a vector bundle, and vker D% 4o the orthogonal projection of VH
on ker D%, as t — 400,

1
Vit

Remark 1.9. Equations (1.26) and (1.27) were proved by the author in [9], and
equation (1.28) by Berline-Vergne [6], Berline-Getzler-Vergne [5]. Equation (1.27)
is known as the local families index theorem. It extends the local index formula
given in (1.9).

(1.28) a; = ch(ker DZ, V¥ %) 4 O

2. COMPLEX GEOMETRY AND HIGHER ANALYTIC TORSION FORMS

2.1. THE ANALYTIC TORSION FORMS OF A HOLOMORPHIC COMPLEX. Here we
follow [17]. Let S be a complex manifold, and let

(2.1) (E,0):0 = Ep > Ep_1... 5> Ey—0

be a holomorphic complex of vector bundles on S. Put

(2.2) Ey=@P E, E-=PE:.

ieven i odd
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Then E = E, & E_ is Zy-graded. Let g% = @!", g% be a Hermitian metric on
E =@, E;. Let VE =@, V¥ be the corresponding holomorphic Hermitian
connection. Let v* be the adjoint of v. Set

(2.3) V=uv+0"

For ¢t > 0, set

(2.4) ¢, = VE +Viv, ¢, =VF + Vi,
c, = CV+Cl

Let N be the number operator of E, which acts on Fj by multiplication by k.

PRrOPOSITION 2.1. The following identities hold

(2.5) C"?=0,0"7 =0,
ocy _ L
ot _%[CélvN]a Bact' __%[Ci/tvN}'

DEFINITION 2.2. Let P® be the set of smooth real forms on S, which are sums
of forms of type (p,p). Let P50 be the set of a € P which can be written as
a = 0B + dv, with 8 and ~ smooth.

DEFINITION 2.3. For ¢t > 0, put
(2:6) a; = pTry[exp(—C})], v = ¢Trs[N exp(=C7)).

The following result is obtained in [17] as an easy consequence of Proposition
2.1.

PROPOSITION 2.4. The forms ay and vy lie in PS. Also

Doy DOy

ot 2wt
Assume now that H(F,v) is of locally constant dimension. Then H(E,v)
is a holomorphic Z-graded vector bundle. By finite dimensional Hodge theory,
H(E,v) ~ ker V inherits a Hermitian metric g (#:*), Set

m

(2.8) ch'(E,g") = (~1)'ich(E, g").
=0

(2.7)

By [6], [5], as t = 400,
(2.9) a; = ch(H(E,v), g" D) + O(L),
v = b/ (H(E,v), g"E) + O(L).

S-S

DEFINITION 2.5. For s € C,0 < Re(s) < 1/2, set

“+oo
(2.10) R(E, g)")(s) = ﬁ /0 £y, — o)

T(5,g") = £-R(E,")(0)

As the notation suggests, by (2.9), R(E,g”)(s) extends to a holomorphic
function of s near s = 0, so that T'(E, g¥) is well defined.
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PROPOSITION 2.6. The form T(E, g¥) lies in P5°, and
0
(2.11) 00 T(B.9") = eh(H(E,v). g" ") — (B, g").
im
2.2. BoTT-CHERN CLASSES. Let E be a holomorphic vector bundle on a complex
manifold S. Let g%, g’E be two Hermitian metrics on E. Then by Bott and Chern
[25], and by [17], there is a uniquely defined class ch(E, g%, ¢'") € PS /P50 such
that
o If gZ = ¢'%, (:Tl(E,gE,g'E) =0.
e The class ch(E, g%, g’E) is functorial.
e The following equation holds
90 ~
(212) 5 h(E.g" g") = ch(E.g"") — ch(E.g").
™
The above classes are called Bott-Chern classes. The same construction applies to
classes like Td(E,gE,g’E). The class of forms T'(E, g¥) € P%/P%° constructed

in Definition 2.5 is also a Bott-Chern class.

2.3. THE HIGHER ANALYTIC TORSION FORMS ASSOCIATED TO A HOLOMORPHIC
SUBMERSION. Following work by Gillet, Soulé and the author [17], we will extend
the arguments of Section 2.1 to an infinite dimensional situation.

Let m : X — S be a holomorphic submersion with compact fibre Z. Let E
be a holomorphic vector bundle on X, and let Rm,E be the direct image of E.
In the sequel TX,TZ =TX/S ... denote the corresponding holomorphic tangent
bundles. Let w® be a real closed (1,1) form on X which restricts to a fibrewise
Kihler form on TZ = TX/S, so that if J7™% is the complex structure of Tr Z,
w(J™®Z ) is a Hermitian product g% on TZ . Let g¥ be a Hermitian metric
on E. Let TH X be the orthogonal bundle to TZ in TX with respect to wX. Let
Q(Z,E Z),EZ) be the family of relative Dolbeault complexes along the fibres Z.
Then Q(Z, E|z) can be equipped with the Ly metric

dUZ

dimZ *

2.13 <s,8 >= [ <s5,8 >50.

( ) 5,8 /Z 8,8 ZAT=0)Z2)QE (27)
— % .. =7

Let 9 be the adjoint of 0. Put

(2.14) DZ=3"+3""

DEFINITION 2.7. Let V*(%:Eiz) be the connection on Q(Z, Ez), such that if U €

TrS, if s is a smooth section of A(T*ON7) @ E,

QUZ,E\z) T* OV 2)\QF
U S S.

(2.15) \Y =V

Let T be the tensor defined in (1.18) associated to (¢74,TH# X). Then T is
of type (1,1). Let N be the number operator of Q(Z, E|z). Let w™ be the
restriction of wX to T X. Then wX# is a smooth section of m*ALYD(TRS).
Finally recall that A(T*(>1)S) ® E is a Clifford module for the Clifford algebra of
(TRZ, gTRZ).
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DEFINITION 2.8. For t > 0, put

" —7Z » C(T(l’o))
2.16 B = Vig? +vuzE )
( ) t 2\/275
B = Vg™ vezes AT
2,/2t)
" 7 wX’H
B, = B/+B,N=N+i——.

Then one can show that, in (2.16), the superconnection By is a form of the
Levi-Civita superconnection A;/, considered in (1.24). Also, by [17], an obvious
analogue of Proposition 2.1 holds, with C}’, C} replaced by B}, Bf, and N replaced
by Nt.

DEFINITION 2.9. For ¢t > 0, set
(2.17) a; = @Trglexp(—BH)],v: = ©Trs [Ny exp(—B?)].

THEOREM 2.10. Fort > 0, the form oy and ~, lie in P°, the form oy is closed
and

(2.18) [o] = ch(Rm, E) in H***(S, Q),
oy _ _00m
o 2wt
Furthermore, as t — 0, there are forms C_1,Cy € PS such that
(2.19) o = m[TA(TZ,g"%)ch(E, g")] + O(t),
C_
Ve = Tl + Co + O(1).

Observe that the first equation in (2.19) is a consequence of the local families
index theorem of [9] stated in (1.27)

Assume that Rm,FE is locally free. Then the holomorphic vector bundle
Rm.E ~ ker DZ inherits a metric g*™¥. By [5], as t — +o0,

1
(2.20) o = ch(Rw*E,gR”*E)JrO(%L

1

w = A(RmB ")+ O( ).
DEFINITION 2.11. For s € C,0 < Re(s) < 1/2, put
I

2.21 R(w™,¢¥ :——/ 57 (e — Yoo )dt,
( ) (w 9 )(8) F(S) 0 (’Yt Y )

0
—R(w™, g%)(0).
2 R, 67)(0)

In fact, by equations (2.19), (2.20), R(w™, ¢¥)(s) extends to a holomorphic
function of s near s = 0, so that T'(wX, g¥) is well-defined. The forms T'(wX, g¥)
are called higher analytic torsion forms. The following result was established in
work by Gillet-Soulé and the author [17], and Kohler and the author [20].

T(w™,g") =
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THEOREM 2.12. The form T(w™, g®) lies in PS. Moreover
a0
(222) 3 T(W¥,g") = h(Rm.E,g"™") = m.[Td(TZ,g")ch(E, g").
1T

Remark 2.15. Clearly (2.22) refines (0.2) at the level of differential forms. Kohler
and the author [20] showed that T(w™,g¥) € P%/P%° depends on w¥, g¢¥
via Bott-Chern classes. This result was proved before in degree 0 in [17]. A
consequence of [20] is that T'(wX,gF) € P%/P5° depends on w¥ only via
g"%. Let PerD? e the orthogonal projection of Q(Z, Ez) on ker D?. Set

prer DL — 1 _ pkerD? For g € C,Re(s) >> 0, put

(2.23) (s) = —Tr, [N(DZ’2)_SPker DZ,J_]
Then

00
@220 w070 = 2 ),

Also exp(f%%(())) is called the Ray-Singer analytic torsion [51] of the complex
Q(Z,E|z). The Ray-Singer torsion is an alternate product of generalized determi-
nants of Laplacians.

By [17], the odd form 77 = 7-(0 — 8)T(w™, g¥) coincides with the form
constructed by Cheeger and the author in [15].

2.4. QUILLEN METRICS. Assume temporarily that S is a point. Put
(2.25) A= (det H(Z,Ez))"".

Then A is a complex line, the inverse of the determinant of the cohomology of
E. Let | | be the metric on A induced by the fibrewise L, metric on g (%Fz),
which we obtain by identifying H(Z, E|z) to the corresponding harmonic forms.

DEFINITION 2.14. The Quillen metric | || on A is defined by
100

2.26 = —=—(0)).

(2.26) I =1 e 2o

In the general case where S is not a point, we still assume the existence of a
form wX taken as in Section 2.3. Let g7% be an arbitrary fibrewise Kihler metric
on TZ. Let g¥ be a Hermitian metric on £. We no longer assume R, FE to be
locally free. Put

(2.27) ME) = (det Rm,E) ™ .

Then by Knudsen-Mumford [40], A(E) is a holomorphic line bundle on S, and for
any s € S, there is a canonical isomorphism.

(2.28) AME)s ~ (det(H(Zs, Eyz2,))) "

By Definition 2.14, the fibres A(E)s are equipped with the Quillen metric
Il lIxz),- The following result was established by Quillen [49] in the case where
the fibres Z are a fixed Riemann surface, and by Gillet, Soulé and the author
[17], following earlier work by Freed and the author [16] on smooth determinant
bundles.
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THEOREM 2.15. The Quillen metric is smooth on \(E). Moreover
(2.29) a(AE), | ) = —mTd(TZ,g"7)ch(E, 7)),

Remark 2.16. Theorem 2.15 is a consequence of (2.22), and also of anomaly formu-
las [17], describing the variation of Quillen metrics when g7%, g¥ themselves vary.
These anomaly formulas extend the Polyakov anomaly formulas for generalized
determinants on Riemann surfaces [47].

2.5. FUNCTORIALITY OF THE ANALYTIC TORSION FORMS WITH RESPECT TO
COMPOSITION OF SUBMERSIONS. Let

(2.30) 7 —W

l l’ Y/S
TZ)Y ™wW/v
\%4

Y —— — 9
Tv)Ss

be a diagram of submersions my /g, myv/s, Tw v, with compact fibres Z,Y, X.
Let w",wY be closed (1,1) forms on W,V as in Section 2.3 . Let (E,g%) be
a holomorphic Hermitian vector bundle on W, such that Rmy,s.E, Rmw v.E,
Rryysi Ry« E are locally free. Let Ty v (W', ¢"), Tw s, %), Ty s(wV,
g®mw/v+E) be the analytic torsion forms which are associated to the maps in the
above diagram. Then in work by Berthomieu and the author [8] and by Ma [41], us-
ing the adiabatic limit techniques of Cheeger and the author [15], Mazzeo-Melrose
[44] and Dai [29], these forms were shown to be naturally compatible, i.e. they
verify a relation which refines the functoriality of Riemann-Roch with respect to
the composition of submersions. Namely, let Td(TZ,TY, g"%,¢™") € PV /PW0
be the Bott-Chern class such that

(2.31)

00 ~—
TTd(TZ, TY,g"?,9"") = Td(TZ,9"7) — iy [TATY,g"")| TA(TX, g").
1T

Under suitable assumptions, Ma [41] has constructed a Bott-Chern class o €
P? /P59 such that

(232) @a = Ch(RTrV/S*RWW/V*EvgRTrV/S*RTrW/V*E)

2
_Ch(Rﬂ-W/S*Ev gRﬂ—W/S*E)a
for which the following result holds.
THEOREM 2.17. The following identity holds

Twys (W, 9"%) =Ty s, g™ /) + w5 [TATY, g™ ) Ty (W, g7)]
(2.33) o — s TATZ,TY, g77, g7 )ch(E, ¢7)] in PS /S0,

Remark 2.18. The case where S is a point was considered in [8].
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3. THE ANALYTIC TORSION CURRENTS ASSOCIATED TO AN EMBEDDING

3.1. CONSTRUCTION OF THE ANALYTIC TORSION CURRENTS. Let i :Y — X be
an embedding of complex manifolds. Let Ny, x be the normal bundle to ¥ in X.
Let F be a holomorphic vector bundle on Y. Let

(3.1) (E,0):0 = Ep 5 Ep1... 5 Ey—0

be a holomorphic complex of vector bundles on X, which, together with a holomor-
phic restriction map: 7 : Eyy — F, provides a resolution of the sheaf i.Oy (F).
In particular (E,v) is acyclic on X \'Y. By [10], H(E,v)y is a holomorphic vector
bundle on Y. Move precisely, if U € T Xy, let dyv be the derivative of v in
any holomorphic trivialization of (E,v) near Y. Then by dyv only depends on
the image 2 € Ny, x of U, and (0.v)? = 0. Let 7 : Ny,x — Y be the canonical
projection. Then there is a canonical isomorphism

(3.2) (x H((E,v)yy ), 8:0) = (7 (A(Ny,x) ® F),v/=1,).

Let g% = @g’iogEi,gNY/X,gF be Hermitian metrics on B = ©"(E;, Ny x, F' . As
in (2.3), put V= v +9v*. Then H(E,v)y ~ kerV)y C E}y. Let g7 (Ev) be the
corresponding metric on H(F,v).

We will say that g verifies assumption (A) with respect to g™"v/x | g if (3.2)
is an isometry. By [10], given ¢™v/x ¢F there exists g% = @7 ,¢" such that
assumption (A) is verified. From now on, we assume that (A) holds. For ¢ > 0,
we define ay,v; € PX as in (2.6). Let dy be the current of integration on Y. The
following result was proved in [10], using formulas of Mathai and Quillen [43].

THEOREM 3.1. Ast — +00,

1
(3.3) ar = Td™ (Ny,x, g/ )ch(F, g")dy + (’)(%),

where O(%) is taken in the suitable Sobolev space.

Remark 3.2. Using (1.12), we find that (3.3) refines the theorem of Riemann-Roch-
Grothendieck [7] stated in (0.2) at the level of currents.

By (3.3), one can construct a current T'(F, g¥) on X as in (2.10). Let P be
the set of real currents which are sum of currents of type (p,p), whose front set
is included in N3 /X R We define P{i{ 0 as in Definition 2.2. The following result
was proved in [18].

THEOREM 3.3. The current T(E, g%) lies in Pj*. Moreover

(34) 2878T(E7 gE) = Td_l (NY/Xa gNY/X )Ch(F7 gF)5Y - Ch(Ea gE)

im
Remark 8.4. Harvey and Lawson [38] have also constructed currents related to
smooth versions of Riemann-Roch-Grothendieck for embeddings.
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3.2. FUNCTORIALITY OF THE ANALYTIC TORSION CURRENTS WITH RESPECT TO
THE COMPOSITION OF EMBEDDINGS. Let ¢/.Y' — X, F’ (E’,v’) be another set of
data similar to the above data. Assume that Y and Y intersect transversally. Put
Y”"=YNY' Then (EQE',v®1 4+ 1&v’) is a resolution of (F|Y,,®Fl’y,,).

Let (g%, gNv/x gF) and (g7, g™Nv'7x,gF") be metrics verifying (A). Recall

~ ’ N- Ny ~ ’

that Ny, x = Ny, xjy» @ Ny x|y~. Then (g¥&@g" 79‘;/;( Dy 5 (950 ©gyn)
also verify (A). Let Py, P’y be the obvious analogues of Py, Py°, when
replacing Y by Y UY’. The following result was proved by Gillet, Soulé and the
author in [19].

THEOREM 3.5. The following identity holds

(3.5) T(ERE', g"%F") = T(E,¢")ch(E', g") +
Td™ (Ny,x, g™/ )ch(F, ¢")T(E', g% )y
. X,0
m P))/(UY'/PYUY"

Remark 3.6. In [19], Theorem 3.5 is used to evaluate the currents T'(E,g¥) in
terms of the arithmetic characteristic classes of Gillet and Soulé [33], [34].

4. ANALYTIC TORSION FORMS AND ANALYTIC TORSION CURRENTS

4.1. COMPOSITION OF AN EMBEDDING AND A SUBMERSION. Let i : W — V be an
embedding of complex manifolds, and let S be a complex manifold. Let /5, Ty/s
be holomorphic submersions of W,V onto S, with compact fibres X,Y, so that
Tyt = Twys. Then we have the diagram

(4.1) Y ——W

NS

X—V T/S) S

Let F' be a holomorphic vector bundle on W. Let (E,v) be a complex of holo-
morphic vector bundles on V' as in (3.1), which together with a restriction map
r : Eoy — F, provides a resolution of i, F. In the sequel we assume that
Ry 5. F is locally free. Let Rmy,g.FE be the direct image of E. Tautologically,
Ry s E ~ Rmy s F. Let w¥,w" be (1,1) closed forms on V, W which restrict
to Kéhler forms on the fibres X,Y. Note that Ny, ~ Ny x. Let g™Nv/x g%
be Hermitian metrics on Ny, x, F. Let gF = @ﬁogEi be a Hermitian metric on
E = @!" ,E;, which verifies (A) with respect to g™/x, gF".

4.2. FUNCTORIALITY OF THE ANALYTIC TORSION OBJECTS WITH RESPECT TO
+oo

THE COMPOSITION OF AN EMBEDDING AND A SUBMERSION. Let {(s) = Z — be

n=1
the Riemann zeta function. Now we introduce the power series R of Gillet-Soulé
[35].
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DEFINITION 4.1. Let R be the formal power series

¢(=n)  <~1 "
(42) 0= 3 (Yo ;)
n odd

We identify R(x) with the corresponding additive genus. The power series
R was obtained by Gillet-Soulé and Zagier by an explicit computation of the
analytic torsion of P,, as a correction to the Todd genus Td of Gillet-Soulé’s
theory, which would fit into a conjectural form of Riemann-Roch-Grothendieck in
Arakelov geometry.

Let Td(TX|y,gTY,g‘TYX,gNY/X) € PV /PW9 be the Bott-Chern class such
that

)
207
—Td(TY,g"" )Td(Ny,x,g""/*).

(4.3) TA(T Xy, g™, g7, gNv/x) = TAT Xy, g7X17)

)

Let T(w",gF) € PS be the analytic torsion forms associated to the family of

double complexes (X, E|x), (5X +wv)). Observe that Rmy g, E ~ Ry g, F is
now equipped with twoLs metrics ¢®7v/s+EF and ¢f"w/s«F'. The following result
was proved by Lebeau and the author [21] in the case where S is a point, and
extended by the author in [13] to the general case.

THEOREM 4.2. The following identity holds

(4.4) ch(Rmys. F, gfmwis« B, glimvis-I) — T(wW, g7) + T(w", %)

Td(TX w97 97 IW g™ Y/X)
Td(NY/X7gNY/X)

—7y/50 [TATX)R(TX )ch(E)] + mw,s.[TATY)R(TY )ch(F)] = 0in PS /PS0,

—my s« TA(T X, gt )T (E, g¥)] + TW/ S« ch(F, g)

Remark 4.3. The main result of [21] is formulated as a formula of comparison of
Quillen metrics on the determinant lines A(E) ~ A(F). An important idea in
[21],[13] is to replace v by Tw, with T' > 0, and to study the behaviour of the
corresponding analytic torsion forms as T — 4o00. Then one has to describe the
behaviour of the associated harmonic forms, and also the full spectrum of the
corresponding Laplacians In [21], [13], the appearance of the additive genus R
is related to the evaluation in [11] of a characteristic class, the higher analytic
torsion forms associated to a short exact sequence of holomorphic vector bundles.
The evaluation of this class involves computations on a harmonic oscillator. The
coincidence of this class of forms with the genus evaluated by Gillet and Soulé [35]
remained unexplained until Bost [24] and Roessler [53] showed that the evaluation
of the analytic torsion of P,, given in [35] can be obtained as a consequence of [21].
Of course, Theorems 2.17, 3.5 and 4.2 are compatible. In [12], the main result of
[21] was interpreted as an excess intersection formula for Bott-Chern currents in
infinite dimensions.
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4.3. THE RIEMANN-ROCH THEOREM OF GILLET AND SOULE. Let X be an arith-
metic variety, i.e. a regular flat scheme over Spec(Z). In [33], [34], Gillet-
Soulé constructed an arithmetic Chow group CH (X). By definition, CH (X) =
Z(X)/R(X), where Z(X) is the group of arithmetic cycles (Z,gz) , with Z an

algebraic cycle, and gz is a Green current on X, i.e. it is a sum of real currents
of type (p,p), smooth on Xc\Z¢, such that %gz 4+ 0z = wyz is a smooth form
on X, and ]TE(X ) is an equivalence relation which refines linear equivalence.

Let (E,g”) be an arithmetic vector bundle on X. Namely F is an algebraic
vector bundle on X, g¥ is a Hermitian metric on Xc. Then Gillet and Soulé con-
structed arithmetic characteristic classes of (E, g¥) with values in CH (X)q. More
precisely they constructed a Grothendieck group K 0(X) with contains equivalence
classes of vector bundles (E, g%), and also classes of forms of the type PX/P*X:0,
and a Chern character map ch : Ko(X) — @(X)Q.

Let now m : X — S be a projective flat morphism of arithmetic varieties.
Suppose that 7 : Xq — Yq is smooth. Let w® be a smooth real (1,1) form on
Xq as in Section 2.3. Let (E,g%) € IA(O(X) be such that Rim,E =0 for i > 0. In

35], Gillet and Soulé defined m(E, g¥) € Ko(S) by the formula
(4.5) m(B, %) = (Rm.E,g"™F) — T(w™, ¢").

This definition is then extended to arbitrary (E, g%)) € Ko(X). Put
(4.6) TdNTX/S, gTX/5) = TA(TX/S, g7*/5)(1 — R(TX/S)).

The following result was conjectured by Gillet and Soulé in [35] and proved in [36],
[37], using Theorem 4.2.

THEOREM 4.4. The following identity holds
(4.7) ch(m(E, ")) = m[TdN(TX/S, g"X/5)ch(E, g¥)] in CH(S)q.

Remark 4.5. Assume that S = Spec(Z). Then (4.7) is an equality in R. It ex-
presses the Arakelov degree of det(Rm.E) in terms of arithmetic characteristic
classes.

In [30], Faltings has indicated an alternative strategy to the proof of the Gillet-
Soulé theorem, based on the technique of deformation to the normal cone. Then
one has to study the behaviour of the analytic torsion forms, as smooth fibres are
deformed to the union of two smooth fibres intersecting transversally.

5. HIGHER ANALYTIC TORSION AND FLAT VECTOR BUNDLES

Let X be a smooth manifold, and let F' be a complex flat vector bundle
on X. Then by [28], the bundle F' has Chern classes c¢(F) € H°(X,C/Z).
For Re(c)(F) € H(X,R), there is a corresponding Chern-Weil theory. In fact
let VF be the flat connection on F. Let ¢ be a Hermitian metric on F. Put
0 = (¢¥)"'V¥g". Then for k odd, Re(cy)(F,g") = (2im)~F=1/227FTr[¥] is a
closed form which represents Re(c;)(F) € H*(X,R).

Let # : X — S be a submersion of smooth manifolds, with compact fibre Z.
Then Rm,.F' is a Z-graded flat vector bundle on S. Let e(T'Z) € H(X, Q) be the
Euler class of TZ.
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Now we state a result by Lott and the author [22], which was proved using
flat superconnections.

THEOREM 5.1. For any k € N, k odd,
(5.1) Re(ck)(Rm F) = mi[e(TZ)Re(ek ) (F)).

Given a metric gf and a Euclidean connection V%, let g™ be the L,
Hermitian metric on R, F' which is obtained via fibrewise Hodge theory. In [22],
higher analytic torsion forms T'(¢*", VT#) are constructed such that

(52)  dT(g", V") =m[e(TZ, V" ?)Re(c)(F,g")] — Re(c.) (Rm.F,g"™").

In degree 0, T(g",VT%) is the Ray-Singer analytic torsion of [50]. The Ray-
Singer conjecture, proved by Cheeger [26] and Miiller [45] says that for unitarily
flat vector bundles, the Ray-Singer analytic torsion coincides with a geometrically
defined invariant of the manifold, the Reidemeister torsion [52]. In higher degree,
the interpretation of T'(g¥", VT#) is still mysterious. There is a possible link with
work by Igusa and Klein [39] on Borel regulators. For related results in an algebraic
context, we refer to Bloch and Esnault [23].
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