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ABSTRACT. Let m be an integer bigger than one, A a ring of algebraic
integers, F' its fraction field, and K,,(A) the m-th Quillen K-group
of A. We give a (huge) explicit bound for the order of the torsion
subgroup of K,,,(A) (up to small primes), in terms of m, the degree
of F' over Q, and its absolute discriminant.

Let F' be a number field, A its ring of integers and K,,(A) the m-th Quillen
K-group of A. It was shown by Quillen that K,,(A) is finitely generated. In
this paper we shall give a (huge) explicit bound for the order of the torsion
subgroup of K,,(A) (up to small primes), in terms of m, the degree of F over
Q, and its absolute discriminant.

Our method is similar to the one developed in [13] for F' = Q. Namely, we
reduce the problem to a bound on the torsion in the homology of the general
linear group GLy(A). Thanks to a result of Gabber, such a bound can be
obtained by estimating the number of cells of given dimension in any complex
of free abelian groups computing the homology of GLy(A). Such a complex is
derived from a contractible CW-complex W on which GL ~(A) with compact
quotient. We shall use the construction of 1% given by Ash in [1] . It consists
of those hermitian metrics A on AN which have minimum equal to one and
are such that their set M (h) of minimal vectors has rank equal to N in F.

To count cells in W/ GLnN(A), one will exhibit an explicit compact subset of

AN @7 R which, for every h € W, contains a translate of M (h) by some matrix
of GLy(A) (Proposition 2). The proof of this result relies on several arguments
from the geometry of numbers using, among other things, the number field
analog of Hermite’s constant [4].
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762 CHRISTOPHE SOULE

The bound on the K-theory of A implies a similar upper bound for the étale
cohomology of Spec (A[1/p]) with coefficients in the positive Tate twists of Z,,
for any (big enough) prime number p.

However, this bound is quite large since it is doubly exponential both in m
and, in general, the discriminant of F'. We expect the correct answer to be
polynomial in the discriminant and exponential in m (see 5.1).

The paper is organized as follows. In Section 1 we prove a few facts on the
geometry of numbers for A, including a result about the image of A* by the
regulator map (Lemma 3), which was shown to us by H. Lenstra. Using these,
we study in Section 2 hermitian lattices over A, and we get a bound on M (h)
when & lies in . The cell structure of W is described in Section 3. The main
Theorems are proved in Section 4. Finally, we discuss these results in Section 5,
where we notice that, because of the Lichtenbaum conjectures, a lower bound
for higher regulators of number fields would probably provide much better
upper bounds for the étale cohomology of Spec (A[1/p]). We conclude with the
example of Kg(Z) and its relation to the Vandiver conjecture.

1 GEOMETRY OF ALGEBRAIC NUMBERS

1.1

Let F be a number field, and A its ring of integers. We denote by r = [F : Q]
the degree of F' over Q and by D = |disc (K/Q)| the absolute value of the
discriminant of F' over Q. Let r; (resp. r2) be the number of real (resp.
complex) places of F. We have r = r1 + 2r3. We let ¥ = Hom (F, C) be the
set of complex embeddings of F'. These notations will be used throughout.
Given a finite set X we let # (X) denote its cardinal.

1.2

We first need a few facts from the geometry of numbers applied to A and A*.
The first one is the following classical result of Minkowski:

LEMMA 1. Let L be a rank one torsion-free A-module. There exists a non zero
element © € L such that the submodule spanned by x in L has index

# (L/Ax) < Cy,

where |
C, = L S4"2 g2 \/5
7«7
in general, and C1 =1 when A is principal.
ProOOF. The A-module L is isomorphic to an ideal I in A. According to [7], V
84, p. 119, Minkowski’s first theorem implies that there exists z € I the norm

of which satisfies
IN(z)] < CiN(I).
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A BOUND FOR THE TORSION ... 763

Here |N(z)| = # (A/Az) and N(I) = # (A/I), therefore # (I/Ax) < Cy. The
case where A is principal is clear. q.e.d.
1.3

The family of complex embeddings o : F' — C, ¢ € X, gives rise to a canonical
isomorphism of real vector spaces of dimension r

FeqR=(C*",

where (-)T denotes the subspace invariant under complex conjugation. Given
a € F we shall write sometimes |a|, instead of |o(a)].

LEMMA 2. Given any element x = (z,) € F ®q R, there exists a € A such

that
Z |zs —o(a)| < Cq,

gEX
with g
Co=—T"\/D

rr=2pl

in general, and

C,=1/2 if F=Q.

PRrOOF. Define a norm on F' ®q R by the formula
| = |zo!.
cEX

The additive group A is a lattice in F ®q R, and we let pg,...,pu, be its
successive minima. In particular, there exist aq, ..., a, € A such that ||a;|| = u;,
1<i<r,and {ai,...,a,} are linearly independent over Z. Any = € F ®q R
can be written

x:Z)\iai, Xi € R.
i=1
Let n; € Z be such that |n; — \;| <1/2, for all i =1,...,r, and
a:Zniai.
i=1

Clearly

. (1)

- 1
|z —all SZIAi—mlllaiII < §(u1+~~+ur) <5
i=1
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764 CHRISTOPHE SOULE

On the other hand, we know from the product formula that, given any a €
A__{O}a

[Tle@)>1. (2)
oex

By the inequality between arithmetic and geometric means this implies

lall =" lo(a)] = 7,

cED

hence
i > forall i=1,...,r. (3)
Minkowski’s second theorem tells us that
1. <20W2T2 /D (4)

([7], Lemma 2, p. 115), where W is the euclidean volume of the unit ball for
| -]l in F ®q R. (Note that the covolume of A is v/D.) The volume W is the
euclidean volume of those elements (z;,2;) € R™ x C™ such that

T1

T2
Sl 42> |zl <1,

i=1 j=1

One finds ([7], Lemma 3, p. 117)

W =2"47"2(2m)"2 /rl. (5)

From (3) and (4) we get
pr <20W VD22 07 (6)
The lemma follows from (1), (5) and (6). q.e.d.

1.4

We also need a multiplicative analog of Lemma 2. Let R(F') be the regulator
of F, as defined in [7] V, § 1, p. 109. Let s =r1 + 79 — 1.

LEMMA 3. Let (A\y), 0 € ¥ be a family of positive real numbers such that
A& = Ao when @ is the complex conjugate of o. There exists a unit u € A*

such that
1/r
Sup (Ao |uls) < Cs (H )\0> :

oEX sen
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A BOUND FOR THE TORSION ... 765

with
C3 = exp (s(47 (log37)%)*~ 1 2721 R(F)).

Proor. We follow an argument of H. Lenstra. Let H C R™%"2 be the s-
dimensional hyperplane consisting of vectors (x1, ..., &y, +r,) such that 1 +z2+
<+ 4 Zp 4r, = 0. Choose a subset {01,...,0p,+r,} C 3 such that oq,...,0,
are the real embeddings of ¥ and o; # 7 if ¢ # j. Given A = (A\;)sex as in
the lemma, we let

p(A) = (log(Aoy), - - - ,log()\m1 ), 2 log()\grﬁl), ) log()\grﬁr2 ).
If u € A* is a unit, and A = (Ju|s), we have p(A\) € H. We get this way a lattice

L={p(ul,), ue A"}

in H.
Define a norm || - || on H by the formula
l(@:)]| = Sup ( Sup [z;|,  Sup [z4]/2).
1<i<r; r14+1<i<ri+rg

It is enough to show that, for any vector x € H there exists a € L such that
[ — al| < log(Cs).
According to [14], Cor. 2, p. 84, we have (when r > 2)
lall > &

where
&= T_l(log(?) 7“))_3 ,

for any a € L — {0}. Therefore, using Minkowski’s second theorem as in the
proof of Lemma 2 we get that, for any x € H there exists a € L with

|z —al <s2°te'™* Wol (H/L),

where W is the euclidean volume of the unit ball for || - ||, where we identify H
with R* by projecting on the first s coordinates. Clearly W < 257271 when,
by definition (loc.cit.), vol (H/L) is equal to R(F'). The lemma follows.

1.5

We now give an upper bound for the constant C3 of Lemma 3.
LEMMA 4. The following inequality holds

R <1172vVDlog(D)" .
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766 CHRISTOPHE SOULE

PROOF. Let k be the residue at s = 1 of the zeta function of F. According to
[11], Cor. 3, p. 333, we have

Kk < 27“—}-1 Da al—r

1

whenever 0 < a < 1. Taking a = log(D)~* we get
k< e2 tlog(D) 1. (7)
On the other hand
h(F) R(F)

K =27 (2m)"2 (8)

w(F) VD’

where h(F) is the class number of F' and w(F') the number of roots of unity in
F ([7], Prop. 13, p. 300). Since h(F) > 1 we get

R(F) < w(F) 2~ (n+72) 7772 0 97+ /Dlog(D) 1.

Since the degree over Q of Q(3/1) is (n), where ¢ is the Euler function, we
must have

p(w(F)) <r.

When n = p’ is an odd prime power we have
p(p") = (p-1)p'"" =%

Therefore
w(F) <272,

2= (ntr2) =2 gr — <2> <1

and 4e < 11, the lemma follows.

Since

2 HERMITIAN LATTICES

2.1

An hermitian lattice M = (M, h) is a torsion free A-module M of finite rank,
equipped with an hermitian scalar product h on M ®z C which is invariant
under complex conjugation. In other words, if we let M, = M ®4 C be the
complex vector space obtained from M by extension of scalars via o € 3, h is
given by a collection of hermitian scalar products h, on M,, o € X, such that
hz(x,y) = hy(z,y) whenever x and y are in M.
We shall also write

he(x) = hy(x,x)

DOCUMENTA MATHEMATICA - EXTRA VOLUME KaTO (2003) 761-788



A BOUND FOR THE TORSION ... 767

and
[zlle = Vho(z).

LEMMA 5. Let M be an hermitian lattice of rank N. Assume that M contains

N wectors eq,...,en which are F-linearly independent in M ® o4 F' and such
that

el <1
foralli=1,...,N. Then there exist a direct sum decomposition

M=I1&---® Ly
where each L; has rank one and contains a vector f; such that
# (Li/Afi) < Cy

and ”
Ifill < (i—1)Cy Cy+CL7 Cy.

Here C1,C5,Cs are the constants defined in Lemmas 1, 2, 3 respectively.

PRrROOF. We proceed by induction on N. When N = 1, Lemma 1 tells us that
L1 = M contains x; such that

#(Ll/Al‘l) S 01 .
Let us write
Ir1 = oey

with a € F*. Using Lemma 3, we can choose u € A* such that

1/r
Sup |ual, < Cs <H a|g> =C3N(a)/" < Cy CII/T.
ocex

o

The lemma follows with f; = ux;.
Assume now that N > 2, and let Ly = M N Fe; in M ®4 F. As above, we
choose f1 = ai1 €1 in Ll with [Ll : Afl] S Cl and

Sup |a11]s < Cs C’ll/r.

oEX

The quotient M’ = L/L; is torsion free of rank N — 1. We equip M’ with
the quotient metric induced by h, we let p : M — M’ be the projection, and
e, =ple;),i=2,...,N. Clearly

lefll <1

foralli=2,...,N.

DOCUMENTA MATHEMATICA - EXTRA VOLUME KAToO (2003) 761788



768 CHRISTOPHE SOULE

We assume by induction that M’ can be written
M=Ly® - &Ly
and that L} contains a vector f/ such that
ni = #(L;/Af])) < Cy

with

fl="3" ayé, (9)

2<<i
ai; € F, and, for all 0 € X,
|a¢j|0§Cng 1f2§]<Z§N7

and
laile < CL/"C5, 2<i<N.

Let s : M’ — M be any section of the projection p. From (9) it follows that
there exists p; € F' such that

S(fi/) - Z Qijj €5 = Hieé1.

2<<i

Applying Lemma 2, we can choose b; € A such that

Define ¢t : M’ — M by the formulae
t(x) = s(x) — a(z) b; eq

whenever x € L, hence
n;x = a(x) lea
for some a(z) € A, 2 <i < N. If we take f; = t(f]), we get
fi=s(f)) —nibier= >  aje;+ (ni—nib;)es
2<j<i

and, for all o € X,
i —nibile <myCy < CqpCy.

We define a;1 = p; — n; b; and L; = t(L}). Then

M=Li®---dLy
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satisfies our induction hypothesis:

#(Li/Afi) < Cy
fi= Z Qij €5,
1<5<i
la;jlo < C1Co when j < 1,

and
|aii|0§011/TC’3, forallceX, i=1,...,N.

Since
lles|l <1 foralli=1,...,N,

this implies
Ifill < (6= 1) C1Ca+Cy" Cs.
q.e.d.

2.2

LEMMA 6. Let I C A be a nontrivial ideal. There exists a set of representatives
R C A of A modulo I such that, for any x in R,

> lele < ¢ (S5 ) ),

ocex
where N(I) = # (A/I) and Cy is the constant in Lemma 2.

PROOF. According to the proof of Lemma 2, the Z-module A contains a basis
of r elements eq, ..., e, such that

2
Zleilaéuré;@.
o

Therefore, by Lemma 5 applied to the field Q, in which case C; = C3 =1 and
Cy = 1/2, there exists a basis (f;) of A over Z such that,

2 i — 1
>ifle<2c (5 41).

ceX

Since the integer n = N(I) belongs to I, the map A/I — A/n A is injective
and we can choose R among those

T
r=> wfi
i=1
such that x; € Z and |z;| < n/2. In that case, if x € R, we have

S lelo < 5 S IAle S0 2

oED 0,1

q.e.d.
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2.3

LEMMA 7. Let M be an hermitian lattice and assume that M = L ® Lo is
the direct sum of two lattices of rank one. Let f; € L; be a non zero vector,
and n; = #(L;/A f;), i = 1,2. Then there exists a vector e; € M, and an
isomorphism

Yv:Aeg®@ L —- M

such that L contains a vector es with
# (L/Aeg) S ning,

r+3
Jeal < naCallAll + (1+ €3 2t ) 1

and
r+3

4

[(e2) || < na [l fill + Co

ny [l 2]l -

PrOOF. The algebraic content of this lemma is [9], Lemma 1.7, p. 12. To
control the norms in this proof we first define an isomorphism
u;: Ly = I
where I; is an ideal of A. If © € L;, u;(z) € A is the unique element such that
n; x = u;(x) fi 1=1,2.

In particular n; = w;(f;).

Next, we choose an ideal J; in the class of I; which is prime to Is. According
to [9], proof of Lemma 1.8, we can choose

)

7117
Qo

Ji =

where ag is any element of I; — {0} and z(y belongs to a set of representatives
of A modulo I J, where Iy J = ag A.
According to Lemma 6 we can assume that

S Jaols < Cs (’"f’) N(LJ) = C (’"f’) N(ao).

oED

The composite isomorphism
(N L1 — Jl — Il

maps f1 to nq x9/ag. We choose ag = n1, hence v1(f1) = zo and

r+3\ .
Z|"I"O|U§C2< 4 >TL1.

geED
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The direct sum of the inverses of v; and us is an isomorphism
@5J1@[2;>L1@L2:M.

Since J; and I are prime to each other we have an exact sequence (as in [9]
loc.cit.)

0—J1lh— -2 A4A-—0

where p is the sum in A. Let
s:A— 1@l
be any section of p and let a € J; be such that
s(1) =(a,1 —a).

Let o« = Ang xg with A € F. Applying Lemma 2, we choose a € A such that

> IA—al, <Cy.

oEX

Since no g lies in J; Is the element
B=a—anyzyg=(\—a)nsxg
lies in Ji, and 1 — 3 lies in 5. Since
B=vi((A—a)nz f1)
and
1= p=u (o~ A= @) o)

we get

A

oG -8 < 0= fill+ | (o - - @) £

r+3\
mCallnl+ (142 (S5 ) nt) Il

We let e; = (8,1 — 8). On the other hand we define

IN

L=J1I(~ L Ly)
and map L to M by the composite map

LY heh -5 M
where i(x) = (z, —z). We choose

es =noxo € L
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so that w0 (e2) = (nav1(f1), zo u2(f2)) has norm

. r+3\ ,
ool < na il + Ca (2 ) w152l

Furthermore we have isomorphisms

LoA® non 2 M

and
# (L/Aeg) = # (Jl IQ/A@Q) < # (Jl/AZL'o) X # (IQ/ATLQ) =ning.
q.e.d.
2.4
PROPOSITION 1. Let M be a rank N hermitian free A-module such that its
unit ball contains a basis of M @4 F. Then M has a basis (e1,...,en) such
that
llesll < B;

with B = (i —1)Cy+ Cs,i=1,...,N, when A is principal and

r+ 3>log2(N)+2 DN/
4 1

Bi= (14+C1Co)(NCo + Cs) (1 e

in general. Here logy(N) is the logarithm of N in base 2.

PROOF. When A is principal, C; = 1 and Proposition 1 follows from Lemma
5.
In general Lemma 5 tells us that

M=L&---® Ly
and L; contains a vector f; with # (L;/A f;) < C; and
Ifill <Ci((i —1)Co + C3) < C1 (NCa+Cs).

Let £ > 1 be an integer and A > 0 be a real number. We shall prove by
induction N that, if M has a decomposition as above with

#(Li/Afi) <k

and

then M has a basis (eq,...,ey) such that
1 3\' :
Jeall < A (k . 02) (1 ro, ) B2 (10)
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foralli=1,...,N, where t > 1 is such that

N o
§<Z_2t7_1

The case N < 2 follows from Lemma 7. If N > 2, let N’ be the integral part
of N/2. Applying Lemma 7 to every direct sum L; ® Ly_;, N/2 <i < N, we

get
N
MM’@( b Aei>
i=N’'+1
with
3
leill < m<1+02k+c§’”j: k)
<

1 +3
A (k + C'2> (1 + O, T4> o+

N/
and M’ is free, M’ = @ L}, and each L) contains a vector f such that
=0

[Li: Af] <k

and

4
By the induction hypothesis, M’ has a basis (¢;), 1 < i < N’, such that

t
lles]] < (1 + Cs I 3) k1) (1 + Cg> (1 + Oy TZ?’> (k2)(r+1)(1+--~+2‘)

THES! (1 e ”3) s

4 k2
whenever , ,
o <1< i1
If
g1 <S5

this inequality implies

t+1
les]l < A (i 4 02> (1 e 3> B2

Therefore M satisfies the induction hypothesis (10).
Since

2N
i
and t < log,(NN) + 1, Proposition 1 follows by taking k = Cy and
A=C1(N Cy + Cs)

in (10). q.e.d.

1+2++2t:2t+1_1<
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2.5
Let M be a rank N hermitian free A-module. We let
m(h) = Inf {h(z), € M —{0}}
be the minimum value of h on M — {0} and
M(h) = {x € M/h(z) = m(h)}

be the (finite) set of minimal vectors of M. Let wy be the standard volume of
the unit ball in RV.

PROPOSITION 2. Let M = (M, h) be as above. Assume that m(h) =1 and that

M(h) spans the F-vector space M @4 F. Then M has a basis f1,..., fn such
that any x € M(h) is of the form

N
r= yifi
i=1

with

Z |y1|3' S Ti 5

oEY

T, = ,rrN C?Q)TNJrZ ,YN HBJ2 ,
J#i
and
= AT 2N e IN

Proor. From Proposition 1 we know that M has a basis (e1,...,en) with
lle;ll < B;. Let 2 € M(h) be a minimal vector and (z;) its coordinates in the
basis (e;).

Fixi e {l,...,N} and o € ¥. Consider the square matrix
H; = (ho(vk,ve)),

where v, = ey, if k # ¢ and v; = x. Furthermore, let
H, = (hy(ek,ep)) .

Since

|22 = det(H;) det(H,)™*

the Hadamard inequality implies

|22 < ho () H ho(e;) det(H,)™t.
i
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For any unit u € A* we can replace e; by u ™! e;, and z; by y; = uz;. We then
have

D lwils <D ho(@) [ hole)) luly det(Ho) ™. (11)

oces oes j#i
Applying Lemma 3 to A\, = det(H,) /2 we find u such that, for all o € ¥,

ju2 det(H,) ™" < C3 [ det(, (12)
oeD
Since Y ho(z) = 1 and hy(e;) < [le;||* < B}, we deduce from (11) and (12)
that ’

dolwils < i 1183 T det(Ho)* (13)

oceX VE) ocex
According to Icaza [4], Theorem 1, there exists z € L such that
H he(z) <7 H det(H, 1/ N
S oEX

with
= ATt 2N e N

Using Lemma 3 again and the fact that m(h) = 1, we find v € A* such that

1 < h(vz)<rC3 H ho(2)Y/"

oeY
< QT H det(H,)Y/™N .
gEY
From this it follows that
H det(H,) ™t < (rCH™N 4N (14)
geEY

and Proposition 2 follows from (13) and (14).

2.6

To count the number of vectors in M (h) using Proposition 2 we shall apply the
following lemma :

LEMMA 8. The number of elements a in A such that

Y laly<T

oEX
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is at most
B(T) = Sup (772273 1).

Proor. When ry > 0, this follows from [7], V § 1, Theorem 0, p. 102, by
noticing that one can take C3 = 2"3 in loc.cit. When ry = 0, the argument is
similar.

3 REDUCTION THEORY

3.1

Fix an integer N > 2. Let
I = GLy(A)

and
G =GLN(F RXQ R).

On the standard lattice Lo = A" consider the hermitian metric hy defined by

N
hO(xay) = Z ina'%

oeX i=1

for all vectors = (2;,) and y = (Yo ) in Lo®z C = (CN)*. Any g € G defines
an hermitian metric h = g(hy) on Ly by the formula

g(ho) (z,y) = ho(g(x),9(y)) -

Let K be the stabilizer of hy and G and X = K\G. We can view each h € X
as a metric on L.
Following Ash [1], we say that a finite subset M C Lg is well-rounded when

it spans the F-vector space Ly ®4 F. We let W C X be the space of metrics
h such that m(h) = 1 and M (h) is well-rounded. Given a well-rounded set

M C Lo we let C(M) C W be the set of metrics h such that
e hir)=1forallz e M
o h(xz)>1forallx € Ly — (M U{0}).

As explained in [1], proof of (iv), pp. 466-467, C(M) is either empty or topo-
logically a cell, and the family of closed cells C(M) gives a I'-invariant cellular

decomposition of W, such that

cmy= ] cmr)y.

M'D>M
Furthermore W/F is compact, of dimension dim(X) — N.
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3.2

PROPOSITION 3. i) For any integer k > 0, the number of cells of codimension
k in W is at most
a(N) )

C(k’N):<N+k

where
N r/2
a(N) = 2N+ (H T) ,
i=1

and T; is as in Proposition 2.

ii) Given a cell in W, its number of codimension one faces is at most a(N)N+1.

PROOF. Let ® be the set of vectors = (z;) in AV such that, for all i =

1 N
Z |$1|[2, S Ti .
oceX

geeey 5

Given h € W, Proposition 2 says that we can find a basis (f;) of Ly such that
any x in M(h) has its coordinates (z;) bounded as above. If v € T is the
matrix mapping the standard basis of AN to (f;), this means that M(y(h)) =
v~ Y (M (h)) is contained in ®.

Let C(M) be a nonempty closed cell of codimension k in W. For any x € Ly,
the equation h(z) = 1 defines a real affine hyperplane in the set of N x N
hermitian matrices with coefficients in (F ®q C)*. The equations h(z) = 1,
x € M, may not be linearly independent, but, since C(M) has codimension k,
M has at least N + k elements. And since M C M (h) for some h € W, there
exists v € T such that y~!(M) is contained in ®. Therefore, modulo the action
of T, there are at most (Ca]ﬁr(;f)) cells C(M) of codimension k. From Lemma
7 we know that

card(®) < a(N),

therefore i) follows.

To prove ii), consider a cell C(M) and a codimension one face C(M’) of C'(M).

We can write M’ = M U{x} for some vector x and there exists v € I such that

v(M') C ®. Since M is well-rounded, the matrix + is entirely determined by

the set of vectors (M), i.e. there are at most card(®)" matrices v such that

y(M) C ®. Since y(x) € ®, there are at most card(®)V*! vectors z as above.
q.e.d.

3.3
LEMMA 9. Let v € I' — {1} and p be a prime number such that v = 1. Then

p <1+ Sup(r,N).
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PROOF. Since 7 is non trivial we have P(vy) = 0 where P is the cyclotomic
polynomial
P(x) —XP 1o xP2...41.

If F does not contain the p-th roots of one, P is irreducible, and therefore it
divides the characteristic polynomial of the matrix v over F, hence p—1 < N.
Otherwise, F' contains Q(pp), which is of degree p — 1, therefore p — 1 <.

4 THE MAIN RESULTS

4.1

For any integer n > 0 and any finite abelian group A we let card, (A4) be the
largest divisor of the integer #(A) such that no prime p < n divides card,,(A).
Let N > 2 be an integer. We keep the notation of § 3 and we let

N(N +1)

w=dim(X)-N=mnr 5

+ry N2 - N

be the dimension of W. For any k < w we define
h(k‘,N) _ a(N)(NJrl)c({;fkfl,N) ’
where ¢(-, N) and a(N) are defined in Proposition 3.

THEOREM 1. The torsion subgroup of the homology of GLy(A) is bounded as
follows
Card1+sup(r,N)Hk(GLN (A)7 Z)tors < h(k:, N) .

PROOF. We know from [1] that W is contractible and the stabilizer of any h €

W is finite. From Lemma 9 it follows that, modulo Siygup(r,n), the homology
of ' = GLy(A) is the homology of a complex (C.,0), where C} is the free
abelian group generated by a set of I'-representatives of those k-dimensional
cells ¢ in W such that the stabilizer of ¢ does not change its orientation ([2],
VII). According to Proposition 3, the rank of Cj, is at most ¢ (w—k, N) and any

cell of W has at most a(N)N+! faces. Theorem 1 then follows from a general
result of Gabber ([13], Proposition 3 and equation (18)).

4.2
For any integer m > 1 let
k(m)=h(m,2m+1).

Denote by K,,(A) the m-th algebraic K-group of A.
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THEOREM 2. The following inequality holds

Cardsup(r+l72m+2)Km(A)tors < k(m) .

PROOF. As in [13], Theorem 2, we consider the Hurewicz map
H:K,(A) — H,(GL(A),Z),

the kernel of which lies in S,,, n < (m 4 1)/2. Since, according to Maazen and
Van der Kallen,
H,,(GL(A),Z) = H,,(GLy(A),Z)

when N > 2m + 1, Theorem 2 is a consequence of Theorem 1.

4.3

Let p be an odd prime and n > 2 an integer. For any v > 1 denote by Z/p” (n)
the ¢étale sheaf p" on Spec(A[1/p]), and let

H?(Spec(A[1/p)), Zp(n)) = Jim H?(Spec(A[1/p]), Zy- (1)) .
From [12], we know that this group is finite and zero for almost all p.

THEOREM 3. The following inequality holds

H card H?(Spec(A[1/p]), Zp(n)) < k(2n —2).

p>4dn—1
p>r+2

PROOF. According to [12], the cokernel of the Chern class
Cn2t Kon_o(A) — H?(Spec(A[1/p]), Z,(n))

lies in S,4+1 for all p. Furthermore, Borel proved that Ka,,_2(A) is finite.
Therefore Theorem 3 follows from Theorem 2.

4.4

By Lemmas 1 to 7 and Propositions 1 to 3, the constant k(m) is explicitly
bounded in terms of m,r and D. We shall now simplify this upper bound.

PROPOSITION 4. i) loglog k(m) < 220 m* log(m) r*" /D log(D)"~*

il) If F has class number one,
loglog k(m) < 210 m* log(m) r*" v/D log(D)" !
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iii) If F = Q(v/—D) is imaginary quadratic
loglog k(m) < 1120m* log(m) log(D);
if furthermore F has class number one
loglog k(m) < 510 m* log(m) log(D) .
iv) When F = Q and m > 9
loglog k(m) < 8m*log(m);

furthermore
loglog k(7) < 40545

and

loglog k(8) < 70130.

PRrROOF. By definition
k(m) = h(m,2m + 1) = a(N)N+De(w=—m-1,N)

with N =2m + 1 and
c({E—m—l,N):( Z(N) >

N+w—m-—-1
Since
N(N +1
N+w—-—m—-1 = 7"1%4’7”2]\[2*7)’1*1

< 2rm?>+3rm+r—2m—1
and since a(2m + 1) is very big, we get

loglogk(m) < (2rm?*+3rm+7r—2m—1)loga(2m +1)
+ log(2m +2) +logloga(2m + 1)
< r2m?+3m+1)loga(2m +1). (15)

From Proposition 3 and Proposition 2 we get
N r/2
a(N) = 2V (H T) : (16)
i=1
and
N
HTz _ (T,TN ’)/N CngJrQ)NHBILNfl ) (17)
i=1 i=1
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According to Proposition 1

N r+3 logy (N)+2] ¥ 2(r+1)NH
e (1+0102)(N02+03)(1+02 . > LCFUTONEY (18)
=1
where

N

Z; +1Og )

Assume s # 0. Then the upper bound C5 we get from Lemmas 3 and 4 for Cs
is much bigger than Cy. Therefore

log(N C3 4+ C5) < log(N) + log(C%) . (19)
We deduce from (15), (16), (17), (18), (19) that
loglog k(m) < X1 + X
with
X;=r(2m2+3m+1) g (N(©2r N +2) + N(N — 1)) log(C)
and

Xy, = r(2m?+3m+1) <N(r + 3)log(2)

;N(N log(y) + (N —1) {log(l + C1 Cs) +log(N)

b (logy(N )—|—2)log(1+02 ”3)

+ 20+ 1)(1 + log(N)) 1og(Cl)]>) . (20)

Since s <r — 1, Lemma 3 and Lemma 4 imply
log(C3) < 11r2(r — 1)(47r(log 37)%)"~22"~1 /D log(D)" !,
from which it follows that
X, < 208 log(m)m*r*" VD log(D)"!

when m > 2 and r > 2.
To evaluate X first notice that

1w N <14 NJ4
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by [10], II, (1.5), Remark, hence

2
< rlog(N) +log(D) (21)

N N
log(y) < rilog (1 + 4> + 272 log (1 + ) +log(D)

since N > 5.
By the Stirling formula and Lemma 1, if r > 2,

4 1
log(C1) = log(r!) —rlog(r) + relog (71-) + 3 log(D)

1 1
< 14 3 log(r) + 3 log(D), (22)

r+3

log (1 +C2—, ) < Sup <10g(02) + log (7&3) + l,log(2)> ;

where

r+3
log(C>) + 10g(T>

IN

rlog(4) — (r — 2)log(r) — log(r!)

A
o
=~
+
N |
5}
JER
)

so that

r+3
4

1
log (1 + (s ) <34+ 3 log(D). (23)

We also have
log(1+ Cy C3) < Sup(1 + log(Ch) + log(Cs),log(2))
and

log(Cy) + log(Cs) —rlog(r) +r — (r — 2)log(r) + rlog(4) + log(D)

<
< 34 +log(D),
so that
log(1+ Cy Cy) < 4.4 +1og(D). (24)
From (20), (21), (22), (23), (24) we get

X2 S alog(D) + b
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with

a = T(2m2+3m+1)(2m—|—1)< (Cm+1)+2m+mlog,(2m+1)+m

N3

+ 2m(r+1)(1+log(2m + 1)))) < 7573 m* log(m)

if r>2and m>2.
Finally

b = r(2m2—|—3m+1)(2m+1)((r+3)10g(2)+;(2m+1)r(10g(7")+10g(2m+1))

r

2

+ 2(r+1)(1+log(2m+ 1)) <1 + ;log(r)) >)§ 148 m* log(m)

+ (2m) (4.4+10g(2m+ 1)+ 3.4(logy(2m + 1) + 2)

when r > 2 and m > 2.
Therefore

loglogk(m) < 208log(m)m*r*" vV Dlog(D) ~ + 751° m*log(m) log(D)
+ 1487 m*log(m) < 220m* log(m) r*" v Dlog(D)"~*
when m, r and D are at least 2. This proves i).

If we assume that A is principal, we can take C; = 1 in Lemma 1 and B; =
(i — 1) Cy + C5 in Proposition 1. Since Cy < C5 we get

log <H Bi> < log(N!) + N log(Cs)

and
loglog k(m) < X1 + X3

where

X3 = r(2m*+3m+1) [(r +3)(2m+1)log(2) + §(2m +1)%log(r)

+ g (2m +1)*log(y) + g (2m)log((2m + 1)!)

< 6m*r?log(D) + 2r* m*log(m) .

Therefore
X1 + X3 < 210m*log(m) r*" vV Dlog(D) .

Assume now that r; +ro = 1. Then C3 =1 and the term X; disappears from
the above computation. Assume first that F' = Q(v/—D). Since ro = 1 and
r1 = 0 we get

loglogk(m) < (4m? +3m +1)loga(2m +1).
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Furthermore (18) becomes

N

log, (N)+2 N1t lon (N
>  CON(+og(N))

N
5
[[B:i< |1+ C1Co)(1+NCy) (1+402

i=1

Therefore

loglogk(m) < (4m?+3m+1) [5 N log(2) + 2N?log(2)
+ NZ?log(y) + N(N —1) {log(l + C1 Cy)
5
+ log(1+ N C3) + (logy(N) + 2) log <1+ 4C’2>}

+ 6N(1+4logN) log(Cl)] )

with N =2m + 1. We have now

N 2

01:%\/5 and czzg\/ﬁ

This implies
loglog k(m) < 597 m* log(m)+256 m* log(m) log(D) < 1120m™ log(m) log(D) .
If F = Q(v/—D) is principal we can take C; =1 and B; = (i — 1) Cy + 1. We

get
loglog k(m) < 510 m* log(m) log(D) .

Finally, assume that F' = Q. Then

41 1 N
Bizzz since 0225, and 7§1+Z.
Therefore
loglogk(m) < (2m?+2m+1)loga(2m + 1)
<

N? N
(2m* +2m +1) {4N10g(2) + —log (1 + )

2 4
N .
N -1 1+ 1
—1 ||
+ B Og<i:1 9 >}

< 8m*log(m)

if m > 9. We can also estimate k(7) and k(8) from this inequality above. This
proves iv).
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5 DISCUSSION

5.1

The upper bound in Theorem 2 and Propostition 4 seems much too large.
When m = 0, card Ko(A)tors is the class number A(F'), which is bounded as
follows:

h(F) < a VD log(D) ™, (25)

for some constant «(r) [11], Theorem 4.4, p. 153. Furthermore, when F =
Q, m = 2n — 2 and n is even, the Lichtenbaum conjecture predicts that
card Ko, _2(Z) is the order of the numerator of B, /n, where B,, is the n-th
Bernoulli number. The upper bound

1
B,<n =x~n"

suggests, since the denominator of B, /n is not very big, that card K,,(Z)tors
should be exponential in m. We are thus led to the following:

CONJECTURE. Fix r > 1. There exists positive constants o, 5, v such that,
for any number field F of degree v on Q,
card K, (A)tors < aexp(Bm?log D).

Furthermore, we expect that v does not depend on 7.

5.2

As suggested by A. Chambert-Loir, it is interesting to consider the analog in
positive characteristic of the conjecture above. Let X be a smooth connected
projective curve of genus g over the finite field with g elements, (x(s) its zeta

function and
29

P(t) =[]0 - ait),
i=1
where «; are the roots of Frobenius acting on the fist {-adic cohomology group
of X. When n > 1, it is expected that the finite group Ks,_2(X) has order
the numerator of (x (1 —n), i.e. P(¢"~"). Since |a;| = ¢"/? for all i = 1---2g,
we get
P(q"1) < (1 +q"712)% < .

In the analogy between number fields and function fields, the genus g is known
to be an analog of log(D). Therefore the bound above is indeed analogous to
the conjecture in §5.1.
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5.3

The upper bound for k(m) in Proposition 4 i) is twice exponential in D. One
exponential is due to our use of Lemma 3, where Cj is exponential in D. Maybe
this can be improved in general, and not only when s = 0.

The exponential in D occuring in Proposition 4 ii) might be due to our use
of the geometry of numbers. Indeed, if one evaluates the class number h(F)
by applying naively Minkowski’s theorem (Lemma 1), the bound one gets is
exponential in D; see however [8], Theorem 6.5., for a better proof.

5.4

One method to prove (25) consists in combining the class number formula
(see (7) and (8)) with a lower bound for the regulator R(F'). This suggests
replacing the arguments of this paper by analytic number theory, to get good
upper bounds for étale cohomology.

More precisely, let n > 2 be an integer, and let (z(1 — n)* be the leading
coefficient of the Taylor series of (r(s) at s = 1 — n. Lichtenbaum conjectured
that

[ [ card H?(Spec(A[1/p]), Zp(n))

CF(]. - n)* = :|:2T1 Rgnfl(F 5 (26)

) P
H card H' (Spec(A[1/p]), Zp(1))tors

p

where Roy,_1(F') is the higher regulator for the group Ks,_1(F). The equality
(26) is known up a power of 2 when F' is abelian over Q [5], [6], [3].

The order of the denominator on the right-hand side of (26) is easy to evaluate,
as well as (p(1 — n)* (since it is related by the functional equation to (r(n)).

PROBLEM. Can one find a lower bound for Ro,_1(F)?

If such a problem could be solved, the equality (26) is likely to produce a much
better upper bound for étale cohomology than Theorem 3. Zagier’s conjecture
suggests that this problem could be solved if one knew that the values of the
n-logarithm on F' are Q-linearly independent.

5.5

To illustrate our discussion, let F' = Q and n = 5. Then we have
H?(Spec(Z[1/p]). Z,(5)) /p = O~

where C' is the class group of Q({/1) modulo p, and C® is the eigenspace of C'
of the i-th power of the Teichmiiller character. Vandiver’s conjecture predicts
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that C®»=5 = 0 when p is odd. Tt is true when p < 4.10°. Theorem 3 and
Proposition 4 tell us that

HHQ(Spec(Z[l/p], Z,(5)) < k(8) < expexp (70130).

If one could find either a better upper bound for the order of Ks(Z) or a good
lower bound for Rg(Q), this would get us closer to the expected vanishing of
C(r—=5),

Notice that, using knowledge on K4(Z), Kurihara has proved that C®?=3) = 0.
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