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1 INTRODUCTION

Fix a rational prime p. The classical polylogarithm sheaf, constructed by Beilin-
son and Deligne, is a variation of mixed Hodge structures on the projective line
minus three points. The p-adic polylogarithm sheaf is its p-adic analogue, and
is expected to be the p-adic realization of the motivic polylogarithm sheaf. In
our previous paper [Banl], we explicitly calculated the p-adic polylogarithm
sheaf on the projective line minus three points, and calculated its specializa-
tions to the d-th roots of unity for d prime to p. The purpose of this paper
is to extend this calculation to the d-th roots of unity for d divisible by p. In
particular, we prove that the specialization of the p-adic polylogarithm sheaf to
d-th roots of unity is again related to special values of the p-adic polylogarithm
function defined by Coleman [Col].

Let K = Qp(ua), with ring of integers Og. Let G,, = Spec Okl[t,t7!] be
the multiplicative group over Ok. Denote by S(G,,) the category of syntomic
coefficients on G,,. This category is a rough p-adic analogue of the category
of variation of mixed Hodge structures. Since p is in general ramified in K, we
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74 KENICHI BANNAI

will use the definition in [Ban2], which is a generalization of the definition in
[Banl] to the case when p is ramified in K.

In order to describe the polylogarithm sheaf, it is first necessary to introduce
the logarithmic sheaf Log, which is a pro-object in S(G,,). The first property
we prove for this sheaf is that it satisfies the splitting principle, even at roots
of unity whose order is divisible by p.

PROPOSITION (= PROPOSITION 5.1) Let z # 1 be a d-th root of unity in K,
and let i, : Spec O — G, be the closed immersion defined by t — z. Then

itLog = [ K(5).

Jj=0

Let U = Gy, \ {1}. In our previous paper, following the method of [HW1]
Definition IIT 2.2, we constructed the polylogarithm extension

pol € Ext};syn(U)(K(O), Log).

We first consider the case when z is a d-th root of unity, where d is an integer of
the form d = Np” with (N,p) =1 and N > 1. In this case, we have a natural
map i, : Spec Ox — U. Let i pol be the image of pol in

Extg o,y (K(0),i%Log) = H Extg o, (K(0), K(j))
j=0

with respect to the pull-back map

Ext ) (K (0), Log) ~> Bxt o, (K(0),i%Log).

Our main result is concerned with the explicit shape of i} pol.

For integers j > 1, let Li;(t) be the p-adic polylogarithm function defined
by Coleman ([Col] VI, the function denoted ¢;(t)). It is a locally analytic
function defined on P'(C,) \ {1, 00} satisfying Li;(0) = 0. On the open unit
disc {z € C, | |z|, < 1}, the function is given by the usual power series

o0 n

n=1

To deal with the specialization at points in the open unit disc around one, we
also consider the locally analytic function

Lij’c(t) = Llj (t) — Cl_j Llj (tc),

where c is an integer > 1.
Our main theorem may be stated as follows:
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SPECIALIZATION TO p-TH POWER ROOTS OF UNITY 75

THEOREM 1 (= THEOREM 7.3) Let z be a d-th root of unity, where d is an
integer of the form d = Np" with (N,p) =1 and N > 1. Then we have

izpol = (1) Li;j(2)) =, € [] Extyo,0 (K(0), K (),
20
where we view (—1)7 Li;(z) as elements of Extg(OK)(K(O),K(j)) through the
isomorphism

Extyo,) (K (0), K(j)) = K. (1)

REMARK 1 The above is compatible with the results of Somekawa [So] and also
Besser-de Jeu [BdJ] on the calculation of the syntomic regulator.

REMARK 2 In [Banl], we proved that when d is prime to p,

i2pol = (1P :)
where E;p) (t) is a locally analytic function on P(C,)\ {1, 00}, whose expansion
on the open unit disc around 0 is given by

)y _ "
GHOEEEDY 5

n>1,(n,p)=1

The difference between this formula and the formula of the previous theorem
comes from the choice of the isomorphism (1). (See Remark 7.2 for details.)

For the case when z is a p"-th root of unity, let ¢ > 1 be an integer and let
[c] : G, = Gy, be the multiplication by ¢ map induced from ¢ — t¢. We denote
by [¢]* the pull back morphism of syntomic coefficients. We define the modified
polylogarithm to be

pol, = pol —[c]* pol,

which we prove to be an element in Ext%;sy (.)(K(0), Log) for

n

t—1
Uc = SpeC OK |:t7 tc—l:| .

We note that this modification, which removes the singularity around one, is
standard in Iwasawa theory.
Our theorem in this case is:

THEOREM 2 (= THEOREM 8.3) Let z be a p"-th root of unity. Then we have
izpol, = ((=1) Lije(2)) .5, € [ ] Extyo,) (K (0), K(5)),
720

where % is the pull back of syntomic coefficient by the natural inclusion i, :
Spec O — U.. Again, we view Li; .(z) as an element ofExtls(OK)(K(()), K(j))
through the isomorphism (1).
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NOTATION Let p be a rational prime. In this paper, we let K be a finite
extension of Q, with ring of integers Ok and residue field k. We denote by m
a generator of the maximal ideal of Ok. We let Ky the maximal unramified
extension of Q, in K, and W its ring of integers. We denote by ¢ the Frobenius
morphism on Ky and W.

2 REVIEW OF THE p-ADIC POLYLOGARITHM FUNCTION

In this section, we will review the theory of p-adic polylogarithm functions
due to Coleman [Col]. Since we will mainly deal with the value of the p-adic
polylogarithm function at units in Oc¢,, we will not need the full theory of
Coleman integration.

As in [Col], we call any locally analytic homomorphism log : CX — CJ}, such
that % log(1) = 1, a branch of the logarithm. Throughout this paper, we fix
once and for all a branch of the logarithm. Since we will only deal with the
values of p-adic analytic functions at points outside the open unit disc where
the functions have logarithmic poles, the results of this paper is independent of
the choice of the branch.

We define the p-adic polylogarithm function E;p ) (t) for |t| < 1 by

®) " ,
GU(t) = Z i (j>1).
(n,p):l
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SPECIALIZATION TO p-TH POWER ROOTS OF UNITY 7

By [Col] Proposition 6.2, this function extends to a rigid analytic function on
Cp\ {25 |2 =1, <pP~7'}.

ProprosITION 2.1 ([CoL] SECTION VI) The p-adic polylogarithm function
t

Li;(t) (Denoted €;(t) in [Col]) is a locally analytic function on P*(C,)\ {1, 00}
satisfying

(i) Lio(t) = t/(1 —t)
(ii) &Lij(t)=LLi(t) (5= 0).
(iii) (7 (t) = Lij(t) — p I Li(#7) (5 > 1).

DEFINITION 2.2 (i) For any integer j, we define the function u;(t) by

~—

wi(t) = 48D (=0
’ 0 (j < 0).

Note that if z is a root of unity in Cp, then u;(z) =0 (j #0).

(ii) For any integer n > 1, we define the function D, (t) by
n—1 )
Dy (t) =D (=1)? L (t)uy (b).
3=0

If z is a root of unity in C,, then D, (z) = Li,(z).

To deal with the torsion points of p-th power order, we need modified versions
of the above functions.

DEFINITION 2.3 Let ¢ > 1 be an integer prime to p. We let:
(i) 65(z) = 4 (2) =P (z) - (= ).
(ii) Lije(z) = Lije(z) — " Lije(=9) (> 1).
n—1 )
D ,e(2) = Z(_l)] Lin—j.c(t)u;(t).
j=0

The above functions are locally analytic on the open unit disc around one.
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3 THE CATEGORY OF SYNTOMIC COEFFICIENTS

In this section, we will review the construction of the category of syntomic
coefficients given in [Ban2] §4. Note that since we need to deal with the case
when the prime p is ramified in K, the theory of [Banl] is not sufficient.

DEFINITION 3.1 A syntomic datum X = (X,X,j,Px,bx,t) consists of the
following:

(i) A proper smooth scheme Y,isepamted an of finite type over Ok, and an
open immersion j : X — X, such that the complement D is a relative
simple normal crossing divisor over Ok .

(ii) A formal scheme Px over W.

(iii) For the formal completion X of X with respect to the special fiber, a closed
immersion ¢ : X — Px Qw Ok, such that both Px and the morphism ¢
are smooth in a neighborhood of Xj.

(iv) A Frobenius map ¢x : Px — Px, which fits into the diagram

X, —— Px Spf W
S - @
X ‘5 Py Spf W,

where F is the absolute Frobenius of X,.
We will often omit j and ¢ from the notation and write
X = (X7Y5PX7¢X)

ExXAMPLE 3.2 1. Let P! be the projective line over W with coordinate t, and
let IP’}QK =P' @ Okg. We let G,, be the syntomic datum given by

Gm = (GmOK’PéK,@17¢> )
where

(a) G, is the multiplicative group over Ok, with natural inclusion
j : GmoK — P%OK .

(b) P! is the p-adic formal completion of P*.
(c) v: @éK — P @ O is the identity.
(d) ¢ is the Frobenius given by ¢(t) = tP for the coordinate t on pt.
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SPECIALIZATION TO p-TH POWER ROOTS OF UNITY 79

2. We let U be the syntomic datum given by
U= (Uow,Pb,. P!, 0) .
where Up,. =Py, \{0,1, 00}, with the natural inclusion j : Up,. — Pp, .
3. We let Ok be the syntomic datum given by
Ok = (Spec Ok, Spec Ok, Spf W, o),
where j and v are the identity.

Throughout this section, we fix a syntomic datum X. We will next review the
definition of the category of syntomic coefficients S(X) on X. We will first
define the categories Sqr(X), Srig(X) and Syec(X). Let Xx = X ® K and
Xk=X®K.

DEFINITION 3.3 We define the category Sqr(X) to be the category consisting
of objects the triple Mar := (Magr, Var, F'®), where:

(i) Mawr is a coherent O _ module.

(i) Var : Mar — Mar ® Q'(log D) is an integrable connection on Mgr
with logarithmic poles along D = D ® K.

(iti) F* is the Hodge filtration, which is a descending exhaustive separated
filtration on Mar by coherent sub-Ox  modules satisfying

Var(F™Mar) C F™ " Mar @ Q% _(log D).

Let X = X ® k be the special fiber of X and X the formal completion of X
with respect to the special fiber. We denote by X the rigid analytic space over
K associated to X ([Berl] Proposition (0.2.3)) and by X" the rigid analytic
space over K associated to Xx (loc. cit. Proposition (0.3.3)). We will use the
same notations for X.

DEFINITION 3.4 We say that a set V. C Xk is a strict neighborhood of X in
X if VU (X \ Xk) is a covering of X3 for the Grothendieck topology.

For any abelian sheaf M on X7, we let

-+ T *
J'M = lim oy oy, M,
v

where the limit is taken with respect to strict neighborhoods V' of X in X3
with inclusion ay : V — X k. If M has a structure of a (’)X?{n—module, then

jTM has a structure of a j'Oxan-module.
K
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DEFINITION 3.5 We define the category Syec(X) to be the category consisting
of objects the pair Myee := (Myec, Vvec), where:

(i) Myec is a coherent jTOX;(n module.

(i) Vyec : Myoe = Myee ® Qﬁ(?{n is an integrable connection on Mec.

Let par : X% — X i be the natural map.
DEFINITION 3.6 We define the functor
Far 1 Sar(X) — Svec(X)

by associating to Mar := (Mgr, Var, F'®) the module jT(pgRMdR) with the con-
nection induced from Var. The functor Fyr is exact, since it is a composition
of exact functors ([Berl] Proposition 2.1.3 (iii)).

Let P, be the rigid analytic space over Ky associated to Px ([Berl] (0.2.2)).
As in loc. cit. Définitions (1.1.2)(i), we define the tubular neighborhood of X},
(resp. Xi) in Pk, by

[ X k[p:=sp~" (X&) (resp. ] Xplpi=sp " (Xk)),

where sp : Pg, — Px is the spécialization [Berl] (0.2.2.1). The tubular neigh-
borhoods are rigid analytic spaces over Ky with structures induced from that
of PKO .

DEFINITION 3.7 We say that a set V C|Xy[p is a strict neighborhood of | Xx[p

m ]Yk[p, Zf -
VU ([ Xk[p\]Xk[P)

is a covering of | Xx[p for the Grothendieck topology.
For any abelian sheaf M on | X [p, we let
GIM = lignaV*aT/M,
v

where the limit is taken with respect to strict neighborhoods V' of | Xy[p in
JXk[p with inclusion ay : V=] Xy[p. If M has a structure of a Opx, (.-

module, then jTM has a structure of a jTO]yk [P—module.
The Frobenius map ¢x : Px — Px induces a natural morphism of rigid
analytic spaces ¢x : | Xi[p—|Xk[p-

DEFINITION 3.8 We define the category Syig(X) to be the category consisting
of objects the triple Myig := (Myig, Viig, ®ar), where:

(i) M,ig is a coherent jTO]Yk[p -module.
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SPECIALIZATION TO p-TH POWER ROOTS OF UNITY 81
(1) Viig : Myig — Mg ® Q]lyk > is an integrable connection on Miyig.
(iti) ®pr is the Frobenius morphism, which is an isomorphism
®ar : §x Misg —> Mg
oijO]yk [ -modules compatible with the connection.
The map ¢ : X — Px @w Ok induces a map of rigid analytic spaces
Prig : X2 =] Xk[p. (3)
DEFINITION 3.9 We define the functor
Fiig : Srig(X) = Svec(X)
by associating to the object Myig := (Myig, Viig, Par) the object
Frig(Miig) := (pfigMrig: Prig Vrig)

in Svec(X). This functor is exact by definition.

DEFINITION 3.10 We define the category of syntomic coefficients to be the cat-
egory S(X) such that:

(i) The objects of S(X) consists of the triple M = (Mar, Myig, P), where:
(a) Myyp is an object in Syyp(X) for typ € {dR,rig}.
(b) p is an isomorphism
p: Far(Mar) = Fuig(Mig)
in Svec(X).
(it) A morphism f : M — N in S(X) is given by a pair (far, frg), where

Jeyp © Miyp — Niyp are morphisms in Siyp(X) for typ € {dR,rig} com-
patible with the comparison isomorphism p.

EXAMPLE 3.11 For each integer n € Z, we define the Tate object K(n) in
S(X) to be the set K(n) := (K(n)ar, K (n)ig, P), where:

(i) K(n)ar in Sar(X) is given by the rank one free O, -module generated
by en.dar, with connection Var(en,ar) = 0 and Hodge filtration

FmK(TL)dR = K(n)dR m S —n
FmK(n)dRZO m > —n.
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(11) K(n)wg in Sig(X) is given by the rank one free jTO]Yk[p -module gener-
ated by en rig, with connection Viig(enrig) = 0 and Frobenius

(I)(en rlg) =p 6n,rig~

(111) p is the isomorphism given by p(en dr) = €n rig-

ExAMPLE 3.12 (SEE [BAN1] DEFINITION 5.1) We define the logarithmic
sheaf

Log™ : (Lg’;{),LEZ;) p)
in S(Gn,) by:
(i) Lf&g in Sar(Gm) is given by the rank n free Op1_-module
LEE{) = H OP}( €5,dR
7=0
with connection Var(ejdr) = €j+1,ar ® dlogt for 0 < j < n —1 and

V(en,ar) =0, and Hodge filtration given by

de%) = H O]le €j,dR-

(i) LEing) in Srig(Gy,) is given by the rank n free jTO]Pt [, “module
rlg H jTO]Pl ]p1 €j,rig)
7=0

with connection Viig(€jrig) = €j+1rig ® dlogt for 0 < j < n —1 and
V(enrig) =0, and Frobenius

P(€jrig) =P~ e] rig-
(ii1) p is the isomorphism given by p(e;.dr) = €j rig-

4  MORPHISMS OF SYNTOMIC DATA

DEFINITION 4.1 Define a morphism between syntomic data u : X — ) to be a
pair (Udr, Urig) such that:

(i) ugr : X =Y is a morphism of schemes over Ok .
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(i) urg : Px — Py is a morphism of formal schemes over W compatible
with the Frobenius, such that the diagram

Xk —“ % Pyok
UdRJ/ urigl (4)
Yok —— Py Qk

is commutative.

REMARK 4.2 Notice that in (4), contrary to [Ban2] Definition 4.2 (iii), we do
not impose the commutativity of the diagram

X —— Px
war | s | (5)
Y —— Py.
EXAMPLE 4.3 Let z be an element in OF, and let G, be the syntomic datum

defined in Example 3.2.1. We denote by zy the Teichmiller representative of
z. In other words, zy is a root of unity in W such that z = zo (mod 7). Then

7;7; = (idR; Z.rig) : OK — Gm
is a morphism of syntomic data, where igr : Spec O — Gpo, and ivg :

Spf O — @11/[/ are morphisms defined respectively by t — z and t — zy.

Let u = (udr, urig) : X — 2 be a morphism of syntomic data. By [Berl]
(2.2.16), we have a functor uy, : Siig(Y) — Srig(X).

LEMMA 4.4 Let w : X — ) be a morphism of syntomic data, and let
M = (Mgr, Mg, p) be an object in S(Y). Then there exists a canonical
and functorial isomorphism

*

u* (p) : FdR(quMdR) — Frig(urig rig)
in Syec(X).

The above lemma is trivial if we assume the commutativity of (5).

Proof. Let Uyee : X — ) be the morphism of formal schemes induced from
ugRr, and denote again by uye. the map induced on the associated rigid analytic
space. Then we have

Far(ugrMar) = ugecFar(Mar).
Let w1 := ¢ 0 Uyec and ug = (Urig ® 1) 0 ¢ be maps of formal schemes

ui,ug : X = Py @ O.
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Then g Frig(Mig) = ujx(Mrig ® K) and Frig(ufi, Myig) = uj (Mrig @ K).

rig

Since (4) is commutative, u; and ug coincide on X . Hence by [Berl] Propo-
sition (2.2.17), we have a canonical isomorphism

€12 Uik (Mrig @ K) = i (Mrig @ K). (6)
The isomorphism of the lemma is the composition of the isomorphism

Far (Ui Mar) = WecFar (Mar) 2= lecFrig(Miig).

vec

with €1,2-
DEFINITION 4.5 Let u: X — ) be a morphism of syntomic data. Then
u*: S(Q) = S(%X)

is the functor defined by associating to any object M := (Mgr, Mg, p) the
object
u* M = (ujg Mar, uyig Miig, u” (P))

in S(X).

5 THE SPLITTING PRINCIPLE

Let Log™ be the logarithmic sheaf defined in Example 3.12. In this section,
we will extend the splitting principle of [Banl] Proposition 5.2 to the points
defined in Example 4.3.

PROPOSITION 5.1 (SPLITTING PRINCIPLE) Let d be a positive integer, and let
z = (g be a primitive d-th root of unity in K. Let

iz = (idRa Z‘rig) : OK — Gm

be the morphism of syntomic data of Example 4.3 corresponding to z. Then we
have an isomorphism

itLog™ = T K(5)
=0

The proof of the proposition will be given at the end of this section. In order
to prove the proposition, it is necessary to explicitly calculate the map i%(p) of
Lemma 4.4. For this purpose, we first review the Monsky-Washnitzer interpre-
tation of overconvergent isocrystals and the explicit description of € 2 of (6)
(See [Berl] §2 and [T] §2 for details).

DOCUMENTA MATHEMATICA - EXTRA VOLUME KaTo (2003) 73-97
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We assume for now that z is an arbitrary element in Oj. We denote by z, the
root of unity in W such that z = zo (mod 7). Let A = I'(Gnoy: Oc,0, ) =
Oxk|t,t71]. We fix a presentation

OK[xla"' ,.Tn]/IgA
over Ok, which defines a closed immersion
GmOK — A%K .

Then the intersections Uy of G2 with the ball B(0,A") C AR for A — 17

form a system of strict neighborhoods (Definition 3.4) of Gpx in G2. For
A > 1, we let Ay = T'(Ux,Op,). Then limy_,;+ Ay = AT ® K, where AT is the
weak completion of A.

Let Myee = (Myec, Vvec) be an object in Syec (G, ). By [Berl] Proposition 2.2.3,
M. is of the form jT(My, Vo), where My is a coherent module with integrable
connection Vg on a strict neighborhood Uy. Let My = I'(Ux, My). Then for
N < A, the section I'(Uys, My) is given by My = My ®4, Ay, and

M = TGy, Muee) = lim M. (7)

A—1t

M is a projective AT ® K-module with integrable connection V : M — M ®
QL o i induced from V.

Suppose the connection Ve is overconvergent. By [Berl] Proposition 2.2.13,
for any n < 1, there exists A > 1 such that

H;vx(a;‘)(m)H n' =0 (i— o0) (8)

for any m € M. Here, V) : My — M), ® Q}%/K is the connection induced

from Vg, 0; is the derivation by ¢, and || — || is a Banach norm on M.
Let M = (Mgr, M,ig, p) be an object in S(G,,). Then

Mvec = Frig(Mrig) = (Mrig ®K0 Ka vrig ®K0 K)
is an object in Syec(Gyp). We have
i\*/ecFrig<Mrig) =M ®;,.. K, Frig(ifingig) =M Oirig K,

where M is as in (7), and iyec, Irig ! Af ®or K — K are ring homomorphisms
given respectively by t — z and ¢t — zg. By [Berl] 2.2.17 Remarque,

61’2 . M ®ivcc K i) M ®irig K

of (6) is given explicitly by the Taylor series

120m @i 1) = 32 2 V(G (m) 1, (2~ 20)' (9)

i>0
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The existence of the Frobenius ®5; on M., insures that the connection V.,
(hence V) is overconvergent ([Berl] Theorem 2.5.7). Since |z — zp| < 1, the
above series converges by (8).

Next, let

Log™ = (LYY, L}, p)
be the logarithmic sheaf of Example 3.12. As in (7), we L = T'(G3', L(VZZ) for
Ly = Lg;) ®k, K. Then
L=]](AT® K)e;

=0

for the basis e; = ejig ® 1, and the connection is given by
dt .
Vig)=em®— (0<j<n-—1) (10)
Let u;(t) be the function defined in Definition 2.2.

PROPOSITION 5.2 For integers i,m > 0, let ag,? be elements in A}( such that

7=0
Then N
0y () = Z agn)um_j
j=0
In particular, we have ‘ A
al) (z0) = 0} (um) (20)- (11)

REMARK 5.3 The definition of agi) implies

n—m

V) (em) =D aemy;.

=0

Proof. We will give the proof by induction on ¢ > 0. Since ago) = 1, the
statement is true for ¢ = 0. Suppose for an integer ¢ > 0, we have

O () = Zay)um_j. (12)
§=0

By comparing the definition of ayﬂ) with the equality

V(9 ) (eo) = V(@) 0 V(@) (eo) = D ((@raf e + 17 e ),

=0
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we obtain the equality
- , L
al™ = 9,0l + t71al,. (13)

Similarly, from the hypothesis (12) and Oy, = t~*u,,_1, we have

01 um) = 04 0 Bj(um) = - (@1 70} um 1)

Jj=0

This together with (13) gives the desired result. (11) follows from the fact that
since zg is a root of unity, u,,(z0) = 0 unless m = 0.

COROLLARY 5.4 For any integers i,m > 0, we have

VO en) Bon 1= 3 (mes o, 0h(uy)(20))
7=0

Proof. The assertion follows immediately from Remark 5.3

PRroOPOSITION 5.5 We have
€1,2(6m @iee 1) = D (emyj Biy, u5(2))
j=0

for the map €12 : L ®;,.. K — L ®;,, K of (9) associated to L.

Proof. Since log(zo) = 0, we have 9;(u;)(z0) = 0 for ¢ < j. Substituting z to
the Taylor expansion of u;(t) at t = 2z gives the equality

2= 3 01 ) () — 20)'

The proposition now follows from the definition of €; 5 (9) and Corollary 5.4.
Let us now return to the case when z = (; is a primitive d-th root of unity.
Proof of Proposition 5.1. Since the connection is the only structure preventing
Lgﬁ) and Lgi"g) from splitting, we have

(n)
7’dRLdR - H KeLdR rlgLrlg H Koejaflg

It is sufficient to prove that the comparison isomorphism 4%(p) respects the
splitting. The isomorphism

p:ilgll » L. K
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is given by e; dr — e;rig. Since z is a torsion point, u;(z) = 0 for j # 0. Hence
by Proposition 5.5,
6172 : L ®ivec K _> L ®irig K

maps €;rig ®i,., 1 t0 €jrig ®,,, 1. Hence i%(p) = €12 o p respects the splitting.
We have

itLog™ = T] K(j)
j=0

in S(Ok) as desired.

REMARK 5.6 The calculation of Proposition 5.5 shows that if z is an arbitrary
element in O, then

itLog™ = (L"), L) p.) € S(Ok),

where
n n
(n) _ (n) _
Lz,dR - H Kej,dR7 Lz,rig - H KOej,rig7
=0 =0
and
n—m
Pz(€mdr) = Y €mijuig @, 1(2).
j=0

6 THE SPECIALIZATION OF pol TO TORSION POINTS

In this section, we will first introduce the p-adic polylogarithmic extension pol
calculated in [Banl]. Then we will calculate its restriction to d-th roots of
unity, where d is an integer of the form d = Np” with (N,p) =1 and N > 1.
The case N =1 will be treated in Section 8.

Let U be the syntomic datum correspoinding to the projective line minus three
points, as defined in Definition 3.2. The p-adic polylogarithm sheaf is an ex-
tension in S(U) of the trivial object K(0) by the logarithmic sheaf Log having
a certain residue. In our previous paper, we determined the explicit shape of
this sheaf.

THEOREM 6.1 ([BAN1] THEOREM 2) The p-adic polylogarithmic extension
pol™ s the extension

0 — Log™ — pol™ — K(0) — 0
in S(U), given explicitly by pol™ .= (chﬁ), Pr(ig),p), where:
(i) Pc(l;) in Sar(U) is given by
PiR) = Opy can P L

with connection Var(ear) = e1,ar ®dlog(t—1) and Hodge filtration given
by the direct sum.
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(i) Pr(lg) in Syig(U) is given by
Pr(lg) Uk [Jpl Crig @ LI(":;)’

with connection V,ig(€rig) = €1.1ig ® dlog(t — 1) and Frobenius

D (erig) := erig + Z J+1£(p) t)e; rig- (14)

(111) p 1is the isomorphism given by p(eqr) = eyig @ 1.

REMARK 6.2 In [Banl] Theorem 2, the Frobenius is written as
P(erig) == erig + Z Jf(p) t)€;j rig-

This is due to an error in the calculation of the proof. The correct Frobenius

is the one given in (14).

Let z be a d-th root of unity, where d is an integer of the form d = Np” with
(N,p) =1and N > 1, and let zg € W such that z = z5 (mod 7). The purpose
of this section is to prove the following theorem.

THEOREM 6.3 The specialization of the polylogarithm at z is explicitly given
as follows:

(i) i ég) = Keqr @ EB?:O Kej ar with the natural Hodge filtration.

(i) % = Koerig @ @j o Koejrig with Frobenius

1
D (erig) = erig + Z 1)+ é zo)ej,rig.

(iii) p is the isomorphism given by
P(ear) = exig © L+ Y €j1ig ® (1) (D;(2) — D;(20)),
j=1
where Dj(t) is the function defined in Definition 2.2.

The proof of the theorem will be given at the end of this section. As in the
case of Log, we first consider the Monsky-Washnitzer interpretation of pol(”).

Let B}, = [(U%2, jTOpa),

P(n) = rig(Mrig) = (Mfig ®K0 K7 vrig ®K0 K)’

vec
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and P =T'(U32, PV(:C)). Then we have

P™ = BleP f[ Ble,
§=0

where e = e;j; ® 1 and e; = e iz ® 1, with connection V(e) = e ® dlog(1l —t)
and V(e;) = €41 @ dlogt.

PROPOSITION 6.4 For integers i,m > 0, let bE,? be elements in BL such that

V) (e) = D (~1)7be;.

j=1
Then
(D) = > (=)0 .
j=1
In particular, we have
b3 (20) = 9} (D) (20)- (15)

Proof. The proof is again by induction on i > 0. We first consider the case
when ¢ = 1. In this case, bgl) = (1—¢)~'. Since Liy,—;(t) and u;(t) satisfy the
differential equations

L) = 1L () G21)  Alu) =21 ()

the definition of D,,(t) (Definition 2.2) and the fact that u;(¢) = 0 for j < 0
implies that:

9 (Dyy) = i: (—1)? 0y (Lign—j ()u;(t))
j=0
_\ (_tl)J (g —j—1 ()i (t) + Lig—j (t)uj—1(t))
j=0
- %Lio(t)umﬂ(t) = (‘Um_lurfjiﬂ

= (=)™ 1) ()1 (£).

Hence the statement is true for i = 1. Suppose for an integer i > 1, we have

9i(Dy) = f(—l)r”*jbg“um_j. (16)

j=1
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)

By comparing the definition of by“ with the equality

V(0! eo) = V(01) 0 V(@) eo) = 3(~1)7 ((0b)es + 116011,

j=1
we obtain the equality
0t = 90— (21,5 > 1). (17)
Similarly, from the hypothesis (16) and Oyu,, = t~Lu,,_1, we have

O (D) = 0 | D (1) 70 g
j=1

=S (O s + ).

Jj=1

This together with (17) gives the desired result. (15) follows from the fact that
since zg is a root of unity, u,,(20) = 0 unless m = 0.

PRrROPOSITION 6.5 We have
€12(6 Riee 1) = € @i 14 (€ @iy (=1)7(D;(2) = Dj(20)))
j=1

for the map €12 : P ®;,.. K = P®;,, K of (9) associated to P.

Proof. Substituting z to the Taylor expansion of D;(t) at t = zy gives the
equality

Dy(z) = 3 30H(D;)(z0)(z — 20)'.

i=0

The proposition now follows from the definition of €; 2 and Proposition 6.4.

7 THE MAIN RESULT (CASE N > 1)

The following lemma is well-known.

LEMMA 7.1 There is a canonical isomorphism
Ext§(o,0)(K(0), K(j)) = K(j)ar (18)
for 3 > 0.
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Proof. Suppose M = (MdR, ]\Zig, p) is an extension of K(0) by K (j) in S(Ok).
We have exact sequences

0— K(])dR — MdR — K(O)dR — 0
0 — K (j)iig = Mg — K(0)rig — 0.

Denote by e; qr and ejig the basis of K(j)ar and K (j)rig, and let €y qr and
€0,rig Tespectively be the liftings of eg gr and eq ig in Mar and M. If we map
€0,dr 0 €g dr, then we have an isomorphism

Mg 2 K(0)ar P K (j)ar

in Sqr(Ok). Next, since the quotient of M by K (j) is isomorphic to K (0), the
Frobenius and p is given by

P(€0,dRr) = €0,rig ® 1 + € 1ig @ a
" (€0,rig) = €0,rig + C€jxi
g g j,rig

for some a € K and ¢ € K. If we take b € K such that (1 —o/p/)b = ¢, then
we have an isomorphism

Mg

I

K(O)rig @ K(j)rig

in Sig(OK) given by €p rig — €0.rig — bejrig- The above shows that we have an
isomorphism

M = (K(O)dR D K()ar, K(0)rig @ K ()rie: p)
of extensions of K(0) by K(j) in S(Ok), where p is the isomorphism given by

p(€o,dr) = €0rig @ L + € rig @ a
= €o,rig @ 1 + €j1ig ® (@ + D).

The canonical map of the lemma is given by associating to M the element
(a+b)ejar in K(j)ar-

The inverse of this canonical map is constructed by associating to we;qr in
K(j)ar the extension

(K©ar @B K (Gar. KOs P K (G)rig: p)

where
P(€0dr) = €oig ® 1 + €jrig ® .

This construction shows that the canonical map is in fact an isomorphism.
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REMARK 7.2 Suppose K = Ky. Then by [Banl] Theorem 1 and Example 2.8,
we have an isomorphism

Ext o) (K(0), K(7) = HLW(Ox, K () = K (j)rig- (19)

If M is an extension in S(Ok) corresponding to ae;qr in Lemma 7.1, then M
maps by (19) to (1 —p~Io)a)e; g in K(f)rig -

The following theorem is Theorem 1 of the introduction.

THEOREM 7.3 Let z be a torsion point of order d = Np", where (N,p) =1
and N > 1. Then _
izpol™ = ((—1) Lij(2)ejar) 21
m N
Extg o, (K(0),i:Log(1)) = H Extg o, (K(0), K(5)),

3=0
where we view (—1)7 Lij(z)ejar as an element in Exté(oK)(K(O),K(j))
through the isomorphism of lemma 7.1

Proof. By Theorem 6.3, the image of i pol™ in EX‘LIS(OK)(K(O)7 K(j)) is the

extension M = (Mar, J\A/[/rig7 p) given as follows: Mgr is the direct sum
Mar = K(0)ar P K (j)ar,

]\Zig is the extension of K (0).g by K (j)rig with the Frobenius given by

D(€0,rig) = €orig + (—1) +1£§p)(zo)6j,rig
for the lifting €p rig of €g rig in ]\Zig, and p is the isomorphism given by
P(co.dr) = Corig ® 1 + €jrig @ (—1)7(Li;(2) — Li;(20))-

This implies that, in the notation of Lemma 7.1, we have
a = (~1)? (Li;(2) — Li;(20))
c= (—1)j+1€§p) (20).

Since 2 is a root of unity prime to p, the Frobenius acts by o(z9) = 2§. Hence
the Formula of Propisition 2.1 (iii) gives

o .
f;p)(ZO) = (1 — p7> Llj(Zo).
Again, in the notation of Lemma 7.1, we have
Cc = (—1)j+1 LIJ(Z())

Since a + b = (—1)7 Li;(z), the construction of the canonical map shows that
the image of i* pol™ in Ext};(OK)(K(O),K(j)) maps to (—1)7 Li;(2)ejqr in
K(j)ar-
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8 THE MAIN RESULT (CASE N =1)

In this section, we will consider the specialization of the polylogarithm sheaf to
p-th power roots of unity. As mentioned in the introduction, we will consider
a slightly modified version of the polylogarithm. Let ¢ > 1 be an integer prime
to p, and let U2, = Spec Og|t, (1 — t°)~']. We denote by U the syntomic
data

U (UCOK7P29K7@17¢)'

The multiplication by [¢] map on G, ¢, defines a morphism of syntomic datum
[c]: V% - U.
DEFINITION 8.1 We define the modified p-adic polylogarithmic polﬁ") by

pol(™ = pol™ —[]* pol™ e Exté(Ug)(K(O), Log™).

The explicit shape of pol(") given in Theorem 6.1 and the definition of the
pull-back [¢]* gives the following proposition. Let

11—t

1—-t°

0.(t) =

PROPOSITION 8.2 The modified p-adic polylogarithmic polgn) s the extension
in S(UY), given explicitly by pol&”) = (Péﬁ),P(:gl), p), where:

(i) PéR in Sqr (UY) is given by
Pég) = O]P’}( €dR @ L((;li{)’

with connection V. gr(edr) = e1,ar®@dlog 0.(t) and Hodge filtration given
by the direct sum.

(i) Pr(lg) in Syig(UY) is given by

P =" O ens DL

with connection V¢ rig(€rig) = €1 rig @ dlog0.(t) and Frobenius

D (erig) 1= erig + Z J+1£(p) t)€jirig

(111) p is the isomorphism given by p(eqr) = eyig @ 1.
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Let U.0, = Spec Oklt,0.(t)~1], and denote by U,. the syntomic data
Uc == (UC,OK 5 IP%QK ) @1a ¢)

The explicit shape of pol(") given in the previous proposition shows that pol( ")
is in fact an object in S(U,). In particular, we can specialize pol(") at points
on the open unit disc around one.

Similar caluclations as that of Theorem 6.3 with E(p ) D(p ) and D; replaced

by o i c, pc and D; . gives the following theorem, which is Theorem 2 of the

1ntroduct10n

THEOREM 8.3 Let z be a p"-th root of unity, and let zo = 1. Then the special-
ization of the modified polylogarithm at z is explicitly given as follows:

(i) it éﬁ) = Kear © @)—, Kejar with the natural Hodge filtration.
(i) % rlg = Keyig ® @] o Kejrig with Frobenius
D (erig) = erig + Z j“é(p) (20)€; rig-
(iii) p. is the isomorphism given by
Pe(€ar) = erig @ 1+ Y €j1ig ® (=17 (D;.c(2) = Dje(20))-
j=1
As a corollary, we obtain the following result.
COROLLARY 8.4 Let z be a torsion point of order p". Then
iz pol™ = ((—1)/ Lij(2)ejar) 21

m

Extgo,) (K (0), i3 Log(1 HEXtS((’)K)(K(O) K(5)),
7=0

where we view (—1)7 Lij.(2)ejar as an element in Exté(OK)(K(O),K(j))
through the isomorphism of lemma 7.1
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