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ABSTRACT. A review on some recent developments in solvable lattice
models in connection with the representation theory of the quantum affine
algebras is given.
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1 THE XXZ MODEL: A SOLVABLE SYSTEM OF INFINITE DEGREES OF FREEDOM

The aim of this talk is to review some recent (in 90’s) progress in solvable lattice
models. I will, in particular, stress the connection with the representation theory
of the quantum affine algebras. In this section, I introduce the XXZ model and
the six-vertex model, state the problems we wish to solve and give the clue to the
solvability of these models. T also give some results in prehistoric ages (i.e., before
’85, the birth of Quantum Groups) which led us to this connection.

1.1 THE XXZ HAMILTONIAN

Consider the one-dimensional quantum Hamiltonian with a real parameter A,

1 .
H = "9 Z(Ufaiﬂ + 0707 + Aojoi4). (1)
%

Here 07, 0¥, 0% are the Pauli matrices, and the index k signifies the k-th component
of the tensor product ®;V}; of the two-dimensional spaces Vi ~ V = Cuyy ® Cuy.
The Hamiltonian (1) is called the XXZ Hamiltonian.

Here we have not specified the range of the index k. If the range is finite, e.g.,
an interval 0 < k < N — 1 or a periodic chain k € Z/NZ, both the space ®;Vj
and the operator H are well-defined. However, in physics, we are interested in the
large volume limit, i.e., N = oo, where the number of degrees of freedom of the
system becomes infinite. There is no apriori meaning of these expressions in this
limit. In fact, some physical quantities are divergent (e.g., the trace of e~ / LED)
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We say a model is solved if we can extract finite quantities and give them closed
expressions.
The problems we are interested in, in general, are
(A) the diagonalization of the Hamiltonian; and
(B) the computation of the matrix elements of the local operators;
a particular case of (B) is
(C) the computation of the correlation functions.

1.2 VACUUM STATES AS INFINITE LINEAR COMBINATIONS OF PATHS

Our consideration is restricted to the 7' = 0 case. In this case, we are interested in
the lowest eigenvalue of the Hamiltonian and the corresponding eigenvectors (the
vacuum states). We are also interested in those eigenvectors whose eigenvalues
have finite differences to the lowest one in the large volume limit (the excited
states).

If A — 400, the Hamiltonian effectively approaches a diagonal one H ~
F5 24 0i07,1- If A = o0, there are two vacuums (i = 0,1),

[9) = @xvpor  where pO (k) = 3(1 — (~1)"). @)

All the spins are equal in the vacuum states. The corresponding eigenvalue is
—t#{k}, and therefore divergent in the large volume limit. However, we renormalize
the Hamiltonian by replacing ofoi,, by ofof,,; — 1 so that its lowest eigenvalue
is 0. On the other hand, if A = —co, the vacuums (i = 0,1) are

[P} = @xvye 9 where pO (k) = F(1 = (~1)*+7). )

The spins are alternating in the vacuum states. The renormalization of the Hamil-
tonian is such that oZo7 ; + 1.

If A is finite we must take account of the interaction terms oo, 4+ olo} 41
These terms are non-diagonal and mix the vectors of the form |p) = ®pvpx). How-
ever, they preserve the total spin of the vectors, i.e., + 3, (1 — 2p(k)). Therefore,
if |A| is sufficiently large, it is natural to expect that the vacuum states are con-
tained in the same subspace of total spin as |p(?) or [p"). In fact, this is true.
For A ~ oo, this implies that |p(*)) remains as the vacuum.

The case A ~ —oo is more interesting because the vacuum states are linear
combinations of (3) and other vectors of total spin 0 (we assume N is even). If N is
infinite, infinitely many terms appear in the linear combination. Mathematically,
this is a serious problem because it is not clear if we can introduce a suitable
topology in order to deal with this infinite sum.

One can make a perturbation expansion of the vacuum state in the form

lvac); = Y c(p)lp)  where |p) = @rez vy (4)
p

Note that N = oo in this formula. We set ¢(p(?)) = 1 and the other coefficients are
of the form c(p) = 35, ¢; (p)e? with e = A~!. In principle, one can determine

DOCUMENTA MATHEMATICA -+ EXTRA VOLUME ICM 1998 - I - 359-379



SOLVABLE LATTICE MODELS 361

each coefficient c;(p) recursively by solving the equation H,.|vac); = 0. Here the
renormalized Hamiltonian H,. is given in the form

1 T _x z _z i
H,, = —5 Zk:(akak'"‘l + O’ZO’I‘Z_,’_l + A(ogof +1+ ;rjsJ)) (5)
i>

in which the coeflicients r; are determined in each step of the recursion to remove
the divergence and to make the eigenvalue 0.

An important feature of this expansion is that ¢(p) is zero unless p(k) = p (k)
for all but finite k. We call such p a path belonging to the i-th ground-state.

1.3 PHASES OF THE XXZ MODEL

If we vary A from —oo to oo, the eigenvalues cross each other. The vacuum states
change from one region to another when the eigenvalues cross. In the infinite
volume limit, it is known that there are three different phases (see, e.g., [1]),

() A<—1, (i) —1<A<1, (i) A> 1 (6)

We have already mentioned (i) and (iii). The phase (ii) is such that the
vacuum state belongs to the subspace of the total spin 0. In this phase, there
is a unique vacuum state, which belongs to the space of total spin 0. Nothing
like the path expansion (4) is available because there is no special limit where
the Hamiltonian is diagonal. I will discuss that this difference between phase
(i) and (ii) causes an essential difference in our treatment of the model in the
representation theory. As for the phase (iii), where the vacuum states are trivial,
there is nothing to say about from the representation theory, and I will not discuss
this phase any further.

1.4 EXCITED STATES AND PARTICLES

The method invented by Bethe when he solved the XXX model is called the Bethe
Ansatz. It starts with finite periodic N, and consider the infinite volume limit
in the second step. The key idea in this method is to introduce the notion of
quasi-particles borrowed from the quantum field theory.

For finite N, there exist only finitely many eigenvectors of the Hamiltonian.
It has only discrete eigenvalues. However, in the infinite volume limit, continuous
spectra appear. To parametrize the eigenvectors belonging to the continuous spec-
tra we need continuous parameters. The Bethe Ansatz uses a set of continuous
parameters f1,..., Bn, called the rapidity variables, to parametrize the eigenvec-
tors in the finite volume. An eigenstate parametrized by n continuous parameters
is called an n quasi-particle state. Since there are only finitely many eigenvec-
tors, only some discrete values of the quasi-momenta are allowed to give actual
eigenvectors.

The vector [p(?) = ®,vo is the 0 quasi-particle state. One quasi-particle
state is a linear combination of |p) such that p(k) = 1 for one and only one k, and
so on for two and more quasi-particle states. This picture is not appropriate in
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the phases (i) and (ii), and, in particular, in the large volume limit, because the
vacuum states in this terminology are % particle states. In these phases, n(> 0)
quasi-particle states may have lower ‘energies’ (=eigenvalues of the Hamiltonian)
than the 0 quasi-particle state. There is a trick to reparametrize the vacuum and
the excited states in such a way that the vacuum states are the 0 particle states
and the excited states are the n(> 0) particle states. This is possible only in
the infinite volume limit. I stress this point because in many cases something
good happens only in the infinite volume limit. The remarkable thing in this
parametrization is that the renormalized energy of an m-particle state with the
rapidities 8;(1 < j < n) is given by an additive formula . &(3;). The function
e(pB) is a simple function, e.g., if A = —1, we have () = C}Tﬁ. Each particle with
the rapidity B, carries the energy €(8;). This is the reason why these states are
called the n-particle states.

Note that, if A = —1 the above formula tells that there is no energy gap
between the vacuum and the excited states: The energy difference e(5) approches
0 if | 3] = oo. This property is called ‘massless’ by using the language of quantum
field theory. In statistical mechanics, this is called ‘critical’. In the phase (ii) the
particles are massless, while in the phase (i) they are massive.

A further remarkable fact about the particle structure, valid both in the mas-
sive and the massless phases, is the degeneracy of the n-particle states ([15, 6]).
A clear view of this fact was given in [6] for A = —1. I write their formula in
the form adapted to our notation. Denote the space of the eigenvectors of the
Hamiltonian by F. We call it the physical space. We have the decomposition

= o dﬁ n 2
F = EBn>o,even1_[1/_oo 27_: [®]:1(C )ﬁj]sym (7>
j=

It means that the n-particle states with a fixed set of rapidities (f1,...,3,) have
2"-fold degeneracy. This degeneracy is identified with the tensor product ®™C?2.
Here is a key to the connection with the representation theory. The Hamil-
tonian (1) with A = —1 has a global slo symmetry, i.e., there exists an sly action
on ® Vg which commutes with the Hamiltonian. The formula (7) claims that the
vector space of the n-particle states with rapidities (81, ..., ;) is isomorphic to

@"C* = @ey,.c,=01Cu;, @@ Cug,. (8)

as slp-module. In other words, we have a complete parameterization of the excited
states by the rapidities (81,...,08,) and the isospins (e1,...,e,). Let us denote

this state by |Bn, ..., B81)en,....ex-
There is a further symmetry of the n-particle states that is indicated by the

symbol [ } in (7): There exists a matrix S(8) depending on the rapidity
sym

variable 3, which acts on C? ® C2. This is called the S-matrix. The S-matrix
exchanges the rapidities of n-particle states.

|Bn7 e 7ﬁj7 ﬂjJrlv e 7Bl>5n,...,6j,aj+1,...,61 (9)
!’ !’
= Y S8 = Bir) i B Bt By B)ens et e
€5:€5 41
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I will give the explicit formula of the S-matrix only later when I discuss the
sine-Gordon theory.

The meaning of the rapidity variables in the representation theory is unclear
at this stage because a larger symmetry is still hidden behind. In Section 2, I will
show that the hidden symmetry distinguishes the rapidities. The particles with
different rapidities correspond to different (i.e., non-isomorphic) representations.

1.5 CORRELATION FUNCTIONS

Now, I will explain what (B) and (C) mean. We call a linear operator acting on
®rez Vi local if its action is restricted to a finite interval of the one-dimensional
lattice Z where the index k£ runs. The Hamiltonian is not local though each
summand in (1) is local.

The correlation functions are the vacuum-to-vacuum matrix element of local
operators. If we take a local operator acting on n sites of the lattice, its correlation
function is called an n-point function. Quantities of physical interest are often
given in terms of the correlation functions. For example, the one point function

PO (k) = i(vaclog|vac); (10)
i(vaclvac);
gives the magnetization.
Introduce a new parameter q¢ by A = %(q + ¢~ !). The massive phase is
—1 < ¢ < 0 and, the massless phase is |¢| = 1. Here we are considering the

one-point function in the massive phase.
By obvious reasons, the one-point function satisfies PU~9(k + 1) = P (k)
and P(©)(0) + PM(0) = 0. The function P (0) was computed by Baxter ([2]):

o — 17 (LY
PO0) = kHl<1+q2k> . (11)

The above g is identified with the g in the affine quantum algebra Uq(sAlg). The
representation theory of Uq(;\lg) provides us with the scheme for computing the
general correlation functions, and the general matrix elements of local operators
with respect to the excited states. I will explain this in Section 4.

2 QUANTUM AFFINE ALGEBRAS: THE STRUCTURE UNDERLYING THE SOLVABIL-
ITY

An operator which commutes with the Hamiltonian is called its symmetry. In
this section I discuss the symmetries of the XXZ Hamiltonian. There are two
kinds of symmetries, abelian and non-abelian. The latter is the symmetry of the
quantum affine algebra Ug(sl2). This algebra underlies the solvability of the XXZ
Hamiltonian.
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2.1 INTEGRABILITY AND THE TRANSFER MATRIX

What I have described in the previous section is heavily dependent on the special
choice of the Hamiltonian (1). In the infinite volume limit, in general, Hamiltonians
have infinitely degenerate eigenvalues. This is an obstacle for the diagonalization.
In the XXZ case, this infinite degeneracy is decomposed into finite degenaracy in
the particle structure: If the number of particles and their rapidities are fixed, the
degeneracy reduces to finite. The decomposition is explained as follows.

The XXZ Hamiltonian on the finite N-periodic lattice has an abelian (i.e.,
mutually commuting) family of symmetries. The simultaneous eigenspaces of this
commuting family of operators give rise to the decomposition into the particles in
the infinite volume limit.

Let us discuss the commuting family. There exists a family of operators T'(()
parametrized by a complex parameter ¢

TQ@w) = > T (@we). (12)

{E;c}kez/NZ

We have
[T(6), T(¢2)] =0, (13)
T(1) is the shift operator, i.e., T(l)g;’ﬁ = H55k+1’5;c’ (14)
k
T(1)7'T(C) =1+ (e1H + c2)(¢ — 1) + O((¢ — 1)?). (15)

This operator naturally appears in the study of a statistical mechanical model of
a different kind, which I will explain in the next section.

2.2 THE SIX-VERTEX MODEL

The operator T'(¢) appears in the six-vertex model, a model in classical statistical
mechanics on the two dimensional lattice. Consider a ‘lattice’ consisting of lines
in the two dimensional plane. The lines are either horizontal or vertical. We call
an intersection of two lines a vertex. We associate a local variable €5 to each edge
k, which is a line segment between two neighboring vertices. The variable ¢}, takes
values 0 or 1.

A configuration C is an assignment of values 0 or 1 to all the local variables.
Consider a vertex v, and a local configuration around the vertex, say ¢} and &; for
the upper and the lower edges on the vertical line, and €/, and e5 for the right and
the left edges on the horizontal line. We associate a local weight, RZ%ZZ, called
the Boltzmann weight, to each local configuration. We consider these weights as
the matrix elements of an matirx R acting on V ®@ V:

R(v., ®v.,) = ZR;;Z% ® Ve (16)
€l,eh
The most basic quantity in classical statistical mechanics is the partition

function Z. This is the sum of the product of the local Boltzmann weights; the
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sum is taken over all the configurations and the product is taken over all the

vertices.
v,C),e2(v,C)
Z HREM 0 eh(w.0)" (17)

Sometimes it is necessary to consider similar configuration sums for a different
arrangement of lines, e.g., by introducing lines with different angles.

Now, consider a vertical slice of the whole lattice, i.e., a vertical line and the
two sets of horizontal edges in the right and left sides of the vertical line. Let us
denote the local variables on the right edges by {¢} } and those on the left by {e;}.
One can associate a matrix T’ acting on ®jVy. This is called the transfer matrix:

{Ek} 51(“@» 52(U€v 9)
Ty ZHR < (02:Ca) e (ve.Ca)" (18)

Here the subscript s is put to indicate the restriction to the slice. The configuration
C, is fixed to {e}} and {e;} on the horizontal edges.

The transfer matrix is convenient in the calculation of the partition function.
For a finite lattice on the torus Z = tr T where N is the number of the vertical
lines on the torus.

So far, I have discussed general setting for a type of models called vertezr
models. Now, I introduce the six-vertex model whose transfer matrix gives the
commuting family of operators satisfying (13-15).

We associate a rapidity variable 3; to each line j in the lattice. We set
B x2i
(j = e €, where £ and ¢ are related by ¢ = —e™ "¢ . In the massive phase, £ is

purely imaginary (Im¢& < O)Land in the massless phase, £ > 0.
Consider the following R depending on the parameters ¢ and (.

DE, ~e,l—e Q(l B §2) e, l—e C(l - q2)
R;: = 1,R671_€ = W’Rl_&e = m (6 = O, 1)7 (19)
all the other weights are zero.

The vertex model given by this R-matrix is called the six-vertex model. Note that
only 6 out of 16 local configurations have a non-zero weight.

In general, we choose the Boltzmann weights at a vertex v to be R((1/(2) if
the vertical line passing thorough v carries the parameter 51 and the horizontal line
B2. With this special choice of the Boltzmann weights, the partition function has
a large symmetry, i.e., it is invariant under deformation of the arrangement of the
lines. This is called the Z-invariance. General Z-invariance is a straightforward
consequesnce of the simplest case where only three lines are involved. The equation
of the Z-invariance in this case is called the Yang-Baxter equation.

Suppose we define the transfer matrix 7' by choosing the parameter { for
the vertical line, and 1 commonly for the horizontal lines. With this choice the
transfer matrix T'(¢) satisfies (13-15). Note, in particular, that (13) follows from
the Z-invariance.

The origin of the Z-invariance, or the Yang-Baxter equation, is clarified in
the theory of quantum groups. I will explain this in the particular context of the
six-vertex model.

DOCUMENTA MATHEMATICA -+ EXTRA VOLUME ICM 1998 - T - 359-379



366 TETSUJI MIWA

2.3 R-MATRICES AS INTERTWINERS [5, 9]

The quantum affine algebra Uq(;lg) is a g-deformation of the universal enveloping
algebra U (;\lg) of the affine Lie algebra ;\ZQ. The structure and the representation
theory of the former for a generic value of ¢ is not very far from those of the latter
which I will recall partly.

The Lie algebra sl is a central extension of the infinite dimensional Lie algebra

sly ® C[t,t71]. The last one contains two subalgebras that are isomorphic to sla:
(sly); = Ce; ® Cf; ® Ch; (i =0, 1) where

1 -1
60:<(1J 8>®t,f0=(8 O>®t1’h0:<0 (1)>®1+Ca (20)

01 0 0 1 0
el—(o 0)@1,]‘1—(1 O)@l,hl—(o _1>®1.

Here, ¢ is the central element. R
There are two important categories of representations of sls:

the affinization of finite dimensional representations; (21)
and

the integrable highest weight representations (IHWR). (22)

There exists one-parameter family of automorphisms As : U (sAlg) - U (;\12)
sending the generators e,, fi, h; to Ce;, ¢ i hi. Given a finite dimensional repere-
sentation M, i.e., an algebra map p : U(slz) — End (M), one can define a new
representation by p o A¢. This representation is called the affinization of M. For
example, there is a natural action of sAlg on V ~ C? given by the matrix part of
(20). The affinization of V' is denoted by V..

The value of ¢ is called the level of representation. The level of V¢, as well as
the affinizations of all the finite dimensional representations, is zero.

I will say a few words on IHWR. A representation of sl, is called integrable
if M is decomposed into a direct sum of finite dimensional modules by the action
of each subalgebra (sly);. Let A € (Chg @ Ch1)" be an slo-weight. A vector uy is
called a highest weight vector with the highest weight A if e;uy = 0, hjux = A(h;)uy
(i = 0,1). A representation M is called a highest weight representation if it
is generated by a highest weight vector: M = U(.;\IQ)U)\. There exists (and, in
fact, uniquely exists) an integrable highest weight representation with the highest
weight A if and only if A\; = A(h;) is non-negative integer for each i. We denote it
by V(A). The level of this representation is equal to I = Ag + Aq.

_The above story of the representation theory of ;\lg is ‘deformed’ to that of
Uq(slz). There is, however, one significant difference in the two theories. The
tensor product of two representations is defined in both theories. The action is
given by the canonical algebra map A: U - U QU (U = U(slz) or U = Uy(slz)).
This map (unfortunately, there is a conflict in the notation ‘A’) is called the
coproduct. For U = U(sAlg) the coproduct is given by A(X) =X ®1+4+1® X for
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X € sly. It is invariant with respect to the transposition o : U ® U — U ® U,
o(x ®y) = y ® x. Namely, we have 0 o A = A. This is no longer true after the
deformation: A and A’ = o o A are differennt.

A question arises. Are the two actions on the tensor product, one given by A
and the other given by A’ isomorphic? The answer is ‘no’ in general. However,
it is ‘yes’ in certain situation including the tensor product of two representations
from the union of the categories (21) and (22).

I recall the notion of intertwiner, which plays the central role in the following
story. Consider two actions of an algebra A, M; with the action given by p;
(1 =1,2). Amap F: My — M is called an intertwiner if the following diagram
commutes:

F

Ml — M2
pi(a) | p2(a) L (z € A). (23)
M 5 M,

Consider the tensor product of two affinizations V¢, (i = 1,2) of the two di-
mensional representation V' of U,(sl2). The R-matrix R((1/¢2) € End (Ve, @ V¢,),
which gives the Boltzmann weights of the six-vertex model, is the intertwiner of

the two representations, one given by A and the other given by A’. Namely, we
have an equality R(¢1/(2)A(z) = A'(2)R((1/¢2) for all x € Uy(sls).

2.4 Uq(sAlQ) SYMMETRY OF THE XXZ MODEL

After these preparation from the representation thoery, it is high time that I told
the main idea of this talk: the U,(sl2) symmetry of the XXZ Hamiltonian and the
transfer matrix of the six-vertex model. It exists only for the massive phase and
only in the infinite volume limit. This limitation makes a clear distinction of this
symmetry from the abelian symmetry given by the transfer matrix itself.
Formally speaking, the space on which these operators act is the infinite tensor
product ®kezVj of the two dimensional spaces Vj, ~ C2. We consider these spaces
as the two dimensional Uy (sl2) module with the following actions of the generators.

60f1<? 8)761f0<8 é)ataltl<g qol) (24)

Formally speaking again, an action p,, on ®geczVj is given by the coproduct,
Ale;)) =e; @1+t ®e;, A(f;) = fi ®t;1 +1® fi,A(t;) = t; ®t;. Namely, we have,

s =X 0 (7 Yo () e} Do @

k
sem= e (4 Do (4 0)e (5 L) e
k—th
Aoo(el):zk:"'@(g q91>®(8 é)@(é (1)>®...7
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Aoo<f1>=;-.®(3 $)®(§t§)®(q; Ne-,
Aoo(tgl):Aoo(tl):...@)(g q01>®<g q01)®...

This action is obviously not well-defined on arbitrary vectors of the form
®rezVe, because Ay (t1) counts the total spin qZkEZ 3D, The total spin
is finite if we restrict to the vectors |p) considered in Section 1. Hopefully, if
—1 < g < 0, the formal expressions (25) define actions on certain vectors of the
form (4). One can check this idea in the small ¢ expansion. For example, one can
seek for a singlet, i.e., a vector annihilated by all ps(e;) and poo(fi) (¢ = 0,1)
starting from the ground state vector [p(®)) of (3). The result is remarkable. We
get the same expansion as the vector |vac)o.

Denote the physical space corresponding to the i-th ground state by F;. We
postulate that there is an action p(*) of U, (sl2) on F;, and that the transfer matrix
T(¢) intertwines p(® with p(*). In other words, the transfer matrix, and in partic-
ular, the XXZ hamiltonian, has the Uq(sAlg) symmetry. If this is true, the U, (;\12)
module F; must be highly reducible because the space of the intertwiners, con-
taining all T'({), is infinite dimensional. Recall the decomposition (7) for A = —1.
This result suggests how the space F; for A < —1 decomposes with respect to the
Uq(sl2) action. The rapidity variables 8; in (7) should be the parameters of the

B

affinization (; = e™¢ .

This ia a nice picture. However, its mathematical content is still unclear be-
cause we have no means to make a rigorous meaning of the infinite tensor product.
In the following sections, I will give a different picture to the space F; which en-
ables us to formulate everything in the representation theory without using the
infinite tensor product.

3 CFT AND THE SG MODEL:INTEGRABLE QUANTUM FIELD THEORIES

Quantum field theory and statistical mechanics are twins. They share similar ideas
in many aspects. Integrable QFT and solvable lattice models, in particular, have
a common algebraic structure. In this section, I review a few results of the former,
from which we learn how to solve the models by using the symmetry algebras.

3.1 LATTICE THEORY AND CONTINUUM LIMIT

In Section 1, I have described the structure of the eigenvectors of the XXZ model
by using the language of QFT. This is possible because of the similarlity between
QFT and statistical mechanics. In fact, the connection between these two theories
is more than a mere analogy because in the continuum limit, lattice theories are
described by QFT. The correlation functions of local variables in the former are
scaled to those of local fields in the latter. For example, take the two dimen-
sional Ising model. This is a model in classical statistical mechanics on the two
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dimensional lattice. We have the scaling identity (see [21, 18])

(P(O)p(z)) = lim  (00,00m,n)- (26)

£—0, m,n— 00
z=(me,ne)
Here, ¢ is a parameter in the Ising model such that the system becomes massless
at ¢ = 0. This identity along with the n point generalization defines a massive
QFT with the local field p(z).

In general, it is rather difficult to carry out the computation in the right hand
side. Instead one can study the left hand side by using some other principle, and
then identify it with the continuum limit of some statistical mechanical system.
This idea was fully developed and extremely successful in the two dimensional
conformal field theory, which deals with the short distance behavior of massive
QFT.

The success of CFT came from the principle of conformal invariance. The
conformal invariance forces the theory to be massless. Therefore, it has no power
to say something about the scaling limit of off-critical (massive) models except in
the short distance limit. My interest in CFT in this talk lies not in taking the
scaling limit like (26) for critical models but in seeking for an algebraic machinery
applicable to off-critical models.

3.2 PRIMARY FIELDS AND VERTEX OPERATORS [3, 16, 20]

The local fields in CFT have the conformal invariance. This is a symmetry of
the Virasoro algebra, which is a central extension of the Lie algebra of vector
fields on the unit circle. (I restrict the discussion to the so-called chiral CFT.)
This symmetry is a little bit different from the symmetry of the XXZ Hamitonian
discussed in Section 2. The action of U, (sls) commutes with the XXZ Hamiltonian.
The action of Virasoro algebra does not commute with the loacl fields. However,
it induces an adjoint action on the set of local fields, and this action is identified
with a highest weight representation.

The operators serving as a highest weight vector in this representation are
called the primary fields. It is important to know the primary fields as an operator
acting on the physical space of the conformal field theory. The operators in this
context is called the vertex operators.

Let us consider the conformal field theory with the symmetry of the affine
Lie algebra slo. We fix a positive integer [. The physical space of this theory is
the direct sum of the level [ integrable highest weight representations: Fcrr,; =
BAV(A).

Let VC(] ) be the affinization of the 2j + 1 dimensional representation of ;\IQ.
We considered a special case, j = % in Section 2. The intertwiner of the form

¢9(C) : Forra — Forra © VY (27)
exists if and only if 0 < 5 < é It is called the vertex operator of level [ and spin
4. This is identified with the primary field which generates the highest weight
module with the highest weight A such that A\(hi) = 27.

DOCUMENTA MATHEMATICA - EXTRA VOLUME ICM 1998 - T - 359-379



370 TETSUJI MIWA

3.3 THE KZ EQUATION

The two-point scaling funtion of the Ising model (26) is expressed in a closed
form by using a solution of the non-linear ordinary differential equation called
the Painleve equation. No such result is known for other solvable lattice models
that are essentially different from the Ising model. In CFT, the correlation func-
tions satisfy a system of linear partial equations which is a generalization of the
hypergeometric differential equation.

Let us consider a particular example, the operator ¢(2)(¢) in (27). For sim-
plicity we denote it by ¢(¢). This operator has two components ¢o(¢), $1(¢) cor-
responding to vg, v1 € V¢, each of which acts on Forr,. Denote by |0) the highest
weight vector in the spin 0 highest weight module. Set

f(Ch"'?C’n = Z f61, En Ch"'v(ﬂ)vﬁ '®v€n€VC1®"'®VCn (28>

-€n

where

fsl ..... en(Cla"'aCn) = <0|¢51(<1)¢5n(gn)|0> (29)

Let Pjj, be the transposition of the j-th and the k-th components in the tensor
product V¢, ® --- ® V. After some trivial modification the function f satisfy
the following system of linear partial differential equations called the Knizhnik-
Zamolodchikov equation.

0 f((lv,gn)

26,

3.4 TFORM FACTORS OF THE SG MODEL [19]

The two-point functions in CFT are simple power functions. This is clearly seen
from the equation (30). The quantum field theory in the scaling limit of the
Ising model is not conformally invariant. The two-point function is already highly
non-trivial. There are a variety of quantum field theories obtained as the scaling
limit of the off-critical solvable lattice models. These are massive field theories.
Their correlation functions are, in general, not known. However, these theories
have the integrability inherited from the lattice models. They have the factorized
S-matrix and their form factors satisfy the g-deformation of the KZ equation. I
will explain these points in the sine-Gordon model which are the scaling limit of
the eight-vertex model (a generalization of the six-vertex model).

One way to compute the two-point function is to put a complete set of inter-
midiate states.

paoowieg = > I [~ 2L 5 (31)

n>0,even j=1 81,-~~75n

X <vac|¢(0)|ﬁn7 sy Bl>€n,.“,.€1 E1,--sEm <ﬂ1, ey 5n|¢(x)|vac>
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The matrix elements (vac|¢(0)|Bn, ..., B1)e,,...e; are called the form factors.
For the Ising model, the form factors are given by the Pfaffian of the two-particle
one, which is tanh @

There is a redundancy of the vectors (vac|¢(0)|Bn, ..., 51)e,....e; - Only those
with the restriction 5; < --- < f, are independent. The assumption of the
factorized S-matrix is such that the linear relations among the vectors are given
by the two-particle S-matrix in the form (9). For example, the two-particle S-
matrix of the Ising model is —1.

The S-matrix of the sine-Gordon theory is given by (19) with a real parameter
€, as S = SyR. The scalar factor Sy is given by

) / sin k3sh ”7_55 dk
g f e a M
s £

So = —e chgrshsk K (32)
This function is expressed by means of the double gamma functions ([22, 13]).
Note that Sp depends on 8, in such a way that it is not single-valued in ¢, q as
opposed to the matrix part R.

In the limit £ — oo, the double gamma function reduces to the usual gamma
function, and the Sy is given by
L+ £)0(—2)

2 2 2w

I -

The R reduces to 517’:5) where P is the transposition.

The S-matrix of the SG theory is identical with the S-matrix of the six-vertex
model in the massless phase. This is because the SG theory is the continuum limit
of the eight-vertex model as I have already mentioned. The continuum limit is
taken at the critical region of the eight-vertex model. This is nothing but the six-
vertex model in the massless phase. The case discussed in Section 1 is a special
case of this story where £ = co.

Set

So(B) (33)

Fopren(Brsoi Bn) = (0ac|d(0)[Bn, -+ Br)e,....cr- (34)

Because of (9) it satisfies

Fel,...,8j+1,6j,...,8n (617 cee 7Bj+1a16j7 o 76”)
= Z S(ﬂ] 7ﬂj+1)§§:§j¢iFsl,.,.,s' .,sn(ﬂla~"7ﬂjaﬂj+17"'a6n)~(35)

’
[T EEE

! ’
£ifit1

There is another equation for the form factor. It gives the analytic continua-
tion of the form factor in the last variable (3,,:

Fal,...,en(ﬁla---;ﬁn+27Ti) = FEH,El,...,ETL,l(Bnaﬁl»'";/81’7,71)- (36>

I will not explain why this is valid. In Section 4, however, its origin in the
representation theory is given in the case of the XXZ model with A < —1.
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3.5 THE QUANTUM KZ EQUATION [§]

Set
F(ﬁl;~"7ﬂn) = Z Fsl,“.,en(ﬁlwnaﬂn)vel Q- ®U€n‘ (37)

15--5€n

Combination of (9) and (36) gives the following difference equation for the form
factor.

F(B1,...,05+2mi,...,Bn) = Sjt1,;(Bjy1 — Bj — 2mi) - - - Sy j(Bn — B — 2mi)

xS1,5(B1 = Bi) -+ Sj—1,5(Bj—1 = Bi)F(Bi,- - Bjs- s Bn)- (38)
Here, I denote by S the action of S on the j-th and k-th components. In the
limit where &, 31,...,8, — 00, this equation scales to the differential equation

(30) with the level I equal to 0.

One can repeat the story in 3.2 and 3.3 for Uq(sAlg). Vertex operators are
defined as the intertwiners between the highest weight representations with and
without the tensor product by the affinization of a finite dimensional representa-
tion. The matrix elements of the product of vertex operators between the highest
weight vectors satisfy a system of difference equation. This is called the quantum
KZ equation. The above equation is a special case with level 0.

A question arises: Are these matrix elements representing the correlation
functions of some integrable models? The answer is NO BUT. I will come back to
this question later.

4 CTM aAND HTM: THE KEY WORDS IN THE DICTIONARY

I present the algebraic structure of the XXZ and the six-vertex models in the lan-
guage of representation theory. Two kinds of transfer matrices, that are acting on
the half-infinite tensor product, play the central roles in the symmetry of Uy (sl2).
I will explain how to identify these operators in the representation theory. This
identification brings us the solutions to the problems mentioned before: the diag-
onalization of the XXZ Hamiltonian, and the computation of the form factors and
the correlation functions.

41 CTM [1]

Our goal is to understand the infinite tensor product ®xeczVi as a Uq(;\lg) module.
It is rather a big representation, of course not irreducible. The half infinite tensor
product is also a representation space of Uy(sl2). It is much smaller than the
infinite tensor product in both directions. The idea is to study the content of this
representation first, There are two operators which naturally act on this space.
They are the corner transfer matrix (CTM) and the half transfer matrix (HTM).

I start from the CTM. Recall the Boltzmann weights given by (19). There
are three different ones. Let us call them the a, b and ¢ weights, respectively, from
the left to the right. We restrict to the region

~1<q¢<0, 1<¢<—q L (39)

DOCUMENTA MATHEMATICA -+ EXTRA VOLUME ICM 1998 - I - 359-379



SOLVABLE LATTICE MODELS 373

In this region, the ¢ weight dominates the others.

The XXZ Hamiltonian and the transfer matrix of the six-vertex model act
formaly on the vectors parametrized by the paths, which satisfy certain boundary
conditions. We consider similar boundary conditions for the configurations on the
two-dimensional lattice. A configuration is called the ground state if it consists
of the ¢ weight only. There are two such configurations. The local variables
take constant values 0 or 1 along the NE-to-SW diagonal lines, and these values
alternates over the diagonal lines. Choose two vertical lines, and consider the
set of horizontal edges between these two lines. We number these edges by Z
(increasingly from S to N). The configuration of a ground state on these edges is
equal to p(© or pM). Accordingly, we call it the i-th ground state.

Consider the half infinite tensor product ®32,Vi. We denote by H; the space
spanned by the vector of the form ®72 v,y where the half infinite path p satisfies
p(k) = (1 — (—1)**%) for sufficiently large k. The corner transfer matrix A(()
formally acts on the space H;. Its matrix element is given as follows.

Consider the center of the plaquet in the lattice between the edges 0 and
1. Divide the whole lattice into four quadrants at this point making cuts in the
N,E,W.S directions. Take the NW quadrant. Fix the local variables of the edges
on the N-cut to {p/(k)}rez-1, and those on the W-cut to {p(k)}rez-1. Consider
the configuration sum for this quadrant with this restriction on the N and W
boundaries. We also restrict the sum to those configurations which belong to the
i-th ground state, i.e., different from /the i-th ground state at finitely many places.
We define the matrix element A(C )g (gf))}} to be the configuration sum under these
restrictions.

This is only a formal definition, and it is divergent. In the region (39), the
CTM can be renormalized to a ‘finite’ operator with discrete (and, in fact, equally
spaced) eigenvalues, while if |g| = 1, the renormalized operator has a continuum
spectrum. This difference comes from the difference in the analytic structure of
the free energy.

Consider a finite lattice with N sites (i.e., N = #{vertex}). The limit x =
lmpy_ oo Z ~ is called the partition function per site. (The free energy is given by
its logarithm.) In the massive region, it is given by
C(q‘*CQ;q“)oo(qQC*?;q‘*)oo
(7*C254%) o0 (*C%5 4o
where (2;p)oo = [[—o(1 —p™2).

The above & is a single-valued meromorphic function in ¢. It has a natural
boundary at |¢q| = 1. If |¢| = 1, the partition function per site has an different
expression: it is given by —S; ! (see (32)) with a real value of ¢ and an imaginary
value of 8. (Note that in the sine-Gordon theory, /5 is real.) This is not single-
valued in (, nor in q.

Physical intuition tells that the renormalization of CTM and HTM is done
by choosing the overall factor of the Boltzmann weight in such a way that the
partition function per site is 1. Therefore, the structure of the physical space and
the renormalized operators acting on it differs in the massive and the massless
phases.

(40)
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In the region (39), we have

Are(Q) =P (41)

The operator D is independent of ¢ and has the spectrum {0,1,2,...}. This
remarkable (however, no rigorous proof is available) property is a consequence of
the single-valuedness of k.

Let A; be the affine sl weight such that (A;, h;) = d;; (4,5 = 0,1). I state
the main postulate:

the space of the eigenvectors of the CTM in the i-th ground state is isomorphic to
the integrable and irreducible highest weight representation V(A;) of Uy(sla).

Namely, the half infinite tensor product #; is interpreted as the highest weight
module ([7])

I give the evidence for this statement: The character of the space H; and that
of V(A;) are equal. The former can be computed in the the crystal limit ¢ — 0
because we have

D = -

DO =

o0
Zk(azaz+1 +ojol + Ackoi ), (43)
k=1

and this is diagonal in the limit. The equality of the characters is equivalent to
the combinatorial identity

> ((71)p(k>+p<k+1),(,1)p<i><k)+p<i><k+1>> q(m_z‘)(m—z‘+1)

PO - W

2. 42 ’
v (4% ¢)oo

where H;m = {p € Hi;23 7, (p(k) — p(k)) = m}.

4.2 HTM [4, 14, 13]

The matrix element of the transfer matrix is formally given by the configuration
sum (18) for a slice of the lattice consisting of one vertical line and horizontal lines
indexed by k € Z which intersect the vertical one. Cut the vertical edge between
the k = 0, 1 horizontal lines. The matrix element of the half transfer matrix o )
(e = 0,1) is given by the configuration sum for the upper half of the slice where
the local variables on the right and left edges are fixed to {€},} and {e;}, and the
one on the cut edge is fixed to . The superscript ¢ indicates the restriction of the
sum to those configurations which belong to the i-th ground state.
The half transfer matrix acts as

L RVRVRV 5 (-VeV)’ V. (45)

The components described by V' corresponds to the horizontal lines and the one
denoted by V; corresponds to the vertical line.
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In the dictionary, the half transfer matrix (45) is translated into the unique
(up to the normalization) intertwiner

() =" D) ®v. : V(A) = V(M) @ V. (46)

e=0,1

If ¢ =1 in (45), the mapping is nothing but the identity operator. However, its
translation (46) is a highly non-trivial operator even if ¢ = 1.
I list some properties of the intertwiners.

Pal(¢) = <I><Z>(£<>£D (47)

ol (Gel () = Y RAZ(G/R)RL (el (G),  (48)
81 62—01

Z@“ V(=g 1O)@0(¢) = idy, (49)

The R-matrix in (48) is normalized as R({) = ﬁR(C) (see (40)).

4.3 SPACE OF THE PHYSICAL STATES

The identification of the physical space follows from (42) by a simple functorial
argument.

Consider the inner product of V', (v;,v;) = 6;4;.1. The Uq(;lg) action (24) on
V satisfies (zv,v’) = (v, b(x)v') where b is the anti-automorphism of Uq(sAlg) given
by ble;) = qties, b(fi) = qt; ' fi, b(t;) = t;'. Since the left half --- @ VeV eV
is equal to @®;=0,1V (A;), the right half V®V ® V ® - - is equal to the dual space
@i=01V (A;)*. The action on the dual space is given by the transposed action
b(z)*. The infinite tensor product F is identified with End(H) = H ® H*. The
action on F is given by the adjont action.

F = End(’H) == EBi,jzo’lHom(V(Ai), V(A])), (50)
x.f= Zx(l) ofob(rp) forxe U,(sla), f € End(H). (51)

Here A(x) = )" (1) ® x(2) is the coproduct of x.
The inner product on F is given by

(f,g) =tracey fog for f,g € End(H). (52)

The transfer matrix in the dictionary reads as

Z@ fo®i_.(Q). (53)

Now, I will diagonalize this operator.
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4.4 VACUUM AND EXCITED STATES

The vacuum state (4) is given by the iteration of the transfer matrix, because it
is the largest eigenvector. Namely, the coeflicient ¢(p) in (4) is (up to a divergent
scalar) written as ¢(p) ~ limp_o0 (p|T(O)N pN+D) where p(? = pit2) is the
ground state path.

Thr right hand side is nothing but the partition function for the one half of the
lattice, or equivalently, is equal to the matrix element (A(C)B(())g&:;i;]f)}kzl of
the product of the CTMs corresponding to the NW and the SW quadrants. Using

the symmetry property of R((), RZEQ(@/Q) Ry~ 61’82( ~1¢1/¢2), we obtain

l—e1,e2

Bro(¢) = Are(—q~1¢71), and therefore A.o(¢)Bre(¢) = (—q)P.
We reached the conclusion.

lvac); = Xfé(fq)D € End (H;). (54)
Here x = tracey,¢*” = [[)1, =
i(vaclvac); = 1. One can easily check T'(¢)|vac); = |vac)1—; by using (48) and
(49).
To find particles in F is equivalent to find submodules isomorphic to V,, ®
-+ ® Vg, in End (#). This problem is also solved by using intertwiners, but of a
different kind:

is the normailzation factor such that

WO(€) : Ve @ V(M) = V(A1) (55)

The essential difference of this intertwiner from ®((¢) is that V; is placed in the
left of V/(A;). In the CFT case, there are no such difference because the coproduct
is symmetric.

We have
L) = wr(E0)e”, (56)
i) (&) = - Z RS (660 @V (&), 67)
oL = T(C/a“w:gl‘”(é)@é?(o. (58)

Here, we set

R S S ST
= 59
m(c) ‘ (4¢7%¢%) o (03¢5 4% oo (59)
Using these relations, one can show that the n-particle states is given by

(€nsee e E)epierd = VTG 0O (6) (—g)” (60)

The eigenvalue of the transfer matrix on this states is given by H;—;l 7(C/&5)-
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4.5 CORRELATION FUNCTIONS AND FORM FACTORS [11]

The correlation functions of the XXZ model are by definition ;{vac|O|vac); where
O is some local operators. This expression is immediately written as the trace
x " ttracey, ¢*PO.

For example, let us consider the simplest case 0§ € End (F) = End (H® H*).
This operator, in fact, acts only on H. Recall the half transfer matrix (we now
abbreviate the notation by dropping the superscript )

P(1)=P(1)@ve+P1(1)@v1: - @VRIVRIVI(---aVeV)aV. (61)
The relation (49) gives the inverse map
D1 (—¢ )@+ Po(—¢ @V (- @VOV)QVS--.VeVeV, (62)
where vg, v} are the dual basis of vg,v;. Therefore, we have
of = @i(~¢ ) Po(1) — Bo(—g )1 (). (63)

In general, the correlation functions belong to the family of functions of the
form

tracesy, q2D<D€1 (Cl) Tty (I)En (Cn) (64)

In CFT, the correlation functions are the matrix elements of the product of
vertex operators between the highest weight vectors. The g-analogues of such
matrix elements do not contain the lattice correlation functions. Instead, the
trace functions (64) give the lattice correlation functions. The trace functions also
contain the form factors of the local operators in the form

traces, ¢* ®e, (1), Pe, (Ca) W, (6m) -, U7, (€1). (65)

This is because the excited states are given by (60).

I finish this talk with several remarks on the formula (65).

A direct computation of the trace is not practical because the trace is taken
on the infinite dimensional space H;. However, it is possible to realize H; as the
Fock space of free bosons. In this realization, the operators ®(¢) and ¥*(§) are
explicitly expressed in terms of bosonic currents. The integral formula for the
trace functions follows from this.

The exchange relations (47-49) for the half transfer matrices induce a set
of equations similar to (35) and (36) for the trace functions (64). Solving these
equations under a certain analyticity condition which follows from the integral
formula, we have

tracesy, ¢*” (Po(¢1)P1(C2) + P1(C)Po(G2)) _ (=¢°¢150%) oo (=05 0*) 0
tracez;, q*P (@o(C1)P1(C2) — P1(¢1)Po(C2)) (3¢ 6%) 0 (465 %) o

where ¢ = (5/(;. Baxter’s result (11) follows from this.
Suppose that an operator O commutes with U*(¢) (in fact, the local operators,
e.g., (63), do commute), then the trace functions tracey, OV} (&m)---, ¥y (&1)

(66)
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satisfy exactly the same equations as (35) and (36) with pure imaginary £. Note,
in particular, that the shift 3 — 3 + 2mi corresponds to the shift ¢ — ¢?¢. The
relation (36) follows from ¢?PW*(¢) = U*(¢%¢)¢*P and the cyclicity of the trace.
The relation (58) tells that the operators ®(¢) and ¥*(£) commute up to a simple
factor 7(¢/€). With a suitable modification to cancel the factors 7({;/;), the trace
function (65), in general, gives a solution of the gKZ equation with level 0.

The connection between the XXZ model and the representaiton theory of
Uy (sl2) fails in the massless phase. The reason for this is that the latter is singular
when |¢| = 1. The product of the intertwiners exhibit singularities there. However,
the bosonic construction of the vertex operators satisfying the relevant exchange
relations is possible ([17, 13, 10]). The integral formulas for the correlation func-
tions and the form factors are, thus, available (so far, without a firm basis of the
representation theory).

REFERENCES

[1] R. J. Baxter. Ezactly Solved Models in Statistical Mechanics. Academic,
London, 1982.

[2] R. J. Baxter. Spontaneous staggered polarization of the F model. J. Stat.
Phys., 9:145-182, 1973.

[3] A. A. Belavin, A. N. Polyakov and A. N. Zamolodchikov . Infinite conformal
symmetries in two dimensional quantum field theory. Nucl. Phya., B 241:333-
380, 1984.

[4] B. Davies, O. Foda, M. Jimbo, T. Miwa, and A. Nakayashiki. Diagonalization
of the XXZ Hamiltonian by vertex operators. Comm. Math. Phys., 151:89—
153, 1993.

[5] V. G. Drinfeld. Quantum Groups. In Proceedings of the International
Congress of Mathematicians. 798-820, Berkeley, 1987.

[6] L. D. Faddeev and L. A. Takhtajan. Spectrum and scattering of excitations in
the one-dimensional isotropic Heisenberg model. J. Soviet Math. 24: 241-267,
1984.

[7] O. Foda and T. Miwa. Corner Transfer Matrices and Quantum Affine Alge-
bras. Int. J. Mod. Phys., A7 supplement 1A:279, 1992.

[8] I. B. Frenkel and N. Yu. Reshetikhin. Quantum affine algebras and holonomic
difference equations. Comm. Math. Phys., 146: 1-60, 1992.

[9] M. Jimbo. A ¢ analogue of U(gl(N +1)), Hecke algebra, and the Yang-Baxter
equation. Lett. Math. Phys., 11: 247-252, 1986.

[10] M. Jimbo, H. Konno and T. Miwa Massless XXZ model and degeneration of
the elliptic algebra A, ,(sl2) In the proceedings for Ascona meetings, 1996.

DOCUMENTA MATHEMATICA -+ EXTRA VOLUME ICM 1998 - T - 359-379



[11]

[12]

[13]

[14]

[15]

[22]

SOLVABLE LATTICE MODELS 379

M. Jimbo, K. Miki, T. Miwa and A. Nakayashiki. Correlation functions of
the X X Z model for A < —1. Phys. Lett. A 168: 256-263, 1992.

M. Jimbo and T. Miwa. Algebraic Analysis of Solvable Lattice Models. CBMS
Regional Conference Series in Mathematics vol. 85, AMS, 1994.

M. Jimbo and T. Miwa. Quantum KZ equation equation with |¢| = 1 and
correlation functions of the XXZ model in the gapless regime. J. Phys., A 29:
2923-2958, 1996.

M. Jimbo, T. Miwa, and A. Nakayashiki. Difference equations for the corre-
lation functions of the eight-vertex model. J. Phys., A26:2199-2209, 1993.

J. D. Johnson, S. Krinsky and B. M. McCoy Vertical-arrow correlation length
in the eight-vertex model and the low-lyingexcitations of the X-Y-Z Hamilto-
nian. Phys. Rev., A8;2526-2547, 1973.

V. G. Knizhnik and A. B. Zmolodchikov. Current algebraand Wess-Zumino
models in two dimensions. Nucl. Phys., B247: 83-103, 1984.

S. Lukyanov. Free field representation for massive integrable models. Comm.
Math. Phys., 167: 183-226, 1995.

M. Sato, T. Miwa and M. Jimbo . Studies on holonomic quantum fields I.
Proc. Japan Acad., 53 A: 6-10. 1977.

F. A. Smirnov. Form Factors in Completely Integrable Models in Quantum
Field Theory. World Scientific, Singapore, 1992.

A. Tsuchiya and Y. Kanie. Vertex operators in conformal field theory on
P! and monodromy representation of braid group. Advanced Studies in Pure
Mathematics, 16: 297-372, 1988.

T. T. Wu, B. M. McCoy, C. Tracy and E. Barouch. Spin-spin correlation
functions for the two-dimensional Ising model: Exact results in the scaling
region. Phys. Rev., B13: 316-374, 1976.

A. B. Zamolodchikov and Al. B. Zamolodchikov. Annal. Phys., 120: 253-291,
1979.

Tetsuji Miwa

Research Institute

for Mathematical Sciences
Kyoto University

Kyoto 606, JAPAN

DOCUMENTA MATHEMATICA -+ EXTRA VOLUME ICM 1998 - T - 359-379



380

DOCUMENTA MATHEMATICA -+ EXTRA VOLUME ICM 1998 - 1



