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CURVATURE-DECREASING MAPS

ARE VOLUME-DECREASING
(ON JOINT WORK WITH G. BESSON AND G. COURTOIS)

S. GALLOT

ABSTRACT. Giving a lower bound of the minimal volume of a manifold
in terms of the simplicial volume, M. Gromov obtained a generalization
of the Gauss-Bonnet-Chern-Weil formulas and conjectured that the
minimal volume of a hyperbolic manifold is achieved by the hyperbolic
metric. We proved this conjecture via an analogue of the Schwarz’s
lemma in the non complex case: if the curvature of X is negative and not
greater than the one of Y, then any homotopy class of maps from Y to X
contains a map which contracts volumes. We give a construction of this
map which, under the assumptions of Mostow’s rigidity theorems, is an
isometry, providing a unified proof of these theorems. It moreover proves
that the moduli space of Einstein metrics, on any compact 4-dimensional
hyperbolic manifold reduces to a single point.

Assuming that X is a compact negatively curved locally symmetric
manifold, and without any curvature assumption on Y, another version
of the real Schwarz’s lemma provides a sharp inequality between the
entropies of Y and X . This answers conjectures of A. Katok and M.
Gromov. It implies that Y and X have the same dynamics iff they are
isometric.

This also ends the proof of the Lichnerowicz’s conjecture : any negatively
curved compact locally harmonic manifold is a quotient of a (noncom-
pact) rank-one-symmetric space.

1. A REAL SCHWARZ LEMMA :

As was remarked by Pick, the classical Schwarz lemma may be rewritten in the
language of the hyperbolic geometry (i. e. on the disk B2 endowed with the
hyperbolic metric g, = W ((dz1)? + (dx2)?)) as follows :

1.1. SCHWARZ LEMMA. - Any holomorphic map f : B?> — B2 is a con-
tracting map from (B2, g,) to (B2, g,).

Considering now holomorphic maps between compact Kéhlerian manifolds of
higher dimension, there have been many generalizations of this Schwarz lemma
(due in particular to L. Ahlfors, S. T. Yau, N. Mok, ...). For example, the
following one, which may be found in [Mok] :

DOCUMENTA MATHEMATICA - EXTRA VOLUME ICM 1998 - II - 339-348



340 S. GALLOT

1.2. PROPOSITION.- Let X,Y be compact Kahlerian manifolds of the
same dimension whose Kdhlerian metrics are denoted by gx and gy. If
Riccig, > —C? > Riccigy,, then any holomorphic map F : Y — X satisfies
|JacF| < 1. Moreover, if |[JacF| =1 at some point y, then d,F is isometric.

Let us recall that Riccig is the Ricci curvature tensor of the metric g, and
that the assumption Ricciy, > —C? means that Riccig(u,u) > —C?.g(u,u) at any
point and for any tangent vector u at this point.

In its homotopy class, when the target-space has negative sectional curvature, a
holomorphic map is unique ([Ha]) and is a good candidate for contracting the
measure. Holomorphic maps are a particular case of harmonic maps between
Riemannian manifolds. As, by the negativity of the curvature, each C° homotopy
class of maps contains exactly one harmonic map (J. Eells and J. H. Sampson,
[E-S]), one may ask whether it contracts volumes. Though unsuccessful, this idea
underlies the attempts for a unified proof of the Mostow’s rigidity theorem, where
the method of harmonic maps fits very well to the hermitian cases and moreover
improves Mostow’s theorem (works of Y. T. Siu, K. Corlette, J. Jost and S. T.
Yau, M. Gromov and R. Schoen ..., see for instance [Mok] and [Jo]), but still gives
nothing in the real hyperbolic case. Substituting another canonical map to the
harmonic one, we prove that the contracting property is not particular to complex
manifolds and holomorphic maps :

1.3. THEOREM ([B-C-G 3]).- Let (Y",9y), (X™,gx) be complete rie-
mannian manifolds satisfying 3 < dim(Y) < dim(X), let us assume that
Riccig, > —(n—1) C? and that the sectional curvature of X satisfy K,,, < —C?
for some constant C # 0. Then any continuous map f : Y — X may
be deformed to a family of C' canonical maps F. (¢ — 04) such that
Vol[F.(A),gx] < (1 +¢€) Vol(A,gy) for any measurable set A in Y. More-
over

(i) if Y, X are compact of the same dimension and if Vol(Y) = |degf| Vol(X),
then Y, X have constant sectional curvature and the F!s converge, when € — 0, to
a riemannian covering F (an isometry when |degf| =1).

(i) If Y, X are compact, homotopically equivalent, of the same dimension, and
if K¢y < 0, then any homotopy equivalence f may be deformed to a smooth
(canonically constructed) map F such that |JacF| < 1 at every point y of Y.
Moreover, if |JacF| =1 at some point y, then dyF is isometric.

1.4 REMARKS : (1) Contrary to the above result of J. Eells and J. H. Sampson on
harmonic maps, the theorem 1.3 is not only an existence theorem, but moreover
a direct construction of the maps F, and F'.

(2) The property (ii) remains valid when dim(Y) < dim(X) and when X is
noncompact (however, we must assume that 71 (X) acts on the universal covering
X in a ”convex cocompact” way, i. e. that X retracts to a compact submanifold
with convex boundary). In this case, any homotopy equivalence Y — X s
homotopic to some (canonical) map F such that |JacF| < 1; moreover |JacF| =1
iff F is an isometric and totally geodesic embedding (cf [B-C-G 3]).
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2. APPLICATIONS TO MINIMAL (AND MAXIMAL) VOLUME :

Let M be a compact connected manifold ; its minimal volume (denoted by
MinVol(M)) is defined by M. Gromov ([Gr 1]) as the infimum of the volumes
of all the metrics g on M whose sectional curvature K, satisfies —1 < K, < 1.
Similarly, when the manifold admits some metric with strictly negative sectional
curvature, one may define the mazimal volume of M as the supremum of Vol(g),
for all the metrics g which satisfy K, < —1.

In dimension 2, the Gauss-Bonnet formula gives [, Kjdv, = 2wy (M), where
x (M) is the Euler characteristic of M. When x(M) < 0, this immediately implies
that MinVol(M) = 2r|x(M)| = MazVol(M) and that the minimal and the
maximal volumes are achieved for (and only for) metrics with constant sectional
curvature —1.

In the higher even dimensional case, the Allendoerfer-Chern-Weil formulas also
provide a lower bound of the minimal volume in terms of the Euler characteristic,
however this bound is not sharp.

The simplicial volume (denoted by SimplVol), is defined as the infimum of
lell1 = > |Ai| for all the linear real combinations of simplices ¢ = Y \;o; which
are closed chains ¢ representing the fundamental n-class. Substituting this notion
to the Euler characteristic, M. Gromov obtained the:

2.1. THEOREM (M. Gromov, [Grl]).- For any compact manifold M, one has
MinVol(M) > Cy, SimplVol(M), where Cy, is a universal constant.

For any compact manifold which admits a hyperbolic metric (i. e. a metric, denoted
by go, whose sectional curvature is constant and equal to —1), an exact compu-
tation of the simplicial volume has been given by M. Gromov and W. Thurston
([Grl]). By the theorem 2.1, it implies that MinVol(X) > CJ Vol(X,g,).
However, this estimate was also not sharp and justifies the

2.2.  THEOREM ([B-C-G 1,3]).- Let X be a compact manifold with dimen-
sionn > 3. If X admits a hyperbolic metric g,, then

(i) MinVol(X) = Vol(g,) = MaxVol(X).

(i) A metric g on X (such that |K,| < 1) realizes the minimal volume iff it is
1sometric to go.

(i11) For any other riemannian manifold (Y™, g) satisfying Riccig > —(n —1).g
and any map f: Y™ — X", one has Vol(Y, g) > |deg(f)|Vol(X, go)

This theorem answers a conjecture of M. Gromov and provides the first ex-
act computations of (non trivial) minimal volumes in dimension n > 3.

Proof : We first apply the theorem 1.3 to the map idx : (X,9) — (X,90)-
It implies the existence of homotopic maps F, of degree 1 (and thus surjective),
such that (1 +€)Vol(g) > Vol (F.(X),g,) = Vol(g,). Making ¢ — 0, we deduce
the first equality of (i).
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If Vol(g) = Vol(g,), the equality case in the theorem 1.3 (i) proves that the F!s
converge to an isometry. This proves (ii).

The same proof also gives (iii) if one notices that the integral on Y of the Jacobian
of the F!s provides an upper bound for the degree of f.

On the other hand, if K, < —1, the second equality of (i) is proved by applying
the theorem 1.3 (ii) to the map idx : (X, g,) = (X,9). o

3. APPLICATIONS TO EINSTEIN MANIFOLDS :

An FEinstein manifold is a Riemannian manifold whose Ricci curvature tensor
is proportional to the metric. As the moduli space of Einstein metrics on a
given compact manifold Y may also be characterized as the set of critical metrics
for the functional ¢ — total scalar curvature of g, the main problem is thus
to describe this moduli space. In dimensions 2 and 3, it reduces to metrics of
constant sectional curvature, so this problem is relevant only when the dimension
is at least 4. However, in the non Kéahlerian case, very little is known. Even the
simplest questions :

3.1. - Does every n-manifold admit at least one Einstein metric?

3.2. - If a n-manifold X admits a negatively curved locally symmetric met-
ric, is it the only Einstein metric on X (modulo homotheties)?

are still conjectures in dimension n > 5. In dimension 4, there were some
answers to the problem 3.1, involving the Euler characteristic x(Y'), the signature
7(Y') and the simplicial volume :

3.3. - In the 3 following cases, a 4-dimensional compact manifold Y does
not admit any Einstein metric :
(i) If x(Y) < 0 (M. Berger, [Bes2]),
(ii) If x(Y) = 2|7(Y)| < 0 (J. Thorpe, [Bes2] p 210),
(i) If X(Y) < 5552 -SimplVol(Y) (M. Gromov, see [Bes2] theorem 6.47).
In dimension 4, nothing was known about the problem 3.2.
If true, the conjecture 3.2 would give a strong version of the Mostow’s rigidity
theorem. In fact, when the sectional curvature is a negative constant, the possible
local models are all homothetic. On the contrary, for negative Einstein manifolds,
the possible local models are not homothetic (see [Bes 2]). Thus, one must
previously find the topological (or global) reason which excludes all the possible
local models except one.

Let us thus assume that (Y,g) is a Einstein 4-dimensional manifold with
Riccig = (n — 1)k.g. The Allendoerfer-Chern-Weil formulas for the Euler char-

acteristic and the signature give % (x(Y)£37(Y)) = [, P+(Ry)dvy, where
Py is a quadratic form in R,, which satisfies Py (R;) > k* when g is Einstein,
the equality being achieved when ¢ has constant sectional curvature k (see for

instance [Bes 2] or [Bes 3]). From this comes :
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2
(3.4) 122 (\(Y) — 2r(V)]) = K Vol(Y, g),
the equality being achieved when g has constant sectional curvature k. This
is the classical proof of the theorems 3.3 (i) and (ii).
Let us now assume that there exists some map f of nonzero degree from Y to some
hyperbolic 4-dimensional manifold X. The corollary 2.2 (iii) and the equality-case
of (3.4) imply

2
(3.5) Max(0,~k)* Vol(Y,g) > |deg f| Vol(X, go) = %5-|deg f| (x(X) — 3|7(X)])
This implies that k& < 0. If x(Y) — 2|7(Y)| = x(X) — 2|7(X)| (for example
if Y is homotopically equivalent to X), the inequalities (3.4) and (3.5) are equali-
ties, thus |degf| = 1 and Vol(Y, g) = Vol(X, g,). We thus are in the equality case
of the theorem 1.3 (i) and (Y, g) is isometric to (X, g,). This applies in particular
to the case where Y = X and f = idx and proves the

3.6. THEOREM ([B-C-G 1]).- Let X be a compact 4-dimensional manifold which
admits a real hyperbolic metric, then this is (modulo homotheties) the only Ein-
stein metric on X.

If x(Y) = 3|17(Y)| < |deg f| (x(X) — 2|7(X)|), inequalities (3.4) and (3.5)
are contradicted and Y does not admit any FEinstein metric (A. Sambusetti,
[Sam]), providing new answers to the conjecture 3.1 : in fact, from theorem 3.3
(ii), one might conjecture that any manifold ¥ which satisfies x(Y) — 3|7(Y)| > 0
(or some other relation between y and 7) admits an Einstein metric. M. Gro-
mov’s theorem 3.3 (iii) provided some counter-examples ([Bes 2] example 6.48); a
complete answer is the :

3.7. PROPOSITION (A. Sambusetti, [Sam]).- To every possible values k and
t of the Fuler characteristic and of the signature corresponds an infinity of (non
homeomorphic) 4-dimensional manifolds Y; which satisfy x(Y;) =k and 7(Y;) =t
and which admit no Einstein metric.

The Y;’s are obtained by gluing, to any compact hyperbolic manifold X (such
that x(X) > k), copies of £CP?, §% x S? or S? x T2, in order to obtain the
prescribed signature and Euler characteristic. One then apply the above Sam-
busetti’s obstruction to the map of degree one : Y; — X.

These results may be compared to those obtained simultaneously by C. LeBrun
([LeB 1,2]), using Seiberg-Witten invariants, in particular the :

3.8. THEOREM (C. LeBrun, [LeB 1]).- Let X be a compact 4-dimensional

manifold which admits a complex hyperbolic metric, then this is (modulo homoth-
eties) the only Einstein metric on X.
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4. SKETCH OF THE PROOF OF THE REAL SCHWARZ LEMMA (see [B-C-G 1,2,3]
for a complete proof) :

Rescaling the metrics gy and gx of the theorem 1.3, we may assume that
Riccigy, > —(n—1) gy and K, < —1.

Let us consider the riemannian universal coverings (Y, Jy) and (X, §x) of the
compact riemannian manifolds (Y, gy) and (X, gx), whose riemannian distance
and riemannian volume-measure are denoted by py, pg and dvg,., dvg, . Let ug
be the measure on Y defined by p;, = e_C”Y(y")dvgy.

The infimum hy of the values ¢ such that this measure is finite is called the

entropy of (Y, gy). Another definition is hy = limp 4o (%Log(Vol B(y,R))),
where B(y, R) is the ball of (Y, jy) centered at y and of radius R.

Let us consider positive measures ¢ on X which are absolutely continuous w. r. t.
the riemannian measure and such that the function D, (z) = [¢ pg(z,2) du(z)
is finite. Following an idea of H. Furstenberg ([Fu], see also [D-E]), the barycentre
bar(p) is defined as the unique point where the function D, achieves its mini-
mum (the existence comes from the triangle inequality and the uniqueness from
the convexity of pg). The barycentre is thus given by the implicit equation
(dD,) =0.

lbar(u)

Let f : Y — X be the lift of f, we define F. by F.(y) = bar(f*ug), where
f*ﬂ§ is the push-forward by f of the measure py. I p = [f] is the induced
representation 71 (Y) — m1(X), f (and thus f, also) satisfies the equivariance
property f o~y = p(vy) o f for any deck-transformation v € 71(Y"). The invariance
of the distance and of the riemannian measure by deck-transformations implies
that bar (p(7)«p) = p(v) (bar(p)) and ps, , = vapg. Thus F, is equivariant w. r.
t. the same representation p = [f], and goes down to a map F, : Y — X which is
homotopic to f.

Let ¢ = (1+¢) hy, we want to prove that, when € — 0., F,. answers theorem 1.3.
Let us define A: X xY — R by A(z,y) = Dj . (2) and let ' (resp. 9°) be the
*Fy

derivatives w. r. t. the first (resp. the second) parameter.
By the definition of F. and by the variational characterization of the barycentre,

F, is defined by the implicit equation : alA‘(ﬁ o = 0.
By deriyation7 we get 8i81A‘<Fc<y>,y> (dF.(u),v) = — 8281A|(ﬁc<y>,y) (u,v) for any
uweT,Y and v € Tj (,yX. This writes
(4.1) [y Ddpg,  (dFe(u),v) dpg(z)
(Fe(u),F (=)

=clpdpx, (@) dpy () dp(e) < e Gx(Hy(0),0) Gy (Ky (), ),

where the tensor Ddpg; is computed by derivation w. r. t. the first param-
eter and where Hy, (resp.K) is the symmetric endomorphism of T (X (resp.

of T,,Y) associated to the quadratic form v — I5 (dp)z,| (v))?dps (z) (vesp.
(Fe(),§()) :
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to the quadratic form u — f};(dpf/‘(y‘z) (w)?dps(2) ).

As the gradient of p (e, f (z)) is a unit vector normal to the geodesic spheres
centered at f(z), the second fundamental form of these spheres is equal to

Ddp X . As K, < —1, the Rauch’s comparison theorem provides the lower
(o.7(2))

bound coth p (e, f (z)) for the principal curvatures of these spheres, and thus
implies that gx — dpg ® dpz is a lower bound for Ddp 5.

First plugging this in (4.1), replacing ¢ by its value and then writing the induced
inequality for determinants, we obtain :

(4.2) gx ((Id —Hy)o dyFC(u)’v) < (1+4¢€) hy gx (Hy(v)»”)l/z Gy (Ky(u)v“)l/Za

np—n det(Id—H ~ 2
(4.3) (Lo mhy" GGUEI) Jdet(d, Fo)| < (det K,)V2 < (LTrace K,)"
As |ldpy|| = 1 = ||dpg||, we have Trace K, = 1 = TraceH,. On the other
hand, the function § : A — %
definite n X n matrices (n > 3) whose trace is equal to 1) achieves its minimum
at the unique point A, = %I.

Plugging this in (4.3) gives : |det(dyF.)| < (14 ¢)" (%) . We end the proof of

the general inequality of the theorem 1.3 by applying the comparison theorem of
R. L. Bishop : i. e. the assumption Riccig, > —(n—1) implies that hy <n—1. o

(defined on the set of symmetric positive

When K, < 0, one may identify Y with a ball and compactify it by addi-
tion of the sphere, called the ideal boundary and denoted Y. One may then
extend continuously f to a map f:9Y — 0X.

Let us fix an origin 3, in Y. A sequence of measures (pgr (}7))’1;;; con-
verges, on the compact set Y U JY (when ¢, — hy), to a measure fhy, With
support in Y, which is known as the Patterson-Sullivan measure and satisfies
py = e " Brwe)y, where By (y,0) = limy— o0 [p5(co(t),y) — t] and where cp
is the normal geodesic-ray from y, to 6.

Mimicking the previous proof (just replacing py and p; by By and Bg), we
define F by F(y) = bar(f.uy) and prove the inequality of the theorem 1.3 (ii) :

n

\det(d, F)| < (%) <1.

~ n ~
When |det(d, F)| > (%) , and a fortiori when |JacF| = 1, the analogues of the

inequalities (4.3) are equalities which imply that K, = %I and that § achieves
its minimum at the point H,, which is thus equal to A, = %I . Plugging this
n (4.2) and replacing v by dyﬁ(u)7 we deduce that dyZ:" is a contracting map
whose determinant is equal to 1, thus it is isometric (see [B-C-G 2,3] for more
explanations).

On the contrary, when K, may take both signs, we have to prove that the F.’s
admit a limit when ¢ — hy, that this limit is a contracting map and that the
property of preserving global volumes implies that it is isometric (see [B-C-G 1]
sections 7 and 8). o
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5. ANOTHER VERSION OF THE REAL SCHWARZ LEMMA :

The present version of the real Schwarz lemma is adapted to the case where the
target-space is a compact quotient of a hyperbolic space modelled on the real or
complex or quaternionic or Cayley field (the canonical basis of the field beeing
denoted by {1, Jy, ..., Ja}).

5.1. THEOREM ([B-C-G 1,2,3]).- Let (X,gx) be a compact locally symmetric
manifold with negative curvature and (Y, gy) be any compact riemannian mani-
fold such that dim X = dim Y > 3, then any continuous map f :Y — X may

be deformed to a family of C* maps F.(e — 04) such that |Jac F,.| < (h};—je) .
In particular, one has (hy)"Vol(Y) > |degf|(hx)"Vol(X). Moreover, if
(hy)"Vol(Y) = |degf|(hx)"Vol(X), then Y is also locally symmetric and f
is homotopic to a riemannian covering F (an isometry when |degf| =1).

5.2.  REMARKS.- (1) This theorem proves conjectures of A. Katok and M.
Gromov about the minimal entropy.

(2) When (Y, gy) has negative curvature and f is a homotopy equivalence, the
following proof provides a direct construction of F' : Y — X which satisfies

n
|Jac F(y)| < (%) and d, F' is isometric in the equality case.

Sketch of the proof : We already proved the theorem 5.1 and the remark 5.2
(2) when (X, gx) is (locally) real hyperbolic (see section 4). In the other lo-
cally symmetric cases, the proof is exactly the same, except for the fact that,
expliciting the new expression of Ddpg, we have to prove that the function

det(I—A=Y" J;AJ;
A= ( (detAZ)ll/2 )
This comes from the log-concavity of the determinant which reduces the problem
to minimizing the previous function § (see [B-C-G 1]). o

still achieves its minimum at the unique point A, = %I .

5.3. COROLLARY (G.D. Mostow).- Let (X,gx) and (Y,gy) be two compact
negatively curved locally symmetric manifolds such that dimX = dimY > 3, then
any homotopy-equivalence f : Y — X is homotopic to an isometry.

Proof : Let g : X — Y such that go f ~ idy. By the remark 5.2 (2),

there exist F' ~ f and G ~ g such that |Jac(G o F)| < (%) (Z—;) . As the
degree of G o F is equal to 1, this inequality is an equality and we are in the

equality case of the remark 5.2 (2), thus F is an isometry. o

This provides a unified proof for the Mostow’s rigidity theorem. Moreover,
the isometry F' is explicitely constructed (see section 4)

6. APPLICATION TO DYNAMICS AND LICHNEROWICZ’S CONJECTURE :
Let ¢f : ¢(0) — ¢é(t) (for any geodesic ¢) be the geodesic flow of Y. Two rie-
mannian manifolds Y andX are said to have the same dynamics iff there exists a
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C'-diffeomorphism ® between their unitary tangent bundles UY and UX which
exchanges their geodesic flows, i. e. ® 0 ¢ = ¢X o ®. The fundamental question
is : two riemannian manifolds having the same dynamics are they isometric?
This is generally false, for there exists non isometric manifolds all of whose
geodesic are closed with the same period (see [Bes 1]). C. B. Croke and J. P. Otal
proved this conjecture to be true for negatively curved surfaces. In any dimension,
we get the

6.1. THEOREM ([B-C-G 1]).- Any Riemannian manifold which has the same
dynamics as a negatively curved locally symmetric one is isometric to it.

Proof : As UY ~ UX and n > 3, the manifolds under consideration Y and
X are homotopically equivalent. As the volume and the entropy are invariants of
the dynamics, the assumption implies that hy = hx and Vol(Y) = Vol(X); we
thus are in the equality case of the theorem 5.1 and Y and X are isometric. o

A riemannian manifold is said to be locally harmonic when all geodesic
spheres of its universal covering have constant mean curvature. Any locally
symmetric manifold of rank one is locally harmonic. A. Lichnerowicz asked for
the converse question : Consider any locally harmonic manifold, is it locally
symmetric of rank one?.

When the universal covering X is compact, this conjecture was proved by Z.
Szabo ([Sz]). In the case where X is noncompact, the geodesics have no conjugate
points ([Bes 1]), and the conjecture is not significantly changed when assuming
the sectional curvature to be negative. A counter-example (admitting no compact
quotient) was given by E. Damek and F. Ricci ([D-R]). Assuming that X admits
a compact quotient, we get the

6.2. COROLLARY ([B-C-G 1]).- Any compact negatively curved locally har-
monic manifold is locally symmetric of rank one.

Proof : Under these assumptions, P. Foulon and F. Labourie ([F-L]) proved
that the manifold has the same dynamics as a negatively curved locally symmetric
manifold. We conclude by applying the theorem 6.1. ¢

REFERENCES

[B-P] R. Benedetti, C. Petronio, Lectures on Hyperbolic Geometry, Universi-
text, Springer 1993.

[Bes 1]  A. L. Besse, Manifolds all of whose geodesics are closed, Ergebnisse der
Math., Springer 1978.

[Bes 2]  A. L. Besse, Einstein Manifolds, Ergebnisse der Math., Springer 1987.

[Bes3] A. L. Besse, Géométrie riemannienne en dimension 4, Séminaire Arthur
Besse, Texte Mathématiques, Cedic-Nathan.

DOCUMENTA MATHEMATICA - EXTRA VOLUME ICM 1998 - II - 339-348



348

S. GALLOT

[B-C-G 1] G. Besson, G. Courtois, S. Gallot, Entropies et rigidités des espaces

localement symétriques de courbure négative, Geom. And Funct. Anal.5
(1995), pp. 731-799.

[B-C-G 2] G. Besson, G. Courtois, S. Gallot, Minimal Entropy and Mostow’s rigid-

ity theorems, Ergod. Theory Dynam. Syst. 16 (1996), pp. 623-649.

[B-C-G 3] G. Besson, G. Courtois, S. Gallot, Lemme de Schwarz réel et appli-

[D-R]
[D-E]
[E-S]
[F-L]
[Fu

[Gr1]

[Ha]

cations géométriques, prépublications Centre Math. Ec. Polytechnique
98-7).

](3. D;mek, F. Ricci, A class of non-symmetric harmonic riemannian
spaces, Bull. Amer. Math Soc. 27 (1992), pp. 139-142.

E. Douady, C. Earle, Conformally natural extension of homeomorphisms
of the circle, Acta Math. 157 (1986), pp. 23-48.

J. Eells, J. H. Sampson, Harmonic mappings of Riemannian manifolds,
Amer. Journ. Math. 86 (1964), pp. 109-160.

P. Foulon, F. Labourie, Sur les variétés compactes asymptotiquement
harmoniques, Invent. Math. 109 (1992), pp. 97-111.

H. Furstenberg, A Poisson formula for semi-simple Lie groups, Annals
of Maths 77 (1963), pp. 335-386.

M. Gromov, Volume and Bounded Cohomology, Publ. Math. I. H. E. S.
56 (1981), pp : 213-307.

P. Hartman, On homotopic harmonic maps, Canad. J. Math. 19 (1967),
pp. 673-687.

J. Jost, Riemannian Geometry and Geometric Analysis, Universitext,
Springer 1998.

C. LeBrun, Finstein metrics and Mostow rigidity, Math. Res. Lett. 2
(1995), pp. 1-8.

C. LeBrun, Four-manifolds without Finstein metrics, Math. Res. Lett.
2 (1996), pp. 133-147.

N. Mok, Metric Rigidity Theorems on Hermitian locally symmetric
Manifolds, Series in pure Maths 6, World Scientific.

A. Sambusetti, An obstruction to the existence of Einstein metrics on
4-Manifolds, to appear in Math. Annalen.

Z. Szabo, The Lichnerowicz conjecture on harmonic manifolds, J. Diff.
Geom. 31 (1990), pp. 1-28.

Sylvestre Gallot

Institut Fourier Maths Pures
UMR 5582 CNRS-UJF

B.P. 74

38402 Saint Martin d’Heres Cedex
France

DOCUMENTA MATHEMATICA - EXTRA VOLUME ICM 1998 - II - 339-348



