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Let X be a noetherian scheme over which 2 is invertible, let S be a vector
bundle of rank 2 over X, and let Y = P(S) be the corresponding projective
line bundle in the sense of Grothendieck. The structure morphism f:Y — X
induces a morphism f*: W(X) — W(Y) of Witt rings. In this paper we shall
show that there is an exact sequence

W(X) - W(Y) - Mt (X)

where M+ (X) is a Witt group of formations over X like the one defined by
Ranicki in the affine case. (Cf. [R].) The subscript is meant to show that in
the definition of M+ (X) we use a duality functor that might differ from the
usual one.

In his work, Ranicki shows that in the affine case the Witt group M(X) of
formations is naturally isomorphic to his L-group L'(X). We therefore could
have used the notation Lt (X). Furthermore, according to Walter, M (X) is also
the higher Witt group W—1(X) as defined by Balmer using derived categories.
(Cf. [B].) And Walter, [W], has announced very interesting results on higher
Witt groups of general projective space bundles over X of which our result is
just a special case.

The paper has two main parts. In the first one we study the obstruction for
an element in W(Y') to come from W (X). In the second part we define and
study M+ (X). In a short third part we prove our main theorem and make
some remarks.

Besides the notation already introduced, we shall use the following. We denote
by Oy (1) the tautological line bundle on Y. We shall, of course, use the usual
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12 JON KR. ARASON

notation for twistings by Oy (1). We denote by w the relative canonical bundle
wy/x. We also write L =S AS. Then w = f*(£)(—2). We shall write Sy, for
f+(Oy (k)). In particular, Sp = Ox and S; = S.

There is a natural short exact sequence

0= w— f*(S)(-1) =0y =0

that we shall use often. As other results that we need on algebraic geometry,
it can be found in [H].

SECTION 1.1

In this section we shall use higher direct images to check whether a symmetric
bilinear space over Y comes from X.

The main fact used is the corresponding result in the linear case. It must be
well known although we don’t have a reference handy. We shall, however, give
an elementary proof here.

PROPOSITION 1: Let £ be a coherent Y-module. If R'f.(£(—1)) = 0 and
f«(E(—1)) = 0 then the canonical morphism f*(f.(€)) — £ is an isomorphism.
Proof: Let £ be a coherent Y-module. We look at the tensor product

0-w®E—= fFS)-1)®E—-E—0

of £ and the natural short exact sequence above. Twisting by k+ 1 and taking
higher direct images we get the exact sequence

0= fllw@E(k+1)) = S fu(E(k) — fu(E(k+1))
S Ry (woEk+1) = SRR f(E(K) = R f(EK+1)) =0

From it we first get:

Fact 1: If R*f,(E(k)) = 0 then also R'f.(£(k+ 1)) = 0.

Noting that w® E(k+ 1) = f*(L) ® E(k — 1) we also get:

Fact 2: If R'f.(£(k — 1)) = 0 then the natural morphism S ® f.(£(k)) —
f«(E(k + 1)) is an epimorphism.

Using the two previous facts and induction on k we see that if R f,(£(—1)) = 0
then S, ® f.(€) — f«(E(k)) is an epimorphism for every k > 0. This implies:
Fact 3: If R'f.(£(—1)) = 0 then the canonical morphism f*(f.(£)) — & is an
epimorphism.

In the situation of Fact 3 we have a natural short exact sequence 0 — N —
[*(f«(&)) = & — 0. We note that A is coherent because f.(€) is coherent.
Taking higher direct images, using that f.(f*(f«(€))) — f«(€) is an isomor-
phism and that R* £, (f*(f«(£))) = 0, we get that f,(N) =0 and R'f.(N) = 0.
Twisting the short exact sequence by —1 and then taking higher direct images,
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PRrROJECTIVE LINE BUNDLES 13

using that f.(f*(f«(€))(=1)) = 0 and R f.(f*(f«(€))(=1)) = 0, we get that
R f.(N(-1)) is naturally isomorphic to f.(E(—1)). So if f.(£(—1)) = 0 then
RYf.(N(=1)) =0. As f.(N) = 0 it then follows from Fact 3 that N'= 0. The
proposition follows.

PROPOSITION 1, CNTD: Furthermore, if £ is a vector bundle on Y then f. (&)
is a vector bundle on X.

Proof: Clearly, Y is flat over X, so £ is flat over X. Using the Theorem of
Cohomology and Base Change, (cf. [H], Theorem II1.12.11), we therefore see
that if £ is a vector bundle on Y such that R f.(£) = 0 then f.(€) is a vector
bundle on X.

Although we really do not need it here we bring the following generalization of
Proposition 1.

PROPOSITION 2: Let &€ be a coherent Y-module. If R!'f,(£(—1)) = 0 then
there is a natural short exact sequence

0= f*(felw@) @ E))(=1) = f*(f+(€)) = € =0

Proof: In the proof of Proposition 1 we had, even without the hypothesis
f«(E(=1)) = 0, that f.(N) = 0 and R'f.(N) = 0. By Proposition 1 the
canonical morphism f*(f.(N (1)) — N (1) is therefore an isomorphism. Taking
the tensor product of this isomorphism with w and using R f, on the resulting
isomorphism, noting that R!f.(w @ f*(f.(N(1)))) is naturally isomorphic to
f«(NV (1)), we see that f.(N(1)) is naturally isomorphic to R'f.(w @ N(1)) =
LR f,(N(—1)). But we saw in the proof of Proposition 1 that R! f,(A(—1))
is naturally isomorphic to f.(£(—1)), so this means that f.(N(1)) is naturally
isomorphic to £ ® f.(£(=1)). But L ® f.(E(-1)) = fu(f*(L) ® E(-1)) =
fe(w(1) ® €). The proposition follows.

PROPOSITION 2, CNTD: Furthermore, if £ is a vector bundle on Y then f.(£)
and f,(w(1l) ® £) are vector bundles on X.

Proof: Noting that f,(w(l) ® £) = L ® f.(E(—1)), this follows as in the proof
of Proposition 1.

We shall, however, use the following corollary of Proposition 1.

PROPOSITION 3: Let £ be a coherent Y-module. If R'f.(£) = 0 and
f+(E(=1)) = 0 then there is a natural short exact sequence

0= f*(fu(€)) = € = fF(R fulw(1) ® ))(=1) = 0

Proof: We let C = f.(€). From the canonical morphism f*(f.(€)) — &€ we
then get an exact sequence

0N C)—=E—-Q—0
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14 JON KR. ARASON

of coherent Y-modules. As the direct image functor is left-exact and the in-
duced morphism f.(f*(C)) — f«(£) is an isomorphism, we see that f.(N) = 0.
We now break the exact sequence up into two short exact sequences

0N —=f(C)=>M—=0

and
0O—-M—=-E—-Q—0

Using the hypothesis f.(€(—1)) = 0, we get from the second short exact se-
quence that f,(M(—1)) = 0. Using that and the fact that R f.(f*(C)(-1)) =
0, we get from the first one that R'f,(N(—1)) = 0. As we already saw that
f«(N) =0, it follows from Proposition 2 that ' = 0. (Fact 3 in the proof of
Proposition 1 suffices.) So we have the short exact sequence

0= f(C)=E—-9—0

As R'f.(€) = 0 and f.(f*(C)) — f.(€) is an isomorphism, we get, using that
R'f.(f*(C)) = 0, that f.(Q) = 0 and R'f.(Q) = 0. By Proposition 1 this
means that the canonical morphism f*(f.(Q(1))) — Q(1) is an isomorphism.
Writing B = f,.(Q(1)), we therefore get that Q = f*(B)(-1).

Taking the tensor product of the short exact sequence

0= f*(C) =& — f*(B)(-1) =0

with w(1) and then taking higher direct images, noting that R!f.(w(1) ®
f*(C)) =0, we get that R f,(w(1)®E) — R fu(w(1)® f*(B)(—1)) is an isomor-
phism. But R!f.(w(1) ® f*(B)(—1)) = R f.(w ® f*(B)), which is canonically
isomorphic to B. So we have a natural isomorphism B = R f,(w(1) ® £).
Note: If £ is a vector bundle on Y then we see as before that f.(€) is a vector
bundle on X. But we don’t know whether R!f,(w(1) ® £) is also a vector
bundle on X.

There is, in fact, a natural exact sequence

0= [H(fulw@) @ E))(=1) = [7([(€)) = €
= fRU(w(1) @ )(=1) = f(R'£.(€)) = 0

for any coherent Y-module £. But we do not need that here. What we need is
the following bilinear version of Proposition 1.

ProOPOSITION 4: Let (£,x) be a symmetric bilinear space over Y. If
R'f.(E(—1)) = 0 then there is a symmetric bilinear space (G,) over X such
that (&, ) = /*(G, ).

Proof: For any morphism f : Y — X of schemes and any Y-module F and

~

any X-module G there is a canonical isomorphism f.(Homy (f*(G),F)) =
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PRrROJECTIVE LINE BUNDLES 15

Homx (G, f«(F)). In our case f.(Oy) = Ox hence, in particular, there
is a canonical isomorphism f.(f*(G)Y) = GV. It then follows that there
are canonical isomorphisms Homy (f*(G), f*(G)V) = Homx (G, f.(f*(G)Y)) =
Homx (G,GY).

In the case at hand we first note that as £ is self dual, Serre duality shows that
Rf.(E(—=1)) = 0 implies that f.(E(—1)) = 0. So we can use Proposition 1 to
write £ 2 f*(G) with the vector bundle G = f.(€) over X. The proposition
follows.

SECTION 1.2

In this section we shall prove a useful condition for the Witt class of a symmetric
bilinear space over Y to come from W (X).

Let (€, x) be a symmetric bilinear space over Y and let I be a totally isotropic
subbundle of (£, x). Denote by V the orthogonal subbundle to I in (£, x) and
by F the quotient bundle of ¥V by &. Then x induces a symmetric bilinear form
¢ on F and the symmetric bilinear space (F,¢) has the same class in W(Y)
as (€, x). We also have the commutative diagram

0 0
4 {

O - U - v = F =0

|| ! '

0 - U = & —= VW = 0
{ {
uv = uv
i 4
0 0

with exact rows and columns. It is self-dual up to the isomorphisms x and ¢.
It is natural to say that (F, ) is a quotient of (£, x) by the totally isotropic
subbundle Y. But then one can also say that (€, x) is an extension of (F,¢)
by U. Extensions of symmetric bilinear spaces in this sense are studied in [A].
One of the main results there is that the set of equivalence classes of extensions
of (F,¢) by U is functorial in U.

PROPOSITION 1: Let M be a metabolic space over Y. Then there is a metabolic
space N over X such that M is a quotient of f*(N).

Proof: M is clearly a quotient of M & —M. As 2 is invertible over Y, this
latter space is hyperbolic. Hence it suffices to prove the assertion for hyperbolic
spaces H (U) over Y.

By Serre’s Theorem (cf. [H|, Theorem III.8.8) and the Theorem of Coho-
mology and Base Change ([H], Theorem II1.12.11), we have for every suf-
ficiently large N that f.(U(N)) is locally free and that the canonical mor-
phism f*(f«(U(N))) — U(N) is an epimorphism. This means that there
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16 JON KR. ARASON

is a vector bundle A = f.(U(N)) over X such that U is a quotient of
f*(A)(—N). But then, clearly, H(U) is, as a symmetric bilinear space,
a quotient of H(f*(A)(—N)). Now, if N is sufficiently large, f.(Oy(N))
is locally free and f* (f*(Oy( ))) — Oy(N) is an epimorphism, hence
F*(AY)(N) = Oy (N) ®o, [f*(AY) is a quotient of f*(B) for the vector bun-
dle B = f.(Oy(N)) ®o, AY over X. It follows that H(f*(A)(—N)) =
H((f*(A)(=N))V) = H(f*(AY)(N)) is, as a symmetric bilinear space, a quo-
tient of H(f*(B)) = f*(H(B)). But then also H(U) is a quotient of f*(H(B)).

COROLLARY: Let F be a symmetric bilinear space over Y such that the class of
F in W(Y') lies in the image of f* : W(X) — W(Y). Then there is a symmetric
bilinear space G over X such that F is a quotient of f*(G).

Proof: Write F & My = f*(Go) & My with a symmetric bilinear space Gy over
X and metabolic spaces M7 and M over Y. Using the proposition on Ms, we
get that F & M; is a quotient of f*(G), where G = Gy & N> for some metabolic
space N2 over X. Then also F is a quotient of f*(G).

In fact, the same proofs show that Proposition 1 and its Corollary hold for
every projective scheme Y over X which is flat over X. But in the case at
hand we can make the Corollary more specific:

THEOREM 2: Let F be a symmetric bilinear space over Y such that the class
of F in W(Y) lies in the image of f* : W(X) — W(Y). Then there is a
symmetric bilinear space G over X and a vector bundle Z over X such that F
is a quotient of f*(G) by f*(Z)(-1).

Proof: By the Corollary to Proposition 1, there is a symmetric bilinear space G
over X such that F is a quotient of f*(G). Let the diagram at the beginning of
this section be a presentation of £ := f*(G) as an extension of . As £ comes
from X, we have R'f.(£(—1)) = 0. It follows that also R!'f.(VV(-1)) = 0
and R'f.(UY(—1)) = 0. From the latter fact it follows that f.(UV(—1)) is a
vector bundle over X. We let Z be the dual bundle, so that ZV = f.(UY(-1)).
From the canonical morphism f*(f.(UY(—1))) = UY(—1) we get a morphism
*(2V)(1) - UY. Welet a:U — Uy == f*(Z)(—1) be the dual morphism. By
[A], there is an extension & of F by U; with a corresponding presentation
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PRrROJECTIVE LINE BUNDLES 17

a commutative diagram

O - U - v = F = 0
ba I
O - Uy —- VT - F = 0

a vector bundle W over Y and a commutative diagram

0 - U = & = VW = 0

I T 0
0 - U —- W = VW — 0
lea i |

0—>U1—>51—>V1V—>0

where the middle row is also exact. From the dual of the former diagram we
get, after taking the tensor product with Oy (—1) and taking higher direct
images, the commutative diagram

0 — f*(f|(‘—1)) - f*(VVT(—l)) - fU'(=1))
1
0 = f(F(=D) = LO(=D) — L@ (-1)

- le*(J”T(—l)) - le*(VTV(—l)> - le*(?fév(—l)) - 0
= R'UL(F(-1) — ROV (-1) — RLEU(-1) — 0

with exact rows.  As already mentioned, R!f.(VV(-1)) = 0 and
RUA(UY(~1)) = 0. Also, R'£.(UY(~1)) = R'£.(f*(2")) = 0. Further-
more, the morphism f. (U (—1)) — f.(UY(-1)) is, by construction, an
isomorphism. We conclude that R!f.(V)(—1)) = 0 and that the morphism
f0Y (-1)) — f.(VY(—1)) is an isomorphism.

Doing the same with the latter diagram we get the commutative diagram

0 = fUED) = f8(-1) — LOVY(-D)

| 0 1
0 — f*(Ui—l)) - f*(Wf—l)) - f*(Vlv”(—l))

0 = flh(=1) — f&(=1) = LOWV(-1)

= RUALUL)) — RUAERED) = RUAWVY(-1)) = 0

| T )
- RULU(-L)) = RUYOW(-1) — le*(v‘ﬁ/(_l)) - 0
I |

= RULU(-1) — Rf(E(-1) — RUAEW(-1) — 0
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18 JON KR. ARASON

with exact rows. Using that R'f.(£(—1)) = 0, R*f.(VY(—=1)) = 0, and that
the morphism f,(V)(-1)) — f.(VY(—1)) is an isomorphism, we see from the
upper half of this diagram that R f,(W(—1)) = 0.

The fact that R'f.(U4Y(—1)) = 0, in particular locally free, implies that the
Serre duality morphism R'f.(w ® U(1)) — f.(UY(—1))Y is an isomorphism.
The same applies to U; instead of U. As the morphism f,. (U (-1)) —
f«UY(-1)) is, by construction, an isomorphism, it follows that the induced
morphism R!f,(w @ U(1)) — R'f.(w ® Uy(1)) is an isomorphism. But
wU(1) = f*(L) @ U(—1) and correspondingly for U;, and modulo the ten-
sor product with ids«(zy the morphism R'f,(w ® U(1)) — R fi(w @ U (1))
is the morphism R!f,(U(-1)) — R'f.(Usi(—1)) in the diagram. Hence
this is an isomorphism. Using that, and the fact that R'f.(W(-1)) = 0
and R'f,(VY(=1)) = 0, we see from the lower half of the diagram that
Rf.(&€1(—1)) = 0. By Proposition 4 in Section 1.1, it follows that & = f*(G1)
for some symmetric bilinear space G, over X.

SECTION 1.3

In this section we shall show that every element in W (Y) is represented by a
symmetric bilinear space over Y that has relatively simple higher direct images.

The natural short exact sequence 0 — w — f*(S)(—1) = Oy — 0, representing
an extension of the trivial vector bundle Oy by w, played a major role in the
proof of Proposition 1 in Section 1.1. We next construct something similar for
symmetric bilinear spaces.

Using 1 times the natural morphism (S® SY) x (S® SY) —» L& LY = Ox
induced by the exterior product, we get a regular symmetric bilinear form ¢ on
S ® 8Y. (The corresponding quadratic form on § ® 8¥ = End(S) then is the
determinant.) In what follows S ® SV carries this form.

We have natural morphisms ¢ : Oy — S ® SV, mapping 1 to the element e
corresponding to the identity on S, and o : S ® S¥ — Ox, the contraction
(corresponding to the trace). Furthermore, the composition o o¢ is 2 times the
identity on Ox. It follows that S® SV is, as a vector bundle, the direct sum of
Oxe and T, where T is the kernel of 0. Computations show that this is even a
decomposition of S ® SV as a symmetric bilinear space (and that the induced
form on Ox is the multiplication). We let —1)g be the induced form on 7. In
what follows T carries the form ).

From the dual morphism 7 : Oy — f*(S§Y)(1) to the morphism 7 :
f*(8)(—1) = Oy of the natural short exact sequence we get a morphism

frE)(=1) = A=) @0y —

FEED@ (S =f(S)e f1(S)=f(S®sY)
(Easy computations show that this makes f*(S)(—1) to a Lagrangian of
/*(S®8Y).) This morphism, composed with the projection f*(S @ §Y) =
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PRrROJECTIVE LINE BUNDLES 19

f*(Oxe) ® f*(T) — f*(T), gives us a morphism « : f*(S)(=1) = f*(7).
Computations show that kot : w — f*(7) makes w a totally isotropic sub-
bundle of f*(7) and that x : f*(S)(—1) — f*(7) makes f*(S)(—1) the cor-
responding orthogonal subbundle. (By the way, the image of w under the
morphism f*(S8)(=1) = f*(S ® 8Y) is, in fact, contained in f*(7).) Compu-
tations now show that the induced bilinearform on Coker(:) 2 Oy is precisely
the multiplication. This mean that

0 0
I \J
0 - w = FS)-1) = Oy - 0

is a presentation of the bilinear space f*(7) as an extension of the unit bilinear
space Oy by w. Here we have written ¢ for the morphism f*(vy).

For every symmetric bilinear space F over Y we get through the tensor product
a presentation

H.]
<

o
1
&
®
o
1
€ =
® «3
“rl ®
w
| 1
=
E< \c/%
O+ Q<+ g+ H+ O
&
<
=
1
(=)

of f*(T)® F as an extension of F by w @ F.

We now assume that & > —1 and R!f.(F(j)) = 0 for every j > k. We have
w= f*(£)(—2), hence

Rf. (W oF (k) =R £ (fFLYDF(k+2)=LY @R f.(FY(k+2) =0

as FV = F. With the Theorem on Cohomology and Base Change it follows that
the coherent Ox-module W := f.(w" ® FY(k)) is locally free. The canonical
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20 JON KR. ARASON

morphism f*(W) = f*(f.(w¥ @ FY(k))) - w¥ @ FY(k) induces a morphism
W) (k) - w¥ @ FV. Using the dual morphism w ® F — f*(WV)(k) on
the extension of F by w ® F described above, we get an extension

0 0
A 1
0 — ffOW)(k) — Vi — F - 0
I ! +
0 — ffOWVk) — & — 124 — 0
1 1
FFOV)(=k) = fOWV)(=k)
A 1
0 0
of F by f*(WV)(k) and a commutative diagram
0 - F — 124 = [TOV)(=k) — 0
I - "

0 - F = f(S)eF(1) —- weF = 0

Now, R f.(f*OV)(j — k)) =W @ R f.(Oy(j — k)) =0 for j — k > —1. From
the exactness of the upper row of this diagram it therefore follows at once that
also R'f.(VY(4)) = 0 for j > k. For j = k we get, as f.(f*(W)) = W, the

commutative diagram

W = RUL(F(K) — RU£. (VY (k) =0
L [ )
LY QFYR) — RU(FE) — RULAJS)eFh+1) —

with exact rows. As RUf.(f*(SV)@ FV(k+1)=8Y @ R f.(FY(k+1)) =0,
the connecting morphism f,(wV @ FV(k)) — R f.(F(k)) is an epimorphism.
But, by construction, the morphism W — f.(w¥ ® FV(k)) is the identity, so
the connecting morphism W — R! f,(F(k)) must also be an epimorphism. It
follows that even R!f. (VY (k)) = 0.

As RM(F*OWVY)(k+3) = WY @ R f.(Oy (k+ 7)) =0 for k+j > —1, it now
follows from the exactness of the sequence 0 — f*(WV)(k) = & — V)Y — 0
that R f.(&1(j5)) = 0 for j > k and that also R!f. (& (k)) =0 if k> 0.

By induction on k downwards to £ = 0 we get:

THEOREM 1: Any symmetrical bilinear space JF over Y is equivalent to a
symmetric bilinear space £ over Y with R f,(€(j)) = 0 for every j >0
Remark: We know that it follows that f.(€(j)) is locally free for every j > 0.
Using the duality, it follows that f.(£(j)) = 0 and R!f.(£(j)) is locally free
for every j < —2

In the case k = —1 also we had R'f.(V)Y(—1)) = 0 (but not necessar-
ily R'f.(£&1(—=1)) = 0). But by the remark above we have in that case
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PRrROJECTIVE LINE BUNDLES 21

that fu(w® F) =0 and R'f.(w ® F) is locally free. As w(l)® f*(W) =
I (L@W)(-1), we have f.(w(1)® f*(W)) =0 and R f.(w(1) @ f*(W)) = 0.
From the tensor product of the short exact sequence 0 — F — VY —
F*W)(1) — 0 and w it therefore follows that also fi(w ® V) = 0 and that
R'f.(w® V) is isomorphic to R f,(w ® F), hence locally free. We therefore
have:

THEOREM 1, CNTD.: Furthermore, £ can be chosen to have a totally isotropic
subbundle ¢, isomorphic to f*(.A)(—1) for some vector bundle A over X, such
that R, ((E/U)(—1)) = 0 and f.(w ® (£/U)) = 0 and such that R'f,(w ®
(E/U)) is locally free.

Remark: By Proposition 3 in Section 1.1 there is then a short exact sequence
0— f*(C)(1) = &/U — f*(B) — 0 with vector bundles B and C over X. If X
is affine then it even follows that £/U = f*(B) & f*(C)(1).

SECTION 1.4

In this section we study higher direct images of the special representatives of
elements in W(Y') gotten in the last section. We also study what happens for
these under extensions like those considered in Theorem 2 in Section 1.2.

An NN-pair is a pair ((&, x), (A, u)), where (€, x) is a symmetric bilinear space
over Y, A is a vector bundle over X, and p : f*(A)(—1) — £ is an embedding
of f*(A)(=1) in £ as a totally isotropic subbundle of (£, x) such that for the
cokernel p : & — € we have R f,(E(=1)) =0, fi(w®E) =0 and R f,(w® &)
is locally free. Note that it follows that R f.(€) = 0, hence R' f.(£(j)) = 0 for
every j > 0.

There is an obvious notion of isomorphisms of NN-pairs. Furthermore, we can
define the direct sum of two NN-pairs in an obvious way. It follows that we
have the Grothendieck group of isomorphism classes of NN-pairs. We denote
it here simply by K(NN).

Forgetting the second object in an NN-pair we get a morphism K(NN) —
W(X) of groups. By Theorem 1 in Section 1.3 this is an epimorphism.

Let ((€,%), (A, 1)) be an NN-pair and let p : £ — & be a cokernel of . We write
C = f.(€(-1)) and B= R'f,(w®E&). Then C and B are vector bundles over X
and there is a natural short exact sequence 0 — f*(C)(1) — & — f*(B) — 0.
As f*(A)(—1) is a totally isotropic subbundle of (£, x), there is a unique mor-
phism 7 : & — f*(AY)(1) making the diagram

e = &g

b I

gV B Av))
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22 JON KR. ARASON

commutative. Using also the dual diagram, we get the commutative diagram

0 — A1) B & & i - 0

kL
0 — & £ ey My opav() = 0

with exact rows, the second row being the dual of the first one.

We have f,(£(—1)) = C and R' f.(£(—1)) = 0. Using the dual of the short exact
sequence 0 — f*(C)(1) — & — f*(B) — 0, we see that f*(gv(—l)) = 0 and
that we can write R f, (Ev(fl)) =LY ®CY. Twisting the last diagram above
and taking higher direct images, we therefore get the commutative diagram

0 = full(-1) — C —= LV®A — RU.A(E-D) — 0

lg ! ! lg

0 — fuEV(-1) — AY — LVecC' — RY(EV(-1) — 0

with exact rows.

We denote by a : C — LY ® A the connecting morphism in the upper row
and by € : C — AY the second vertical morphism. Then, by Serre duality, the
connecting morphism in the lower row is —1,v ® oV : AY — LY ® CV and the
third vertical morphism is 1,v ® e¥ : LY @ A — LY @ CY. The exactness of
the diagram is therefore seen to mean that {‘z} :C—= (LY@ A) @AY is an
embedding of C in (LY @ A) ® AV as a Lagrangian of the hyperbolic £V-valued
symmetric bilinear space ((,CV @A) oA, H é} )

Let ((£,x), (A, 1)) be an NN-pair and let Z be a vector bundle over X. Let
(€1, x1) be an extension of (£, x) by f*(Z)(—1) with presentation

0 0
4 b
0 — f(&)(-1) - % - £ — 0
I ln lwvox
0 = B — & oy yv
fE2Ha) = f(2V)Q)
4 4
0 0
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From Proposition 1 in Section 1.1 it follows at once that any extension of
f*(A)(=1) by f*(2)(—1) can be written as f*(A1)(—1) for some vector bundle
Aj over X. It then comes from a unique extension

0 - 2 4 A ™ A =5 0

of vector bundles over X. Taking the pull-back of

0 0
: v : !
0 > @y T paney T puen s oo
I l/tv lu
0 — fY2)(-1) s V - £ - 0
! L
& = £
+ i
0 0

uniquely determined up to an isomorphism of A;. As f*(Z)(—1) is a totally
isotropic subbundle of (€1, x1) and the quotient f*(A)(—1) is a totally isotropic
subbundle of (€, x), it is clear that the composition 1 = Koy : f*(A1)(—1) —
& is an embedding of f*(A4;)(—1) in & as a totally isotropic subbundle of
(€1,x1)-

Taking the push-out of

y 25 ¢
lﬁ
&
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we now get an exact commutative diagram

0 0
! L
0 — [f*A)(-1) & v i g - 0
|| E B
0 — fHA)(-1) = & BT & - 0
lbvonVO)a ld
fEHL = (2N
} }
0 0

From the right hand column in this diagram we get, using our hypotheses on
E, that R f.(E1(—1)) =0, fu(w®E&1) =0 and R' f,(w® &) is locally free. (In

fact, R! f.(w ® &) is isomorphic to R! f.(w ® &).) So ((€1,x1), (A1, 1)) is an
NN-pair.
In this situation we say that the NN-pair ((£1,x1), (A1, #41)) is an extension of

the NN-pair ((87X)a (A7 /J’)) by Z.

Let the NN-pair ((£1,x1),(A1,11)) be an extension of the NN-pair
((€,x),(A,1n)). We keep the notations from above and extend them in
the obvious way. In particular, we have the short exact sequence

0 - 2 4 A4 B A 5 00

of vector bundles over X. Furthermore, by twisting and taking higher direct
images, the right hand column of the third big diagram induces a short exact
sequence

0 - C % ¢ I zv 500

of vector bundles over X.

We have 10 opom = Ti0op10k = puy ox10k = py,0k¥ ox10k = py,om¥oyom =
A () opYoxom= f*(ry)(1)oTopom. As pom is an epimorphism,
it follows that 7 o A = f*(7%)(1) o 7. We also have f*(:%)(1) o7 0 p1 =
P oy ox1 = F1 (1 opyor¥ oxs = ¥ oY ox1 = dopr. As py is an
epimorphism, it follows that f*(:%)(1) o 7y = o. This shows that the diagram

0 ER z, s EYM) o 0
lT ln I
0 - A TEY puanm Y ey 5 oo
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is commutative. Twisting by —1 and taking higher direct images, we therefore
get the commutative diagram

0 - ¢ % ¢ = zv 500
Lo
0 — AV & Ay A 2vo5 o0

with exact rows.
We have the commutative diagram

0 - A1) B & &5 & 50

Tf*(u)(—l) Tw I

0 — f*(A)N(-1) & y 25

|| &

0 — fAN-1) & & 2 & = o0

A

I« o

with exact rows. Twisting it by —1 and looking at the connecting morphisms
for the higher direct images, we get the commutative diagram

C = LVeA
H TlLV(XWrA

C — LV®eA

[re H

C1 2 Ve Ay
It follows that the diagram

C %5 VoA

ch TlL\/®7T_A

G =5 LVe4
is commutative.
We close this section with an example that we shall need later.
Let C be a vector bundle over X. We shall use the natural short exact sequence
0 — f(Le0)(-1) = fFSec) = fO@a — o
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of vector bundles over Y.

Let n : f*(C)(1) — f*(£Y @ CY)(1) be a morphism. As morphisms from
f*(S ® C) are uniquely given by their direct images and as f.(¢V) is an isomor-
phism, there is a unique morphism & : f*(S ® C) — f*(SY ® CV) such that
Vo€ =nom. Clearly, we then have 1Y o £ ot =0.

Conversely, if € : f*(S®C) — f*(SY®CV) is a morphism such that :¥ofor =0
then, by the exactness of the natural sequence, there is a unique morphism
n: f*(C)1Q) = f*(LY ®CV)(1) such that ¥ o =nom.

Let £ : f*(S®C) — f*(8Y ®CY) be given. Let n be the corresponding
morphism, so ¥ o€ =nom. Also let ’ be the morphism corresponding to £V,
sotV oV =nom.

Write £ = f*(S®C) @ f*(SV®CY), A=L&C, E=f*(C)1)a f(SY®C),
= [6] (A1) = €&, and p = [g ﬂ : £ = &. Then the sequence

0 - fA-1) B & X5 € 5 0

is exact. Furthermore, f.(E(—1)) = C, R'f.(f*(A)(-2)) = LY ® A = C and
the connecting morphism for this sequence twisted by —1 is 1¢.

Let x = [f H : & — &Y. Then x is an isomorphism. Let 7 = [ .V] : &€ —

(A1) and 7/ = [(";)v} A1) — €. Then we have the commutative

diagram

0 - A1) B ¢ & i - 0
[ |~ [
0 — & L ey My p Ay = 0

where the bottom row is the dual of the top one. Twisting by —1 and taking
higher direct images, we get the commutative diagram

C LN C
lf*(n(*l)) ile*((n')v(—l))
L/ecy =L vecY

for the connecting morphisms.  This means that R'f.((n)V(-1)) =

— L. (1(-1)).

There are unique morphisms ,&” : C — LY®CY such that n = f*(¢)(1) and ' =
f*(€)(@). Then f,(n(~1)) = e and R ()" (-1)) = R (*((¢)")(~2)) =
1ov®(e')Y. So we have 1,v®(e')Y = —¢, which is equivalent to e’ = —1,v ®eV.
We have ¢V = ¢ if and only if ' = 1. But ' = n means exactly that & = e.
We conclude that €V = £ if and only if 1,v ® €¥ = —e. In that case the
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computations above show that ((£,x), (L ® C,p)) is an NN-pair such that the
corresponding « is the identity on C and the corresponding ¢ is the given one.

SECTION 1.5

In this section we show how to construct extensions with given behaviour, as
in Section 1.4, for the higher direct images. (This turned out to be the hardest
part of all.)

Let ((£,x), (A, 1)) be an NN-pair. We keep the notations from Section 1.4.

Let A; and C; be vector bundles over X and let [:ﬂ 10— (LY ® A @AY
be an embedding of C; in (£ ® A;) @ AY as a Lagrangian of the hyperbolic
LY-valued symmetric bilinear space ((EV ®A) @AY, H é]) Assume also
that there is a vector bundle Z over X and short exact sequences

0 - Z2 4 A4 B A 5 00
and
0 - C =% ¢ 5 2z 500

such that the diagrams

c

0 - ¢ = ¢ = zv 500
Ll
0 — AV A& Ay A 2V 0

and o
C =5 [LVeA

ch TILVQ@WA

C1 25 LY @ A

are commutative.
We want to show that there is an extension ((€1, x1), (A1, p1)) of (€, x), (A, 1))
giving rise to this data as in Section 1.4.

As R f.(E(=1)) = 0, we have Exty (f*(ZV)(1),€) = Exty (f*(2V),E(-1)) =

1
Extx (ZY, fu(E(-1))) = Extx(ZV,C). We therefore have a unique extension
0 & % & 5 (21 - 0

such that f,(€1(—1)) = C; and such that the given sequence 0 — C — C; —
ZV — 0 is precisely the sequence of direct images for the twisted sequence
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that also R!f.(E1(—1) ooking at the tensor product 0 - w ® & —
wRE = w(l)® f*(2Y) we also get at once that f,(w®E1) = fu(w®E)
and R'f,(w®E1) = R f,(w®E). In particular, f,(w®E1) = 0 and R! f,(w®E;)
is locally free.

Instead of £ and the given sequence 0 — C — C; — ZY — 0 we could have
used f*(AV)(1) and the dual of the given sequence 0 — Z — A; — A — 0
in the construction above. But we know that the resulting extension then
is represented by 0 — f*(AY)(1) — f*(AY)(1) — f*(2V)(1) — 0. By hy-
pothesis, Extx(ZY,¢) maps the class of 0 = C — C; — ZY — 0 to the
class of 0 — AY — AY — Z¥Y — 0. As f.(7(-=1)) = e, it follows that
Exty (f*(Z2V(1),7) maps the class of 0 — & — &1 — f*(Z2V)(1) — 0 to the
class of 0 — f*(AY)(1) — f*(AY)1) — f*(2V)(1) — 0. So we have a com-

mutative diagram

0—E(=1) = E1(=1) = f*(2Y) = 0. It is clear that R f,(£(—1)) = 0 implies
£ =0. L £
— 0,

0 ER z T EY1) o 0
|- [ [
0 - e T pana T ey 5 oo

Here 71 is not uniquely determined. But using that the diagram
0 - C % ¢ 5 2V =0
bl
7Tv L\/
0 - AY & A 5 2V - 0

is commutative and that Homy (f*(ZV)(1), f*(AY)(1)) & Homx (ZY, AY), we
see that we can choose 71 uniquely in such a way that f.(m1(—1)) = ;.

We now use the results on “Special extensions” in the appendix to this section.
By hypothesis,

0 —» fA-1) B & &5 € 5 0
corresponds to o : C — LY @ A. Of course, we let
0 — fAN-1) & & 2 & = o0
correspond to aq : € — LY ® A;. We also let
0 — f*AN(-1) B v 2 ¢ 5 0
correspond to oy otc : C — LY @ Ay and
0 — fA-1) 2% v 2 8 5 0
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correspond to (1gpv @ m4)oaq : €1 — LY @ A. Using A and f*(m4)(—1) we
then get the commutative diagrams

0 — fAN-1) B vy 2 5 0
|| | B
0 — f*(.Al)(—l) i) 51 £> El — 0

and

(_

-

}

0

S

T

= |
M o <

= B

0 — fA-1) 2 vy 2 8 5 o0

«—

We also get that the compositions k o k and 7 o 7 are equal.

We know the kernel and cokernel of A. Using that we can extend the bottom
half of the last diagram to the exact commutative diagram

0 0
! i
0 — fHA-1) 5 £ SLEN g — 0
[ |7 B
0 o FACD) BT E Lo

&
Q
N
<
%
q

~
*
—
W\
<
-
—~
=
N
Il
~
*
—
-
—
—
—

<
o« W

Taking the composition of the right hand half of this diagram with the diagram
defining 7 and using the exactness of the sequence

0 — & X% g X peAv)(1) — 0
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noting that 70 p = u" oy, we get the exact commutative diagram

0 0
o I
0o - & XX £ R (A1) 1o 0
[ F lf*(m(l)
0 - 8 TP T a5 0
lao;\, lf*(u)(l)
fFEHM = (2
1 {
0 0

1

In particular, the middle row is exact. Using that x~ ! o pY o7V = u, we now

have the commutative diagram

0 — fA-1) & oy 2 & - 0
|- H |m
0 & TE Y TR N - 0

with exact rows. Twisting by —1 and taking higher direct images we get the
commutative diagram

¢, (evEmer pvig g

J{EI J,IL\/@EV

’

AY = LY ecY

where ' is a connecting morphism. Now e¥oay = (¥ o} and (1pv ®eY)oay =
—(1zv ® af) o 1, so this commutativity means that o/ o1 = —(1zv ® (aq o
tc)Y) oey. Twisting the commutative diagram

0 5 & X0 g TR peaAVY() 1o 0

I |7 | r@om
. ~ -1 _ Vv ~ -~
0 — & TXST Y TR )1 - 0
by —1 and taking higher direct images, we get the commutative diagram

AV _1EV_Q§’QV LY ecY

| ||

Ay Y veceY
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for the connecting morphisms. As o = (1gv ® m4) 0 @ 0 (¢, this commutativity
means that a’omy = —(1zv®(aq0uc)Y)omy. It follows from the second diagram
in this section that [; «Y%] is an epimorphism. From both these commutativity
relations for o/ we therefore get that o/ = —1,v @ (ag 01co)V.

We now look at the dual sequence

—v

~ —1 .
DS E S 0

VoV
Py,OT
—

0 = f(A)(=1)

By Serre duality, the result just proved means that the connecting morphism
for this short exact sequence twisted by —1 equals a; o 1. By our results on
“Special extensions” it follows that there is a unique isomorphism V¥ =V such
that p), o 7 corresponds to py and po x~! o7 corresponds to py. Using the
commutativity of a diagram above, we also see that then y ! o7 corresponds

to .

We use this to identify V with VY. Then 7, o py = s, o x Lo p¥ =p); and

7ox ! =Y. The last equation means that # = 7" oy. Using that, the second
one reduces to ¥ o p¥ = py;, which we already knew.

We next do something similar for £ . Using the diagram defining s, instead of
the one defining 7, we first get the exact commutative diagram

0 0
! 4
0 = f(A)-1) 25 1% v, g - 0
|| B B
0 — f A1) & NI &, — 0
L
e = f(E2He)
3 J
0 0
Using the exactness of the sequence
=V ;\v) :‘X * Vv
0o - & —4 VvV = A1) — Oecr
noting that 7o py = Topox~low = pVor = L1}, we get the exact
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commutative diagram

0 0
o I
0 —» & V A1) — 0
I l“ lf*(wk)(l)
00 & TN g TR ey — 0
loom lf*(dx)(l)
ffEZHa = (2
N N
0 0

Using that ko py, o7y = ko uy = p1, we now have the commutative diagram

0 — f*(.Al)(—l) i) 51 i> fl — 0
| [ |
0 o &g TR A1) - 0

with exact rows. Twisting and taking higher direct images we now get the

commutative diagram N
C1 =L LV Ay

Jfl J,lc\/@alv

’
ay

AY — LVec
where o/ is a connecting morphism. As (1ov ®eY)oa; = —(1zv ®ay)oeq, this
commutativity means that af oe; = —(1zv ® @) oe1. Using the commutative

diagram IV
0 = & v BRI - 0

[ & | 0w
0 = & T Y TR pAT(1) — 0

we get the commutative diagram

Av TUERT oY o6y dual
= [
AY o, LV ecy
for connecting morphisms. So of o7 = —(1zv ® o)) o . As before we get
from these two commutativity relations for o} that o) = —1,v ® of.
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We now look at the dual sequence

\2
onV =
g MR8 = 0

% Vv
pl OTl

0 = f(A)(=1)

By Serre duality, the result just proved means that the connecting morphism
for this short exact sequence twisted by —1 equals ay. It follows that there is
a unique isomorphism xi : £&; — £ making the diagram

0 = fAN-D) B g 2 8 =5 0

|| [ ||

Y 2 -~ v
P1 071 PYOK

0 — fAN-1) = & ™= & — 0

commutative.
We have KV oy = k¥ opy,omy = pY ory’. Furthermore, Kok = Tom = w¥oxom
is symmetric, hence pyokY okY = pyokok = p; ok = Ao py. So the diagram

0 — fA)-1) & v 2

£
[ |7 [
0 = fAN(-1) "R ey g g

is commutative. Because of the uniqueness of x it follows that Xl_l ok = K,
ie, K = kY ox). We then get py ok oxY = py ok = p;. We also have
XYONI = XYORONV = XYOKOF\/JOHV = (ﬁVO"EVOXl)VOTlv~ As pyokYoxi = p1
by the above, we get x} o 1 = py o 7. This shows that the diagram defining
X1 remains commutative if we replace x1 by xy. As x1 is uniquely determined,
this means that xy = x1. So (&1, x1) is a symmetric bilinear space. Also note
that we can now write the identity Kk = k¥ o x} as & = k¥ o x1.

It is now easy to check that ((&1,x1), (A1, 1)) is an NN-pair extending
((€,%), (A, 1)) in the way we wanted.

APPENDIX ON SPECIAL EXTENSIONS

Let X be a vector bundle over Y such that R!'f.(X(—1)) = 0. Let M be a
vector bundle over X. Then Homy (X, f*(M)(—1)) = 0 and there is a nat-
ural isomorphism Exty (X, f*(M)(—1)) & Homy (f«(X(-1)), LY ® M). This
isomorphism maps the class of a short exact sequence

0= ffM(-1)=»Y—=>X—=0
to the connecting morphism

F(X(=1) = RU(f*(M)(-2)) = LY @ M
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for the short exact sequence twisted by —1.
There are various ways to prove this. One way is to use the natural short exact

sequence
0= w(l) @ f*(fe(X(=1))) = [ (fu(X)) = X =0

given by Proposition 2 in Section 1.1 and the corresponding long exact sequence
of higher Ext groups.

Note that Homy (X, f*(M)(—1)) = 0 implies that a short exact sequence as
above, representing a given element in Exty (X, f*(M)(—1)), is determined up
to a unique isomorphism of ).

Let X} and M be another pair satisfying the hypotheses above. Let the short
exact sequence
0= ff\M(-1)=»Y—->X—=0

correspond to « : f.(X(—1)) = LY @ M and let
0= ff(Mi)(=1) =1 = & =0

correspond to ay @ fu(X1(—1)) = LY @M. Let £: X — Xy and p: M — M,
be morphisms making the diagram

LX) 5 VoM
| - [ 1o

f(-1) 2% Ve M

commutative. Then there is a unique morphism 7 : Y — )4 making the
diagram
0 - ffM(E) - ¥ - X = 0

lf*(u)(—l) l’? l&
0 = ffM)(-1) = M - & — 0
commutative.

Indeed, the uniqueness follows from the fact that Homy (X, f*(Mj)(—1)) = 0.
The existence follows from the following commutative diagram.

0o - f M —- ¥y — X — 0
lf*(u)(—l) ! [
0 —» ffM)-1) - 2 = X —= 0

|| l= 1

0 - ffM)N-1) = 2 —- X — 0

| ! ¢

0 = frM)(=1) — I — X — 0
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Here the top part is gotten by a push-out and the bottom one by pull-back.
The middle part comes from the fact that both short exact sequences have the
same image in Homy (f. (X (—1)), LY ® M;).

SECTION 2.1

In the affine case, Ranicki has defined the Witt group of formations and proved
that it is isomorphic to his group L'. (Cf [R].) Here we shall extend his defini-
tion to our case.

We shall use the duality functor T on vector bundles on X given by £ =
LY ® EY. But, in fact, what we do makes sense in any exact category with
duality.

A (non-singular) formation is a triple ((F, ¢), (A, a), (C,7)), where (F, ¢) is a
symmetric bilinear space and o : A — F and v : C — F are lagrangians of
(F, ). Sometimes we simply say that (F,a,7) is a formation.

There is an obvious notion of isomorphisms of formations. Furthermore, we
can define the direct sum of two formations in an obvious way. It follows that
we have the Grothendieck group of isomorphism classes of formations.

For any vector bundle Z we have the formation (Ht(Z2), (2, [(1)} ), (2T, {ﬂ ).

Ranicki uses direct sums of formations with these special formations to define
when the formations are stably isomorphic. As short exact sequences are not
necessarily split in our case, we have to use something more general than direct
sums.

Let ((F,¢), (A, a),(C,7)) be a formation and let Z be a vector bundle. We
shall define what it means that a formation ((Fi,¢1), (A1, a1),(C1,71)) is an
extension of ((F, ), (A, «a), (C,v)) by Z.

The first condition is that (Fi, 1) is an extension of (F, ) by Z. This means
that there is a commutative diagram

zt = ZT
i +
0 0
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with exact rows and columns. In a relaxed language this says that Z is a totally
isotropic subbundle of F; with the orthogonal subbundle V and that F is the
quotient of ¥V by Z with the induced form.

The second condition is that A; is an extension of A by Z and C; is an extension
of ZT by C. So we have short exact sequences

0 - 2 4 A4 B A 5 0

and
0 - C =% ¢ & 2T 5 0

Finally, these extensions are to be compatible in the following sense. The

embedding A; — F; factors as oy = k o @ with a morphism « : A; — V such
that the diagram

0 - 2 4 4 B A =500

H B |

0 - 2 5% v 5 F 50

is commutative. Also, the embedding C — F factors as v = 7 oy with a
morphism v : C — V such that the diagram

0 - C == ¢ LN ZT 5 0

L. H
TO TO
0 - v 5 F ST zZT 500
is commutative.

As we know the cokernels of a and ~;, we can, if the conditions above hold,
extend the last two diagrams to the commutative diagrams

laT opom alop
AT = AT

3 \

0 0
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and
0 0
J/ L J/ T
0 — C 4£+ C1 ‘45% ,ZT> — 0

ool

TOTO
0o - v 5 R "ES zZT 500

i’vfomon l'vfwl

o = cf
+ +
0 0

with exact rows and columns. It then follows that we also have the commutative
diagrams

a; op
0 - A 2 K 25 Al - o0
|| E [+
a aTo¢0W T
0o - A — — A" = 0

2 Iw n

0 - A % F ¥ AT S0

and

0o - ¢ L F X " = 0

u = |2
TO oK
0 — 2y I T
JLC ln I
Y1 ’YTOtpl
0 - G — F = ¢ =0

with exact rows.

Let (F, ) be a symmetric bilinear space and let v : C — F be a lagrangian of
(F,¢). We then might say that ((F, ), (C,7)) is a metabolic pair. Now let C;
be a vector bundle and let ¢ : C — C; be a morphism. Then there is, by [A], a
metabolic pair ((F1, 1), (C1,71)), uniquely determined up to an isomorphism
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by the conditions that there is a commutative diagram
T
0o - ¢ L F X T 5 0

|| V = |

.
Y1 010K
y =l

o b

.
i Y1 0¥1
0 - C = FH = =0

- 0

with exact rows and that kT cpjox=7" opor.

Now assume that we have a short exact sequence
0 - ¢ =% ¢ =& zT 5 0

Then we can compute the kernels and cokernels of the vertical morphisms in
the double diagram above. It easily follows that (Fj, 1) is an extension of
(F, ) by Z as in the definition above.

Now assume that a : A — F is also a lagrangian of (F,¢). Taking the “inverse
image” in V of the subbundle A of F we get a commutative diagram

0 - Z2 4 A4 ™ A 500

[ B |

0o - 2 = v 5 F = 0

with exact rows. Letting ay = k o o, one then checks that ay : A3 — Fj is a
lagrangian of (Fi,e1). It then easily follows that by this we have constructed
an extension ((]:17 901)’ (.A1,0l1), (Cl,'}/l)) of ((f7 90); (Aa Oé), (Ca’Y)) by Z.

We conclude that there is a natural bijective correspondence between isomor-
phism classes of extensions of ((F,¢), (A, «),(C,v)) by £ and isomorphism
classes of extensions of ZT by C. Of course, the latter correspond to isomor-
phism classes of extensions of CT by Z.

This makes it rather easy to work with extensions of formations. For exam-
ple, if C; is the trivial extension of ZT by C, then ((F1,¢1), (A1, 1), (C1,71))
is the trivial extension of ((F,¢), (A, a),(C,v)) by Z, i.e., the direct sum of
((F, ), (A,0), (€,7)) and (Hr(2), (2, [§]), (27, [}])). Tn particular, we get
nothing new in the affine case.

Using the concept of the direct sum of two extensions of CT, we get the following
lemma as another application.

LEMMA 1: Let ((F1,¢1),(A1,01),(C1,71)) be an extension of of

((]:a (p),(.A,O(),(C,’Y)) by Z; and let ((‘7:274102)’(A27a2)a(c2772)) be an ex-
tension of of ((F,¢), (A, «a),(C,v)) by Z2. Then there is an extension
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((F3,93), (As, a3), (Cs,73)) of ((F,¢), (A, a),(C,v)) by Z1 @& Z5 such that the
original extension of ((F, ), (A, ), (C,v)) are intermediate extensions in the
natural way.

We shall say that two formations are stably isomorphic if they have a common
extension. From the lemma it follows that this induces an equivalence relation
on the set of isomorphism classes of formations. This equivalence relation is
clearly compatible with direct sums.

By a remark above this coincides with Ranicki’s definition in the affine case.

We now say, as Ranicki, that two formations (Fi,a1,71) and (Fa, aa,7v2) are
equivalent if there is a space M with lagrangians w1, v; and w; and a space
My with lagrangians us, v and ws such that the direct sum

(-/—-'17051771) S2) (Ml,Ul,Ul) D (Mlvvlawl) S2) (MQ,UQ,'IUQ)
is stably isomorphic to the direct sum
(F2, a2,72) ® (Ma, uz, v2) © (Ma, va, w2) & (M, u1,wr)

It is easy to check that this is an equivalence relation on formations. The direct
sum induces a group structure on the set of equivalence classes. (We shall see,
in a moment, how additive inverses are found.) The resulting group is called
the Witt group of formations and is denoted M (X) or, if we want to stress the
duality functor used, M~ (X).

In the affine case Ranicki shows that M(X) is isomorphic to L!'(X), so we
might as well have used the notation L*(X) in our case.

An equivalent way to define M (X) is to consider first the Grothendieck group of
isomorphism classes of formations and then to consider M (X) as the qoutiont
group gotten by demanding two formations to have the same class if one is
an extension of the other and that the direct sum (F,a, 8) @ (F, 3,7) has the
same class as (F, a, 7).

In this formulation it is clear that the class of (F, a, «) is trivial and then that
the class of (F,~, a) is the inverse of the class of (F,a,7).

SECTION 2.2

A formation is said to be split if it is isomorphic to a formation of the type

(o ; sl D)

In this section we study split formation and define a Witt group of these.
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A split-formation (over X) is a quadruple (A, C, a, e), where A and C are vector
bundles over X and o : C — A and e : C — AT are morphisms such that [‘2‘} is

an embedding of C in A @ AT as a Lagrangian of the hyperbolic T-symmetric
bilinear space Ht(.A). This means that

£ ETOCT
0 - C A@AT[—>]CT—>O

is a short exact sequence.

There is an obvious notion of isomorphisms of split-formations. Furthermore,
we can define the direct sum of two formations in an obvious way. It follows
that we have the Grothendieck group of isomorphism classes of split-formations.

Let (A,C,a,e) and (A1,Ci,a1,e1) be split-formations. We say that
(A1,C1,01,e1) is an extension of (A,C,a,¢) (by Z) and that (A,C,a,¢)
is a quotient of (Aj,Cy, aq,e1) if there is a vector bundle Z over X and short
exact sequences

0 - 2 4 A4 B A 500

and
0 - ¢C % ¢ & 2T 5 00

such that the diagrams
0o - ¢ % ¢ 5 2T =0

Lol

0 — AT &% AT 4 2T 5 0

and o
c — A
e o
G A

are commutative.

We say that a split-formation (A, C, «, €) is elementary if « is an isomorphism.
Indeed, we then may (up to an isomorphism of split-formations) assume that
C = Aand a = 14. The fact that (A,C,a,¢) is a split-formation then sim-
ply means that e = —¢, ie., € is T-skew-symmetric. It follows that the

. 1
“elementary” automorphism [E 2

(6] A= A@AT 10 [2].

] of Ht(A) takes the canonical lagrangian
g

We say that a split-formation (A, C, «, €) is metabolic if it has an elementary ex-
tension. It is clear that a direct sum of metabolic split-formations is metabolic.
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We define the Witt group M®P!(X) of split-formations as the Grothendieck
group of split-formations modulo the subgroup generated by metabolic split-
formations.

PROPOSITION 1: If the split-formation (A;,Cq,@1,1) is an extension of the
split-formation (A, C, a, ) then the direct sum (A1,Cq, a1,61) D (A,C,a, —¢) is
metabolic.

Proof:  We shall use the notations used in the definition to describe
(A1,Ci,a1,e1) as an extension of (A,C,a,e). We let Z = AT @© C; and let

00
A=A @ A® AT @ be the direct sum of A; ® A and Z. SoTy = [(1) 81
01

and%A:[é (1) 0 0}.Wealsolet5:jand&:1. We now let

00
0 0 -—m €1
o o i 0
Tl T 1 0 —TA0Q
—e{ 0 ofomy & om

Then € is clearly T-skew-symmetric. (Recall that e/ oa; +af oe; =0.) Also

a1 0
T 0
¢ 0 ¢
1 Lc
and
~ ~T  ~ A 1 0 —TA OO
Te=1,40€E=
€A -] 0 afom) e om

Easy computations then show that

€1 0 7
~ ~ 0 —& ~T &1 0
SR VR ”Ao[o —J
0 0
and, clearly, Ty ooty =Tyg01, = _O(‘)l 2] To show that (.Z,Ci&,?t) is an

extension of (A1,Cq,a1,e1) @ (A,C, o, —¢) there remains only to show that the
sequence

0 - CaC =% ¢ X5 2T 5 0
is exact. From the definition of 7 and the fact that € o7¢ equals 7?; o {501 f’a]
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it follows that it is a zero sequence. We now use the commutative diagram

0 0 0
T !
0 — Cy —s A eC Ay 70 O

™A
J/nat.incl. inat.incl. i |: T :|
—€]

[1;‘1}1]

0 - Gaec 5 4 Te ZT 500
J{nat.pro[j.a J{natproj. J,[ET 7Lg]
0 > ¢ J asam F8 e oo
\ 1 1
0 0 0

Obviously, the left hand column and the middle column are exact. Using the
dual of the commutative diagram connecting € and &1, one sees that the right
hand column is exact. The top row is clearly exact and the bottom one is exact
by the definition of a split-formation. As the middle row is a zero sequence, it
follows that it is exact too.

As any split-formation is trivially an extension of itself, we have the following
corollary.

COROLLARY 2: For any split-formation (A, C, «, €) the direct sum (A, C, a, &) ®
(A, C,a, —¢) is metabolic.

It follows that any element in M®P!(X) is represented by a split-formation.
It also follows that a split-formation (A,C,«a,e) has trivial class in M*P!(X)
if and only if there is a metabolic split-formation (Ag,Co,ag,e0) such that
(A, C,a,e) & (Ag,Co,p,e0) is metabolic. (In fact, it can be shown that
(A,C, a, e) is metabolic itself.)

SECTION 2.3
In this section we prove that there is a natural isomorphism from the Witt
group of split-formations to the Witt group of formations. For the proof we

need that 2 is invertible.

A split-formation (A,C,~4,v-) gives rise to the formation

(wesrp pealipee D)

Going from split-formations to formations in this way clearly induces a mor-
phism of Grothendieck groups of isomorphism classes. It is also trivial to check

DOCUMENTA MATHEMATICA - QUADRATIC FOorMs LSU 2001 - 11-48



PRrROJECTIVE LINE BUNDLES 43

that extensions of split-formations go to extension of formations. If a split-
formation is elementary then we may assume that it is of the type (A, A, 1,v_)
with a skew-symmetric y_ : 4 — AT. The class of the corresponding formation

(ear. [l al])

is then the difference of the classes of the formations

(sam |V i) [2))

1 0] L0

(e s paafJorc )

But the automorphism {717 ﬂ of (A AT, [0 1}) induces an isomorphism

and

10
from the former formation to the latter, so the difference of the classes is 0. It
follows that we get a natural morphism M®P!(X) — M (X) of Witt groups.

Let ((F,¢), (A, a),(C,v)) be a formation. Then the formation

(o [; “Dceaf; Dorl)

is an extension of ((F,¢), (C,¥), (A, «)) by A. Indeed, the quotient of (F @
F, [“g 7099}) by the sublagrangian [g} : A — F @ F is isomorphic to (F, ) in
an obvious way. We also have ﬁ extensions

1g

0 — A Cp A A — 0

and .
0 - A 5% F 2 AT 5 0

of vector bundles and it is trivial check that all this fits together. It follows
that the formation

(o[ "o lceals )

has the same class as ((F,¢), (A, «),(C,v)). As we are assuming that 2 is
fw} from (F & F, [g _OA) to (F &

1
invertible, we have the isomorphism ;

FT, [0 1} ). It follows that the former formation is isomorphic to

1 0
(o fs perpaceat, 2])
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This is the formation arising from the split-formation
(F,CB A, [37 3a],[por —poa])

It follows that our morphism M®P!(X) — M (X) of Witt groups is an epimor-
phism.

We want to show that M®P!(X) — M(X) is an isomorphism. By mapping the
formation ((F, ), (A, a),(C,7)) to the split-formation

(F,C® A, [4y ta,[poy —¢oa])

we clearly get a morphism of Grothendieck groups of isomorphism classes. We
have to check that the defining relations for M (X) map to valid relations in
MPY(X).

We first look at extensions. So let ((Fi,¢1), (A1, a1), (C1,71)) be an extension
of (F, ), (A, «a),(C,7)) by Z. We use the notations from the definition of such
an extension. Using the short exact sequences

TO
0 - 2z = 7 "= VT 50

and [Lc 0]

0 1 [me 0]
0 - CaA — CpA —

ZT = 0
one can see that
(VT,C @ Aj, [3rTopromie trToproar], [1 fg])
is a quotient of
(F1,C1 ® Aq, [371 3oa], [erom —@r0ai])
Using the short exact sequence
¥

[rTop —_ﬂtowow]

OACLC}'@Cl Yy = 0

and the short exact sequence that we get by adding C to the left hand part of
the short exact sequence

TA
v, oproa; [7A/To<poa Lg]
— —

0 — A Aac] ct — 0
one can see that the direct sum

(F,C® A, [4v Lal,[poy —poa]) ® (C1,Cy ,0,1)
is an extension of

(VT,C D Al, [%/{Towlo'ylow %nTogploal] , [1 7g:|)
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As (C1,C],0,1) clearly is an extension of the zero split-formation, we conclude
that
(F1,C1 ® A1, [371 $au], [prom —proai])

and

(F,CD A, 37 %a], oy —¢oal)

have the same class in M*P!(X).
We now consider the additivity relations which we write as

[(F, ), (A a), (B, B)] + [(F, ), (B, B), (C,)] = [(F, ¢), (A a), (C,7)]

It is easy to see that these are equivalent to the relations

[(F, ), (A, ), (B, B)] + [(F, ), (B, B), (C,7)] + [(F,¢),(C,7), (A, a)] =0
and
[(fv 90)’ (Av a), (A7 a)] =0

Writing (G, x) = (F,9) ® (F,9) ® (F,¢), D=A®Bo&Cand 6 =ad S &,
the left hand side of the former relation is the class of ((G, x), (D, d), (D,c04)),
where

0 1r O
g = 0 0 1]:
1 0 0

In fact, o is an automorphism of (G, ). Furthermore, o3 = 1, hence (¢ + 1) o
(02 —o+1) =1+ 1. As 2 is invertible, it follows that o + 1 is invertible. The
left hand side of the second relation is of the same type with the automorphism
of (F, ) being the identity.

From these considerations it follows that it now suffices to prove that if « :
A — F is a lagrangian of (F, ) and o is an automorphism of (F, ) such that
o + 1 is invertible then the split-formation

(]:, A ® A, [%0’00{ %a] 5 [LpO(TOa —gooocD

is metabolic. Indeed, it is not too difficult to check that the elementary split-
formation

(]—"@A,}'EBA, Ll) f] : [Q‘PO(U_I)O(UH)I _“MD

aTocp 0

is an extension. The corresponding short exact sequences are

1 Lq
0 - A "—" FoA [—2>] F = 0
d
h [%(M)w ?] [2aTopo(o+1)7" 0]
—1 2a opo(o+1)" " 0
0 - Ag A — FoA T AT = 0
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So we now also have a morphism M (X) — M®P(X). By construction, the
composition M(X) — MPY(X) — M(X) is the identity. To show that the
other composition is also the identity it suffices to show that for any split-
formation (A,C, a,¢) the split-formation

[e3

<A€BAT,C®A,[

[N

is an extension. But that is easy.

El 1y

0 - AT — A AT — F = 0

and M e 1]
0 —» ¢C cCaA =0 A = 0

are corresponding short exact sequences.
This all proves that the natural morphism M®P!(X) — M (X) of Witt groups
is an isomorphism.

We saw that the formation ((F,¢), (C,7), (A, «)) has the same class as

(ron s *coas oer[])

(and this did not depend on 2 being invertible). Changing the order of the
summands in the first two components, we see that this formation is isomorphic

to
(Far |7 hacc|s b))
0 ¢ 0 1
But, by the same argument as before, this last formation has the same class
as ((F,—¢), (A,a),(C,7)). This shows that we can also describe the inverse of
the class of ((F, ), (A, a),(C,v)) as the class of ((F,—), (A, a),(C,7)).

CONCLUSION AND REMARKS

In this concluding section we prove the main result of the paper, the following
theorem.

THEOREM: There is a natural exact sequence
W(X)—=W( ) —= Mt(X)
of Witt groups.
Proof: Because of the results of Section 2.3 we may use M—Srpl(X) instead of

M+(X).
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Computations in Section 1.4 show that to any NN-pair ((£,x), (£ ® A,pu))
there is associated a split-formation (A,C,a,e). This clearly gives rise to a
morphism from the Grothendieck group K (N N) of isomorphism classes of NN-
pairs to the Grothendieck group of isomorphism classes of split-formations.
Composing with the natural projection we get a natural morphism K(NN) —
Mipl(X ). The results in Section 1.4 also show that extensions of NN-pairs map
to extensions of split-formations (with the same vector bundle Z).

Now let ((€,x), (L ® A, 1)) be an NN-pair such that the corresponding split-
formation (A, C, a,¢) is metabolic. Then there is an extension (Aj,Cq, a1,€1)
of (A,C,a,¢e) with an isomorphism «;. By the result of Section 1.5 there is a
corresponding extension ((€1, x1), (£ ® Ay, 1)) of ((€,x), (L ® A, pn)). But oy
being an isomorphism means exactly that f.(£1(—1)) = 0 and R f.(£1(—1)) =
0. So, by Section 1.1, the space (€1, x1) comes from X. As (&1, x1) and (€, x)
have the same class in W(Y'), it follows that the class of (£, x) also lies in the
image of W(X) in W(Y).

Assume now only that the split-formation (A,C,a,e) corresponding to
((€,X), (L®A, 1)) has trivial class in M2P'(X). Then there is a metabolic split-
formation (A, Co, a,€0) such that (A,C,a,e) ® (Ao, Co, o, €0) is metabolic.
In an example at the end of Section 1.4 we saw, in the present parlance, that
any elementary split-formation is the formation corresponding to an NN-pair.
As quotients of split-formations correspond to quotients of NN-pairs, we con-
clude that any metabolic split-formation comes from an NN-pair. In partic-
ular, there is an NN-pair ((&o, x0), (£ ® Ao, fto)) such that the corresponding
split-formation is (Ag, Co, o, £0). Then our hypothesis says that the formation
corresponding to ((£, x), (L ® A, 1)) ® ((£0, x0), (£ ® Ao, 110)) is metabolic. By
the above, it follows that the classes of (&, x0) and (€, x) ® (Eo, x0) in W(Y)
both come from W(X). We conclude that the class of (€,x) in W(Y) also
comes from W (X).

Now assume, conversely, that ((€,x), (£ ® A, u)) is an NN-pair such that the
class of (€, x) in W(Y') comes from W (X). Let (A,C, a, ) be the corresponding
split-formation. From Theorem 2 in Section 1.2 and results in Section 1.4
it follows that there is an extension ((&1,x1), (£ ® Ay, pu1)) of ((€,x), (L ®
A, 1)) such that the symmetric bilinear space (£1,x1) comes from X. Then
the corresponding split-formation is elementary. But that split-formation then
is an extension of (A,C, a,¢) so it follows that (A, C, «, €) is metabolic.

We have now seen that the natural epimorphism K(NN) — W(Y) maps the
kernel of our natural morphism K(NN) — M=P'(X) onto the image of W (X)
in W(Y'). This means that the morphisms K(NN) — W(Y) and K(NN) —
MPY(X) induce a morphism W (Y) — M:P'(X) making the sequence W (X) —
W(Y) = M (X) exact.

This finishes the proof of the theorem. Note that we get, as a side result, that
if the formation (A, C, ) has trivial class in M5P'(X) then it is metabolic.

If the rank 2 vector bundle S over X has a quotient bundle of rank 1 then there
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is a section X — Y. It follows that W(X) — W(Y) is a monomorphism. In
particular, this holds if Y = P, the trivial projective line bundle over X.
According to Walter, [W], the natural morphism W(Y) — M+ (X) is an epi-
morphism in the case that S has a quotient bundle of rank 1. So in this case
there is a natural short exact sequence

0—->W(X)—>W({ )—> Mr(X)—0

We have not yet been able to prove that with the methods of this paper. But
we can handle a special case, the case that X is affine and Y is the trivial
projective line bundle over X. In fact, this was one of our original result, back
in the early 1980’s. As the terminology of that proof is different from what has
been used here, we shall refrain from giving it.
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