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SECTION 10. PARTIAL DIFFERENTIAL EQUATIONS

BESsTIMATES NEAR THE BOUNDARY FOR SOLUTIONS

OF SECOND ORDER PARABOLIC EQUATIONS

MIKHAIL SAFONOV

ABSTRACT. We discuss different forms of the Harnack inequality for
second order, linear, uniformly parabolic differential equations, and their
applications to the estimates of solutions near the boundary. These appli-
cations include some Gaussian estimates and doubling properties for the
caloric measure, and estimates for the quotient of two positive solutions
vanishing on a portion of the boundary of a Lipschitz cylinder. A genera
approach to all these problems is demonstrated, which works for both
the divergence and non-divergence equations and is based only on the
“standard” Harnack inequality and elementary comparison arguments.
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1 INTRODUCTION. PRELIMINARY RESULTS

In this paper, we deal with the estimates of solutions to second order parabolic
equations, which do not depend on the smoothness of coefficients. Such estimates
have many important applications, especially in the theory of nonlinear equations
(see [K], [LSU], [T], [PE]). Here we treat simulteneously the equations in the
divergence form

Lu = Z D;(a;jDju) —us = 0, (D)

4,j=1

and in the non-divergence form

Lu= Z aijDiju — Ut = 0, (ND)

i,7=1
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638 MIKHAIL SAFONOV

where D; = 0/0z;, D;; = D;D;. We assume that the functions v = u(X) and the
coefficients a;; = a;;(X) are defined and smooth for all X = (z,t) € R"*!, and
the operators L are uniformly parabolic, i.e. a;; satisfy

V¢ < Zaz'j&fj forall € = (&1,---,&,) € R, max|a;;(X)| <v™h, (11)
irj

,J

with a constant v € (0,1]. However, our estimates do not depend on the extra
smoothness of v and a;;, and by standard approximation procedures, they are
extended to measurable a;; in the divergence case (D) and to continuous a;; in
the non-divergence case (ND).

At present, the equation (D) are investigated much better than (ND). For
example, under natural boundary conditions, the solution u of the equations (D)
with measurable a;; are well approximated by the solutions u® of equations with
smooth a;; — a;jase = 0 (a.e.) A recent striking example by Nicolai Nadirashvili
[N] (see also [S]) shows that this procedure fails to give a unique solution even
for elliptic equations Y a;; D;;u = 0 with measurable a;; in the unit ball B; C
R™, n > 3: different subsequences {u®*} may converge to different functions.

Nevertheless, some properties of solutions look similar for the equations (D)
and (ND), though their proofs are essentially different in these two cases. It
turns out that two such statements, the comparison principle (Theorem 1.1) and
the interior Harnack inequality (Theorem 1.2), provide the background for many
others. From this “unifying ” point of view, we present different versions of the
Harnack inequality, estimates of quotients of positive solutions, doubling properties
for L—caloric measure, and other related results. The proofs of these results are
very “compressed”, for some statements we only give an outline of the main ideas.
In the elliptic case, i.e. when a;; and w in (D) or (ND) do not depend on ¢, most
of these results are known from [CFMS], [B], [FGMS]. They were extended to the
parabolic equation with time-independent coefficients in [S], [G], [FGS] , and to
general parabolic equations (D), (ND) in recent papers [FS], [FSY], [SY].

For an arbitrary domain V C R"*!| we define its parabolic boundary 0,V
as the set of all the points Y = (y,s) € 9V, such that there is a continuous
curve X (t) = (x(t),t) lying in V U{Y} with initial point Y, along which ¢ is
non-decreasing. In particular, for Q@ = Q x (9, T) we have

9,Q = 0,Q U d,Q, where 8,Q = dQ x (to, T), 9,Q =10 x {to}. (1.2)

ForyeR™ r>0,Y =(y,s), @ =Q x (to,T), and small § > 0, we denote

B, = B(y)={zeR": |Jz—y|<r}, C.=C.(Y)=DB,(y) x (s—7rs+7r?),
Qr = QX)=0QnC(Y), A =A(Y)=(0,Q) NC.(Y),
Q° = {zeQ: dist(z,09) >},  Q°=Q x (to + 6% 7).

THEOREM 1. (Comparison principle). Let V' be a bounded domain in R+
functions u,v €£’2(V) NC(V) and satisfy Lu < Lv in V, u>v on G,V.
Then uw>v on V.
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This theorem is well-known and its proof is elementary. The next one is far
from obvious. In the divergence case, it was discovered by Moser [M] in 1964. In in
the non-divergence case, it was proved in [KS] in 1978-79, see also [K], Chapter 4.

THEOREM 2. (Interior Harnack inequality). Let u be a nonnegative solution of
Lu = 0 in a bounded cylinder Q = Q x (to,T), and let positive constants §, A
be such that Q° is a connected set, and diamQ + /T —tg < X6. Then for all
x,y € Q° and s,t satisfying to + 6> < s < s+ 02 <t < T, we have

uly,s) < Nu(z, 1) (13)
with a constant N = N(n,v, A).

From now on we assume that (2 is a bounded domain in R™ satisfying the
following Lipschitz condition with some positive constants 7o, m : for each y €
09, there is an orthonormal coordinate system (centered at y), with coordinates
x=(x1,  ,Tn-1,Tn) = (', 2,), such that

QN {]2'| < ro, |zn] < (m+ Dro} = {|2'| <710, @(2') <2y < (M + 1)1}, (1.4)

and [Ve| < m on the ball {|2/| < r¢} C R"~'. Then for any continuous function g
on R™"™1 there exists a unique solution u € C%(Q) N C(Q) of the boundary value
problem

Lu=0 in Q=Qx(t,T), u=g ond,Q. (1.5)

This is a well-known fact for smooth €2, and it is easily extended to Lipschitz
domains € by their approximation with smooth domains €7 \, 2. From Theorem
1.1 it follows that ¢ — u(X) is a linear continuous functional on C(9,Q). By
the Riesz representation theorem, there exists of a unique probability measure
(L-caloric measure) wX = wgg on 9,Q, such that the solution of the problem (1.5)
has the form

w(X) = u(z,t) = /a Qg(Y)de(Y). (1.6)

The above representation is also valid for unbounded domains @ under some
natural restrictions on the growth of solutions for |z| — oco. For example, if the
function g is bounded, we restrict ourselves to the bounded solutions u.

LEMMA 3. Let Q be a bounded Lipschitz domain in R™ with constants rg
and m, and let Q = Q X (tp,00). Then for any Y = (y,s) € 0,Q = 9Q x (tg, 00),
and r € (0,79], we have

wX(B)>N' on Q9 (1.7)

with a constant N = N(n,v,m) > 1. If Y = (y,t0) € 0;Q = Q x {to}, then the
estimate (1.7) holds for all r > 0 with a constant N = N(n,v) > 1.
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Proof. Without loss of generality, we may assume ¢ty = 0. First we consider a
simpler case Y = (y,0) € 9;Q. In this case,

C= C’I“(Y) = Br(y) X (—7277’2) D) C+ = Br(y) X (0372) o Qr = Qm C.
The function
u(X) = wli (0,0T) onCT, u=1 onC\CT

can be treated as a solution of the problem (1.5) in the cylinder C' with g = 1 for
t <0, g =0 for t > 0. Therefore, applying Theorem 1.1 in @, = @ N C and then
Theorem 1.2 in C', we obtain the desired estimate with a constant N = N(n,v) >
1:

WX (B) 2 u(X) = N luly, —r2/2) = N™' on Qupo.

Now it remains to consider the case Y = (y,s) € 9,Q, i.e. y € 9N, s €
(to,00). By the Lipschitz condition, the set B,(y) \ £ contains a ball B, (z) with
= p(m) > 0. Then

Z:(z,sfr2/2) € C' = Bur(z) x (57r2,5+7"2) cC\Q,

where C' = C,.(Y). We can apply Theorem 1.2 to the function u(X) = wX (9,C")
in C and to v/ (X) = wd (0,C') in C" extended as u' = 1 across §;C’. This gives
us

wX(A) > u(X) > Ny 'w(Z) > Ny (Z) > Ny on Qe
where the constants N1 and N» depend only on n,v,m. Lemma 1.1 is proved.

COROLLARY 4. Let Lu=0, u>0in Q, and u =0 on Ar(Y) = (0,Q) N Cr(Y)
for some Y € 0,Q and R € (0,r9]. Then

sup u < fsupu, (1.8)
QRry/2 Qr
supu < (2r/R)*supu forall r € (0,R] (1.9)
Qr Qr

with constant 0 = O(n,v,m) € (0,1), a = —log, 0 > 0. If Y € 0,Q, then (1.8) and
(1.9) hold for all R > 0 with 0, « depending only on n,v.

Proof. Let wX denote the L-caloric measure on d,Qr. Then
w¥((0,Qr) \Ar) =1-w¥(Ag)<1-N""'=0 on Qgp,

and since u = 0 on Agr(Y),

Sup u = sup / udw™ < sup w* ((0,Qr) \ Ag) - sup u < fsupu.
QRr/2 Qr/2J0pQr QRry2 QR Qr

The estimate (1.8) is proved. Iterating this estimate, we also get (1.9). O
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2 GAUSSIAN ESTIMATES FOR L-CALORIC MEASURE

For given cylinder Q = Q x (to,T) C R""! introduce the functions d(z) =
dist(x, 092) on €, and

p(X) = pa(X) = p(z,t) = d(z)/Vt -t on Q, (2.1)

THEOREM 5. There exist positive constants N, 3, depending only on n and v, such
that

wX(0,Q) < Ne P7"X) on Q. (2.2)

Proof. We fix Yy = (0,1) € R"*! and for p > 0 define M (p) = supw 2 (9,.C),
where C' = B,(0) x (0, 1), and the supremum is taken with respect to all parabolic
operators L with coefficients a,; satisfying (1.1). It is easy to see that M(p)
decreases on (0, 00), and moreover, applying Corollary 1.1 to u(X) = w&(9.C),
we have M (p) \, 0 as p / co. This allows us to fix a constant A = A(n,v) such
that M(A) < 1/3. By substitution x — (z —y)/Vh, t — 14 (t — 5)/h, we also
have wl (9,C) < M(p) for all Y = (y,s) € R""! and C = By(y) x (s — h, s) with
d/Vh>p. If wetake Y = X = (z,t) € Q = Q x (to,T), d = d(z),and h =t — to,
then C' = By(x) X (to,t) C Q and 9;C C 9,Q, hence

w5 (0:Q) < Wi (0:C) < M(d/VE —to) = M(p(X)). (2.3)

Further, for natural j > 5, set p; = 44/, ¢; = 2/\/j, M; = M(p;), and
consider the cylinders

Qj = Bpj (O) x (07 1) ) Q; = stA(O) X (1 - 5?7 1)

The function p = p(X) = p(x,t) = (p; — |z|)/V/t corresponds by the equality (2.1)
to @ = @;. One can easily verify the inequalities p > p;_; on 3mQ;» and p > pj1
on atQ;. Therefore, the caloric measure w™ for L in @; satisfies

wX(aij)z/aQ/ w¥ (0,Q;)dw™ (V) < Mj_1 - wX(9,Q}) + Mjs1 - w™ (8:Q})

for all X € Q). By the choice of A, we have w*(9,Q}) = 1 —w"(8,Q}) < 1/3,
and the previous estimate yields
1 2
gMi-1+ 3Mjn,
M;— My < 275 (Mg — M;) < - <279 (M5 — Mg) < 2°77.

IN

M;

For arbitrary p > ps, we choose j > 5 such that p; < p < pjy1, so that

M(p) < M(p;) = My =Y (My — My 1) < 277 < Ne™P0ins < Ne=P#",
k>j
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by appropriate choice of constants N, /3, dependmg only on n and v. If N is chosen
large enough, the estimate M (p) < Ne~ BP* also holds for 0 < p < ps. Together
with (2.3), these estimates imply the desired estimate (2.2). 0

REMARK 2.1. From Theorem 2.1 it follows immediately the uniqueness of
the Cauchy problem

Lu=0 inR" x(0,7), u(z,0) = g(x) (2.4)

in the class of functions satisfying |u(z,t)| < NeNlel® and the proof does not
depend on the structure (divergence or non-divergence) of the operator L. Using
some arguments in the papers by Moser [M] and Aronson [Al], one can prove a
stronger statement: there is at most one solution of the problem (2.4) satisfying a
one-sided inequality u(z,t) > —NeNl** for all (z,t) € R™ x (0,7).

REMARK 2.2. In the divergence case, from Moser’s Harnack inequality it
follows the Holder continuity of solutions, which was proved ealier by Nash [Ns].
Aronson [A2] also essentially used the Harnack inequality in the proof of the Gaus-
sian estimates for the fundamental solution I'(x, t;y, s) of the divergence operator
L: for s < t,

1 Nlz —y[?
N(t_s)—n/Q exp( "T y| )

b=s (2.5)

—n/2 |x—y|2
<D(e,tiy.s) SN =)™ Poxp ( —3=5 ).

with a constant N = N(n,v). Fabes and Stroock [FS] gave another proof of the
estimates (2.5) which is based on some ideas of Nash instead of the Harnack
inequality, and they also showed that the Harnack inequality follows easily from
(2.5). Thus all these facts are mutually related.

3 HARNACK INEQUALITIES

As before, let 2 be a bounded domain in R™ satisfying the Lipschitz condition
with constants ro,m, and let Q = Q x (tg,0). For y € Q and r € (0, r¢], the set
Q.(y) = QN B,(y) contains a ball B, (y,), where p = pu(m) € (0,1/2]. We fix
such y, depending on y and r, and for Y = (y, s), denote Y,* = (y,., s + 2r?). The
following result is often referred to as a boundary Harnack mequahty, or Carleson
type estimate. For parabolic equations, it was first proved by Salsa [S] (in the
divergence case) and Garofalo [G] (in the non-divergence case), see also [FSY].

THEOREM 6. Let Q = Q x (tg,00), Y € 9,Q, 0 < r < r¢/2, and let u be a

nonnegative solution of Lu = 0 in Q, satisfyingu = 0 on Ay, (Y) = (0,Q)NCa,-(Y).
Then

u < N(n,v,m)u(Y,t) on @, =Q.(Y). (3.1
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In the elliptic case, when a;; and u do not depend on ¢, the interior Harnack
inequality (1.3) is equivalent to

supu < N(n,v, A) inf u, (3.2)
O Qs

provided u > 0, Lu = 0 in ©, Q° is a connected set, and (diam 2)/§ < \. An easy
example of the function

u(z,t) =t 2 exp[—(x — 2)%/4t] for t >0, w(z,t)=0fort <0,

which satisfies u > 0, Lu = uz, —us = 01in Q = (—1,1) x (=1,1), shows that we
cannot simply replace Q° by Q° in the parabolic case. However, this is possible
under the additional assumption v = 0 on 9,Q. As in [G], [FGS], Theorem 3.1
yields the following interior elliptic-type Harnack inequality.

THEOREM 7. Let Lu = 0, u > 0 in Q = Q X (t0,T), u =0 on 9,Q = 90 X
(to,T), and let positive constants § € (0,r9) and X > 1 be such that (diam Q +

VT —tg)/6 < X Then

supu < N(n,v,m, ) inf u. (3.3)
Q Q°

Proof follows from Theorems 1.2 and 3.1 and the maximum principle:

supu < sup u(z,6/4) < Ny sup u(w,d?/2) < Ninfu,
Qs zEQ rEQHS Q°

where N1 = Ny(n,v,m), u = pu(m) > 0. 0O

The next theorem is called a boundary elliptic-type Harnack inequality, be-
cause the constant N in (3.4) does not depend on the distance between C,.(Y') and
0, Q. In equivalent forms, this result is contained in [FS], [FSY].

THEOREM 8. Under the assumptions of the previous theorem, let Y = (y,s) € Q
and r > 0 be such that s —tg > 462 > 0 and C,.(Y) C C2.(Y) C Q. Then

sup u < N(n,v,m,\) inf u. 3.4
Sup, ( ) At (3.4)

Proof. 1f r > 6, from Cy,.(Y) C Q it follows C, = C.(Y) C Q°, and (3.4)
follows from the previous theorem. Therefore, we may restrict ourselves to the

case 0 < r < 4. Iterating the interior Harnack inequality, one can get the estimate

w(Yg) < NO(R/T)"’igfu for0<r<R<4 (3.5)

with positive constants Ny,y, depending only on n,v, m. We take

R=max{p: r<p <4, supu < (r/p)”supu},

- Qp
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where Q, = Q,(Y) = QN C,(Y). By this choice of R and (3.5), the proof of the
desired estimate (3.4) is now reduced to the following one:

Mp =supu < Nu(Yy). (3.6)
Qr

For the proof of (3.6), we first consider the case R < §/K, where K = const >
2. Introduce the cylinders

C' = Bgr(y) x (s —4R* s +4R*) C Cxr(Y), Q' =QnNC’' C Qxr.
By definition of R,

supu < Mgr < (KR/r)"M, = K" Mg.
9, Q’

Moreover, by Theorem 2.1, w&, (8,Q’) < K~7/2 on Qg,provided K = K (n,v,m)
is large enough. Using the representation (1.6) in @', we have

1
Mg = sup/ udw™ < sup u - supwd (0,Q") + sup u < =~ Mp + sup u,
Qr 0pQ’ 0, Q’ Qr 9.Q’ 2 9:Q’

and Mg < 2u(Z) for some point Z = (2,5 —4R?) € 9,Q’, which lies strictly below
Yy . By Theorems 1.2 and 3.1, we get the estimate (3.6) in the case R < 0/K.
If 6/K < R < 0, then by the maximum principle Mr < u(Z) for some point
Z = (2,8 — 6%), and since diamQ < \§ < K AR, the previous argument is still
valid. Thus we have (3.6) in any case, and so Theorem 3.3 is proved. O

4  ESTIMATES FOR QUOTIENTS OF SOLUTIONS

Let © be a bounded Lipschitz domain, and let y € 9Q and Y = (y, s) be fixed.
We will use a local coordinate system which provides the representation (1.4) of
a portion of € in rg-neighborhood of y = 0. In this neighborhood, the distance
function d = d(z) = dist{x, dQ} is equivalent to d’' = d'(z) = d'(2/,z,) = zp, —
o(a'). For r € (0,rp) and K > 1, we introduce the sets

D, = {z= 2,): |2/ <r,0<d(x)<r}x(s—r*s+r?),
S, = (0,D,)n{d =r}, T, =(0,D,)Nn{0<d <r},

D} = D.n{d>r/K}, D:=D,n{0<d <r/K},

S, = D.n{d=r/K}, T.=(0,D.)n{0<d <r/K}.

For K > 1, S, is a “wide” portion of 9,D,. lying in {d’ > 0}, I', is a “narrow”
portion of 9,D,.. Using Lemma 1.1 and Corollary 1.1, one can obtain the estimates

1
- X (G > — —y X (T < g — Ne—BKE
Dl?/fK Wi (S;) > px K7, [5)11/;; Wi - (I',) < gx = Ne (4.1)

with some positive constants N,~, 5 depending only on n,v,m. The bounds px
and qx have different decay rates as K — oo, because one needs to apply the
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estimate (1.7) O(ln K) times in order to get the first inequality in (4.1), while the
second one is obtained by application of the estimate (1.8) O(K) times. We will
fix K = K(n,v,m) > 1 large enough to guarantee the inequality px > 2¢gx. These
inequality helps to prove the following results.

LEMMA 9. Let w™ be L-caloric measure in the domain Dy, for somer € (0,70/2].
Then there exists a constant N = N(n,v,m) > 1, such that

N71wX(Sy,) < wX(Iy,) < Nw¥(S.) on D,. (4.2)
THEOREM 10. Let Q@ = Q X (tg,00) and Y = (y,s) € 0,Q be fixred. Let uy and us

be two positive solutions of Lu = 0 in Q, and uy =0 on Ay (Y) = (0,Q)NCar(Y),
where 0 < 4r < min(rg, /s — to). Then

Y+
it < N(n,u,m)ul( Tf)
(5 UQ(YT )

on Q, = Q,(Y). (4.3)

If also ug = 0 on Ay (Y), we can interchange w; and wug in (4.3), and this
yields a lower estimate for uj/ug on Q.. If us = 0 on 9,Q), we can also use the
elliptic-type Harnack inequality, which gives the estimate of oscillation and the
Holder continuity of u; /ug. For more details, see [FSY].

5 DOUBLING PROPERTIES

The following doubling property in the divergence case follows easily from Aron-
son’s estimate (2.3). In the non-divergence case, this estimate is not valid. Our
methods work for both the divergence and non-divergence cases.

THEOREM 11. Let a constant € € (0,1/2) be given. Then for all r > 0, we have

wX(A,) < Nw¥(A,2) on P ={elz|> <t} (5.1)

with a constant N = N(n,v,e), where A, = B,.(0) x {0} C R" x {0}, and w™ is
the L-caloric measure for @Q = R™ x (0, 00).

THEOREM 12. Let Q = Q x (tp,00), ¥ = (y,s) € 0,Q, and constants £ €
(0,1/2), A > 1 be given. Then the estimate (5.1) holds for A, = A.(Y) for all
r € (0,Aro/4] and X = (z,t) € Q satisfying elx —y|> <t —s, 4r </t — 5 < Arg.

These theorems are proved in [SY]. One of its applications is the Fatou theorem
which states that any positive solution of Lu = 0 in ) has finite non-tangential
limits at almost every (with respect to the L-caloric measure) point Y € 9,Q. In
the time-independent case, this result was proved in [FGS].
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