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1. INTRODUCTION

Throughout this paper, let p be a fixed odd prime number. For an elliptic curve
FE over Q with good ordinary reduction at p, Mazur’s Main Conjecture predicts
that the Mazur-Swinnerton-Dyer p-adic L-function L£j;sp associated with E
can be interpreted as an element of the Iwasawa-algebra A = Z,[Gal(Qcye/Q)]
of the cyclotomic Z,-extension Q.. of Q and is a generator of the characteristic
ideal of the Pontryagin dual X¢(Qcy.) of the Selmer group of E over Qcy.

char(X¢(Qeye)) = (Lmsp)-

Kato [K] has proved a partial result towards it showing that, for some m > 0,
the function p™Lysp lies in A and is divided by the algebraic L-function
of X;(Qeye). In particular, up to a power of p, the p-adic L-function L£ysp
annihilates X;(Qcyc) modulo pseudo-null modules: “Lassp X5(Qcye) = 0.7
Moreover, if X7(Qcy.) does not contain any pseudo-null submodule, then
LrrspXf(Qeye) = 0. Thus, in classical Iwasawa theory the p-adic L-function is
closely related to the annihilator ideal Anna (X¢(Qeye)) of X ¢(Qeye).

Now, the challenging aim of noncommutative Iwasawa theory is to find and
eventually prove a main conjecture over certain field extensions k., of some
number field & whose Galois group G = G(ks/k) is a (non-abelian) p-adic
Lie group, e.g. over the field ko = k(Ep~) which arises by adjoining to k
all p-power division points F,~. If there should exist some p-adic L-function
adapted to this situation, it would thus be natural to expect that it has the
property of annihilating the dual of the Selmer group X (k) over koo. One
could even hope that investigating the global annihilator ideal

Annp ) (X (ko)) = {A € A(G)|Az =0 for all x € Xy(koo)}

gives some hints for candidates of such a hypothetic L-function in this noncom-
mutative setting, where A(G) = Z,[G] denotes the Iwasawa-algebra of G. This
question, which motivated the present paper, was already posed by Harris in
[Ha2], whereas Coates, Schneider and Sujatha [CSS1] defined a characteristic
ideal of X (ko) in case Anny gy (Xy(kso)) is not zero.

The first main result of this article however tells that in general, over arbitrary
p-adic Lie-extensions, such a link between global annihilator elements and p-
adic L-functions is not possible (but we should stress that this result is no
obstruction to the existence of p-adic L-functions in which we nevertheless still
believe). Indeed, we prove that Xy (ks) over some infinite Kummer extension
koo of k is a finitely generated A(G)-torsion module, but with vanishing global
annihilator ideal, i.e. though any single element of X¢(ks) is annihilated by
some element of A there is no “global” A € A which annihilates the whole
dual of the Selmer group. In our example, the Galois group G = G (ks /k) is
isomorphic to the semidirect product of two copies of the p-adic integers Z,,.
Before stating the precise result we recall that a A-module M is called faithful
if Anna(M) = 0 and bounded otherwise. These notions extend to objects of the
quotient category A-mod/C of A-mod by the full subcategory C of pseudo-null
modules and an object M of this latter category is called completely faithful if
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all its non-zero subquotient objects are faithful.

Now assume that the number field k contains the pth roots of unity and that
FE is an elliptic curve over a k which has good ordinary reduction at all places
above p. Further, assume G = G(ks/k) = H x T where both H and T' are
isomorphic to Z, and I' acts non-trivially on H, i.e. G is non-abelian.

THEOREM (Theorem 3.7). Assume X;(koo) s non-zero and finitely generated
as a A(H)-module. Then, it is a faithful torsion A(G)-module which is not
pseudo-null. Even more, its image in the quotient category is completely faithful
and cyclic.

The purely algebraic fact that every A(G)-module - whether pseudo-null or not
- which is finitely generated over A(H) has a completely faithful, cyclic image
in the quotient category has been proved in [V3].
We should mention that e.g. for p = 5, the elliptic curve E = X;(11) of
conductor 11 which is defined by the equation
v +y=a’—a®
the assumptions of the theorem hold for £k = Q(us) and ko = keye *VIL).
Indeed, we prove that X (ko) is free of rank 4 as A(H)-module where H =
G(koo/kcyc) (theorem 6.2). Unfortunately, it is still not known even in a single
example of an elliptic curve without complex multiplication whether over the
“GLy"-extension k(Epe) of k the dual of the Selmer group is bounded or
faithful.
The above result suggests that it is worth considering Iwasawa theory over the
specified type of extensions whose Galois group is isomorphic to a semidirect
product Z, x Z,, : This is the easiest non-commutative case and some questions
are attackable for the associated group algebra which can be identified with a
certain skew power series ring (cf. [V3]). Also our second main result, which de-
scribes the Euler characteristic of the Selmer group, confirms that this example
will serve as a good test candidate for further developments in noncommuta-
tive Iwasawa theory. A formula for this Euler characteristic was calculated over
Zy-extensions by Perrin-Riou and Schneider and over the “G'Ly”-extension by
Coates and Howson [CH].
Let p,(E/k) be the p-Birch-Swinnerton-Dyer constant (see section 4 for the
definition). We assume that k contains the pth roots of unity and that ks is
a Galois extension of k containing the cyclotomic Z,, -extension k.y. and such
that G(koo/k) = Zy, X Zy,.

THEOREM (Theorem 4.1). Assume (i) p > 5, (ii) E has good ordinary reduc-
tion at all primes above p and (iii) Selp~(E/k) is finite. Then the G-Euler
characteristic x(G, Selp~ (E/ks)) is defined and

X(G,Sely= (E/koc)) = pp(E/R) x T 1Lu(E, 1),
v e M

where L,(E,1) is the local Euler-factor of the L-function of E evaluated at 1
and M denotes a certain set of places of k which is defined in section 4.
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We note that under the assumptions of the theorem Xy (ks ) is A-torsion. In
section 4 we also treat the case when k does not contain p,. This result fol-
lows from the explicit calculations of the local and global Galois cohomology,
see Theorem 4.2 as well as subsections 4.3 and 4.2. We also calculate the
“truncated” G-Euler characteristics introduced by Coates-Schneider-Sujatha
([CSS2]) under some milder conditions (Theorem 4.10).

We keep the assumption that k., is a Galois extension of k£ which contains
all p-power roots of unity and whose Galois group is isomorphic to Z, x Z,,.
Then - as Coates and Sujatha pointed out to us - another striking phenomenon
in comparison with the GLs-theory is the fact that the validity of Mazur’s
conjecture (i.e. that assuming E has good ordinary reduction at all primes
above p the dual of Selmer X ¢(k¢y.) over the cyclotomic Z, -extension is A(I")-
torsion where I' = G(keyc/k)) implies the torsionness of X (ko) over A(G)
unconditionally; in particular, the vanishing of the p-invariant of X s(k¢y.) has
not to be assumed, see theorem 2.8. As a consequence one obtains a quite
general asymptotic bound for the rank of the Mordell-Weil group. Let « be
any non-zero element of k which is not a root of unity and let k, be the field
obtained by adjoining to k£ the p™th root of unity and the p™th root of «.

THEOREM (Corollary 2.9). Assume that (1) E has good ordinary reduction at
all primes v of k diwviding p, and (ii) X¢(keye) is A(T)-torsion. Then there
exists a constant C > 0 such that the rank of E(k,) is at most C - p™ for all
n > 0.

The following special case is an example of the deep unconditional results which
follows from Kato’s work. Assume now that F is defined over the rational
numbers Q and that « is any non-zero element of the maximal abelian extension
Q of Q which is not a root of unity. Then there exists a constant C such that

tkz BE(Q(ppn, Wa)) < C-p"

for all n > 0.

For the sake of completeness we also discuss other properties of the Selmer
group such as having non-zero pseudo-null submodules (theorem 2.6), being
(non-) trivial (see subsection 4.6, in particular proposition 4.12) or having non-
vanishing p-invariants (corollary 5.2 and an example in section 6 ). In section
5 we study the behavior of the p-invariant under isogeny and we compare the
p-invariants of the duals of Selmer over ko, and keye.

We hope that these results for the “false Tate curves” are indications of what
might be true in general for non-abelian p-adic Lie extensions.

ACKNOWLEDGMENTS. We are most grateful to John Coates. It was his kind
invitation of both of us to DPMMS and his inspiring questions which gave the
impulse to this work. Also we would like to express our warmest thanks to
both him and R. Sujatha for suggesting several improvements of our results
and keeping us fully informed on their joint work. We would like to thank
Kazuo Matsuno for reading parts of the manuscript.
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2. NON-EXISTENCE OF PSEUDO-NULL SUBMODULES

We consider an elliptic curve E over a number field k. Let S be a finite set
of places of k containing all places S, above p, all places Syqq at which E
has bad reduction and all places S, above infinity. Then we write kg for the
maximal outside S unramified extension of k and denote by Gs(L) = G(ks/L)
the Galois group of kg over L for any intermediate extension kg|L|k.
Throughout the whole paper we assume that E has good reduction at all places
in Sp.

The main object under consideration in this article, the p-Selmer group, is
classically defined as

Sely= (B/L) = ker(H'(L, Eye) = @) H' (Lo, B(L0)))

= ker(H'(Gs(L), Ep~) = @ H'(Lu, E(Lw))p~).
w e S(L)

Here, L is a finite extension of k£ and, in the first line, w runs through all places
of L while, in the second line, S(L) denotes the set of all places of L lying
above some place of S. As usual, L,, denotes the completion of L at the place
w and for any field K we fix an algebraic closure K. For infinite extensions K
of k, Selye (E/K) is defined to be the direct limit of Sely (E/L) over all finite
intermediate extensions L.

Now, let ko, be a Galois extension of k£ contained in kg such that its Galois
group G := G (ko /k) is a pro-p p-adic Lie group of cohomological p-dimension
cd,G = 2. With other words, the set Syqm (keo/k) of all places which ramify in
koo|k is contained in S. Note that G is soluble, because its Lie algebra over Q,
is 2-dimensional, and has no element of finite order. The last fact implies that
the Iwasawa algebra, i.e. the completed group algebra

AG) == Z,[[G]]

of G is a Noetherian ring without zero-divisors and thus has a skewfield Q(G)
of fractions by Goldie’s theorem. Moreover, A(G) is an Auslander regular ring
(see [V1] for the definition and the proof of this property) of global dimension
d = ¢d,(G) + 1 = 3. For Auslander regular rings there exists a nice dimension
theory for modules over it which coincides with the Krull dimension of the
support if A is commutative. For a detailed treatment we refer the reader to
[V1]. We recall that a A-module M is called pseudo-null if E°M = E1M = 0
where we use the following

Notation 2.1. For a A-module M,
E!(M) := Ext), (M, A)
for any integer i and E‘(M) = 0 for i < 0 by convention.
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Also, by the rank rkx gy M of a (left) A(G)-module M we denote its dimension
over Q(G) after extension of scalars

rka M := dimg(q) Q(G) ®@a(cy M.

Now, the Selmer group Sel,~ (E/ks) bears a natural structure as an discrete
(left) G-module. For some purposes it is more convenient to deal with (left)

compact G-modules, thus we take the Pontryagin duals —" and set
P H (Koo, Epe)" for ve S\ S,
v H! (koow, (Ey)pe)Y  for ve S,
Us = Pmdgx,,
s
Xs = HY(Gs(kw), Ep=)" and
Xy = (Selp=(E/ks))".

Here we define E; to be the reduction of E at the prime v. It is well known
that Ug, Xg and X are all finitely generated (compact) A(G)-modules.
The following two conditions will be crucial for our considerations
Assumption WLg: H*(Gs(kso), Ep=) = 0.
The validity of this assumption is the statement of a generalized weak Leopoldt
conjecture for E, ko, and S.
Assumption SEQg: The “defining sequence” for the Selmer group is exact, i.e.
also left exact:

0—Us— Xg— Xy—0.
Note that the (dual of) Ug is indeed isomorphic to the local conditions occurring
in the above definition of the Selmer group by the work of Coates-Greenberg
[CG] and by Mattuck’s theorem (see [V2, §4] for details).
We will show in section 7.1 that if E(ks)pe is finite and X a torsion A(G)-
module, then both assumptions hold and, in particular, are independent of S.
On the other hand, if k is totally imaginary and both conditions hold for some
S (eg. S =% :=5,USpaq USram(koo/k) U Sx), then - as we will see below -
the rank of X is equal to

(2.1) rkyey Xy = Z[ku : Qpl,

Sp
where S denotes the set of places above p at which E has good supersingular
reduction. In particular, if E has good ordinary reduction at all places over p,
then the dual of its Selmer group Xy must be a A(G)-torsion module assuming
WLgs and SEQg for some S. We refer the reader to theorem 2.8 at the end

of this section for a further discussion about cases in which the equation (2.1)
holds.

Remark 2.2. If the cyclotomic Z,-extension k., of k is contained in
kso, then assumption WLg would be a consequence of the vanishing of
H?(Gs(keye), Epe<), which is conjecturally true, see e.g. [P3, section 1.3.3].
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Indeed, as G is a Poincaré group of cohomological dimension 2 with quo-
tient I' = G(keye/k) = Z, a Poincaré group of dimension 1, it follows from
[NSW, thm. 3.7.4] that H = G(koo/keyc), which is as p-adic Lie group with-
out element of order p also a Poincaré group, has cohomological dimension
cdp,H = 1. Now the Hochschild-Serre spectral sequence supplies a surjection
H?(Gs(keye)) = H?(Gs(koo))™ which implies the claim. We should mention
that the vanishing over ke, was shown by Kato [K] for abelian extensions & of
Q for elliptic curves which are defined over Q (and hence modular).

In order to avoid frequent repetition we define two further assumptions. The
first one concerns the base field.
Assumption BASE:
k contains the pth root of unity p,.
We write G, C G and T,, C G, for the decomposition group and inertia group
at a place v, respectively. We shall denote by S;Td the set of places in S, at
which F has good ordinary reduction. The second assumption concerns the
dimensions of these local groups.
Assumption DIMg :
a) dim G, = 2 for all finite places v € Spaqd U Sram (koo /k) and
dimG, > 1forall v e S\ S,
b) dim G, =2 for all v € S
¢) dimT, =2 forall v e S;"’d.

Part ¢) implies
") Epe (Koo, is finite for all v e 9.

Indeed, Epe (koo.y) = Epec (Koo, ), where koo, denotes the residue class field of
koo, which is finite if DIMg c¢) holds. But an projective variety over a finite
field x has only finitely many k- rational points.

Note also that for sets of places S’ D S D X, the condition DIMg: implies
DIMg and in particular DIMy.

To recover properties of X we first have to consider the local modules X, .

PROPOSITION 2.3. (i) X, is a A(G,)-torsion module for every v in S\ S,
and assuming DIMg a) it holds X, =0 for all v € Spaq.
(ii) Let v e S5 Then one has tkp g,y X, = [ky : Q). If we assume DIMg
b), then there is an exact sequence of A(G,)-modules

0— X, —» R, » E’E'X, — 0,
where R, is a reflexive, hence torsionfree A(G,)-module. Furthermore,
for the projective dimension of X, it holds that pdA(GV)Xl, <1 and
E'E'X, = 0. If, in addition, DIMg c¢’) holds, then E?E'X, = 0
vanishes, too.
(iii) For all v € S,, the module X, is obviously trivial.

Proof. For v 1 p the module X, is torsion by [OV2, thm. 4.1] and even vanishes
if dim(G,) = 2 by prop. 4.5 (loc.cit.). Now let v be in S5 The statement
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concerning the rank is again thm. 4,1 (loc.cit.). It is easily seen using the

diagram of [OV1, lem. 4.5, rem. 3], that E'X, = E"*2(E, = (ko,)") = 0 for
i > 2 because pdA(G,) = 3 by assumption DIMg b). Thus pdy g, X, <1
using [V1, 6.3,6.4] and hence the module E'E! X, coincides with tory(a, )Xy =
0 (see [V1, §2]) while the short exact sequence of the statement is taken from
[V2, prop. 3.4]. Now assume that DIMg c¢’) holds. Then E?E'X,, = 0 by [V2,
lem. 3.1, prop. 3.4] (Note that the additional condition in an earlier version
of lemma 3.1 (loc.cit.) in the case c¢d,(G) = 2 is superfluous, since in any case
pdX, <1 by the above). O

It follows immediately that rky (¢ Us = > gora ks : Qp], and under assumptions
P

DIMy, a) and DIMy, b) that pda(g)Us < 1 and that Uy is torsionfree where
Y =5, U Sbhaa U Sram(koso/k) U Soo as above.
With respect to the global modules we have the following

PROPOSITION 2.4. (i) Assume WLg. Then the projective dimension of
X is at most one: pdyg)Xs < 1, and, if k is totally imaginary, its
rank is tkyg) Xs = [k : QJ.

(ii)) Assuming DIMy, a), b), WLs. and SEQy, the projective dimension of
Xy is less or equal to two: pdy Xy < 2.
Proof. As in the proof of proposition 2.3 we obtain immediately that
E'Xg 2 E"?(Epe(koo)”) =0
for 4 > 2 which implies that the projective dimension of Xg is less or equal
to 1. The statement about the rank is well known, see (sub)section 7.3 for a

sketch of the proof. Since both pdXg, pdUg < 1, it follows by homological
algebra that pd Xy < 2. O

Remark 2.5. Let k be totally imaginary. Then we obtain from the results above
that assumption SEQg for some S implies the following equality: rkjg) Xy =
> e[k : Qp, where S5 denotes the set of places above p at which E has good

supersingular reduction. On the other hand, if we assume DIMy, a), DIMy, b)
and WLy, then it follows easily from the long exact Poitou-Tate sequence that
condition SEQy, is equivalent to the validity of this rank formula. Indeed, the
latter condition forces the kernel of Uy, — X5 to be torsion. But since Us: is a
torsionfree A(G)-module, the kernel must be zero (see[V2, prop. 4.32, 4.33]).

THEOREM 2.6. (i) [OV1, thm 4.6] Assume WLg. Then Xg does not con-
tain any non-zero pseudo-null submodule.
(i) Assume DIMg a), b), ¢’), WLg and SEQg for some S O X. Then Xy
does not contain any non-zero pseudo-null submodule.

For the proof of (ii) we need the following characterization on the non-existence
of pseudo-null submodules:

LEMMA 2.7. [OV1, prop 2.4 1(b)] A finitely generated A(G)-module M has
zero maximal pseudo-null submodule if and only if E'E'M =0 for alli > 2. In
particular, if pdygM < 2, this is equivalent to E?E?M = 0.
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Proof of the theorem. The proof of (ii) is analogous to that of [OV1, thm 5.2].
Since some calculations are different we nevertheless give it completely: Since
pdy(q) Xy < 2 it suffices by lemma 2.7 to show that E*E*>X; = 0 vanishes. We
consider the long exact E®-sequence associated with the sequence in condition
SEQg:
E'Xg — @ md$ E'X, — E2X; — E*Xg =0,
Sz’r‘d

where the last identity follows from proposition 2.4 while the compatibility of
Ind and E' is the content of [OV1, lem 5.5]. Splitting this into short exact
sequences we obtain

0—B— P mdiE'X, - E°X; -0 and

Sgrd
0—-C—E'Xg— B—0,

where the modules B and C are defined by exactness. Again via the long exact
E*-sequence and using lemma 2.7 with (i) we obtain

0= P mdZ"E'E'X, - E'B - E’E’X; - (P Indg"E°E'X, =0 and

SZ’I‘(i Szrd

0=E’C - E'B - E'E'Xg,

where the vanishing of the local modules follows from proposition 2.3. Also
note that C' C E!Xg is a A(G)-torsion module, hence E°C = 0. We conclude
that the pseudo-null module E2E2X f is contained in the pure module E'E! X g
(see [V1, propb 3.5 (v)(a)]) and thus zero. O
For the rest of this section we assume BASE and that ke contains the cyclo-
tomic Zy-extension keye of k. As before we put I' = G(keye/k), H = G(koo/k)
and recall that both groups are isomorphic to Z,.
We are very grateful to John Coates and Sujatha for pointing out to us that
an analogue of their proposition 2.9 in [CSS2] also holds in our situation.
In fact the following result is even stronger since their vanishing condition
“H%(H,Selp=(E/ks)) = 07 is always satisfied in this situation because now H
has p-cohomological dimension one.

THEOREM 2.8. Assume rky X (keye) = > g: [k = Qp). Then

tha()Xr(koo) = Y[k = Q-
Sz
In particular, if E has good ordinary reduction at all primes v of k dividing p

and Xy(keye) is A(T)-torsion, then X (ko) is A(G)-torsion.

The striking point of this result (in ordinary case) is that one does not have
to assume the vanishing of the p-invariant of X ¢(kcyc) as we did in our earlier
version of this theorem and as all results in this direction in the G Lo-case did
until the work of Coates and Sujatha [CSS2].

Examples in which the assumption of the Theorem holds arise by the results
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of Kato, if k is abelian over Q and FE is defined over Q. Alternatively, by the
(strong) Nakayama lemma, X ¢(kcyc) is A(T')-torsion in the good ordinary case,
if Sel,e (E/k) is finite (and k is arbitrary).

Proof. First note that the assumption implies the validity of the weak Leopoldt
conjecture WLg(keye) over keye and thus, by remark 2.2, the weak Leopoldt
conjecture WLg(koo) over koo. Thus it is easily seen that the lemmas 2.3-2.5 as
well as remark 2.6 (loc.cit.) hold also in our situation. In fact their proofs are
even easier due to the smaller p-cohomological dimension of G and H. Thus by
literally the same proof as that of prop. 2.9 (loc.cit.) one derives SEQg, i.e.
the surjectivity of the defining sequence of X (ko). Now the claim follows by
remark 2.5.

We give a second proof: First, rkyg)X(keo) > 7 := ZS; [k @ Q) is
shown easily. Next, since the kernel and cokernel of the natural restriction
Selyec (E/keye) — Selpe (E/koo)? is A(T)-torsion (see the proof of Theorem
3.1), tkpr)(Xf(koo)r) = 7. By Lemma 7.3 below, we have rky g)Xs(koo) < 7.
This shows the Theorem. |

One consequence of this result is the following asymptotic bound of the Mordell-
Weil rank. Let o be any non-zero element of k which is not a root of unity
and let k, be the field obtained by adjoining to k the p™th root of unity and
the p™th root of a. We are interested in the Z-ranks of the Mordell-Weil group
E(k,) when n varies.

COROLLARY 2.9. Assume that (i) E has good ordinary reduction at all primes v
of k dividing p, and (ii) Xf(keyc) is A(I')-torsion. Then there exists a constant
C > 0 such that the rank of E(ky) is at most C - p™ for all n > 0.

Proof. In the next section we will see that ko = J,, kn is a Galois extension
of k with Galois group G isomorphic to the semidirect product of two copies
of Z,. Thus the theorem implies that X (ko) is a A(G)-torsion module. We
denote by G,, the normal subgroup of G which consists precisely of the p™th
powers of elements of G. Then its index in G is p?” and, since G is uniform,
G, is nothing else than the lower p-central series, see [DSMS, thm. 3.6]. Now
[Hal, thm. 1.10] (see also [Ha3]) or [Hol, thm. 2.22] prove the existence of
some constant C such that rkz, Xf(ko)a, < C-p™ for all n > 0. Since G,
is contained in the normal subgroup G), := G(kso/kn) of G this gives also a
bound for rkzE (k) < rkz, Xf(k,) < Xf(koo)q , because the cokernel of the
natural map Xy(ke)g: — Xf(ky) is finite by lemma 3.12. O

Combined with one of Kato’s deepest results one obtains the following striking
and general estimate which was suggested to us by John Coates: Assume now
that F is defined over the rational numbers Q and that « is any non-zero
element of the maximal abelian extension Q® of Q which is not a root of unity.
Taking as base field the abelian extension k& = Q(up, ) of Q, Kato’s work
on Euler systems tells us that Xy (kcyc) is a torsion A(G)-module. Thus the
corollary applies: there exists a constant C' (depending on E and « but not on
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n) such that
rkz E(Q(ppn, *Va)) < C-p"
for all n > 0.

3. COMPLETELY FAITHFUL SELMER GROUPS

Throughout this section, we assume BASE for k. We consider the following
koo In this section: ko is a Galois extension of k unramified outside a finite
set of primes of k containing 5),. Further we assume k., contains k.,. and
H := Gal(koo/kecyc) is isomorphic to Z,,.

In this section, we study the case when Xy(ks) = Selye (E/koo)Y for an el-
liptic curve E/k is finitely generated over A(H). The remarkable fact is the
completely faithfulness over A(G) if G is non-abelian (Theorem 3.7).

One of the examples of k., is a “false Tate curve” extension. We collect some
facts on such k. in subsection 3.3.

3.1. A(H)-STRUCTURE OF Xy(koo). Let E/k be an elliptic curve which has
good ordinary reduction at all primes above p. Denote by Py = Py(koo/kecyc)
the set of all primes of k., which are not lying above p and ramified in koo /keye.
Note this is a finite set. Put

Pi(koo/kcye, E) = {u € Py| E/keye has split multiplicative reduction at u},
Ps(koo /keye, E) == {u € Py| E has good reduction at v and E(kcyeu)p= 7 0}.

Let I' = Gal(kcyc/k). We prove the following.

THEOREM 3.1. Let p > 5. Assume E has good ordinary reduction at p. Then,
(i) Xf(koo) s finitely generated over A(H) if and only if Xy¢(keye) is
finitely generated over Z,, in other words, Xy(keye) is A(T)-torsion

and its p-invariant vanishes.

(ii) When X (ko) is finitely generated over A(H), then Xy(kso) is A(H)-

torsionfree of rank X\ + mi + 2ma, where A\ = rankzg, Xy (keye),
m; = #P; (i = 1,2). More precisely, there exists an injective A(H)-
homomorphism

Xf(koo) N A(H)A—i-’ml-i-ng
with finite cokernel.

Remark 3.2. By [V3], (ii) implies that X (k) has no non-trivial pseudo-null
submodule. This gives another proof of Theorem 2.6 in special cases. We
remark that we did not assume F is ordinary at p nor that Xy is finitely
generated over A(H) in Theorem 2.6 while we do not need the Assumptions
DIMg a), b) and ¢’) in the above theorem.

We note that A(H) is isomorphic to Z,[[X]]. Let H,, := H?" for n >0 and F,
the intermediate field of koo /kcye corresponding to H,,. To prove the Theorem,
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we need the following usual fundamental diagram:
0— Sely(E/Fn) — H'(ks/Fu,Ep=) — @, . s, Jullh)

cyc

(3:2) [ o |@n.
0—>Selyoe (B ko) 1n— H' (kg /kioo, Epee ) —@, . 5., Tt (ko) ™.

Here, S is a finite set of primes of £ containing S, U Shaq U Sram, where Sram is
the set of all primes which are ramified in ko /k. We denote by Sy the set of
primes of k., above S. For a prime u of key., put

@ H Frus Fn,un))pOC

Unp U
and put J), (ko) := @Fn J(Fy).
By Nakayama’s lemma, X #(koo) is finitely generated over A(H) if and only if
X ¢(kso)m is finitely generated over Z,. From the above diagram for n = 0 (note
that Hy = H and Fy = k¢y.), we see that Ker(r) C Ker(g;) and Coker(rg) is a
subquotient of Ker(& hy ,,). Both are cofinitely generated over Z,, as we will
see in Lemma 3.3 and 3.4. Thus, we have Sel,« (E/k« ) is cofinitely generated
over Z, if and only if so is Sel,ec (E/kcyc). This implies Theorem 3.1 ().
For Theorem 3.1 (ii), we ﬁrst have X;(F,) = Sel,~(E/F,)" is finitely gen-
erated over Z, since so is X¢(kcye) by (i) (cf. [HM] Theorem 3.1). Then the
map Ap, is surjective (cf. [HM] Prop. 2.3, note that F, is the cyclotomic
Zy-extension of some field). Thus, from (3.2), we obtain the exact sequences
(3.3)

0 — Ker(r],) — Ker(g,,) — @ Ker(h, ,,) — Coker(r;,) — Coker(g,,),

u € Seye

(3.4) 0 — Ker(r])) = Selye (E/F,) — Selye (E/koo )" — Coker(r!,) — 0.
By the inflation-restriction exact sequence we have

Ker(g),) = H'(H,, E(koo)p=) and Coker(gl,) < H*(H,, E(koo)p<).
We have H%(H,,, E(koo)p=) = 0 because cd,(H,) = 1.

LEMMA 3.3. H'(H,, E(kso)p=) is finite and bounded for all n. Hence,
fKer(g),) and fKer(r]) are finite and bounded for all n.

Proof. Since H'(Hy,, E(koo)p=) = (E(kso)p=)n,, Lemma follows from the
facts that E(keo)pe is cofinitely generated and (E(koo)p)n = E(F,)p= is
finite. The latter fact is a Theorem of Imaill]. O

By Shapiro’s lemma, we have
Ker h/ @Hl nwa oow))p
Unp |u

Here, we choose w a prime of k., above u,, and H, ,, denotes the decomposition
group of w in H,. We will prove later the following.
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LEMMA 3.4. (i) Let u be a prime of keye such that u tp. Let u, and w
be primes above u of F,, and ko respectively such that w|u,|u. Then

Hl(Hn,un E(koo,w))poc = Hl(Hn,’uH E(koofw)ll‘x’) a’nd
Q,/Z, if u € Pi(koo/keye, E),
H' (Hp o, E(koow)p=) = (Qp/Zp)*  if u € Po(koo/keye, E),
0 otherwise
as an abelian group.
(ii) If ulp, then §H(Hyp w, E(koow))pe is finite and bounded for all n.
Note that the number of primes of F,, dividing p such that
Hl(Hn,w; E(koo,w))p‘x’ 7& 0

is bounded if n varies, because H'(H,, 1, E (koo w))pe = 0 if u splits completely.
By this fact and Lemma 3.4, we have ®,Ker(h}, ) = (Qp/Zy,)" ® D,, where

th= > > 1+ > Y2
u € Pruylu u € Pouplu

and #D,, is finite and bounded for n. Since the kernel and cokernel of the map
©uKer(h;, ,,) — Coker(ry,) are finite, we have that

(3.5) Coker(r],) = ((@p/Zp)t" @& D),

where §D), is finite and bounded. Next, we need the following which is a result
of Matsuno [M] on finite A(T')-submodules of Selmer groups.

LEMMA 3.5 (Matsuno [M]). Let F be a totally imaginary algebraic number field
and T’ = Gal(F,y./F). Let E be an elliptic curve over F' which has good ordi-
nary reduction at all primes above p. If the dual of the Selmer group X y(Feyc)
is A(T')-torsion and its p-invariant vanishes, then it is Z,-torsionfree.

Combining this with [HM] Theorem 3.1, we have the following.
LEMMA 3.6. Under the assumptions of the Theorem, Sel,~(E/F,) =
(@y/Z,)* where
=+ Y S e - 1)+2 3 S (0 ) — 1),
u € Prug|u u € Pyuylu

Here, we put d,,(u) = min(p™, [H : Hy,]) where w is a prime of ko above u and
H,, is the decomposition group of w in H.

Proof. By [HM] Theorem 3.1,
corankz, Sely (E/F,) = p" A + Z Z(e(un) —1)+2 Z Z(e(un) -1

u e Pruylu u € Py uy|u

where e(u,,) is the ramification index of u,|u. For u { p, the decomposition
group of u,|u coincides with its inertia group. Thus,

e(un) = [Hy : (Hy, N Hy)] = p"/dn(u).
The cofreeness of Sely (E/F),) follows from Lemma 3.5. O
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Thus, from (3.4), we have
(3.6) Selp (B/koo) ™™ = (Qp/Zy)™ @ D)
where
Sn = coranky, Sel,e (E/F),) + corankz Coker(r},),
and $D! is finite and bounded for n, because §D), in (3.5) is bounded and
Selpe (E/F),) is cotorsion-free. By (3.5) and Lemma 3.6, we have

sn=p" A4+ > > (0" da(w) +2 Y Y (P /dn(u) = p (A +my + 2my)

u € Pruylu u € Pouylu

since we see that d,,(u) = f{u,|u}.

From the well known structure theory of modules over A(H)(= Z,[[X]]), we see
that X (ks ) is pseudo-isomorphic to A(H)*™1+2m2 by (3.6). Since Xy (F),)
is Z,-torsionfree by Lemma 3.5, we have X¢(ks) = @Xf(Fn) is also Z,-
torsionfree. Therefore it can not have non-trivial finite A(H)-submodules. This
proves the Theorem.

Finally, we give a proof of Lemma 3.4. The first assertion of (i) is proved by
a standard argument (cf. [CH] §5.1 (59)). If u is unramified in ko /k, then u
splits completely, so H, ., = 0. Thus, H'(Hy, v, E(koow)p=) = 0. Note that
the type of reduction at any prime does not change in koo /keye since p > 5.
Assume u is not contained in Py UP,. Then we have E(F}, 4, )pe = 0 (cf. [HM]
Prop. 5.1 (i),(iii); note that p, C F,,). Thus H'(Hy ., E(ksow)p=) = 0.
Assume u € Py. Then E(F, 4, )p=~ = (Qp/Z,)®? (cf. [HM] Prop. 5.1 (i)), so
we have H'(Hp w, F(koo w)p=) = Hom(H, 1w, E (koo w)p=) = (Qp/Zy)?. Next,
assume u € Py. Then, E(F, 4, )p~ = Qp/Z,®(finite group) (cf. [HM] Prop. 5.1
(ii)). We have E(koo)pee = Epeo because ko is the maximal tame p-extension.
Thus we have

Hl(Hmwv E(komw)p“) = (E(komw)p“)Hn,w = Qp/ZP'
We prove Lemma 3.4 (ii). If u splits completely, H'(H,, u, E(koow)p=) = 0.

If w is finitely decomposed, then H,, ., = Z,. Since F}, is a deeply ramified
extension, we have by Coates-Greenberg([CG])

Hl(Hn’w, E)pe = Hl(Hn,m Eu(’ioom))p“’)

where F,, is the reduction at u of E and Koo,w 1S the residue field of ks ,. Thus
we have H'(H,, ., E)p is finite and its order is bounded for n by the same
argument of Lemma 3.3 because of the facts that Ey,(Koc,w)pe is cofinitely

generated and that Eu(/ﬁ:nvun)poo is finite where &y, ,, is the residue field of
Fou,-

3.2. COMPLETELY FAITHFULNESS OF X (ko). Henceforth we assume that G
is non-abelian. In [V3], some properties of A(G)-modules for this specific group
G = Zy X Zy, in particular the global annihilator ideal AnnycyM of a A(G)-
torsion module M, were studied. Recall that a module is called faithful if its
annihilator ideal is identical zero. Furthermore, an object M of the quotient
category A-mod/C of the category of finitely generated A-modules by the Serre
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subcategory C of pseudo-null modules is faithful, by definition, if every lift M
(Q(M) =2 M) of M is a faithful A-module. If this condition holds for every
non-zero subquotient, then M is called completely faithful.

The following result is a direct consequence of theorem 6.3 (loc.cit.) and theo-
rem 3.1:

THEOREM 3.7. Suppose that G is non-abelian. If Xy is non-zero and finitely
generated as a A(H)-module, then Xy is a faithful, but torsion A(G)-module
which is not pseudo-null. FEven more, its image in the quotient category is
completely faithful and thus cyclic.

Recall that here the cyclicity in the quotient category means that there exists a
cyclic submodule C' of X with pseudo-null cokernel, see [CSS1, lem 2.7]. The
following implication is arithmetically by no means obvious:

COROLLARY 3.8. Under the assumptions of the theorem the Pontryagin dual
I(E/ks)(p)Y of the (p-primary part of the) Tate-Shafarevich group contains
a cyclic submodule with pseudo-null cokernel.

Proof. Subobjects of completely faithful objects are again completely faithful.
O

3.3. THE “FALSE TATE CURVE” CASE. The typical examples of k., in previous
subsections which we keep in our mind are the extensions of the type

koo = kcyC(O‘pim)

where k., denotes the cyclotomic Zy-extension of k and « is in k* which is not
any root of unity. (We call this the “false Tate curve case”.) Then by Kummer
theory, the Galois group G = G(k/k) is isomorphic to the semi-direct product
G=HxT of H=G(koo/kcyc) = Zp and T = G(keyc/k) = Z,, the latter group
acting on the prior by the cyclotomic character, see [V3].

In this subsection, we collect some facts on kuo.

First we consider DIMg. Before we determine the dimensions of the decompo-
sition groups we would like to remark that in the actual situation

DIMg b) = DIMg ¢) = DIMg ¢’).

Indeed, if dim T}, (koo /keye) were finite, hence zero, ko, would be the composi-

tum of the Z, -extensions ke, and k};" which denotes the maximal unramified

extension of k, inside ko ,. With other words, GG, would be an 2-dimensional

abelian subgroup of G, a contradiction.

For « € k* \ u we write S, for the set of finite places of k which divide («) and

set as before koo = keye(a? ).

LEMMA 3.9. (i) If S = SaUS,USw, then ko is outside S unramified, i.e.
contained in kg. In other words Srqm (koo /k) is contained in Sq U Sp.

(ii) Letv e Sp. Then dim G, = 2. If, in addition, o € Q*, k = Q(up) and o

is not contained in (Q,*)P, then the extension koo |Q is totally ramified
at p.
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(ili) Assume that « is not a pth power in keye and let v € So \ Sp. Then,
for all places woo of koo lying above v the local extension ko . |keye,w,
where w denotes the place of keye induced by ws, is a totally ram-
ified Z,, -extension, i.e. w is almost totally ramified in keo|kcye. The
number of primes which are over key. conjugate to wo equals the maz-
imal power of p which divides v(«), where v is normalized such that
v(ky,) = Z. In particular, dim G, = dim G = 2 and the places of So\Sp
decompose only into finitely many ones at koo

Remark 3.10. Assume that for some v € S, \ Sy, it holds v(a) < p. Then « is
not a pth power in kgyc. Indeed, by [B, lem. 6] k(¢/«)|k ramifies totally at v,
thus cannot be contained in kqye.

Proof. [B, lem. 5] tells us that ko, is outside S unramified. In order to prove
the first statement of (i) it suffices to show that if k(a? ") is contained in
keye for all n > 0, then a is a root of unity. Using the long exact cohomology
sequence for the diagram

n

1 Hpn k:yc - (k:yc)pn —1
Hpr Hpee —— [Ipoe 1

and Hilbert’s theorem 90 one easily sees that the canonical map u(k)(p) —
(k;‘yc)”n N k*/(k*)P" is surjective. Now, if a is contained in (k::yc)p” N k* there
exist ¢, € u(k)(p) = ppro and b, € (K*)P" such that a = (, - b, and hence
aP™® € (k*)P". Since this holds for all n > 0, the element a”"® must be in
ﬂn(k‘*)pn = [tg, the roots of unity of order prime to p in k, thus « is a root of
unity as we had to show.

Now we consider the local extensions K = Q,(ypn) and L = K(a? ") of
Q,. Since the extension @p(ocpfl)/Qp is not Galois, no pth root of a@ can be
contained in the cyclic extension K/Q,. Hence, it follows from Kummer theory
that the degree of L over K is [L : K] = p”, i.e. [L : Q)] = [Q(ppn,a? ") :
Ql(= (p — 1)p?>" ') and in particular p does not split in k(p,m,aP ). Since
the maximal abelian quotient G of G = G(L/Q,) = G(L/K) x G(K/Q,) is
isomorphic to

Gab =~ G(L/K)G(K/Qp) ® G(K/Qp) = G(K/QP)

(note that G(L/K) = Z/p™(1) has no non-zero G(K/Q,)-invariant quotient
because G(K/Q,) acts via the cyclotomic character on G(L/K)), the only
cyclic extensions of @, in L are contained in K and cannot be unramified.
Hence p is totally ramified in k(j,n,a? ") for all n and the second statement
of (ii) follows.

Finally, we prove (iii): It follows from [B, lem. 6] that for sufficiently large n the
extension k,,(a? )|k, where k,, := k(p,n), is non-trivial and ramified at w,, =
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Wy, and thus not contained in keyec. Since keyew is the maximal unramified
p-extension of k,, the local extension koo o |kcye,w must be a totally ramified
Z, -extension. Let H, denote the decomposition group of H = G(koo/kecyc) at
Weo and set L = (koo )v. For sufficiently large n the extensions eyelkn and

En(a?” )|k, are linearly disjoint and thus

[kn(apin) : kn] p"
[L: keye] = N = = )
(Ko wn (@P7") ¢ kin,] (Ko on (@P7") ¢ in ]
by assumption and Kummer theory. On the other hand, since

Enw, (P ")|knw, has no unramified intermediate extension, the order of
ain k), / (k;wn)pn, which is by Kummer theory the same as the degree
Enw, (@ ") kny, ], is equal to the order of w,(a) in Z/p" (Note that
ky/ (k;"w)pn & Z/p"™ X ppn, where we assume without lost of generality that
ppn+1 € kn,, and that the subgroups of pi,n» correspond to the unramified
extensions of k, , of exponent dividing p™). Since keyc|k is unramified at v,
v(a) = wy () and thus the claim follows. O

Mp = H l

I, v|l for some v € Spad

Put

and note that Mg is prime to p under our general assumption. The lemma
above now implies

LEMMA 3.11. For all a € Z\ {0} such that M divides o, koo = keye(aP ) is
contained in ks and the assumption DIMg holds with respect to S = S, U S, U
Se 2 2.

Proof. Condition DIMg b) follows from (ii) of lemma 3.9. By definition Spaq
is contained in S, . Since « is a rational number it follows easily from Kummer
theory that for sufficiently big n none p™th root of o is a pth power in kcyec.
Applying lemma 3.9 (iii) to such a root shows DIMg a). O

At the end of this section, we consider the torsion group of an elliptic curve.
Let E/k be an elliptic curve. The following result is quoted as the Assumption
FIN for E and k in section 4. Recall that by lemma 3.9 the conditions DIMg
b), c), ¢’) are always satisfied in the false Tate curve case.

LEMMA 3.12. Let v be a prime of k above p. Assume E has good ordinary
reduction at v. Then, for ko = kcyc(apfoo), we have E(koo w)pee 15 finite for
wlv. In particular, E(kso)pe is finite.

Proof. Let E, be the formal group law of F and E, be the reduction at v.
Then we have

0 = Ey(M(kooww))pre = Ekoow)pe = Eo(Foow)pe — 0
where M (koo,) is the maximal ideal of koo and Koo, is the residue field

of Koo SINCE Kooy s a finite field, E,(Koo.w)p~ i a finite group. So we
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show Ey,(M(koow))p is finite. Since F has good ordinary reduction at v,
E, (M(ky))pe is isomorphic to Q,/Z, where M(k,) is the maximal ideal of k,,.
Thus, the field k,(E, y~) is abelian extension of k,. By a theorem of Tmai ([T]),

Eeyew N ky(Ey po) s a finite extension of k, where u|w. Since the maximal
ye, P
abelian extension of k, in koo w i keye,u, We have

Kooy NV ko (By poo) = keye,u N ko (By poo )
This means E, (9 (koo ))pe is finite. O

4. EULER CHARACTERISTICS

In this section, we do not assume the Assumption BASE, i.e. k£ does not nec-
essarily contain the p-th roots of unity. Put

K = k(up) and Keye = k(pp)eye = k(pipe).
Let ko, be a Galois extension of k unramified outside a finite set of primes of
k such that ke D Keye and H := Gal(koo/Kcye) is isomorphic to Z,. Assume
further k., satisfies DIM c).
For an elliptic curve E/k and k., with good ordinary reduction at p, we
consider the following.
Assumption FIN: E(ks)pe is a finite group.
When ko /k is a “false Tate curve” extension (see subsection 3.3), DIM ¢) and
FIN are always satisfied (Lemma 3.11 and 3.12).
We denote G = Gal(kw/k) and T' = G/H. Note that G may not be a pro-p
group.

4.1. G-EULER CHARACTERISTICS. For an discrete G-module M, we define its
Euler characteristic by
2
X(G, M) = []@H (G, M)V
i=0
if this is defined. In this section, we calculate the Euler characteristics of Selmer
groups. The formula as well as its proof is similar to that obtained in [CH]
Theorem 1.1 for GGLy-case.
Let E be an elliptic curve defined over k& which has good reduction at all primes
above p.
We define the p-Birch-Swinnerton-Dyer constant as

o SUL(E/k)poe 2 (k)00 )2
o) = T, oy LGB

Here, III(E/k) is the Tate-Shafarevich group of E over k, k, is the residue
field of k at v and E, is the reduction of E over x,. We denote by ¢, the local
Tamagawa factor at v, [E(ky) : Eo(ky)], where Eqg(k,) is the subgroup of E(k,)
consisting from all of the points which maps to smooth points by reduction
modulo v. |*|, denotes the p-adic valuation normalized such that |p|, = 2. For

p’

any prime v of k, let L, (FE, s) be the local L-factor of F at v. Let Py(kso/k) be
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the set of all primes of k which are not lying above p and ramified in koo /Keye.
We put

Py (koo /k, E) :={v € Py(koo/k)| E/K has
split multiplicative reduction at any wlv of K = k(u,)},

Py (koo /K, E) :={v € Py(koo/k)| E/K has good reduction
at any wlv of K and E(K,,)p~ # 0.}

and M = M(koo /k, E) := Py (koo /k, EYU Py (koo /k, E). We prove the following:

THEOREM 4.1. Under DIM c¢) and FIN, assume (i) p > 5, (ii)) E has good
ordinary reduction at all primes above p, (iii) Selye(E/k) is finite and (iv)
X¢(kso) := Selpeo (E ko) is A(Go)-torsion where Gy = Gal(koo /K ) and K =
kE(up). Then x(G,Sely(E/ks)) is defined and equals

po(E/R) [T 1Lu(B, D).

veM

Note that condition (iv) is already a consequence of (i)-(iii), whenever G itself
happens to be a pro-p-group since the strong Nakayama’s lemma holds for G.
In fact, we prove more. Let us consider the usual fundamental diagram.

0— Sely=(E/k) — H'(ks/k, Epe) = D, . sJuk)
k

(4.7) | E |

0—>Selye (E/koo )¢ —H (ks /Koo, Epoo)Gw—>@v . 5 Ju(kso)C.

Here, S is a finite set of primes of k containing S, U Spad U Sram where Sram
is the set of primes which is ramified in ko /k, ks is the maximal unramified
extension of k outside S. For any finite extension L of k, we put

Ju(L) = @Hl(Lwa E(E))p‘”

wlv
and for infinite extension M, put J,(M) = lim Jy(L) where L runs over all

finite extensions of k£ contained in M. Note that Indg“’Xw(koo) defined in §2
is the Pontryagin dual of J, (ko).
We have the following and we get Theorem 4.1 as an immediate corollary of
this.
THEOREM 4.2. Assume the same hypothesis of Theorem 4.1. Then we have
(i) $HO(G,Sely=(E/kss)) = pp(E/k) % Tl c o |Lo(E )], %
#(Coker(¢os)),

(i) $H'(G,Sely (E/koo)) = §(Coker(¥oo)),
(iii) H'(G,Selyoe (E/koo)) =0 fori > 2.

DOCUMENTA MATHEMATICA - EXTRA VOLUME KaToO (2003) 443-478



462 Y. HACHIMORI AND O. VENJAKOB

We split the proof of Theorem 4.2 into some subsections.

Throughout this section, we assume the conditions of Theorem 4.1 except con-
dition (i) if not explicitly stated.

4.2. GLOBAL COHOMOLOGY. First, we consider about the map g. We prove

LEMMA 4.3. iKer(g)
er(g
———~ = {E(k),~
gCoker(g) HE(R)
To prove this, we need the following lemma.
LEMMA 4.4. If a G-module M is finite, then x(G, M) is defined and equals to
1.

Proof. This is an immediate consequence of the Hochschild-Serre spectral se-
quence for
1-H—->G—->T—-1

and the fact that the same statement of the Lemma holds if we replace G with
. O

Proof of Lemma 4.3.
By the Hochschild-Serre spectral sequence, we have
0 — HYG, E(koo)p) = H (ks /k, Epsc) = H' (kg /koo, Ep=)®
— H*(G, E(koo)p=) — H*(ks/k, Ep).

Since Sely~(E/k) is finite, H?(ks/k,Ep~) = 0 (see [CH] Lemma 4.3 or
[CM]). Thus, we have that Ker(g) = H'(G, E(koo)p=) and Coker(g) =
H?(G, E(koo)p>), which are finite. This prove the Lemma by Lemma 4.4 be-
cause of FIN. |

Next, we consider the global cohomology of k.,. We first have the following.
(See section 7.1 for a proof.)

THEOREM 4.5. Assume Xf(ks) is A(Go)-torsion. Then we have
(i) H?(ks/koo, Ep) =0 and
(ii) The map H'(ks/koo, Ep) Ao D, . s Jo(kso) is surjective.
As a Corollary, we have
COROLLARY 4.6. If Xf(koo) is A(Go)-torsion,
HY(G,H" (ks /keo, Epe)) = 0
for alli > 1 (and still for all i > 2 if Selp (E/k) is not assumed to be finite.)

Proof. By the above Theorem, H(kg/koo, Ep=) = 0 for i > 2. So, we have the
following by the Hochschild-Serre spectral sequence that

H Y (kg /k, Eyo) — H(G, H' (kg /Koo, Ep)) = H (G, Epes)

are exact for all i > 1. If Sel,~ (E/k) is finite, H'(ks/k, Epe) = 0 for i > 2
(see [CH] Lemma 4.3 or [CM]). Since the p-cohomological dimension of G is 2,
H(G, Ey=) = 0 for i > 3. These proves the Corollary. O
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4.3. LOCAL COHOMOLOGY. Next, we consider the cohomology of J, (k) and
the kernel and cokernel of h,,.

PROPOSITION 4.7. For all i > 1, we have H(G, J, (ko)) = 0.

Proof. By Shapiro’s lemma,
HY G, Jy(koo)) = H (G, H' (koo,uw, E)p)

where w|v and G, is the decomposition group Gal(keo w/kv) (see [CH] Lemma
2.8). Thus we show the latter is zero.

(i) The case when v does not divide p.

In this case, H! (koouws E)pee = H'(koow, Epe) (cf. [CH] §5.1 (59)). We also
have H (koo w, Ep=) = 0 for i > 2 because the p-cohomological dimension of
Gal(ky/koo ) is less than or equals 1. So we have by the Hochschild-Serre
spectral sequence that

H' ko, By ) = H'(G, H (Koo, Bp)) = H'™ (G, E(kioo)p)

are exact for all i > 1. It is also known H®(k,, Ep~) = 0 for i > 2. Further,
H (G, Ep=) = 0 for i > 3 since the p-cohomological dimension of G,, is less
than or equals 2. Thus we have the Lemma for v { p.

(ii) The case when v divides p.

In this case, the proof is exactly same as that of [CH] Corollary 5.23 because
koo,w is a deeply ramified extension. We have

H (koo,uw, B)pee 22 H (Koo us B poe)

by [CG]. Then we get H'(Gy, H' (ksow, Evpe)) = 0 by the same ar-
gument using the Hochschild-Serre spectral sequence as (i) above because
the p-cohomological dimension of Gal(k,/keo ) is less than or equals 1 and
Hi(ky, By poo) = 0 for i > 2. O

LEMMA 4.8. Let v be a prime which does not divide p. If v is in Py (koo /k, E)U
Py(koo/k, E), then
tKer(hy) o |
#Coker(h,) ‘LU(E,l)

while otherwise, fKer(h,)/{Coker(h,) = |c,| 7.

)

P

Proof. By Shapiro’s lemma, the kernel and cokernel of h, are isomorphic to
those of the restriction map

H'(ky, E)poe " H (koo 10y E) poe-
Since v { p, E can be replaced by Epe. So, Ker(h,) & H (Gy, E(koow)p=)
and Coker(h,) = H*(Gy, E(koo,w)p=)-
First we consider the case v is not ramified in ko, /k. Then, we have koow =
Keyew. It is well known that ﬁHl(Gal(Kcycyw/kv), E(Kcyew)p=) = |cv|];1 and
H(Gal(K ey /h0), E(K ey )ye) = 0.
Next consider the case where E(K,)p~ = 0 or the case where v has bad
reduction which is not split multiplicative. In this case, E(K¢yew)pe = 0 (cf.
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[HM] Prop. 5.1), thus we have E(keo u)pee = 0. Thus H (G, E (koo w)p=) and
H?(Guy, E(ksow)p=) are zero. Since we assume p > 5, |¢,|, = 1 in this case.

Finally, consider the case v € Pi(koo/k, E) U Pa(koo/k, E). Then koo /Ky
should be the maximal tame p-extension and therefore ko ., contains ki, (Epe ).
So we have H'(kso w,Ep=) = 0 because there is no p-extension of koo -
Thus, HY (G, E(kso.w)) = H'(ky, Ep) and H?(Gy, E(koow)) = 0. There-
fore, Lemma follows from the fact that §H"(ky, Ep) = |cu/Ly(E,1)[; " (cf.
[CH] Lemma 5.6 or [CM]). O

LEMMA 4.9. Let v be a prime above p. Then

m = (LB (s0)pe)”

Proof. By Shapiro’s lemma,
Ker(hy) = HY (G, E(koo.w))p and Coker(h,) = H?(Gy, E(koouw))poe-

Since koo, is a deeply ramified extension, we have that

I{i(c;(w;E/‘(koo,w))p‘>c = i(Gw7Ev(’€oo,w)p°°)
for 4 > 2 and

0— Hl(kvv Ev(m(a)))p“’ - Hl(Gva(koo,w))p‘”
— HY (G, By (Foouw)p=) — 0
is exact by the exactly same way as [C] Lemma 3.14. Here E, is the formal

group law for E, M(k,) is the maximal ideal of the integer ring of k, and K 4
is the residue field of koo 4. It is known that

ﬁHl(kmEAv(gﬁ(E))) = ﬁEv(KU)
(cf. [C] Lemma 3.13). Since E,(Koow)p~ is finite by DIM c), we have
X(Guw, Ey(Koow)pe=) = 1 by the same way as Lemma 4.4. Thus we have
ﬁHl(Gwa ENv(’ioo’w)pw)/ﬁHQ(Gwv E~v(’foo,w)p°°) = ﬁENU(“v)p“"
Combining them, we have the Lemma. (]

4.4. PROOF OF THEOREM 4.2. Now we are ready to prove Theorem 4.2. To
this aim let us assume conditions (i)-(iv). First, by Theorem 4.5,

0 = Selyw (E/kuc) = H' (ks koo Ep=) 5 @D J, (ko) = 0
vesS

is exact. Taking G-cohomology and by Lemma 4.6 and Proposition 4.7, we
have

HY (G, Sely (E/ks)) = 0

DOCUMENTA MATHEMATICA - EXTRA VOLUME KaToO (2003) 443-478



COMPLETELY FAITHFUL SELMER GROUPS 465

for 1 > 2. At the same time, we have that

0 = Selyw (B/koo)® = H (ks koo, By )% U5 @D Jolkoo)©
vesS
HY(G,Sely=(E/ks)) — 0

is exact, which means Cokeryo, = H (G, Sely~ (E/koo))-
Next, we calculate Sely«(E/ko)®. Consider the diagrams induced from the
fundamental diagram (4.7),

0— Sel,=(E/k) — H'(ks/k, Ep) —— ImA, —0
k

B Js Jon

0—Selye (E/koo )¢ —H (ks koo, Epee )G¢—>Imwoo—>0,

0—Im\y — @, . g Ju(k) — Coker\, —0

| | |

0—Impoe—P, . o Jy (koo )¢ —Cokery o, —0.
Since Selpe (E/k) is finite, fCokerA;, = §E(k)pe (cf. [CH] Lemma 2.7 or [CM]).
The kernel and cokernel of ®h, are finite by Lemma 4.8 and 4.9. Therefore
Cokery, is finite by the latter diagram. By applying the Snake Lemma for
the two diagrams, we have

#Selpe (E/ ko) = tSelpe (E/k) x fCokeryos H jjﬁKerh  fCokerg

#Coker g Cokerh,, tKerg

Thus we have Theorem by combining Lemma 4.3, Lemma 4.8 and Lemma 4.9.

4.5. TRUNCATED EULER CHARACTERISTICS. The usual Euler characteristic
at the beginning of this section is not defined for Sel,e (E/koo) if Selpe (E/k)
is infinite, e.g. if E'(k) has a point of infinite order. To circumvent this prob-
lem (and since the higher cohomology groups H*(G, Sely~ (E/koo)), i > 2, are
conjecturally trivial), the truncated G-Euler characteristics was introduced by
Coates-Schneider-Sujatha in the GLs-case extending ideas of Schneider and
Perrin-Riou in the cyclotomic situation. Similarly to Theorem 3.1 of [CSS2],
we can calculate these modified Euler characteristics in our case.

For an G-module M, let

on - HY(G,M) — H' (G, M)
be the composition of
HO(G, M) = HO(T, M™) ™Y g\, M™) ™S H (G, M)
where 1) is the map induced from the natural map

HOT, M7y = (MY - (MP)p = HY(T, M),
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We define the truncated G-Euler characteristic of M as

Xt(G7 M) = Q(QSM)

where g(énr) := tKer(¢pnr)/8Cok(¢ps) and say that this is finite if both Ker(¢as)
and Cok(¢yps) are finite. Setting formally H = 1, e.g. G = T, in the above
we obtain the definition of the modified T-Euler characteristic x:(I', N) of a
discrete I'-module N. Then we have

THEOREM 4.10. Assume that (i) p > 5, (ii) E has good ordinary reduction at all
primes above p and (iil) X ;(Kcye) is A(To)-torsion where I'g = Gal(K .y /K).
Then x.(G, Selpe (E/kso)) is finite if and only if x+(T', Selpee (E/Kcye)) is finite.
Furthermore, if x+(T, Selpeo (E/Keye)) is finite, we have

Xt(G, Selpee (E koo )) = x¢(T', Selpoe (E/ Keye)) % H 1Ly (E,1)lp
m

where M is defined in Theorem 4.1.

Remarks 4.11. As mentioned above we do not have to assume the finiteness
of Selpe (E/k) here. A formula for x(T',Selpe (E/Kcye)) was obtained by
Schneider [S] and Perrin-Riou [P2] involving p-adic heights and the constant
pp(E/k). Thus, if we assume k contains p, (k = K), then we have another
proof of Theorem 4.1. In fact, in this case, if we assume Sel,e (E/k) is finite
then the assumption (iii) of Theorem 4.10 is true. Furthermore, we can prove
H'(G, Selye (F/kso)) is finite for i = 0,1 and H?(G, Selp=(E/ks)) = 0. Thus
we obtain the Theorem 4.1 as a corollary of Theorem 4.10 by using the formula
for x(I', Selpoe (E/ Keye)) = xt(I', Selpoo (E/ Keye)).

Proof. The proof goes exactly similar to Theorem 3.1 of [CSS2]. Thus we give
only a sketch. First, we see that

HY(T,Selye (E/koo)™) = HY(G, Sely (E ko))

since H'(H, Sely=(FE/ks)) = 0 by the assumption (iii) which is proved sim-
ilarly as Lemma 2.5 of [CSS2]. Thus we have x:(G, Sely~(E/kx)) = q(¢)
where

¢ HY(T, Selye (E ko)) — HY(T, Selye (E/kao) ).

Next, we define

Sel oo (B/Keye) := Ker(H" (ks /Keye, By ) = @D Ju(Keye))-

S\om

Then we have

0 = Selpoe (B/Keye) = Selyoe (B/Keye) = @D Jo(Keye) = 0

m

is exact by the assumption (iii). Thus,

Xe(T,Sel e (B Koye)) = xe(T, Selye (B/Keye)) x [T Ju(Eoye)
m
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and x¢(T', Jy(Kcye)) = |Ly(E, 1), (cf. Lemma 3.4 of [CSS2]). Further, we can
see the restriction map

res : Sell o (E/Kcye) = Selpo (E/koo )™

is defined and the kernel and cokernel of this map are finite (cf. Lemma 3.6 of
[CSS2], see also Lemma 3.4 in section 3.)
Then, by the commutative diagram induced from the restriction

HO(T,Sely (B/Keye)) — HO(T, Selyeo (E/ ko))

w/l lw
HY(T,Sely (B/Keye)) — HY(T, Selye (E/koo) )

and Lemma 3.5 of [CSS2], we have q(¢) = q(¢')(= x¢(T,Selw (E/Keye))).
Putting all together, we have the Theorem. |

4.6. A CONDITION FOR TRIVIALITY. Finally, we consider a question when the
Selmer group Sel, (E/koo) is trivial. We assume here BASE,

k= K(= k(). G = Go.
The following is an immediate corollary of Theorem 3.1.
PROPOSITION 4.12. We have
Selp (E/koo) = 0 if and only if x(G, Selp= (E/ks)) = 1.

Proof. Note that if Sel,~(E/k) is not finite then x(G,Sely=(E/ks)) is
not defined, since Sel,~(E/koo)® is mot finite. Thus, we can see that
X(G,Selp= (E/ks)) = 1 if and only if both

(i) Selpe(E/k) is finite and p,(E/k) = 1.

(ii) Pi(koo/k, E)U Py(koo/k, E) = @.
holds, since p,(E/k) > 1 and |L,(E,1)|, > 1if v e P, UP,. As is well known,
(i) is equivalent to Selpe (E/kcye) = 0. Assume Selpec (E/koye) = 0 and (ii).
Then by the Theorem 3.1, X¢ (ko) has rank 0 and is A(H)-torsionfree. Thus
Xt(koo) = 0. Assume Xy (koo) = 0. Then Xj(ks)™ = 0. By (3.4), we have
Selyoo (B /keye) = 0 and (ii). O

EXAMPLE 4.13. Let E = X;(11) defined by the equation y? +y = 2% — . Let
p=>5,k=Q(us) and koo = Q(us=,a° ) with a ¢ Q*. This satisfies DIM c)
and FIN (subsection 3.3). Since E(Q)5 = Z/5, the condition (ii) in the proof of
the Proposition 4.12 holds only when « is some power of £5. When a = (£5)",
(i) and (ii) in the proof Proposition 4.12 hold. (For example, it is known that
Selpoe (E/keye) = 0 by [CS]). Hence we have Sel,os (E/koo) = 0.

We see further structures of Xy (ko) for a =11 in §6.

Another example is p = 7 and the curve E defined by 3% +zy = 23 — 1412+ 657
whose conductor is 294. This has good ordinary reduction at p = 7 over k =
Q7). For koo = Q(ure,a” ) with a € Q%, we see that Selyw (E/ky) = 0 if
and only if « is a power of £7 thanks to a result of Fisher ([F'1], see also [CS]).
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5. U-INVARIANTS

In the GLs-extension case, Coates and Sujatha (unpublished) and Howson
[Ho2, §3] considered the behavior of the p-invariant for Selmer groups of el-
liptic curves, hereby generalizing the formulas in the Z, -case of Perrin-Riou
(cyclotomic case) and Schneider (general case, also for abelian varieties). Un-
der suitable assumptions, see below, analogous statements can be proven in
our situation by almost literally the same proof as for [Ho2, thm 3.1, cor. 3.2].
To avoid redundancies in the literature we shall therefore just state the results
with some comments and leave the detailed proof to the interested reader.
Assume that k contains p, and that k. contains key.. Since the Galois group
G = G(kwo/k) = Z, X Z, is without p-torsion, the Iwasawa algebras A(G)
and Q(G) := F,[G] are both integral. Recall that the p-invariant of a finitely
generated A(G)-module M can be defined as

,u(M) = Zrkg(g)p1,+1 M/p7M
>0
(cf. [V1]) but can be calculated via the relation
P = x(G, M(p)),

where M (p) denotes the Z,, -torsion submodule of M (see [Ho2, cor 8]).
Assume ¢ : F1 — Fs is an isogeny of the elliptic curves F; and E5 above k and
denote by A the p-part of the group scheme ker . Throughout this subsection
we assume that Assumption SEQg holds for Ey or Ey (and hence for both) and
that Assumption WLg holds for Ey (and hence for Es).

The above isogeny induces a A(G)-homomorphism

Put Xp2 = Xy
of the corresponding Pontryagin duals X ; of the Selmer groups of E;, 7 = 1, 2.

THEOREM 5.1. Let p > 5. Then, under the above assumptions, the following
holds

p(ker(p.))—p(coker(p.)) Zlogp ko)) —|k : Q| log, #A-Y log,, [#A, 1.,
vlp
where v denotes a place of k | — |» its absolute value (normalized such that

Iple = p~ k@) and A, denotes the image of A under the reduction map of
FEy atwv.

The theorem holds for more general pro-p Lie extensions without p-torsion as
long as in addition to Assumption SEQg for E; or Ej it holds that
H?(kg/koo, E1 pe<) is finite

(The corresponding local condition, i.e. the finiteness of H2(koow, Ep) for all
wlv, v € Sp U Speq U Srem where E denotes E, if v|p and E otherwise, is always
satisfied, see [CSS2, §2 (12),(13)]). B

For the proof note also that the image of FEjp~(ks) and Egpe in
H'(ks/kso, A) and H'(koow, A) are always finite, because the cohomology
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groups are annihilated by some power of p. Thus their Euler characteristic is 1.
Furthermore, it is easy to see that the Euler characteristics (G, H' (ks /koo, A))
are well-defined for all 7 > 0.

By the additivity of the p-invariant on short exact sequences of torsion modules
it follows immediately (cf. [Ho2, cor 3.2])

COROLLARY 5.2. Suppose, in addition to the assumptions of the theorem, that
Xy, s a A(G)-torsion module fori =1 ori =0 (and hence for both). Then the
difference between the p-invariants of Xyo and Xy is given by the following
formula

p(Xp2) = n(Xp1) =Y log, #(A(ky)) — |k : Q|log, #A — > log, |#Auls,

v|oo vlp

where the notation is as in the theorem.

We conclude this section studying the relationship between the u-invariants of
the duals of the Selmer group over ko, on the one hand and over k., on the
other hand. In the GLs-case this was investigated by Coates-Sujatha [CSS2,
82] and we will follow closely their arguments. We assume now that p > 5
and we keep the assumption BASE and that k.. is contained in k. As before
we set H := G(koo/keye) and I' := G(keyc/k). In order to distinguish between
the two situations we shall write in the following pg(M) and pr(M) for the
p-invariant of a finitely generated A(G)- or A(T')-module M, respectively.

THEOREM b5.3. Let E be an elliptic curve defined over k with good ordinary
reduction at S, and assume that X¢(keyc) is a A(T')-torsion module. Then one
always has pe(Xy(kso)) less than or equal to pr(Xy(keye)) -

MG(Xf(kOO)) < NF(Xf(kcyC))~

Remark 5.4. Assume that F is isogenous over k to an elliptic curve E’ such
that ur(X(keyc)) = 0 where X denotes the dual of Selmer of E'. Then

MG(Xf(kOO)) = MF(Xf(kcyc))'

Indeed, this follows immediately from the formulae for the change of the u-
invariant under isogeny over both k. and k... More generally, the above
equality holds if and only if the quotient Z := X/T of X := X(ko) by its Z,
-torsion submodule T := X (koo )(p) is finitely generated over A(H) (Indeed,
we will see in the proof below, that equality is equivalent to the vanishing
of pr(Zy). Since Zp is a A(I')-torsion module this in turn is equivalent to
Zg being a finitely generated Z, -module. Now the claim follows from the
Nakayama lemma).

Proof. We shall use the notation of the remark. By the analogue of [CSS2,
lem. 2.5], we know that H;(H,X) = 0. Since cd,H = 1, one immediately
obtains that also Hy(H,T) = 0 and that Hy(H, Z) has no p-torsion, because
multiplication by p is injective on Z. But, again as Hy(H, X) = 0, we have that
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Hy(H,Z) injects into Ty, which is a Z,-torsion module. Thus we have shown
that H;(H, Z) vanishes, too, and we have the exact sequence

of A(T")-torsion modules. It is plain from this sequence that pur(Ty) < pr(Xg)
(with equality if and only if ur(Zg) is zero).

Now we claim (i) that ur(Th) = ue(X) and (ii) that pr(Xg) = pr(Xr(keye))-
The latter claim is clear because it follows easily from the usual fundamental
diagram 4.7 that the kernel and cokernel of the canonical map Xg — X (keyc)
are finitely generated over Z, . To prove (i), we use the fact that for a module
which is annihilated by a power of p, the p-invariant is given by the Euler
characteristic (cf. [Ho2, cor. 1.8]). As Ho(G,X) = 0 (in theorem 4.2 we state
this only under too restrictive assumptions, but use the validity of SEQg to
derive this from the vanishing of Hy(G, Xg) (corollary 4.6) and of Hy(G, Us)
(proposition 4.7), which both hold in this generality) and as c¢d,G = 2, we see
that Hy(G,T) = 0 and we obtain that

po(X) — pu(T) — #Hy(G,T) _ #Hy(T,Tx) — e (T,
#H, (G, T) #H(T,Th)

p

The last equality follows from the Hochschild-Serre spectral sequence using
again the vanishing of Hy(H,T). Thus the theorem follows. |

6. AN EXAMPLE

In this section, we consider the following special example where p = 5 as a first
case. Let k = Q(us) and keye be the cyclotomic Zs-extension of k. Then, we
put

koo := keye( *VI11).
First, we have the following (cf. Lemma 3.9).

LEMMA 6.1. (i) koo is unramified outside 5 and 11 over Q.
(ii) The number of primes of k above 11 is four. They are not decomposed
in koo /k. Further, they are totally ramified in koo /kcyc.
(iii) There is a unique prime of koo lying above 5, and it is totally ramified
in the extension koo /Q.

We consider the Selmer group over k., of
E=X(11):y* +y=a3 —2°,

the elliptic curve over Q of conductor 11. In this case, we can determine slightly
more precise structure as a module over Iwasawa algebras.

THEOREM 6.2. Let H = Gal(koo/kcyc). Then, the Pontryagin dual of the
Selmer group Xy(koo) := Selyee (E/koo)V is free of rank four as a A(H)-module.
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It is shown that Selye (E/keyc) = 0 in [CS]. Thus we have Xf(kso) is a sub-
module of A(H)®* whose cokernel is finite by Theorem 3.1 and Lemma 6.1.
For n > 1, let H,, and F,, be as the same as subsection 3.1:

Fp = keye( V11) and H,, := Gal(koo /F).
Here, we put Fy = kcye and Hy = H. For the A(H)-freeness, it suffices to show
that Selye (E/koo ) is cotorsion-free for any n > 0 by the structure theory
of A(H)-modules. By (3.4) and Lemma 3.6, it is enough to show Coker(r},) is
cotorsion-free. Taking S = {5,11} we have
(6.8) H'(Hn,E(kxo)s~) = €D H'(Hp, E(koow)s=) — Coker(r},) =0,

w|11,w|5

from (3.3). For w|11l, H'(H,, E(koow))s~ = Qp/Z, by Lemma 3.4, we have
Coker(r]) is cotorsion-free if we show the following,.
LEMMA 6.3. Let w be the (unique) prime of koo above 5. Then,
(6.9) HY(H,, E(koo)s) = H (Hp, E(Koow))5
is an isomorphism.
To prove this, we have first

LEMMA 6.4. E(ks)se = E(Q)500 X Z/5.

Proof. The field adjoining all of 5-th division points of E is an extension of
degree 5 over k. But it is well known that this is disjoint from k(+/11) and
keye over k. 52-th division points of E are defined over the field containing the
maximal real subfield of Q(u11), which is not contained in k... Therefore we
have E(koo)5oo = E(Q)5oc O

By this Lemma, we have
(6.10) H'(H,, E(ks)s~) = Hom(H,, F(kso)s~) = Z/5.

Let w be the unique prime above 5. Let E5 be the reduction of E modulo 5.
Then it is well known that E5(F5) = Z/5. Since koo /Q is totally ramified at 5
by Lemma 6.1, we have

(6.11) Es5(kioow) = Es5(Fs5) = Z/5.
Further, we have the following.

LEMMA 6.5. The composition of the natural injection E(koo)so > E(koow )5
and the reduction map E(ksow)se — E5(Koow)se 1S an isomorphism.

Proof. Tt is enough to show the same assertion replacing ko, by Q5 by Lemma
6.1 and (6.11). But this is well known (cf. [CS]). O

Now we can show Lemma 6.3. Since F), is a deeply ramified extension, we have
the following isomorphism by Coates-Greenberg:

Hl(Hna E(koo,w))5°° - Hl(H'm E5(/Qoo,w)5°°)-
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By (6.11), H'(H,,, Es (Koo )5 ) = Hom(H,,, Es (Koo )5 ) = Z/5. So,
HY(Hy,, E(koo)s) = H'(Hp, Es5 (koo )5 )

is an isomorphism by (6.10) and Lemma 6.5. |
The formula of corollary 5.2 enables us to calculate for p = 5 the p-invariant of
the elliptic curve By := Xo(11), given by the Weierstrass equation y?+y = 2% —
22 — 10z — 20, see [Ho2, ex. in §3] for more details needed for this calculations.
There is an isogeny ¢ : E; — FEo with F; := X;(11) and A = Z/5. Since
1(X¢1(ks)) = 0 by theorem 6.2, we obtain

1
plX (ko) = 51k 5 Q.

where k is a finite extension of Q(us) inside koo = Q(ppe, “V11).
This result in turn can be used to calculate the p-invariant of the Galois module
X5 = G(L/kx),

where L denotes the maximal unramified abelian p-extension of k., in which all
places lying above S are completely split. For further results on this module
we refer the reader to [V3]. Let us now fix k¥ = Q(us) and E = X,(11),
ie. u(Xy¢) = 2 by the above formula. Using the fact that Es = ps x Z/5
as Gg-module where pus = ker(Es — Es = 7/5) identifies with the kernel
of the reduction map at 5, one easily obtains the following exact sequence of
A(G)-modules

0— X5/5— X;/5— Xs/5— 0,
where Xg := H'(Gg(koo), Ep= )" and ¥ means taking the Pontryagin dual.
Using the formula [Ho2, cor. 1.11] koM /pM = rkq(,M) + rkaM where ,M
denotes the kernel of multiplication by p on a finitely generated A-module M,
we conclude

2= p(Xy) 2 rka(sXy) = rka(X;/5)

= rtko(Xg/5) + rko (X5 /5)

= rka(Xs) + rka(sX5s) + rka(s X))

= 2+1ko(5Xs) + tka(s X5).
Here we used that both X and X2, are A-torsion modules and that rka (Xg) =
2 by [OV2, thm 3.2]. Thus rkq(5Xs) = rkq(5X2.) = 0 which implies

w(Xs) = u(X5) =0

by [V1, rem 3.33]. Of course, the same calculation holds over the field Q(Fs5)
thus showing the vanishing of u(X,,) = u(X2) = 0 where X, denotes the
Galois group of the p-Hilbert class field of Q(E5~). We should point out that

the modules X, and X2, are probably pseudo-null, but that the vanishing of
the p-invariants is all we can show at the moment.

At the end of this section, we mention to the further structure of the Selmer
group for p =5, F = X;(11) and a = 11. Let G := Gal(k/Q). Note that
this is not a pro-p group.
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THEOREM 6.6. The Pontryagin dual of the Selmer group X ¢(ks) is cyclic over
A(G).

Proof. We see that (6.8) for n = 0 is an exact sequence of A(T)-modules where
I' = Gal(key/Q). By Lemma 6.3,

Coker(ro) = D) H'(H, E(koo,w)s~) = Coindf(H (H, E(koo,u)s))-
u|11

because the decomposition group of 11 in T'is T' = Gal(k,./k). Since we have
HY(H, E(koow)s) = Qp/Z, for w|l1l, its dual is cyclic over A(T'). (In fact,
HY(H, E(koow)s~) 2 Q,/Z,(—1) as a I-module, but we omit the proof here.)
Because Selyo (E/koo ) 22 Coker(rg), Xf(koo)p is isomorphic to A(T) ®A(T)
HY(H, E(koow)s=)", which is a cyclic A(I')-module. Thus, to prove Theorem
6.6, we have only to see the following general Lemma which is an immediate
consequence of Nakayama’s lemma. O

LEMMA 6.7. Let G be a profinite group which is not necessarily pro-p, and M a
compact A(G)-module. Let 1:{ be a closed subgroup of G which is a pro-p group.
Then, if My is a cyclic A(G/H)-module we have M is cyclic over A(G).

Finally, we propose an interesting question: what is the rank of E(ks) ? We
know nothing about it so far. The only known result is rank(E(L)) = 0 where
L = k(us, V/11) C koo by Fisher ([F2]). See also Corollary 2.9.

7. APPENDIX

In this section, we collect some facts used in previous sections and prove them
for the sake of completeness.

7.1. SURJECTIVITY OF THE LOCALIZATION MAP. We see a relation between
the A-torsionness of Selmer groups and the Assumptions WLg and SEQg. We
prove Theorem 4.5. The proofs are exactly the same as [P1] Lemma 4 and 5.
Let F/k be a Galois extension with G = Gal(F/k). Let E be an elliptic curve
defined over k. We analyze the localization map

Ap: H' (ks /F, Bpe) = @) Ju(F)
velS

and H?(ks/F, Ey=) where S is a set of primes of k containing S, U Spaa and
all the primes which are ramified in F/k.
First, we define the following module

Rp(E/F) := lim Sel,n (E/M).
n,M
Here, we denote

Seln (E/M) := Ker <H1(k5/M, Ey) = P JU(M)> :
vesS
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where M runs over all finite extensions of k contained in F' and the limit is
taken with respect to the corestrictions and the map induced by multiplication
by p-maps, Epni1 — Epn.

THEOREM 7.1. Assume that G is an infinite pro-p group. Further, assume
E(F)p is finite. Then, there is an injection of A(G)-modules.

(7.12) Rp(E/F) < Homy g (Sely= (E/F)Y, A(G)).

Here, Homy () (Selp~ (E/F)Y, A(G)) is considered as a left A(G)-module by its

right action on A(G) and the involution g — g~ *.

Proof. For a finite subextension M of F'/k, there is an exact sequence

0 — E(M)pee — limSelpn (E/M) — Tp(Selpe (E/M)) — 0

n

where T),(*) is the Tate module of *. We note that
T,(Sely (E/M)) = Homyg, (Sely= (E/M), Zy).

So we have the exact sequence by taking the inverse limit with respect to the
corestrictions,

0 = 1im E(M),~ — R,(E/F) % lim Homg, (Sel, (E/M)" , Z,) = 0
M M

where M runs over all of finite Galois subextensions of F'/k. By the assumption
that E(F)pe is finite, Jm E(M)p~ = 0 since G is infinite pro-p. So ¢ is an
injection.
Next, we consider the restriction map

s 2 Selyos (B /M) — Selyoe (B /F)YM
with Uy := Gal(F'/M). Then we have the following.

0— @Homzp(Ker(rM)v,Zp) — @HomZP(Selpm (E/M)Y,Zy,)
M M

% Jim Homyz, ((Sely (E/F)" ), Zy)-
M

Here the inverse limits are taken w.r.t. the corestrictions for the first two terms.
For the last, we take the limit w.r.t. the map induced from the map defined by

(Selp (E/F)Y)uy — (Selp(E/F))y,,, + Z o(z)
o€ Un/Upyr

for M" > M. Since Ker(ry;) is contained in H*(Ups, E(F)pe) and E(F )y is
finite, Ker(rys) is finite. So we have Homgz, (Ker(rys)Y,Z,) = 0 and ¢ is an
injection.

Finally we see that

HOmZP ((Selpoo (E/F)V)UM s Zp) = HomA(G) (Selpoo (E/F)v, Zp [G/UM])

DOCUMENTA MATHEMATICA - EXTRA VOLUME KaToO (2003) 443-478



COMPLETELY FAITHFUL SELMER GROUPS 475

by the map

fro|zeSel<(B/F) = > flo'2)o € Z,[G/Un]
oce G/Um

Thus we have the isomorphism

lim Homz, ((Sely~ (E/F)" v, Z,) 2 lim Hom g (Sely (B/F), Z,[G/Un)
M M

where the inverse limit of the right hand side is taken w.r.t the natural surjec-
tion Z,[G/Un] — Z,|G/Un] for M’ > M. Therefore,

lim Hom () (Sely (E/F)", Zy[G/Un]) 22 Homy ) (Sely= (E/F)", A(G))
M

and we see that R,(E/F) maps to this module injectively by the map ¢o¢. O
As a consequence of this Theorem, we have the following (for odd p).

THEOREM 7.2. Assume G is a pro-p, p-adic Lie group with no p-torsion and
E(F)pe is finite. If Sely (E/F)Y is A(G)-torsion, then we have
(i) H%(ks/F,Ep~) =0 and
(ii) The map H'(ks/F, Ep=) Az D, . s Jo(F) is surjective.
Proof. By the assumption that Sel,(E/F)Y is A(G)-torsion, we have
Homy ¢ (Selp (E/F)Y, A(G)) = 0.

Thus we have R,(E/F) = 0 by Theorem 7.1. This proves the Theorem because
of the exact sequence

0 — Sely (E/F) = H' (ks /F, Ep) *5 @ Ju(F)
vesS
— Ry(E/F)Y — H?*(ks/F,Ep) — 0.
by the Poitou-Tate global duality. |

7.2. COMPARISON OF THE A-RANKS. Let G = H x I where H = I' = Z,.
For any A(G)-module M, the H-coinvariants My have a structure as a A(T')-
module.

LEMMA 7.3. Let M be a finitely generated A(G)-module. Then,
rankA(G)M < rankA(p)(MH).

Proof. For these G and H, the following fact is proved in the proof of [BH,
last Theorem]: A finitely generated A(G)-module M is A(G)-torsion if My
is A(T')-torsion (This fact fails in the GLo-case in general.) It is easy to see
that it is enough to show the Lemma when M is A(G)-torsion free. We use
an induction on n = rank,g)M. Assume n = 1. Then the above fact shows
rankyry(Mpg) > 1. If n > 2, then there exists an exact sequence 0 — N —
M — L — 0 where N and L are torsionfree A(G)-modules with ranks )N =
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n — 1 and rankyg)L = 1. Since LT =0, the sequence 0 = Ny — My —
Ly — 0 is exact. Thus we have the Lemma by induction. (]

7.3. EULER-POINCARE FORMULA FOR A-RANKS. For the convenience of the
reader we include here the well-known determination of the alternating sum of
the A-ranks of H'(Gs(ks), A)V using Tate’s global Euler-Poincaré character-
istic formula (see also [OV2, thm. 3.2]).

For that purpose let p be any prime, k& be a number field (totally imaginary,
if p=2), S a finite set of places of k containing S, and Soc, ks @ non-trivial
Galois extension of k contained in kg such that G = G(koo/k) is a pro-p p-adic
Lie group without torsion element. As usual we write (k) and ro(k) for the
number of real and complex places of k, respectively.

Furthermore, we denote by A = (Q,/Z,)? a discrete p-divisible p-primary
Gs(k)-module of Z,-corank d. Then the cohomology groups H'(Gg(keo), A)"
are finitely generated A-modules, where A = A(G) denotes the Iwasawa algebra
of G. Their ranks are related as follows

PROPOSITION 7.4.
rkaH' (G (koo), A)Y —tkaH* (G5 (koo ), A)Y = (r1 (k) +72(k))d—) _ dimg, (
v real

where (=) denotes the invariant part with respect to the complex conjugation
and ,A is the kernel of multiplication by p.

Note that tkaH%(Gs(kso), A)¥ = 0 because the dual of A(ky) C A is finitely
generated over Z,.

Proof. Following [Ho2, thm. 1.1] the rank of any finitely generated A-module
M can be calculated via its homology groups as

rkaM = (=17 tky, H; (G, M).
72>0

Using the Hochschild-Serre spectral sequence, the well known behaviour of
Euler-characteristics with spectral sequences and the fact that in our situation
cd,Gs(keo) < cdpGg(k) < 2, we obtain immediately that the term in the
proposition of the left hand side is equal to

D (1) H (Gs(kso), A)Y = D (=1)H kg (G, H (G5 (ko ), A))Y

i>0 1,7>0

= Z(—l)”*lrkZPH”(Gs(k),A)V
n>0
2

= Z(—l)n+1 dim[ﬁ‘p Hn(GS(k)va)

n>0

= (ri(k) +ra(k))d— > dimg, (,A

v real
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For the last equality we used Tate’s global Euler-Poincaré characteristic for-

mula, see e.g. [NSW, 8.6.14]. O
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