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80. INTRODUCTION.

Let f : X — S be a morphism between schemes X and S. We refer to an
S-morphism o : S — X from an S-scheme S’ to X as a quasi-section of f, if
the structure morphism 7 : S’ — S is surjective. Moreover, for each property
P of morphisms of schemes, we say that o is a P quasi-section, if 7 is P. In this
terminology, Rumely’s theorem, which generalized Skolem’s classical problems
and was augmented by the work of Moret-Bailly, can be stated as follows:

THEOREM ([Rul], [Mo2]). Let S be a non-empty, affine, open subscheme of
either the spectrum of the integer ring of an algebraic number field K or a
proper, smooth, geometrically connected curve over a finite field with function
field K. Let X be a scheme and f : X — S a morphism of schemes, such
that X is irreducible, that Xx f x x g Spec(K) is geometrically irreducible
over K, and that f is of finite type and surjective. Then, f admits a finite
quasi-section.

On the other hand, the following is a well-known fact in algebraic geometry:
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THEOREM ([EGA4], Corollaire (17.16.3)(ii)). Let f : X — S be a morphism of
schemes (with S arbitrary) which is smooth and surjective. Then, [ admits an
étale quasi-section.

In the present paper, we prove, among other things, the following theorem
in positive characteristic, which is a sort of mixture of the above two theorems:

THEOREM (0.1). (See (3.1).) Let S be a non-empty, affine, open subscheme of
a proper, smooth, geometrically connected curve over a finite field with function
field K. Let X be a scheme and f: X — S a morphism of schemes, such that
Xy is geometrically irreducible over K, and that f is smooth and surjective.
Then, [ admits a finite étale quasi-section.

Here, we would like to note that the validity of this theorem is typical of positive
characteristic. For example, it is easy to observe that P} —{0,1, 00} — Spec(Z)
does not admit a finite étale quasi-section.

In the work of Rumely and Moret-Bailly, they also proved certain refined
versions of the above theorem, which involve local conditions at a finite number
of primes. To state these refined versions, let S and K be as in the theorem of
Rumely and Moret-Bailly. Thus, K is either an algebraic number field or an
algebraic function field of one variable over a finite field. We denote by X the
set of primes of K, and we denote by ¥g the set of closed points of S, which
may be regarded as a subset of Y. Moreover, let ¥ be a (an automatically
finite) subset of ¥ x — Xg, which is not the whole of ¥ — Xg. (This last
assumption is referred to as incompleteness hypothesis.) For each v € X, let
K, denote the v-adic completion of K, and assume that a normal algebraic
extension L, /K, (possibly of infinite degree) is given. Let X and f: X — S
be as in the theorem of Rumely and Moret-Bailly, and assume that, for each
v € ¥, a non-empty, v-adically open, Gal(K35°P /K, )-stable subset €2, of X (L,)
is given.

THEOREM ([Rul], [Mo3]). Notations and assumptions being as above, assume,
moreover, either L, = K, ([Rul]) or L, is Galois over K, ([Mo3]). Then,
there exists a finite quasi-section 8" — X of f : X — S, such that, for each
vex, Sy def g X s Spec(Ly) is a direct sum of (a finite number of) copies of
Spec(Ly,), and the image of S in X (L,) = X1, (L) is contained in §,,.

Remark (0.2). In fact, Moret-Bailly’s version implies Rumely’s version. See
[Mo3], Remarque 1.6 for this. Indeed, Moret-Bailly’s version implies more,
namely, that it suffices to assume that L, is a normal algebraic extension of
K, such that L, N K3 is (v-adically) dense in L,. (See the proof of [Mo3],
Lemme 1.6.1, case (b).)

Remark (0.3). Here is a brief summary of the history (in the modern termi-
nology) of Skolem’s problems and its generalizations. Skolem [S] proved the
existence of finite quasi-sections for rational varieties. Cantor and Roquette
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[CR] proved it for unirational varieties. (A similar result was slightly later ob-
tained in [EG].) Then, Rumely [Rul] gave the first proof for arbitrary varieties
(in the case of rings of algebraic integers). (See also [Ro].) Moret-Bailly (and
Szpiro) [Mo2,3] gave an alternative proof of Rumely’s result in stronger forms.
(Another alternative proof was later given in [GPR].) Moret-Bailly also proved
the existence of finite quasi-sections for algebraic stacks ([Mo5]).

We also prove the following refined version in the unramified setting. Unfor-
tunately, in the unramified setting, our version for the present is weaker than
Moret-Bailly’s version (though it is stronger than Rumely’s version). To state
this, let S and K be as in (0.1). Thus, K is an algebraic function field of
one variable over a finite field. We denote by X the set of primes of K, and
we denote by Xg the set of closed points of S. Moreover, let 3 be a subset of
Yk —Xg, which is not the whole of ¥ i — Y. For each v € X, let K,, denote the
v-adic completion of K, and assume that a normal algebraic extension L, /K,
is given. Let f : X — S be as in (0.1), and assume that, for each v € X, a
non-empty, v-adically open, Gal( K3 /K, )-stable subset €, of X(L,) is given.

THEOREM (0.4). (See (3.1).) Notations and assumptions being as above, as-
sume, moreover, that, for each v € ¥, L, N K3 is dense in L,, and that the
residue field of L, is infinite. Then, there exists a finite étale quasi-section
S"— X of f: X — S, such that, for each v € X, S} is a direct sum of copies
of Spec(Ly), and the image of S in X(L,) = X1, (L) is contained in €2,,.

Roughly speaking, the proof of (0.4) goes as follows. Via some reduction
steps, we may assume that X is quasi-projective over S. Then, by means of a
version of arithmetic Bertini theorem, we take hyperplane sections successively
to obtain a suitable quasi-section finally. More precisely, we use the following
unramified version of arithmetic Bertini theorem, which is another main result
of the present paper:

THEOREM (0.5). (See (3.2).) Let S, ¥, L, be as in (0.4). Moreover, let
Yi,..., Y, be irreducible, reduced, closed subschemes of P%. For each v € X,
let Q,, be a non-empty, v-adically open, Gal(K5P /K,)-stable subset of P%(L,).
Then, there exist a connected, finite, étale covering S’ — S such that, for each
v € X, Sy s a direct sum of copies of Spec(Ly,), and a hyperplane H C P,
such that the following hold: (a) for each i = 1,...,r, each geometric point s
of S and each irreducible component P of Y; 5, we have PN Hz C P; (b) for
each i = 1,...,r, the scheme-theoretic intersection (Y™)s N H (in P, ) is
smooth over S’ (Here, Y™ denotes the set of points of Y; at which Y; — S is
smooth. This is an open subset of Y;, and we regard it as an open subscheme of
Y;.); (¢) for eachi=1,...,r and each irreducible component P of V% (where
we identify the algebraic closure of the function field of S" with that of S) with
dim(P) > 2, PN Hy is irreducible; and (d) for each v € ¥, the image of S
in P™(L,) by the base change to L, of the classifying morphism [H] : S’ — Pg
over S is contained in €.
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There remain, however, the following non-trivial problems. Firstly, a
Bertini-type theorem is, after all, to find a (quasi-)section in an open subset of
the (dual) projective space, which requires a Rumely-type theorem. Secondly,
in the (most essential) case where X is of relative dimension 1 over S, the
boundary of X (i.e., the closure of X minus X in the projective space) may
admit vertical irreducible components (of dimension 1). Since a hyperplane
intersects non-trivially with every positive-dimensional irreducible component,
the hyperplane section does not yield a finite quasi-section of X (but merely
of the closure of X).

To overcome the first problem, we have to prove a Rumely-type theorem for
projective n-spaces directly. It is not difficult to reduce this problem to the
case n = 1. First, we shall explain the proof of this last case assuming X = §.
So, we have to construct a finite, étale quasi-section in an open subscheme

X of PL. Moreover, for simplicity, we assume that X is a complement of

the zero locus W of w(T) € R[T] in A} = Spec(R[T]), where R Lef (S, Os).

(Since X is assumed to be surjectively mapped onto S, w(7T') is primitive.) The
original theorem of Rumely and Moret-Bailly, together with some arguments
from Moret-Bailly’s proof, implies that there exists a monic polynomial g(7T') €
R[T] of positive degree, such that the zero locus of g in A is contained in
X. Now, if the zero locus of g is étale over S, we are done. In general,
we shall consider the following polynomial: F(T) = ¢g(T)?™ 4+ w(T)PT for
sufficiently large m > 0. Then, F(T) is a monic polynomial in R[T], and
its zero locus S’ gives a closed subscheme of AL which is finite, flat over S.
Since g(T') (resp. w(T)) is a unit (resp. zero) on W, F(T) is a unit on W,
or, equivalently, S’ is contained in X. Moreover, since F'(T) = w(T)P, the
zero locus of F’ coincides with W, hence is disjoint from the zero locus S’ of F.
This means that S’ is étale over S, as desired. (This argument is inspired by an
argument of Gabber in [G].) Next, assume 3 # (). Then, to find a finite, étale
quasi-section with prescribed local conditions at 3., we need to investigate local
behaviors of roots of polynomials like the above F'. Since it is easy to reduce
the problem to the case where the above w is v-adically close to 1 (by means
of a coordinate change), we see that it is essential to consider local behaviors
of roots of polynomials in the form of

m
aT + E aipsz
=0

with a; # 0. (In the present paper, we refer to a polynomial in this form as a
superseparable polynomial.) As a result of this investigation, we see that we
can take the above F' so that, for each v € X, every root of F' is contained in
the given ,. Also, in this investigation, the (hopefully temporary) condition
that the residue field of L, is infinite for each v € ¥ arises.

To overcome the second problem, we take a finite, flat quasi-section with lo-
cal conditions by means of Moret-Bailly’s version of Rumely’s theorem. Then,
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by using this (horizontal) divisor, we construct a (new) quasi-projective em-
bedding of X. Now, in this projective space, we can construct a finite, étale
quasi-section of X as a hyperplane section.

Here is one more ingredient of our proof that we have not yet mentioned:

THEOREM (0.6). (See (2.1) and (2.2).) Let S and X be as in (0.4). Assume,
moreover, that, for each v € X, a finite Galois extension L, /K, is given.
Then, there exists a connected, finite, étale, Galois covering S’ — S, such that,
for each v € &, 8" xg Spec(K,) is isomorphic to a disjoint sum of copies of
Spec(Ly,) over K, .

We use this result in some reduction steps. See §3 for more details.

The author’s original motivation to prove results like (0.1) arises from the
study of coverings of curves in positive characteristic. For example, in the
forthcoming paper, we shall prove the following result as an application of
(0.1):

THEOREM (0.7). For each pair of affine, smooth, connected curves X,Y over
Fp, there exists an affine, smooth, connected curve Z over Fp that admits finite,
étale morphisms Z — X and Z —'Y over Fp.

In other words, there exists an E,—scheme H, such that, for every affine,
smooth, connected curve X over Fp, the ‘pro-finite-étale universal covering’ X
of X is isomorphic to H over Fp.

For other applications of the above main results, see §4.

Finally, we shall explain the content of each § briefly. In §1, we investigate
the above-mentioned class of polynomials in positive characteristic, namely,
superseparable polynomials. The aim here is to control how a superseparable
polynomial over a complete discrete valuation field in positive characteristic
decomposes. Here, (1.18) is a final result, on which the arguments in §2 and
83 are based. In §2, we prove the existence of unramified extensions with
prescribed local extensions, such as (0.6) above. The main results are (2.1)
and (2.2). In the former, we treat an arbitrary Dedekind domain in positive
characteristic, while, in the latter, we only treat a curve over a field of positive
characteristic but we can impose (weaker) conditions on all the primes of the
function field. The proofs of both results rely on the results of §1. In §3, we
prove the main results of the present paper, namely, an unramified version of
the theorem of Rumely and Moret-Bailly in positive characteristic (3.1), and an
unramified version of the arithmetic Bertini theorem in positive characteristic
(3.2). In 84, we give several remarks and applications of the main results.
Some of these applications are essentially new features that only arise after our
unramified versions.
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§1. SUPERSEPARABLE POLYNOMIALS.
Throughout this §, we let K denote a field.

DEFINITION. Let f(T) be a polynomial in K[T]. We say that f is supersepa-
rable, if the derivative f/'(T) of f(T) falls in K[T]* = K*.

LEMMA (1.1). For each f(T) € K[T], the following (a)—(c) are equivalent.
(a) f is superseparable.

(b) The K-morphism AL — Al associated to f is étale everywhere.

(c) f is in the form of

a1 T + ao, if char(K) =0,

T) = n ,
H(T) a1 T + E aip TP, if char(K) =p >0,
i=0

where a; € K and a1 # 0.
Proof. Immediate. O

Remark (1.2). f is separable (i.e., (f,f’) = 1) if and only if the associated

. 1 def 41 1 def A1 o« 1
K-morphism from AuppenK = Ay to Alower’K = A isétaleat 0 € Alower’K.

From now on, let p denote a prime number, and we assume that K is of char-
acteristic p and is equipped with a complete discrete valuation v, normalized as
v(K*) =7Z. We denote by R, m, k, and ¢ the valuation ring of v, the maximal
ideal of R, the residue field R/m, and a prime element of R, respectively. We
fix an algebraic closure K of K, and we denote again by v the unique valuation
K — QU {oo} that extends v. Moreover, for each subfield L of K containing
K, we denote by Ry, my, and kj, the integral closure of R in L, the maximal
ideal of Ry, and the residue field Ry, /my, respectively.

Now, consider a superseparable polynomial

(1.3) f(T) = aT + h(T?),

where a € K*, h € K[T], and we put m ef deg(h). (We put m =0if h =0.)
The aim of this § is to describe how f decomposes and what is the Galois group
associated with f.

DEFINITION. (i) We say that a polynomial g in K|[T] is integral, if all the
coefficients of g belong to R
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(ii) Let g be a non-zero polynomial in K[T]. We denote by roots(g) the set of
roots of g in K. This is a finite subset of K.
(ili) Let g be a separable polynomial in K[T]. Then, we denote by K, the

minimal splitting field of g in K, i.e., the subfield of K generated by roots(g)

over K. This is a Galois extension of K, and we put G, Lef Gal(Ky/K).

(iii) Let g be a polynomial in K[T], and a an element of roots(g). Then, we
put

u(g,a) def max{v(a’ — a) | &’ € roots(g) — {a}}.
Here, we put max () ef .
The following is a version of Krasner’s lemma.

LEMMA (1.4). Let f be a monic, integral, superseparable polynomial in K[T)
as in (1.3).
(i) For each o € roots(f), we have u(f,a) < p—ilv(a),
mp
(i) Let e(T) = ZejTj be a polynomial in K[T) (with degree < mp), such that
5=0
v(e;) > Eqv(a) holds for all j =0,...,mp. We put fi L fte. Then, fi is
separable and we have K¢, = Ky.

Proof. (i) Observe the Newton polygon of f(T' 4+ «) (which is also a monic,
integral, superseparable polynomial).

(ii) For each « € roots(f), put go(T) = f1(T + «), which is an integral poly-
nomial in K[T]. Then, we have roots(g,) = {8 — a | B € roots(f1)}. We have
90(0) = f1(a) = €(a) and g,,(0) = fi(@) = a+€(a), hence v(ga(0)) > JEgv(a)
and v(g.,(0)) = v(a). Thus, by observing the Newton polygon of g, we see that
there exists a unique 8 = B, € roots(f1), such that v(8 — «a) > pilv(a). The
map roots(f) — roots(f1), a — B4 is clearly Gal(K*°P/K)-equivariant. More-
over, this map is injective, since, for each pair o, o’ € roots(f) with a # o/,
we have v(a — ') < p%lv(a) by (i). As ti(roots(f)) = mp > f(roots(f1)), this
map must be a bijection. Thus, we obtain a Gal(K*°P /K)-equivariant bijection
roots(f)—>roots(f1), so that f; is separable and K; = Ky,, as desired. [

DEFINITION. Let m and n be natural numbers.

(i) We put I, 2ef {1,...,n}.

(ii) We denote by S,, the symmetric group on the finite set I,,. Moreover,
identifying I,, with Z/nZ naturally, we define

B, Yo €S, |3ac (Z/n2)*, Ib € Z/nZ, Vie Z/nZ, o(i)=ai+ b}

and

Cn o€ S, |TbeZ/nZ, Vie Z/nZ, o(i) =i+ b}
Thus, S, D B, > C,, and B, (resp. C},) can be naturally identified with the
semi-direct product (Z/nZ)* x (Z/nZ) (resp. the cyclic group Z/nZ).
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(ii) We denote by Sy, x» the symmetric group on the finite set I, X I,. (Thus,
Smxn = Smn-) Let pr; denote the first projection I,,, x I, — I,,,. We define

Spsn L {0 € Spxn | F6 € S, V(i §) € L x L, pry(o((i, ) = 7 (i)}.

Thus, S;x» can be naturally identified with the semi-direct product S,, x

(Sn)fm. Here, for a group G' and a positive integer r, G~ denotes the di-

rect product G x --- x G. We adopt this slightly unusual notation to save the
—_——

7 times

notation G” for {¢" | g € G} (for a commutative group G).

The following proposition is a mere exercise in Galois theory over local fields
in positive characteristic, but it is the starting point of our proofs of main results
in later §§.

PROPOSITION (1.5). Let f be a superseparable polynomial as in (1.3) with m >
1. Moreover, we assume that (a) h is separable, and (b) we have §(a,h, ) >
w(h, @) for all a € roots(h), where

§(a, h, @) & min (v(a) —v(h () + %U(a), pﬁ 1 (v(a) — v(h’(a)))) .

Then, by choosing a suitable bijection between roots(f) and L, x Ip:

(1) The Galois group Gy can be identified with a subgroup of Smup (C Smxp)-
(i) Gy N (Sp)'m C (By)'m.

(iii) The group filtration

{1} C Gy N (G € G (S € Gy
corresponds via Galois theory to the field filtration
Ky >M;yD>K,DK,

where My is the subfield of K generated by {(—a/h’(a))ﬁ | @ € roots(h)}
over Kj,.

Proof. (i) First, we shall prove the following;:
Claim (1.6). (i) For each « € roots(h), put

Fy, ©(B € roots(f) | v(8” — a) > 6(a, h, )}

Then, F,, has cardinality p for each « € roots(h).
(ii) For each 8 € roots(f), there exists a unique oo = ag € roots(h), such that
F, > 5.

Proof. (i) Observe the Newton polygon of f(T+a'/?) = h(T?+a)+aT +aal/?
by using d0(a,h,a) > p(h,a). Then, we see that F, has cardinality p, as
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desired (and that the subset {8 € roots(f) | v(8P — «a) = §(a, h,a)} of F, has
cardinality > p — 1).

(ii) First, we shall prove the uniqueness. Suppose that there exist ay,as €
roots(h), a1 # aa, such that v(8P — «;) > d(a, h, «;) holds for i = 1,2. Then,
we have

v(ar —az) = v((B” — az) — (B” — 1)) > min(d(a, h, 1), d(a, h, az)),
while, by assumption, we have
min(d(a, h, a1),d(a, h,az)) > min(u(h, a1), wlh, az)) > v(ag — asz).

This is absurd.
By this uniqueness and (i), we have

8 U Fo= D #(F.) =mp=t(roots(f)),

a€roots(h) a€roots(h)

hence U F, = roots(f). This implies the existence of & = ag for each
a€roots(h)

B € roots(f). O

By (1.6)(ii), we obtain a well-defined map 7 : roots(f) — roots(h), 8 — ag.
By (1.6)(i), 7 is surjective and each fiber of 7 has cardinality p. Since 7 is
Gal(K®°? / K)-equivariant by definition, this implies (1.5)(i). (We may choose
any bijections roots(h) ~ I,,, and F,, ~ I, (o € roots(h)).)

Note that this construction already shows that the field extension of K
corresponding to the subgroup G N (S,)!m = Ker(Gy — S,,) coincides with
K.

(ii) We shall start with the following. From now on, for each z,z’ € FX, we
write x ~ & if 2’ /2 € 1 + my, or, equivalently, v(z' — z) > v(x).

Claim (1.7). (i) Let a, &’ € roots(h) and g € F,. Assume « # . Then, we
have P — o/ ~ a — /. In particular, we have v(8P — ') = v(a — o).

(i) Let a, @’ € roots(h), B € Fy, and ' € F,/. Assume 5 # ’. Then, we have

’ ’U(Oé/ - (X) (S M(hva))a if o 7& 05/,

U((ﬁ )p - ﬂp) = D _ / . o

5 (v(a) — (W' (a))) (= 6(a, h, @), ifa=da

Proof. (i) v((BP—d/)—(a—a')) = v(BP —a) > d(a, h, ) > p(h,a) > v(a—a).
(ii) If « # o/, we have v((8)P — BP) = v(((B')P — ') — (BP — &)) = v(BP — &),
since v((8')P—a’) > v(BP—a’) by the definition of F,/. (Recall that F,NF,, =
holds by (1.6)(ii).) Thus, in this case, v((5")? — 8P) = v(o/ — «) holds by (i).

By using this and (i), observe the Newton polygon of f(T + ) = h(T? +
BP) 4+ aT + af and compare it with the Newton polygon of f(T + «a'/?). Then,
we can read off the value v(8’ — ) fora =o/. O
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For each « € roots(h), the subgroup Gal(K;/K(a)) of G acts on F,. In
order to prove (1.5)(ii), it suffices to prove that the image Gal(K (a)(Fy)/K(c))
of this action is contained in B, (C S,), after choosing a suitable bijection
Fo~1,.

Claim (1.8). Let a € roots(h) and 8 € F,.

(i) We have K (a)(F) = K(a)(8)((—a/h ()" ®=1).

(ii) Let ' € F,, B # . Then, we have (8’ — )=t ~ —a/h'(a)). More
precisely, we have

{(8' = B)mod ~| B € Fu, B # B} = {¢(—a/h (a)) 7T mod ~| ¢ € F}.

Proof. As in the proof of (1.7)(ii), observe the Newton polygon of f(T + ) =
h(TP + BP) + aT + af3. Then, observing the coefficients of 70, T, ... TP,
we see that K(a)(F,) = K(a)(B)((—a/W (BP))Y/®=1). Now, by (1.7)(i),
we obtain h/(BP) ~ h'(«), which implies K(a)(B8)((—a/h'(8P))Y/P=1) =
K(a)(B)((—a/h (a))/®P=1D). These complete the proof of (i), and also show
(ii). O

LEMMA (1.9). Let G be a subgroup of Sp, and, for eachi=1,...,p, we denote
by G; the stabilizer of i in G. Moreover, let ¢ : G — F) be a homomorphism,

such that, for eachi=1,...,p, there exists an identification o; : I, — {i}:ﬂF]f,

such that oigiai_l coincides with the ¢(g;)-multiplication map on F) for each
9i € Gi. Then, we have G C By, via a suitable identification I, ~ Fp,.

Proof. Put N def Ker(¢). Then, N is a normal subgroup of G. By using the

identity ¢(g;)- = Jigiai_l, we see that NNG; = {1} foralli = 1,...,p. Namely,
the action of N on I, is free. Since §(I,) = p is a prime number, this implies
that either N = {1} or N = C,, (via some identification I, ~ F,). In the latter
case, we obtain G C B, since the normalizer of C}, in S, coincides with B,,.
So, assume N = {1}. Then, G = G/N is abelian with £(G) | p — 1.

Let X be any G-orbit of I,,. Suppose that X is not a one-point set. Then,
there exist i,j € X, @ # j. Since G is abelian, this implies G; = G;. On the
other hand, by the identity ¢(g;)- = 0;g:0; ', we see that G;NG; = {1}. Thus,
we must have G,;(= G;) = {1}.

By this consideration, we conclude that I, is isomorphic as a G-set to a
disjoint union of copies of G and copies of G/G. If a copy of G/G appears,
then this means G = G; for some i = 1,...,p, and, by using the unique
extension of o; to I,=F,, we obtain G C F} C B,,.

On the other hand, if no copy of G/G appears, we must have §(G) | p.
As #(G) | p— 1 also holds, we conclude G = {1} C B,. This completes the
proof. O

By (1.8), we may apply (1.9) to G = Gal(K («)(F,)/K(a)) and the Kummer
character ¢ : G — I defined by (—a/k (a))/®P=Y and conclude G C By, as
desired.

(iii) This has been already done in the proofs of (i) and (ii). O
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COROLLARY (1.10). Let m be an integer > 1. Let R = RV pe the
completion of the discrete valuation ring Fp[so,sp, 52p,- -5 S(m—1)p 51](s1)
(where s;’s are algebraically independent indeterminates), i.e., R =
Fp(50,8p, -5 Sm-1)p)[s1]], and K = K"V the field of fractions of R.
C’onsider a superseparable polynomial f(T) as in (1.3), where a = s; and

Zsszl (Smp & 1). Then:

(i) By choosmg a suitable bijection between roots(f) and I, x I, the Galois
group Gy can be identified with an extension group of Sp, by a subgroup B of
(Bp)!'™. Here, B is an estension of a subgroup E of (Bp)'™ /(Cp)lm = (Fy)Im
by (Cp)'m, where E = (F3)™ = {1} if p=2,

Ker((ﬁ‘}f)l2 - (B =12/ AF) /{£1})), m=2,
E =2 Ker((Fx)'m —Fy/(F))?), m =0 (mod 2), m # 2,
(Fy Yim m Z 0 (mod 2),

ifp=1 (mod 4), and

Ker((Fé)I2 - (Fy =12 /AF) /{£1})), m=2,
E =4 Ker( F;)Im —»F;/(F;)QL m =0 (mod 4),
(Fy )0, m Z 0 (mod 4), m # 2,

if p=3 (mod 4). Here, for a commutative group G and a positive integer T,
we define subgroups A(G) and (G*)° of GI* by A(G) = {(g,...,9) € GI
g € G} and (GI")° = Ker(G'* — G, (g91,-..,9) = g1---gr), respectively,
and, in the case where either p = 1 (mod 4), m = 0 (mod 2), m # 2 or
p=3 (mod 4), m =0 (mod 4) holds, the surjective homomorphism (F) )" —
F]f/(]F;)Q is the composite of (Fg)lm —» (IF;/(IF;)Q)I’" and (IF;/(IF?V)IW —»
(F/(FX)3) (B /(B )2) )0 = FX /(FX)2. Moreover, the inertia subgroup
of Gy corresponds to A(F)) x (Fp)'m.

(i) kx, is generated by {(amodmg,)? | «a € roots(h)} U
{(h’(a)/h’(a/))vlfl mod mg, | a,a’ € roots(h)} over k. Moreover, the
algebraic closure F of Fy, in ki, coincides with Fy if p = 2,

F Fp, m=2,
B FZN m#27

if p=1 (mod 4), and

{ F,2, m =2 (mod 4),
Fp,, m#2 (mod4),

if p=3 (mod 4).
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Proof. (i) In order to apply (1.5), we have to check that conditions (a) and
(b) of (1.5) hold. It is easy to see that (a) holds. Next, since K; =
Fp(ai,...,am)((s1)), where roots(h) = {aq,...,an}, we have p(h,a) = 0
for each a € roots(h), while d(a,h,a) = v(sy) = 1. Thus (b) holds, and we
may apply (1.5).

It is easy to see that K} /K is an unramified S,,-extension. Next we have
My = Kp((=s1/h ()Y @=D 0 (=s1 /W () P=D). Since —1/h'(ay) is
a unit of Rk, and s; is a prime element of Rk, , the inertia subgroup of
Gal(My/Ky) corresponds to A(F)S), and the maximal unramified subexten-
sion My /Ky, in My/Ky is Kp((R'(c)/B () P=D | i,5 = 1,...,m) =
Kn((W () /B (a)) /0D i =2, m).

Now, observing the subgroup of K, /(K; )P~! generated by the classes of
—a/hW(a) (a € roots) by using the divisor group of (the spectrum of) the
polynomial ring Fplaa, ..., an]| over F,, we obtain the desired description of
E. (We leave the details to the readers.)

Finally, by (1.6)(i), kk, contains {(c mod mg,)"/? | a € roots(h)}. Since
kr, is a purely transcendental extension of I, generated by a mod mg, and
kar, is separable over kg, , the inseparable degree of the extension kg, /kas, is
at least p™. Thus, the ramification index of the extension Ky/Mjy is at least
p™. Therefore, Ky/My must be totally ramified with degree p™ and the Galois
group Gal(Ky/My) must coincide with the whole of (C},)%.

These complete the proof of (i).

(ii) The above proof shows that kg, = k(o mod mg, | a € roots(h)), and that
ki, contains the field k.~ generated by {(o mod mg, )P | o € roots(h)} U

{(h’(a)/h’(oz’))ﬁlfl mod mg, | a,a’ € roots(h)} over kg, (or, equivalently,
over k, as a = (a'/P)?). Moreover, we can check kx; : kr,] = [k’Kf ki,
which implies kg, = k’Kf, as desired.

Finally, kg, is a purely transcendental extension of F, generated by
{amodmg, | a € roots(h)}. Moreover, observing the subgroup of
(KnFp)* /((KpF,)*)P~! generated by the classes of —a/h’(a) (« € roots(h)) by
using the divisor group of (the spectrum of) the polynomial ring R, [a1, ..., am]
over F,, and comparing the result with the above description of the subgroup
of K;*/(K; )P~ generated by the classes of —a/h’(a) (a € roots(h)), we see
that the algebraic closure of I, in kg, is as described in the assertion. Since
kx,/kur, is purely inseparable, this completes the proof. [

So far, we have only investigated superseparable polynomials over complete
discrete valuation fields. Here, we shall introduce the following global situation
and study superseparable polynomials in a moduli-theoretic fashion. We put

def
AL o = Spec(Fplt1, .. tmp]) = Aﬁp

and

def
AP = Spec(Fyls0, -y Smp—1]) =~ AP
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Moreover, consider the morphism E : A™2 _ — AP defined by

upper lower?
mp mp
[[(T—t) =) s1",
i=1 i=0
where $p,p def Namely, for i = 0,...,mp — 1, s; is (=1)™P~% times the
(mp — i)-th elementary symmetric polynomial in ¢1,...,¢mp. It is well-known

that E is finite flat of degree (mp)!, and that, if we delete the discriminant

mp : 3 m
locus Diower from Aj (. and the union Dypper of weak diagonals from AJH..,

E gives a finite, étale, Galois covering with Galois group Sp,p.
Let A™! he the closed subscheme of AP defined by s; = 0 for all 4 with

lower lower

pfiandi # 1. We define a divisor A" of ATl by s; = 0. Observe
that A} .. coincides with the non-étale locus of E|,m+1, and that we have

lower

A= AL A Dy set-theoretically. We also have A™TL ~ Aﬂ“ and

lower lower lower

m ~ m
lower =~ Af naturally.

Now, we have the following diagram:

E m
mp P _
Aupper Dupper — Alower Dlower
T c.d. O T c.d.
m—+1 m
Um - Alower - Alowcr

. c.i. . .
where [J means a fiber product diagram, —¥ means a closed immersion, and
def

def +1
Um - Agll;)l;)er XA;ZS@ (Aiqc?wer - A{gwer)'

We shall apply this moduli-theoretic situation to the study of supersepa-
rable polynomials over a (an arbitrary) complete discrete valuation field K
of characteristic p > 0. From now, for each finite subset S of K, we put

def
¢s(T) = (T - ).
a€esS
PROPOSITION (1.11). Let m be an integer > 1. Assume that there exists a
finite subset S of K with cardinality m, such that ¢s satisfies

(1.12) Ps(7)/¢s(v) € (KX)P~ for all v,+' € S.

Then, there exists a monic, superseparable polynomial f(T) € KI[T| with
deg(f) = mp, such that f is completely splittable in K.

Proof. We consider the above moduli-theoretic situation E : A™?.  — A™P

upper lower
m ci. sm+1 ci ymp def
and Alower - Alower - Alower'

We have to show that U = U,,, admits a K-
rational point. Recall that E induces a finite, étale (not necessarily connected)

Smp-Galois covering U — Afg‘;,g — A .. However, first we need to investigate
the non-étale loci of F.
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We put AT Lef Spec(Fplur, ..., um]) ~ Aﬁ, and define a morphism D :

upper
m mp
Aupper - Aupper by
(u17"'7um) = (’LL]_,...,Ul,...,um,...,um),
—— —_——
p times p times

which is clearly a closed immersion. It is easy to see that FoD : AT% . — AP

factors through A™ Sk A™P  More explicitly, E o D induces a morphism

lower lower* X
Alpper = Alowers (U1, um) — ((v1)P, ..., (vm)P), where v; is (—=1)™* times
the (m — i)-th elementary symmetric polynomial in wy, ..., Upy.

Now, we obtain the following diagram:

Amp B oqmw

upper lower
Tei O T c.d.

X — X — Al

lower
Teci O Tei O T .

A — Z —  AM

lower

T c.i. 1 c.i.

|- w -  Am

upper*

def
Here, X =

7 X % AL APy 2 4" X xx Z, W denotes an irreducible component of

X Xx Aumpper 3

mapped onto A7}, and W is the normalization of the integral scheme W.
Now, we are in the situation of (1.10). More explicitly, in the notation of

(1.10), K"V is just the field of fractions of the completed local ring of A"+

lower
at the generic point of A7 . kxuniv = Fp(A7,.,), and kK}xniv =TF,(W). More-

over, we see that (Al ) = K™Y ((ap)P, ... (am)'/P). Thus, (1.10)(ii)

implies that F,(W) is generated by {(W/(a)/h (a/))"/®P=V | a,a’ € roots(h)}
over F, (A7 ). Note that u; = a}/p holds for each 7 = 1,...,m. So, if we put

mp . m+l . . .
Al er Xamp Apr.., X denotes the normalization of X in U,

(regarded as a reduced closed subscheme of X ) that is surjectively

m
lower

g def {ui,..., un}, we have ¢&(u;)? = h'(c), hence
(W () /W ()0 ONTE
< (6l (us) /D (u)) ) = @5 (ui)/ ds(u;).

Thus, we see that F,(W) is generated by {(¢%(u;)/dk(u;)/®=Y | i,j =
1,...,m} over F,(A

umpper)'
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Let V be the complement of the union of weak diagonals defined by u; —u; =

0ford,j =1,...,m, i # jin A, ... Since W coincides with the integral

closure of Afp .. in F,, (W), we now see that Wy Xap .V is finite étale

covering generated by {(¢5(u;)/d%(u;)Y®=Y 4,5 =1,...,m} over V.

Now, take a finite set S as in our assumption, and put S = roots(¢g) =
{715+, ¥m}. Then, = (y1,...,vm) gives an element of V(K) C Al . (K).
Moreover, condition (1.12), together with the above description of Wy, implies
that the fiber of Wy — V at x consists of K-rational points. In particular, we
have Wy (K) # . Note that Wy, is smooth over F,, as being étale over Al per-
Or, equivalently, Wy is contained in the smooth locus W™ of W. Now, as
K is large, we conclude that W (K) is Zariski dense in W. (See [Pop] for the
definition and properties of large fields.) Accordingly, W (K) is dense in W, a
fortiori.

On the other hand, since X is normal (and F,, is perfect), the complement
of XM is of codimension > 2 in X. Tt follows from this that W N Xm is
non-empty (and open in W). Moreover, since W is integral (and F,, is perfect),

. . def 5
we have W™ is also non-empty and open, hence so is W/ = W™ N X5™, As

we have already seen, W(K) is dense in W. Accordingly, we have W'(K) # 0,
hence, a fortiori, X*"(K) # 0. As K is large, this implies that there exists a
connected (or, equivalently, irreducible) component Y of X, such that Y (K)

is dense in Y. Now, observe that Y — A"+l is (finite and) surjective. From

this, Yy def Y xx U =Y NU (where the last intersection is taken in )~() is non-
empty (and open in Y). Thus, Y7 (K) is non-empty, hence, a fortiori, U(K) is
non-empty. This completes the proof. [

LEMMA (1.13). Let m be an integer > 1. Assume that (K, m) satisfies:

At least one of the following holds:

KDOF,; p=2;m=c¢ (mod p+1) for some e € {0, +1}.

Then, there exists a finite subset S of K with cardinality m, such that ¢g
satisfies (1.12).

Proof. Let s denote any element of m N (K*)P~! (e.g., s = tP~1).
Firstly, assume that either K D Fp2 or p = 2 holds. In this case, we take

(1.14)

any integers i1, ...,%,; with ;1 < --- < 1,, and put S def {s% | k=1,...,m}.
Then, #(S) = m clearly holds. Now, for v = s € S, we have
k—1 m
¢s(v) = [J(s™ =) T] (s™ ")
j=1 j=k+1
— (_l)k_1Si1+'~'+ik—1+(77l—k)ik H(l _ slik_ijl)'

7k
Note that we have —1,5 € (K*)P~! and 1 +m C (K*)P~1. (For —1, use the
assumption that either K O [F,2 or p = 2 holds.) Thus, (1.12) holds.
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Secondly, assume m = € (mod p + 1) with e € {0,£1}. We may put m =
(p + 1)n + e. Moreover, we take any integers i1, ji,%2, jo, - - -, in, Jn, int1 With
ih < J1 < g < jo < v < ip < jp < inp1. Now, we put Sc = {s% | k €
I U{si + st | k=1,...,n, c€F,}, where

{2,...,n}, €= —1,
I.=«¢ {1,...,n}, e=0,
{1,...,n+1}, e=1.

Then, by using s € (K*)P~!1, 1 +m C (K*)P~!, and the fact Hj = -1,
JEF

we can elementarily check that ¢ () € (K*)P~! (resp. ¢ (v) € —(K*)P~1)

holds for each v € S, if e = 0,1 (resp. € = —1). Thus, (1.12) holds. O

DEFINITION. Let f(T) = alT—i—ZaipTip be a superseparable polynomial (over
i=0

some field of characteristic p).

(i) We say that f is of special type, if amp = a1 =1, ag = 0 holds.

(ii) We put def(f) & sup{r > 0| a; = 0 for all j with mp > j > mp —r} and

call it the defect of f. (Thus, we have 0 < def(f) < mp — 1, unless m = 0.)

COROLLARY (1.15). Let m be a positive integer.

(i) Assume that (K, m) satisfies (1.14). Then, there exists a monic, integral,
superseparable polynomial f(T) € K[T] with f(0) = 0 and deg(f) = mp, such
that f is completely splittable in K.

(ii) Assume that (K, m) satisfies one of the following: K D Fp2 and (p—1,m —
N)=@p@+1,m+1)=1;p=2; m=ec (mod p+1) for some € € {0,+1} and
(p—1,m—1) = 1. Then, there exists a superseparable polynomial f(T) € K[T)
of special type with deg(f) = mp, such that f is completely splittable in K.

Proof. (i) By (1.11) and (1.13), there exists a monic superseparable polynomial

f(T) € K[T] with deg(f) = mp, such that f is completely splittable in K.

Replacing f(T) by f.(T) 2ef ™ f(c™1T) with ¢ € K*, v(e) > 0, we may

assume that f is integral. (Observe that roots(f.) = croots(f).) Finally,
replacing f(T') by f(T + «), where « € roots(f), we may assume f(0) = 0.
(ii) We have K D Fy((t)) with ¢ = p? (resp. ¢ = p), if K D F,2 (resp.
either p = 2 or m = € (mod p 4+ 1) with € € {0,%1}). Thus, it suffices to
prove the assertion in the case K = Fy((¢)). So, from now on, we assume that
K =F, (1)),

By (1.11) and (1.13), there exists a monic, superseparable polynomial
f1(T) € K[T] with deg(f1) = mp, such that f; is completely splittable in
K. Replacing f1(T) by f1(T + «), where a € roots(f;), we may assume

that f1(0) = 0. Moreover, we may put f1(T) = a1(¢t)T + Zaip(t)Tip, where
=0
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aip(t) € K =Fy((t)), a1(t) € K* =F,((¢))*, and amp(t) =1, ap(t) = 0. Next,

we put fo(7T) def ar (t™PHT + Zaip(tmpfl)Ti”. Then, fo(T) is completely
i=1
splittable in F,((t)) D F ((t™P~1)).

Put ai(t) = ct" + -+, where ¢ € F, r € Z, and ---’ means the higher
order terms. Then, we have a;(t"P~1) = ct"(™P=1) 4 ... Here, observe that
(p—1,m—1) = (p+1,m+1) =1 (resp. (p—1,m—1) = 1) is equivalent to saying
(q—1,mp—1) =1, for ¢ = p* (resp. ¢ = p). So, we have F = (Fx)"»~1.
By using this fact (and the fact that 1+m C (K*)™P~1 as pt mp — 1), we see
that a;(t™P~1) € (K*)™P~1, So, write a; (t™P~1) = b(t)™P~L. Now, it is easy
to check that f(T") def b(t)~™P f5(b(t)T') satisfies the desired conditions. This

completes the proof. [J

COROLLARY (1.16). (i) There exists a positive integer my (which depends only
on p), such that, for each positive integer m with my | m, there exists a monic,
integral, superseparable polynomial f in K[T] with f(0) =0 and deg(f) = mp,
such that f is completely splittable in K.

(ii) There exists a positive integer ms (which depends only on p), such that, for
each positive integer m with mo | m, there exists a superseparable polynomial
f in K[T] of special type and with deg(f) = mp, such that f is completely
splittable in K.

Proof. (i) (resp. (ii)) is a direct corollary of (1.15)(i) (resp. (ii)). We can take,
for example, m; =p+1 (resp. ma = (p+1)(p—1)). O

LEMMA (1.17). Let F be a field of characteristic p, and L a Galois extension

of F. Let A be an Fp[Gal(L/F)]-submodule of L with dimg,(A) =1 < oo, and

put ¢ a(T) ef H (T — ). Then:

acA
(i) ¢A(T) is a monic superseparable polynomial in F[T].
(i) Fy, = F(A).
(iii) deg(pa) = p" and def(pa) > p" —p" L.
i) (@)= ][ o
acA—{0}
(v) If, moreover, F = K and A C Ry, then ¢4 is integral.

Proof. (i) By definition, ¢4 is monic and separable. It is well-known that
¢4 is an additive polynomial, hence a superseparable polynomial. Since A is
Gal(L/F)-stable, ¢p4(T) € F[T).

(ii) Clear.

(iii) The first assertion is clear. The second assertion follows from the fact that
¢4 is an additive polynomial.

(iv) Since ¢4 is monic and superseparable, we obtain

WM =¢40)= ] )= ][] o

acA—{0} acA—{0}
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as desired.
(v) Clear. O

The following corollary is a final result of this §, of which (i) (resp. (ii)) will
play a key role in §2 (resp. §3). Note that one of the main differences between
(i) and (ii) consists in the fact that, in (ii), the defect of the superseparable
polynomial is estimated from below.

COROLLARY (1.18). (i) Let L be a finite Galois extension of K. Then, there
exists a positive integer mp i, such that, for each positive integer m with
mp ik | m, there erists a superseparable polynomial f(T) € K[T] of special
type with deg(f) = mp and K; = L.

(ii) We have:

Vn: positive integer,

Imy,: positive integer (depending only on p and n),

Vm: positive integer with mg ,, | m,

Jec = ¢k n,m: positive real number,

VL: (possibly infinite) Galois extension of K,

VA: finite F,[Gal(L/K)]-submodule of Ry, with ANwmy = {0},
Vr: integer > dimg, (A),

Yv: integer,

38: positive integer with § < cmp” ' J4(A) and § = v (mod n),
Va € K* with v(a) =4,

3f(T): monic, integral, superseparable polynomial in KT,

s.t. deg(f) = mp™*t, def(f) > (p—1)p", f(T) =a and K; = K(A) C L.

Proof. (i) Since L/K is finite, we see that there exists a finite F,,[Gal(L/K)]-
submodule Ag # {0} of L, such that L = K(Ag). We put g def #(Ap), which is a
power of p. Then, by (1.17), ¢1 def ¢4, is a monic, superseparable polynomial

in K[T] with deg(¢1) = q, ¢1(0) = 0, and ¢{(T) = a0 = Tlaca,— o}

and L = Ky,. On the other hand, take my as in (1.16)(ii). Now, we put
def

mp k= q(q — 1)ma.

Let m be any positive integer divisible by mp, k, and put n def m/mr .
Then, by (1.16)(ii), there exists a superseparable polynomial f1(T) € K[T] of
special type and with degree n(q — 1)map, such that f; is completely splittable
in K.

For cach b € K*, we put f,(T) % pna=Dmep ¢, (5=1T) (resp. ¢y(T)
bi¢p1(b=1T)), so that f, (resp. ¢) is a monic, superseparable polynomial with
deg(f) = nlq — map (resp. deg(d) = ), fo(0) = O (resp. &(0) = 0), and
F(T) = brla=Dmap=1 (resp. 61(T) = b1~ ap).
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Now, by (1.4)(ii), every polynomial in L[T] with degree ¢ which is sufficiently
close to ¢p(T) (b € K*) is completely splittable in L. By using this, we
see that Fpp def for o ¢y € KIT] satisfies KF,, = L for all b € K* with
v(b') > C(b), where C(b) denotes a constant depending on b. Observe that Fj,
is a monic, superseparable polynomial with deg(Fp ) = n(q—1)map x ¢ = mp,
Fyp(0) =0, and Fy ,,(T) = (/)@ mer=1pa—lg,,

Now, take b = a, ""?" and V' = apd™P~! for any d € K* with v(d) suffi-
ciently large, then f(T) €of D= Fy (DT with D et gnla=1map—1 gatisfies
all the desired properties.

(ii) Let mq be as in (1.16)(i), and choose any common multiple m, > 1 of mq,
p—1, and n.

Let m be any positive integer with m,, | m. Then, by (1.16)(i), there exists a
monic, integral, superseparable polynomial f,(T) € K[T] with deg(f;) = mp,
f1(0) =0, and Ky, = K. Now, put f{(T) =a1 € R and ¢ Lef max(%, 25).-

Let L be any Galois extension of K, A any finite F,[Gal(L/K)]-submodule
of Ry, with Anmy = {0}, and r any integer > rq e dimp, (A). Let v be any
integer. We define u to be the unique integer with 0 < p < n, such that pu =

T—T0o

v(ay) — (r—rp) —v (mod n). We put ¢ d:efv(al)—k,u(mp— 1)+ Z (mp? Tt —1).
j=1

Then, we have

T—T0

0 <w(ay)+ anij
§=0

o (M)

m p—1

<mfc+e(prH —1))
= cmp” 1 /4(A)

and
d=v(a) —p—(r—r9)=v (modn),

as desired.

Let a be any element of K* with v(a) = 6. For j =0,...,7 — 1o, we shall
inductively define a monic, integral, superseparable polynomial f, ;(T") with
deg(fz) = mp ™, f25(0) =0, fo,(T) = T™""" (mod m), and Ky, , = K, as

follows. First, for j = 0, we put go(T) def f1(T) and fa0(T) def tHMP go (tHT).
Next, for j with 0 < j < r—rg, we put g; def fa.j—10¢r,, where ¢p, (T') = TP T,
and fo ;(T') def tmp'j+lgj(t’1T). Finally, for j = r —rg, let u and u’ be elements
of R*, which we shall fix later, and we put g,_,, def f2.r—ro—1 © Gur,, where

bur, (T) = TP —uP~1T, and fo, o (T) < (u/'t)m? Grro (W't)~1T).

r—rog+1
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We can check inductively that fo ;(T") is a monic, integral, superseparable
polynomial with deg(fa,;) = mp'*!, fo;(0) = 0, fo; (T) = T (mod m),
and Ky, | = K. Moreover, since f5, = t"mP=Vay, f} . = (—Ifmpﬁl_l)]"éJ_1

(0<j<r—ro) and f3, ,, = (—uP=1)(u't)™?" " =1 e obtain
Py = Py L (oM 2 me D
, I —To
= up_l(u/)mp'r~7'r'0+1_l(_1)7"—7‘0 <a1/tv(a1))t5.

So, put u’ = (—1)"770(ay /t*(*)) (1 /Ja)w, where w o H a€ R*, and u =

acA—{0}
(u’)_pTlpTJOH, then we have f; ., (T) = aw™'. Now, we put f; o for—ro-
Finally, put f def fa o Pa. Then, f is a monic, integral, su-
perseparable polynomial in K[T| with deg(f) = deg(f2)deg(pa) =
mp () = mpt f = fi¢y = (e w = a, and
K; = K(A) C L. Finally, by the above construction, we see that

f is in the form of (a superseparable polynomial with degree mp) o
(an additive polynomial with degree p”). As m > mg,, > 1 and r > 19 > 0,
this implies def(f) > p"*! — p". This completes the proof. [

Remark (1.19). So far, we have assumed that K is a complete discrete valua-
tion field (of characteristic p). However, this assumption is superfluous. More
specifically, (1.4), (1.5), (1.11), (1.13), (1.15), (1.16), and (1.18) remain valid if
we replace this assumption by the weaker assumption that K is henselian (of
characteristic p), and (1.10) remains valid if we replace the phrase ‘completion’
by ‘henselization’. Indeed, the proof of the henselian case is just similar to the
complete case.

Moreover, among these, (1.11), (1.13), (1.15) (except that we need to delete
the phrase ‘integral’ in (1)), (1.16) (except that we need to delete the phrase
‘integral’ in (i)), and (1.18)(i) remain valid, if we only assume that K is a large
field (of characteristic p) in the sense of [Pop]. (In particular, we do not have
to assume that K is equipped with a discrete valuation.) Indeed, we see that
these statements can be formulated in terms of the existence of K-rational
points of K-varieties. The validity of the complete case implies that these
varieties admit K((¢))-rational points. Now, the large case follows directly
from one of the equivalent definitions of large fields (see [Pop|, Proposition 1.1,
(5)).

§2. UNRAMIFIED EXTENSIONS WITH PRESCRIBED LOCAL EXTENSIONS.

In this §, we use the following new notation. Let C' be a noetherian, normal,
integral, separated F,-scheme of dimension 1. We denote by K the rational
function field of C, and fix an algebraic closure K of K. We denote by K
and G = Gk the separable closure of K in K and the absolute Galois group
Gal(K®*P/K) of K, respectively. Let X be the set of closed points of C. For
each v € ¥¢, we denote by R, the completion of the local ring O¢,,,. This is
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a complete discrete valuation ring. We denote by K,, m, and k, the field of
fractions of R,, the maximal ideal of R, and the residue field R,/m, of R,,
respectively. We fix an algebraic closure K, of K,, and denote by KSP and
G, = Gk, the separable closure of of K, in K, and the absolute Galois group
Gal(K3°P /K,), respectively.

DEFINITION. We refer to a tuple C = (C, %, {L, },ex) as a base scheme data,
if C is as above, ¥ is a (possibly empty) finite subset of ¥¢; and, for each
v € X, L, is a (possibly infinite) normal subextension of K, over K,, such
that L, N K5 is v-adically dense in L,. (For example, this last condition is
satisfied if either L, /K, is Galois or L, = K,.)

If, moreover, C' is a normal, geometrically integral curve over a field k of
characteristic p, we refer to C as a base curve data over k.

For a base scheme data C = (C,%,{L,}vex), we put B = B¢ ooy

If, moreover, B is affine, then we put R = Re¢ def I'(B,0p), so that R is a

Dedekind domain and that B = Spec(R).

We say that a base scheme data C = (C, X, {L, },ex) is finite, if L, is a finite
extension of K, for each v € X. (In this case, L, is automatically Galois over
K,.)

DEFINITION. Let C = (C,X,{L,}vex) be a base scheme data. Let K’ be an
extension of K contained in K. Then, we say that K’ is C-distinguished (resp.
C-admissible), if the integral closure C’ of C in K’ is étale over B; and, for
each v € ¥ and each embedding ¢ : K < K, over K, we have «(K')K, = L,
(resp. L(K")K, C Ly,).

THEOREM (2.1). Let C = (C,%,{Ly}vex) be a finite base scheme data, and
assume that C' is affine. Then, there exists a C-distinguished finite Galois
extension K' /K.

Proof. For each v € ¥, take a positive integer mp, /x, asin (1.18)(i), and let m
be any common multiple of mp, /., (v € X). Then, for each v € X, there exists
a superseparable polynomial f,(T) € K,[T] of special type and with degree
mp, such that L, = (K,)y,-

Now, observe that R is dense in [] .y, K,. (This follows essentially from
the Chinese Remainder Theorem for the Dedekind domain I'(C, O¢).) From
this, we can take a superseparable polynomial f(7T') € R[T] of special type and
with degree mp, which is arbitrarily close to f, for each v € 3. Then, we have
(Ky)f = (Ky)f, = Ly. Or, equivalently, Ky ®x K, is isomorphic to a direct
product of copies of L, over K,. On the other hand, for each v € ¥¢ — X,
f mod m, is a separable polynomial over k,, since f is of special type. From

this, we see that Ky is unramified at v. Thus, K’ EK r satisfies all the desired
properties. [

DEFINITION. Let F be a field. We denote by F*°P and G a separable closure
of F and the absolute Galois group Gal(F=P/F) of F, respectively. For each
prime number [, we define F'(I) to be the union of finite Galois extensions F” of
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F in F*P with Gal(F'/F) ~ (Z/I1Z)" for some n. Thus, F(I) corresponds via

Galois theory to the closed subgroup Gp(l) f [Gr, Grl(Gp)t of Gp (which
coincides with the kernel of Gr — G4 /(G3P)!).

DEFINITION. Let C = (C, 3, {L,}vex) be a base scheme data and Y, a subset
of ¥. Let K’ be an extension of K contained in K. Then, we say that K’ is
nearly C-distinguished (resp. nearly C-admissible) with respect to X, if the
integral closure C’ of C' in K is étale over B; for each v € ¥ — X, and each
embedding ¢ : K < K, over K, we have «(K')K, = L, (resp. «(K')K, C L,);
and, for each v € ¥, and each embedding ¢ : K — K, over K, we have
Ly CuK')Ky C Ly(p) (resp. «(K')Ky C Ly(p))-

THEOREM (2.2). Let k be a field of characteristic p, and C = (C, 3, {Ly }vex)
a finite base curve data over k. Let Yo be a subset of 3, and assume that
C — X is affine. Then, there exists a finite Galois extension K'/K that is
nearly C-distinguished with respect to Y.

Proof. Let C* be the normal, geometrically integral compactification of C', and

put X* U (Beor —X¢) and T def Yoo U (Zex — E¢). Moreover, for each

v € Yo+ — X, we choose any finite Galois extension L, of K, (say, L, = K,).
Then, replacing C = (C, %, {Ly}vex) by (C*,E*,{L,}yex+) and Lo by X5,
we may assume that C is proper over k. In this case, we have Y, # 0, since
C — X is affine.

For each v € ¥, take a positive integer mp, ,/x, as in (1.18)(i), and let m
be any common multiple of my, /x, (v € ¥ —X), pmy,/k, (v € Xo) and
2. Then, for each v € ¥ — X, (resp. v € X)), there exists a superseparable
polynomial f,(T) € K,[T] of special type and with degree mp (resp. m), such
that LU = (Kv)f,l,-

Now, let v € ¥—% . Then, for each polynomial f; ,(T") € K,[T] with degree
mp which is sufficiently close to f,(T'), we have (Ky,)s, , = (Ky)s, = L,. More
precisely, we can take (sufficiently small) n, € Z and (sufficiently large) m,, € Z
with n, < m,, so that every coefficient of f, belongs to m}v, and that, if every
coefficient of f1, — f, belongs to m}'», then we have (K,)s, , = (Ky)y, .

On the other hand, let v € Y. Then, similarly as above, we can take
(sufficiently small) n, € Z and (sufficiently large) m, € Z with n, < m,,
so that every coefficient of f, belongs to m}v, and that, for each polynomial
f1,0(T) € K,|T] with degree m, if every coefficient of fi, — f, belongs to m}*,
then we have (K,)y, , = (Ky)y,. Moreover, replacing n, and m, if necessary,
we may assume that, for each monic polynomial f; ,(T") € K,[T] with degree m
whose constant term is 0, if every coefficient of f; , — f, belongs to m]*», then we
have (K,)y, , = (Ky)y, and there exists a bijection ¢ : roots(f,) = roots(f1.),
such that, for each a € roots(f,), v(wa) = v(a), u(fi,0,t(a)) = p(fy, ), and
fio((a)) ~ fy(a) = 1. (For the notations u(—,—) and ~, see §1.) Now, we
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let d,, denote the minimal non-negative integer satisfying

() < min (4, = o) + Tota), =L, ~ u(si(@))

. 1 P >
= min ( d, + —v(a), ——d,
( p()p—l

for all & € roots(f,).

LEMMA (2.3). Let Pi,...,P. be distinct closed points of C, and, for each
i = 1,...,7, let a; and b; be integers with a; > b;. If bilkp, : k] + -+ +
brlkp, : k] > 2pa(C) — 2, then the natural map T'(C, Oc(a1Py + -+ -+ a,P)) —
m;lal/m;lbl @ Omp” /m;,f"r is surjective. Here, p,(C) denotes the arithmetic
genus of C.

Proof. This follows from [CFHR], Theorem 1.1. O

We fix a sufficiently large integer N satisfying

(2.4) (p(p —1) > [k k:]) N = [ky : klmy > 2pa(C) — 2

VEY oo vEXD

and
(2.5) (mp—1)(p—1)N > max{d, | v € B }(> 0),

and, for each v € ¥, choose any e, € K, with v(e,) = N.
Now, put

oy der | To(D, v E X~ Yoo,
g’u( ) - —mp(p—1) _ p(p—1) D
€y fo(—eu TP)+T, ve€ .

Then, ¢,(T) is a superseparable polynomial in K, [T] of special type and with
degree mp. (For v € ¥, use the assumption that 2 | m.) So, by (2.3) and
(2.4), we see that there exists a superseparable polynomial g(T") € R[T] of
special type and with degree mp, such that every coefficient of g(T') — g, (T)
belongs to m!™ (resp. m;p(pfl)Ner”) forve X — X, (resp. v € L)

We put K/ & K, Just as in the proof of (2.1), K’ satisfies the de-
sired property for v € ¥ — X and v € ¥¢ — X. So, we shall observe
what happens at v € 3. We put g, (T) Lot evmp(p_l)g(—e;(p_l)T). Or,
writing g(T) = T + k(T?), we have g (T) % —e{mP=D@=Dp 4 g (T?),
where k,(T) def egw(pfl)k(—e;(pfl)pr). By the choice of g, every coeffi-
cient of g(T) — g,(T) belongs to m,” (e=NFmy  hence every coefficient of
Je, (T)—(fo(TP?) —qumpfl)(p*l)T) belongs to H P D PP DNFme m?”v. Or,
equivalently, every coeflicient of k,,— f,, belongs to m]*». Thus, we may apply the
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preceding argument to fi, = k,. Since, moreover, v(—egmpfl)(pfl)) = (mp —
1)(p —1)N > d, by (2.5), we may apply (1.5) to ge,(T) = —e{mr =y
k,(T?). Then, firstly, we have (Ky)g, DO (Ky)r, = (Ky)f, = Ly. Secondly,
for each a1 € roots(ky), (—(—eg,mpfl)(pfl))/k:;(al)) ~ (emP=1)P=1 belongs to
((Ky)p, )P~". Thus, we have My, = (K,)k,. Thirdly, since Gal((K,),,, /M,,,)
is a subgroup of (Cp)"™, we have (K,),, C My, (p). Combining these, we ob-
tain L, C (Ky)g, C Ly(p). Finally, since roots(ge,) = —eb ™! roots(g), we have
(Ky)g., = (Ky)g. Thus, K" = K, satisfies the desired property at v € Y.
This completes the proof. O

83. MAIN RESULTS.

In this §, we use the following notation. Let k be an (a possibly infinite) alge-
braic extension of Fj, and C' a smooth, geometrically connected (or, equivalently,
normal, geometrically integral) curve over k. In particular, C' is a noetherian,
normal, integral, separated IFj,-scheme of dimension 1, and we use the notations
introduced at the beginning of §2 for this C. Among other things, see §2 for
the definition of base curve data.

DEFINITION. (i) We refer to a tuple S = (C,f : X — B,{Q}vex) as a
(smooth) Skolem data, if C = (C, X, {L, }vex) is a base curve data; B = Be;
f : X — B is a smooth, surjective morphism whose generic fiber Xy is geo-
metrically irreducible; and, for each v € ¥, €, is a non-empty, v-adically open,
G,-stable subset of X (L,). (Observe that X is automatically irreducible.)

(ii) We refer to a tuple B = (C,Y1,...,Y, C P(£),{}vex) as a Bertini data,
if C = (C,%,{L,}vex) is a base curve data; £ is a locally free sheaf of finite
rank # 0 on B; r > 0; Y; is an irreducible, reduced, closed subscheme of P(E);

and, for each v € X, €0, is a non-empty, v-adically open, G,-stable subset of
P(£)(L,), where £ e Homo, (E,0p).

For a Bertini data B = (C,Y1,...,Y, C P(E),{Q}ves), we define Y™
(i =1,...,r) to be the set of points of Y; at which ¥; — B is smooth. This is
an (a possibly empty) open subset of Y;, and we regard it as an open subscheme
of Y;.

DEFINITION. (i) Let S = (C,f : X — B,{Q}vex) be a Skolem data with
C = (C,%,{Ly}vex). Then, an S-admissible quasi-section is a B-morphism
s : B" — X, where B’ is the integral closure of B in a finite, C-admissible
extension K’ of K, such that, for each v € %, the image of B} def pr X B Ly
in Xp, L' X xp L, is contained in Q, (C X(Ly) = X1, (Ly)).

(ii) Let B = (C,Y1,...,Y, C P(£),{%}vex) be a Bertini data with C =
(C,%,{Ly}vex). Then, a B-admissible quasi-hyperplane is a hyperplane H
in P(£)p, where B’ is the integral closure of B in a finite, C-admissible ex-
tension K’ of K, such that (a) for each i = 1,...,7, each geometric point b
of B’ and each irreducible component P of Y; 7, we have PN Hy C P; (b) for
each i = 1,...,r, the scheme-theoretic intersection (Y ™)p N H (in P(&)p/)
is smooth over B’; (¢) for each i = 1,...,r and each irreducible component P
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of Y, 7= with dim(P) > 2, P N Hy is irreducible; and (d) for each v € X, the
image of B} in P (&)1, by the base change to L, of the classifying morphism
[H] : B — P(&) over B is contained in Q, (C P(€)(L,) = P()r, (Ly)).

v

DEFINITION. Let C = (C, X, {L, }yex) be a base curve data over k.

(i) We denote by Ry, my,, and kz, the integral closure of R, in L,, the
maximal ideal of Ry, and the residue field Ry, /mp,, respectively.

(ii) We say that C satisfies condition (RI), if [k, : F,] = oo for all v € X.
(Here, ‘RI’ means ‘residually infinite’.)

Now, the following are the main results of the present paper.

THEOREM (3.1). Let S = (C,f : X — B,{Q}vex) be a Skolem data with
C = (C,2,{Ly}vex), and assume that C is affine and that (RI) holds. Then,
there exists an S-admissible quasi-section.

THEOREM (3.2). Let B = (C,Y1,...,Y, C P(£),{Q}vex) be a Bertini data
with C = (C,X,{Ly}vex), and assume that C is affine and that (RI) holds.
Then, there exists a B-admissible quasi-hyperplane.

The aim of the rest of this § is to prove these theorems, together and step by
step. From now on, we put C = (C, X, {Ly}vex), S=(C, f : X = B, {Q}vex),
and B=(C,Y1,...,Y,. C P(&), {Qv}vez), and assume always that C is affine
and that (RI) holds.

DEFINITION. We say that a Skolem data S = (C,f : X — B,{Q,}vex) is
essentially rational, if Q, N X(K,) # 0 for each v € X.

Step 1. Assume that S is essentially rational, and that X is an open subscheme
of PL. Then, there exists an S-admissible quasi-section.

Proof. We put W def PL — X. By shrinking X if necessary, we may assume

that W is purely of codimension 1 in P} and that W contains the infinity

section cop of PL. Next, we put R I'(C,O¢), which is a Dedekind domain
contained in R = T'(B, Op), such that C' = Spec(R).

Since Pic(C) is a torsion group (cf. [Mo2], 1.9), there exists n > 0, such
that (m, N R)" is a principal ideal of R for each v € X. In particular, there
exists @ € R, such that (ITyex(m, N R))® = Rw. On the other hand, since
A'(R) is dense in [], .5, P*(K,), there exists 2 € A'(R)(= R), such that
x € Q, N X(K,) for each v € 3. (Here, we have used the assumption that S is
essentially rational.) Since ), is v-adically open in X (L, ), there exists I, > 0,
such that = + (m,Ry, ) C €,. Finally, take a sufficiently large integer M,
such that nM > [, for each v € ¥ and that nM > v(w — z) for each v € ¥ and
each w € W(K,) — {oo}.

Now, let S denote the coordinate of AL that we are using. Since w € R* and

x € R, the coordinate change S — T def (S —z) /@™ gives an automorphism of

P, that fixes the infinity section cop. (More sophisticatedly, this corresponds
to a certain blowing-up(-and-down) process in the fibers of P, — C at X.)
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From now, we shall use this new coordinate T'. Then, by the choice of (c, z, M),
we have Ry, = AY(R,) C Q, for each v € ¥ and v(w) < 0 for each v € ¥ and
we W(K,)—{x}.

We define W to be the closure of W in P, which contains the infinity section
ooc of PL. By the above choice of coordinate, we have W N P,lfv C ooy, for
each v € ¥. From now, we regard W as a reduced closed subscheme (or, as a
divisor) of P}. By [Mo2], Théoreme 1.3, Pic(WW) is a torsion group. So, let
so be the order of the class of the line bundle Opy (1), on W. On the other
hand, let e be the degree of W over C. Now, choose a positive integer s which
is divisible by so and greater than e — 2. As in [Mo2], proof of Théoreme 1.7,
Etape VIII, consider the exact sequence

0= Opy (s)(=W) = Opy (s) = Op1 (s)|yi; — 0,
which induces the following long exact sequence:
o= HY(PL, Opy () = H(W, Ops (5)|7)
— H'(PL, Ops (s)(—W)) = - .

Since so | s, we have Op1 ()], =~ Oy, so that there exists an element
go € HO(W,Oplc(S)‘W) which generates Opi (s)[y;-  On the other hand,
since s > e — 2, we see that Hl(PIC7OP1C(s)(—W)) (which is the dual of
HO(PIC,OPIC(—Q — 5)(W))) vanishes. Thus, there exists an element g €
HO(P}J,OPE(S)) that maps to go. Then, we have Supp(g) "W = §. In
particular, we have Supp(g) Nooc = 0.

We may identify H’(P¢, Op1 (s)) with the set of polynomials in R[T] with
degree < s. Then, since Supp(g) Nooc = @, we see that g is strictly of degree s
and that the coefficient v of T in g = g(T) is an element of R*. So, replacing
g by ulg (and go by u~'gp), we may assume that g is monic.

Next, since Pic(AL) = Pic(C) is a torsion group, there exists an ele-
ment w(7) € R[T], such that the zero locus of w(T) in Al, coincides (set-
theoretically) with W N Al. Recall that, for each v € ¥ and each root w of w
in K,, we have v(w) < 0. From this fact (and the fact that W N A} C A} ),
we see that w(0) is a unit in R, and that w(T) = w(0) (mod m,). Moreover,
since k. is a torsion group, we may assume that w(0) = 1 (mod m,) for each
v € X, replacing w by a suitable power. Now, we define d to be the degree of
w.

First, assume ¥ # (), and we shall apply (1.18)(ii) carefully. Let n be as in
the beginning of the proof. Then, there exists a positive integer m,,. We choose
a positive integer m to be a common multiple of m,, and s. For this m, we
obtain a positive real number cg, n.m. We put ¢, def max{cr, nm | v € X}

We put D def ﬁ and £ % ﬁcmmp. We take a positive integer ¢, such that

p' > D. Next, since we are assuming the condition (RI) that kr, is an infinite
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algebraic extension of I, there exists a finite subfield of £, with arbitrarily

large cardinality. So, we may take a finite subfield ¥, of k1, such that p™ def
#(F,) > Ep'. Since R, is complete, F,, admits a canonical lifting in Ry, to
which we refer again as F,,. Now, take a positive integer r > max{r,(v € X),t}.

Applying (1.18)(ii) to L = L,, A = F,, r as above, and v = 0, we see that
there exists a positive integer d,, such that 6, < c,,mp" 1 /#(F,) = ¢,ymp" "1

and that J, = 0 (mod n). Since J, is divisible by n, a def [Toex(m, N R)% is

a principal ideal of R. So, let @ € R be a generator of a. Then, v(a) =
0, for each v € ¥. Now, the conclusion of (1.18)(ii) is that there exists a
monic, integral, superseparable polynomial f,(T) € K,[T], such that deg(f,) =
mp™t, def(f,) > (p—1)p", f,(T) = a and (K,)¢, = K,F, C L,. Moreover, by
using (1.4)(ii) and the Chinese Remainder Theorem (for the Dedekind domain

R), we may assume that f,(T) € R[T] and f,(T) does not depend on v. So,

put f(7) def fo(T) for some (or, equivalently, all) v € ¥, then, f is monic,

superseparable polynomial in R[T7], such that deg(f) = mp"*1, def(f) > (p —
)p", f'(T)=a and (K,); = K,F, C L, for each v € ¥.

Next, assume ¥ = (). In this case, we define m to be any multiple of s, put

def ¢4
DE 4

r > t, and let a be any element of R*. Now, we choose a monic superseparable
polynomial f(T) € R[T] = R[T), such that deg(f) = mp"*1, def(f) > (p—1)p",
and f/(T) = a. (For example, put f(T) = AL aT.)

Finally, we put

take a positive integer ¢ with p* > D and a positive integer r with

F(T) = g(T)*?" +w(T)P (f(T) - g(T)=P

Claim (3.3). F is monic of degree mp”™ 1.

Proof. f is monic with deg(f) = mp™™! and def(f) > (p — 1)p". On the other
hand, since g is monic of degree s, g is monic of degree m, hence g%pTH is

monic of degree mp” ™! and with ‘defect” > p"* > (p — 1)p". From these, we
see that [ — g%prﬂ has degree < mp"+! — (p — 1)p". Thus,

r—t m  r+1 r— r r
deg(w? (f —g%" ) <p"td+mp™tt —(p—1)p
< prdD—l 4 mpr+1 _ (p _ 1>p7" — mpr-&-l.

Since g%PHl is monic of degree mp™*! as we have already seen, we conclude
that F' is monic of degree mp™™t. O

Claim (3.4). For each v € %, any root « of F in K, is contained in Ry, .
Proof. Since w(T) =1 (mod m,), we have w(T)? ' =1 (mod m2" ). Thus,

m r+1 m ,r+1

F(T) = g(T)7"" + (f(T) — g(T)*""" ) = f(T) (mod m& ).
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Now, since p"~¢ > Ep™~™ = %cwﬂnp"_’””'1 > pp%lfsm we have (K,)p =
(Ky)¢ C Ly by (1.4)(ii). This implies o € L,,. Since F(T') is a monic polynomial

in R[T] C R,[T], we have a € Ry, , as desired. [J

Let Z be the zero locus of F(T) in AL. By (3.3), Z is closed in P§,. We
def 5

put Z = ZNPL.
Claim (3.5). (i) Z C X.
(ii) Z is finite étale over B.

m

Proof. (i) On (W N AL)*d we have F(T) = g(T)=P""" . Now, since the zero
locus of g in AL is disjoint from W N AL, so is that of F, as desired.

(ii) By (3.3), Z = Spec(R[T]/(F(T))) is finite (and flat) over R. Since F’' =
w ' f' = w”" "a and a € R*, the zero locus of F' in AL is (set-theoretically)
contained in W. This, together with (i), implies that the zero loci of F and F’
are disjoint from each other, as desired. [

Take an irreducible (or, equivalently, connected) component B’ of Z. By
(3.5), we have a natural immersion B’ < X over B, which we regard as a
finite étale quasi-section of X — B. Since Ry, C €, (3.4) implies that this
quasi-section is S-admissible. This completes the proof. [

Step 1 is the main step, and, roughly speaking, the rest of proof is only
concerning how to reduce general cases to Step 1.

Step 2. Assume that S is essentially rational, and that X is an open subscheme
of P% for some n > 0. Then, there exists an S-admissible quasi-section.

Proof. If n = 0, we must have X = B, and the assertion clearly holds. So,
assume n > 1.

Let A be a commutative ring. We define P"(A4)° to be (A" —0)(A)/A*,
where 0 denotes the section (0, .. .,0), regarded as a closed subscheme of A"*1.
We define P"(A)% to be U U;(A), where U;(~ A") is the standard open
subset of P™. Then, we have P"(A4)%° c P"(A4)° c P"(A). If Pic(4) = {0
(resp. A is a local ring), then we have P"(A4)° = P"(A) (resp. P"(A)"° =
P"(A)? = P*(A)). If A is a Dedekind domain, we see that P"(A4)° forms a
GL,+1(A)-orbit.

Now, observe that P"(R)% N X (K) is dense in [], o5, P"(K,). (X(R) may
be empty, though.) So, there exists z € P"(R)° N X(K), such that x €
0, N X (K,) for each v € 3. (Note that S is essentially rational.) By changing

the coordinates via the GL,11(R)-action, we may assume x = [1:0: --- : 0]
(6 U()).
Let e1,...,e,_1 be positive integers, and consider the B-morphism

ey, en_1 - A}B — Uy = A%, ¢t — (t,...,t1,¢t). It is easy to see that
ley,....en_, 18 a closed immersion.

Claim (3.6). For some choice of e1, ..., en_1, (ic,, e, ,) " (X) surjects onto B.
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Proof. Denote by T1,...,T, the coordinates of Uy = A’%. Then, there exist
a finite number of polynomials fi,..., f,. € R[T1,...,T,], such that the closed
subset A% — X of A% coincides with the common zero locus of fi,..., f,. Since
AL, N X surjects onto B (as X surjects onto B), we see that, for each b € B,
there exists i = i, € {1,...,r}, such that the image of f; in ky[T1,...,T,] is
NoN-zero.

LEMMA (3.7). Let S be a finite subset of Z". Then, there exist positive integers
€l,...,en_1, such that the map S — Z, (k1,...,kn) — erki+- -+en_1kn_1+
ky, is injective.

Proof. Put T def {s =5 | 5,8 €8, s#s'}. This is a finite subset of Z"
that does not contain 0 = (0,...,0). For each t = (I1,...,l,) € T, consider
the linear subspace W; of A& defined by liz1 + ...l,z,, = 0. On the other
hand, consider the hyperplane H = {(21,...,%,) | 2, = 1} of Af. As H ¢

Wy, H' ©f g Uter Wt is a non-empty open subset of H. Since the set

{(e1,...,en—1,1) | €1,...,en_1 € Zso} is Zariski dense in H (as Zs¢ is an
infinite set), it must intersect non-trivially with H’. Take (e1,...,en,—1,1) in
this intersection, then eq,...,e,_1 satisfies the desired property. O

We define S to be the set of elements (k1,...,k,) € (Z>0)" such that the
coefficient of lel ---Tkn in f; is non-zero for some i = 1,...,r. Applying (3.7)
to this S, we obtain eq,...,e,—1 € Zsg. Then, we see that, for each b € B,
there exists i = i, € {1,...,r}, such that the image of f;(T°,..., T, T)
in ky[T] is non-zero. This means that (i., ., ,) '(X) surjects onto B, as
desired. 0O

Take eq,...,e,—1 as in (3.6), and put &' def (C, (iey...en ) H(X) —

B, {(iey.....en (L))" H(Q0)}), where ic, ., ,(Ly) denotes the map A'(L,) —
Uo(Ly) = A™(L,) induced by i, . ., ,. Then, S’ is an essentially rational
Skolem data. (Observe that 0 € AY(K) lies in (ie,..e. (L)) 1))

Now, by Step 1, there exists an S’-admissible quasi-section. By composing
this quasi-section with i¢, . .. ,, we obtain an S-admissible quasi-section. This
completes the proof. [

Remark (3.8). The above argument that involves rational curves with higher
degree was communicated to the author by a referee. The author’s original
argument, which is slightly more complicated, uses lines over finite extensions.

Step 3. Assume that X is an open subscheme of P’ for some n > 0. Then,
there exists an S-admissible quasi-section.

Proof. For each v € X, P"(L, N K:°) is v-adically dense in P"(L,). Ac-
cordingly, we have Q, N P™(L, N K5P) # (. So, there exists a finite Galois

subextension M, /K, of L,/K,, such that Q, N X (M,) is non-empty. Now, put

¢, (C, %, {M,}vex), which is a finite base curve data. By (2.1), there exists

a C;-distinguished finite Galois extension K’ of K. We define C’ (resp. B’) to
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be the integral closure of C' (resp. B) in K’, and put ¥’ Lo - B’, which is
the inverse image of ¥ in C’. Let v' be an element of ¥’ and v the image of
v" in 3. Then, we have (K'),, = M, C L,. So, put C’ €of (C" % ALy} wrex)
and &' & (C', Xp — B',{Q}vexr). Then, C’ is a base curve data (over the
algebraic closure of k in K') such that C” is affine and that (RI) holds, and
S’ is an essentially rational Skolem data such that Xp/ is an open subscheme
of P%,. So, by Step 2, there exists an &’-admissible quasi-section B” — Xp/.
Now, the composite of this morphism and the natural projection Xp» — X
gives an S-admissible quasi-section. This completes the proof. [

Step 4. Assume that £ ~ (’)TEL}H, where n + 1 is the rank of £. Then, there
exists a B-admissible quasi-hyperplane.

Proof. For simplicity, we put P = P(£) and P = P(£). Let I denote the
incidence subscheme of P x5 P, and let p and p be the natural projections
P xpP — P and P x P — P, respectively. Both p|; and p|; are PN~
bundles, hence, a fortiori, 5mooth.

Let ¢ = 1,...,r. Since Y; is an integral scheme and B is a smooth curve,
the morphism Y; — B is either flat over B or flat over b; for some closed point
b; € B. We shall refer to the former (resp. latter) case as case 1 (resp. 2).

In case 1, let Y; be the normalization of Y; and B; the integral closure of B in
Y;. Then, since the generic fiber of Y; = B is geometrically irreducible, there
exists a non-empty open subset B of B;, such that each fiber of Y; x g, B} — B,
is geometrically irreducible ([EGA4], Théoreme (9.7.7)). We denote by ¥; the
image of B; — B} in B, which is a finite set. We define U, ; to be the image of
(Y; x g, Pp, minus the inverse image of I,) in Pp,, which is an open subset
of 1531., and define U; > to be the complement in P of the image of 1531. - Ui,
which is an open subset of P. Moreover, for each b € ¥;, fix a geometric
point b on b. Then, for each irreducible component P of Yz‘,E’ we put Up; the
image of (P x3 PE minus the inverse image of I3) in f’g, and define Tps to

be the image of f’g —Upy in P, which is a closed subset of P,. Now, put

U; def Ui — Upes, Up Tpa, which is an open subset of P. In case 2, for each

irreducible component P of Y 5, we define a closed subset T'po of Pbi just as

above, and put U; Lfp UpTpa.

Now, we put U = NI_,U;. Let b be a geometric point on B, then, we see

that a point of U; corresponds to a hyperplane Hy of Py that satlsﬁes condition
(a) in the deﬁnition of B-admissible quasi—hyperplane. In particular, U, is a
non-empty open subset of Py, for each b € B.

Next, for each i = 1,...,7, let ((p|r)~1(Y;™))"°n™ be the set of points of
(plr)~H(Y™) at which (p|;) =" (V™) — P is not smooth. This is a closed subset
of (p|r) 1 (Y™). Let Z; be the image of ((p|r)~*(Y™))"°"™ in P. Chevalley’s
theorem implies that Z; is a constructible subset of P, and the usual Bertini
theorem implies that, for each b € B, Py, — Z; contains a non-empty open subset
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of Py,. From these, we observe that V; ©fp Z; satisfies that, for each b € B,

V;)p is a non-empty open subset of P,. We put V &f N7_,V;. Then, for each
i=1

b € B, Vj is a non-empty open subset of Py,.

Next, let P be an irreducible component of Y, % with dim(P) > 2. Then, by
a version of Bertini theorem ([J], Théoréme 6.11, 3), there exists a non-empty
open subset Wp; of P?7 such that, for each hyperplane H7 corresponding to
a point of Wp, PN Hy is irreducible. We define W to be the intersection
of Wp; for irreducible components P of Y; % with dim(P) > 2, which is a
non-empty open subset of P?a and T, the image of PF — Wi in Py, which is
a proper closed subset of Px. Moreover, we denote by T’ the closure of T in
P. We see that (T,), is a proper closed subset of Py, for each b € B. Now, we
put W =P —T5. Then, for each b € B, W}, is a non-empty open subset of P.

Now, we put X AV AW. This is an open subset of P that is surjectively
mapped onto B. Put &' &' (C,X — B,{Q,nX(Ly)}ves). Then, S’ is a Skolem
data.

So, by Step 3 and the assumption that & ~ (’)%H, there exists an S'-
admissible quasi-section B’ — X. By the choice of S’, this section corresponds
to a hyperplane H of Pp/, which satisfies all the conditions (a)—(d) in the
definition of B-admissible quasi-hyperplane. This completes the proof. [

Step 5. Assume that X is quasi-projective of relative dimension 1 over B.
Then, there exists an S-admissible quasi-section.

Proof. By assumption, we may assume that X is a subscheme of P% for some
n > 1. We define X; to be the closure of X in P%, regarded as a reduced
scheme. X is a projective flat integral curve over B, and X is an open sub-
scheme of X;. It is well-known that, after normalizations and blowing-ups
outside X, X can be desingularized. Namely, there exists a birational pro-
jective morphism 7 : X9 — X, where X, is a regular, integral scheme, such
that 7= *(X)5X. Since X is irreducible, so is (X2)7. Hence, by [EGA4],
Théoreme (9.7.7), there exists a non-empty open subset B; of B, such that each
fiber of Xp, — B; is geometrically irreducible, and, in particular, irreducible.

We put ¥, ©fp_ B, which is a finite set.
def

Now, we introduce a new base curve data C; = (C,X U X1,{L,}vex U
{K¥},ex, ), where K denotes the maximal unramified extension of the com-
plete discrete valuation field K,. Note that C; satisfies (RI) and that C is
affine. Moreover, we put §; = {C1, X, = B1,{Q }ves U {X(RKur)}vex, }-
Since X — B is smooth surjective, we see that X (Rgur) is non-empty. Thus,
S1 becomes a Skolem data. Now, suppose that there exists an S;-admissible
quasi-section Bf — Xp,. Then, firstly, the integral closure B’ of B in Bj
is finite étale over B. Secondly, as Xo — B is proper, B] — Xp, extends
to B’ — X,. Now, since B] — Xp, is S;-admissible, we see that the im-
age of B’ — X, must be contained in X. Thus, we obtain an S-admissible
quasi-section B’ — X.
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So, replacing S by Si, we may assume that each fiber of X, — B is geomet-
rically irreducible. Now, we put X def X,.

LEMMA (3.9). Let F be a field and X a projective, geometrically integral F -
scheme of dimension 1. We denote by X' the normalization of X+, so that we
have a natural morphism w : X’ — X. Then, there exists a natural number N,

such that each invertible sheaf L on X with deg(L) > N is very ample, where
deg(L) = deg(r*(L)).

Proof. This follows from [CFHR], Theorem 1.1. (We may take N = 2p,(X) +
1.) O

Now, take a natural number N for X  as in (3.9). We shall choose horizontal
divisors Y1, Ys,... of X inductively, as follows. Firstly, by [Mo3], Théoréme
1.3, there exists a horizontal divisor Y7 of X, such that Y7 is contained in X and
that, for each v € ¥, Y] X Spec(L,) is a disjoint union of copies of Spec(Ly,)
and is contained in ,. Next, assume that we have defined Y7,...,Y,. Then,
again by [Mo3], Théoréme 1.3, there exists a horizontal divisor Y,, of X, such
that Y;.41 is contained in X — U]_,Y; and that, for each v € ¥, Y x 5 Spec(L,)
is a disjoint union of copies of Spec(L,) and is contained in Q, — Ul_;Y;(L,).
By construction, Y7, Ys, ... are disjoint from one another. Now, take n so large
that deg(Y1,x+---+Y, k) > N, and we put YV’ Y+ 1Y, (Note that each
Y; defines an invertible sheaf on X, since it lies in the smooth locus.) Then,
by (3.9), Yk is very ample. On the other hand, since each fiber of X — B is
geometrically irreducible, Y itself is ample (cf. [Mo2], Proposition 4.3), hence
there exists a natural number m such that mY is very ample. So, consider an

embedding X < P? with respect to the very ample divisor mY'.

We put D XY X, Let FEq, ..., Ep be the irreducible components of D,

which must be either an isolated point or a horizontal divisor, as X — B is
surjective and each fiber of X — B is irreducible. Next, for each v € X, we
define € to be the subset of P"(L,) consisting of points corresponding to L.,-
rational hyperplanes H such that X, N H is a disjoint union of L,-rational
points in €, (whose cardinality must coincide with deg(mYx)). It is easy to
show that €/ is a v-adically open subset of P(L,). Moreover, by using the fact
that (not only mYx but also) Yk is very ample and that Y7, is a disjoint union
of L,-rational points in 2, we see that Q; is non-empty.

Now, we put B’ def (C,X,FE1,...,E, C P {Q }ex), which becomes a
Bertini data. As P} = P(Og+1), we may apply Step 4 to this Bertini data
B’, to conclude that there exists a B’-admissible quasi-hyperplane H C P%,.
By condition (a), we see that X/ N H is finite (as proper and quasi-finite)
over B, and that E; pr N H = () for each i = 1,...,h, hence D N H = (), or,
equivalently, Xp N H = Xp' N H. By condition (b), we see that Xp: N H is
smooth over B’. From these, Xp/ N H is finite étale over B’, hence over B.
Moreover, by condition (d), each component of (X g N H)p, is a disjoint union

v

of L,-rational point in €2,. Thus, any connected component of X N H gives
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an S-admissible quasi-section. This completes the proof. [

Step 6. Assume that X is quasi-projective over B. Then, there exists an S-
admissible quasi-section.

Proof. We shall prove this by using induction on the relative dimension d of
X over B. If d = 0, this is clear. If d = 1, this is just the content of Step 5.
So, assume d > 1. Since X is quasi-projective, we may choose an embedding

X < P%. We denote by X the closure of X in P, and put W LY-X. Next,
for each v € X, we define €, to be the subset of P"(L,) consisting of points
corresponding to L,-rational hyperplanes that meet transversally with a point
of Q,. Then, it is easy to see that (0 is a non-empty, v-adically open, G,-stable
subset of P™(L,). Thus, B’ Lef C, X, W C P% { },ex) becomes a Bertini
data, and, by Step 4, there exists a B’-admissible quasi-hyperplane H C P%,,
where B’ is the integral closure of B in some finite C-admissible extension K’ of

K. By conditions (a) and (b) in the definition of B’-admissibility, we see that

X 4 X4 N H is smooth, surjective over B'. By condition (c), Xl xp K’

is irreducible. Moreover, by condition (d), £, o, nH (Ly) is non-empty.

Now, we define C’ (resp. B’) to be the integral closure of C' (resp. B) in
K’, and put ¥’ Lo - B’, which is the inverse image of ¥ in C’. Let v’ be
an element of ¥’ and v the image of v’ in . Then, we have (K'),» C L,. So,
put C' (0", {Ly}wesy) and 8" & (€', X1, — B, {Q}wesy). Then, € is
a base curve data (over the algebraic closure of k in K') such that C” is affine
and that (RI) holds, and &’ is a Skolem data such that the relative dimension
of Xpr over B’ is d — 1. Thus, by the assumption of induction, there exists an
§’-admissible quasi-section B” — XJ,. Composing this quasi-section with the
natural map X7, — X, we obtain an S-admissible quasi-section, as desired.
This completes the proof. [

Step 7. There exists an S-admissible quasi-section. Namely, (3.1) holds.

Proof. Let X’ be a non-empty affine open subset of X, and let B’ denote the
image of X’ in B, which is a non-empty open subset of B. Put X’ “p_p.
Then, &' & (C', X" — B/, {0 N X'(Ly)}ves U {X'(K) N X (Riw) boesy ),

where ¢/ % (C,2UY {Ly ves U{K™}yexr), becomes a Skolem data. Now,

just as in the proof of Step 5, an S’-admissible quasi-section (whose existence
is assured by Step 6) induces an S-admissible quasi-section. This completes
the proof. O

Step 8. There exists a B-admissible quasi-hyperplane. Namely, (3.2) holds.

Proof. This is just similar to the proof of Step 4, except that we use Step 7
instead of Step 3. [
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§4. SOME REMARKS AND APPLICATIONS.

4.1. On condition (RI).

It is desirable to remove the disgusting condition (RI) in the main results (3.1)
and (3.2). The main (and the only) technical difficulty in doing so appears in
Step 1 of §3. More specifically, recall that we have applied (1.18)(ii) in Step
1. However, to apply (1.18)(ii), we need a finite submodule A of Ry with
Anmg, = {0} and with #(A) sufficiently large, which requires the infiniteness
of the residue field of L,. In fact, it is possible to modify (1.18)(ii) to include
the case where A Nmy, = {0} does not hold, but then we cannot expect the
valuation ¢ of a is sufficiently small compared to deg(f), and the proof of (3.4)
fails when we try to apply (1.4)(ii).

4.2. On the incompleteness hypothesis.

In the main results (3.1) and (3.2), we have assumed the incompleteness hy-
pothesis that the base curve C is affine. It is impossible to remove this condition
entirely, but it is desirable to be able to control the objects at the points at
infinity, even in some weaker sense. In this direction, we have a capacity-
theoretic approach due to Rumely ([Rul], [Ru2]) and another approach via
small codimension arguments due to Moret-Bailly ([Mo5]). The author hopes
for the following third approach (though it is only applicable to positive char-
acteristic). More precisely, let C = (C, X, {L,}vex) be a base curve data over
an algebraic extension k of F), (with C not necessarily affine), and £, a non-
empty subset of . Then, even if C is proper over k, we might expect that the
following version of (3.1) and (3.2) hold.

For (3.1),let S= (C, f : X = B, {Q }ven—s. U{X(Ly)}vex., ) be a Skolem
data. (Thus, for v € X, we just assume X(L,) # 0.) Then, we might
expect that there exists a quasi-section s : B’ — X of f : X — B which
is nearly S-admissible with respect to Y., in the following sense: K’ is a
finite extension of K which is nearly C-admissible with respect to X.; B’

is the integral closure of B in K’; and for each v € ¥ — ¥, the image of

B, B xyL,in X, & X xpL, is contained in Q, (C X(L,) = Xz, (Ly)).

(Fovr v € Y, the image of B’Lv(p) in Xy, (p is automatically contained in
X(Ly(p)) = X1, (p)(Lu(p)), and we do not impose any more condition.)

For (3.2), let B = (C,Y1,...,Y, C P(E),{ U} ves_s. U{P(E)(Ly)}ves..)
be a Bertini data. Then, we might expect that there exists a quasi-hyperplane
H C P(€)p which is nearly B-admissible with respect to X, in the following
sense: K' is a finite extension of K which is nearly C-admissible with respect to
Yoo; B’ is the integral closure of B in K'; (a), (b), (c) as in the definition of B-
admissibility; and (d) as in the definition of B-admissibility only for v € ¥ —X .
(For v € Yoo, the image of By ) in P&, (p) is automatically contained in

P(&)(Ly(p)) = P(E) L, (»)(Lu(p)), and we do not impose any more condition.)
We might consider (2.2) as a weak evidence for this expectation.
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4.3. Hopeful generalizations (mild).
Firstly, it should be possible to generalize the main results (3.1) and (3.2) to
the case of algebraic spaces or even algebraic stacks, along the lines of [Mo5].

Secondly, it should be possible to prove qualitative versions of (3.1) and
(3.2), in terms of heights (cf. [U], and [A1,2]) and/or degrees (cf. [Mi], [E1,2]).
(See also [Poo].)

Thirdly, it is desirable to be able to prove that, in (3.1), we can choose an S-
admissible quasi-section B’ — X which is a closed immersion (cf., e.g., [Mo2],
Définition 1.4.), and, similarly, that, in (3.2), we can choose a B-admissible
quasi-hyperplane H C P(€)p: such that the classifying morphism [H] : B' —
P(S) is a closed immersion. This third possible generalization was suggested
to the author by the referee. Indeed, this generalization is possible in Steps 1
and 2 of §3. (For Step 2, this is possible by means of the simplification of the
proof due to him or her. See (3.8).)

4.4. Hopeful generalizations (ambitious).
As we have mentioned in the Introduction, word-for-word translations of the
main results (3.1) and (3.2) to the number field case, namely, to the case where
C in the base scheme data is (an open subscheme of) the spectrum of the integer
ring of an algebraic number field are false. However, it is very interesting (at
least to the author) to ask if we might hope for any (modified) unramified
versions of (3.1) and (3.2) also in the number field case.

Also, it might be interesting to investigate what happens in the case where
C' is a higher-dimensional (affine) scheme, even in positive characteristic. One
of the main obstacles of this direction consists in the fact that the Picard group
of C is no longer a torsion group, and word-for-word translations of (3.1) and
(3.2) to the higher-dimensional case are false. However, there might exist some
reasonable restrictions on the (Skolem or Bertini) data, with which (3.1) and
(3.2) are valid.

4.5. An application to local-global principle and largeness in field theory.

DEFINITION. Let C = (C, %, {L, }vex) be a base scheme data. Then, we define
K€ to be the maximal C-admissible extension of K contained in the algebraic
closure K of K, C¢ (resp. B®) the integral closure of C' (resp. B) in K¢, and
Y€ to be the inverse image of ¥ in C¢. (Thus, ¢ = C¢ — BC))

As an application of (3.1), we obtain the following local-global principle in
field theory (cf. [Mod]).

THEOREM (4.1). Let C = (C,X,{Ly}vex) be a base curve data over an alge-
braic extension of Fp, and assume that C is affine and that (RI) holds. Then,
K€ satisfies the local-global principle in the sense that, for each smooth, ge-
ometrically connected scheme X over K¢, X(K€) # 0 holds if and only if
X((K€)y) # 0 holds for every prime w of K€. Here, (K€),, denotes the alge-
braic closure of K, in the completion of K¢ at w, where v is the prime of K
that is below w.
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Proof. The ‘only if’ part is trivial. To prove the ‘if’ part, assume that
X((K€),) # 0 holds for every prime w of K€. First, replacing X by any
non-empty quasi-compact open subset, we may assume that X is of finite
type over K¢. (Observe that the image of X ((K€),) in X is Zariski dense.)
Then, replacing K and C by a suitable finite C-admissible extension and a
suitable base curve data, respectively, we may assume that X comes from a
(smooth, geometrically connected) K-scheme Xg. Now, the following (4.2)
implies X (K°) = Xy (KC€) # 0, as desired. (Put Q, = Xg(L,).) O

THEOREM (4.2). Notations and assumptions being as in (4.1), let X be a
smooth, geometrically connected K-scheme. Assume that X (K}™) # 0 holds
for each closed point b € B, and that a non-empty, v-adically open, G.,-stable
subset Q, of Xk (L,) is given for each v € ¥. Then, there exists a finite C-
admissible extension K' of K and sk € Xi(K'), such that, for each v € 3,
the image by sk Xk L, of Spec(K') X L, in X, def Xk Xk L, is contained
in Q, (C Xk(Ly) = Xp,(Ly)).

Proof. First, assume that there exist a regular, integral scheme X proper, flat
over B and an open immersion X — Xk over K. (We shall refer to such

an X as a regular, relative compactification over B.) Put Wx def X —
Xk and denote by W the closure of Wy in X. Then, we see easily that
W N X = Wg and that the fiber W, of W at each closed point b of B has
dimension strictly smaller than the dimension of the whole fiber X, (which is
automatically equidimensional). On the other hand, let X™ denote the set of
points of X at which X — B is smooth. This is an open subset of X. Since

X is regular and X (K™)(D Xk (KP™)) # 0 for each closed point b € B, we see

that X — B is surjective. From these, we conclude that X L G 1

surjects onto B and that X xp K = X holds. Now, applying (3.1) to the

Skolem data S % (C,X — B,{Q}vex), we obtain an S-admissible quasi-

section s : B’ — X. Then, si Lef x g K satisfies the desired properties.

In general, the above desingularization result may not be available, but we
can proceed by using induction on d def dim(X ), as follows. The case d =0 is
trivial. In the case d = 1, the existence of a regular, relative compactification
as above is well-known. So, we may assume d > 2. Replacing Xx by a
suitable (say, non-empty and affine) open subset, we may also assume that X
is quasi-projective over K. (Observe that the image of Q, in Xy is Zariski
dense.) We choose an embedding X < P%. Then, as in the proof of Step
4 of §3, there exists a non-empty open subset Ug of the dual projective space
P"K, such that, for each hyperplane Hy that corresponds to a point of Uk (K),
X+ N Hy; is smooth, (geometrically) connected of dimension d — 1. Moreover,
as in the proof of Step 6 of §3, for each v € ¥, we define Q2 to be the subset
of P (Ly) cousisting of points corresponding to L,-rational hyperplanes that
meet transversally with a point of {2,. Then, it is easy to see that Q;, is a non-
empty, v-adically open, G,-stable subset of P™(L,). Now, since Ux admits
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a regular, relative compactification P%, we may apply the above argument to
(U, {9 N Uk (Ly) }oes) to obtain a suitable quasi-section s% of Ux. (Note
also that U (K}™™) # 0 holds for each closed point b of B.) Now, as in the proof
of Step 6 of §3, we may reduce the problem to the case d — 1 by cutting (the
base change of) X with the quasi-hyperplane corresponding to s%. Thus, the
proof by induction is completed. [J

COROLLARY (4.3). K€ is large (in the sense of [Pop]). O
Proof. Tmmediate from (4.1). (See [Pop|, Proposition 3.1.) O

This corollary gives an interesting new example of large fields. Indeed, as
far as the author knows, in all the known examples of large fields which are
algebraic extensions of either number fields K or function fields K over finite
fields, we can control only finitely many primes of K. On the other hand, our
K€ is defined by imposing restrictions at almost all primes of K.

In this sense, this corollary may be regarded as the first example of large
fields which are not so large! (See also (4.11) below.)

4.6. An application to principal ideal theorem.
As an application of (3.1), we obtain the following (cf. [Mol], 3.1):

THEOREM (4.4). Let C = (C,X,{Ly}vex) be a base curve data over an alge-
braic extension k of Fy,, and assume that C is affine and that (RI) holds. Then,
we have Pic(CC) = {0}. In particular, we have Pic(B¢) = {0}.

Proof. Let £C be any invertible sheaf on C¢. Then, there exists a finite subex-
tension K; of K¢ over K, such that £ = £; ®0¢, Oce holds for some invertible
sheaf £1 on C7, where (1 is the integral closure of C' in K;. We define B; and
31 to be the integral closure of B in K7 and the inverse image of 3 in Cy, respec-

tively, and, for each v; € 31, we put L,, <f L,, where v is the image of v; in X.

Then, observe that C; ' (C1,%31,{Ly, }v,ex, ) becomes a base curve data (over
the algebraic closure of k in K1), such that (C1)¢* = C¢. Now, consider the
Skolem data 81 = (Cl, (V(ﬁl)—OCl ) ><C1 Bl — Bl, {(VV(El)—OCI )(RLU)}U1EZ1)
(such that Cj is affine and that (RI) holds), where V(£;) denotes the (geomet-
ric) line bundle on C defined by the dual L1 of £, and Oc, denotes the zero
section of V(£1). Now, by (3.1), there exists an Sj-admissible quasi-section
B’ — (V(£1) — 0¢,) x¢, By. By the choice of Sy, this quasi-section extends
to a (unique) quasi-section C’ — V(L) — 0¢, of V(£1) —0¢, — C1, where C
is the integral closure of C7 in B’. This implies that £; admits an everywhere
non-vanishing section over C’, or, equivalently, £; becomes trivial after the
base change to C’. Therefore, £C is trivial, a fortiori. This completes the proof
of the first assertion.

The second assertion follows from the first, as the natural map Pic(C€) —
Pic(B°) is surjective. [

In the case where ¥ = ), (4.4) directly follows from the principal ideal the-
orem in class field theory. In general, however, there exists an invertible sheaf
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that cannot be trivialized if we only consider abelian C-admissible extensions.
(See (4.11) below.) In this sense, we may regard (4.4) as a new (non-abelian)
type of principal ideal theorem which cannot be covered by class field theory.

4.7. An application to torsors.
More generally than the second assertion of (4.4), we obtain the following:

THEOREM (4.5). Let C = (C,X,{Ly }vex) be a base curve data over an alge-
braic extension of Fp,, and assume that C' is affine and that (RI) holds. Let
GC be a smooth, separated group scheme of finite type over BC, such that
the generic fiber GS.c is connected. Then, we have Ker(ﬁ}pqc(Bc,Gc) —

Muese Hpge(Spec((K€)w), G9))) = {1}.

Proof. By [Ra], Théoréme XI, 3.1, each class = of H}pqc(Bc, GC) corresponds
to a representable BC-torsor X¢. If, moreover, 2 belongs to the kernel in
question, X¢ admits a (K°),-rational point for each w € X€. Since X¢ is of
finite presentation over B, it comes from a scheme over a finite (C-admissible)
extension of B. Now, as in the proof of (4.4), we can prove that X¢ admits a
BC-section, by using (3.1). This completes the proof. [J

Note that the second assertion of (4.4) is a special case of (4.5), where
G¢ = G,, pc. (The first assertion of (4.4) can also be generalized in a suitable
sense. We leave it to the readers.)

As an interesting corollary of (4.5), we obtain:

COROLLARY (4.6). Let C be an affine, smooth curve over an algebraic ex-
tension of Fp,, and K the function field of C. Let G be a smooth, separated,
commutative group scheme of finite type over C, such that the generic fiber Gk
is connected.

Then, we have H} (C,G) = H'(m (C),G(C)), where C Lef BC¢(= C) for
the base curve data C (C,0,0).
Proof. This follows from (4.5), together with the Hochschild-Serre spectral se-
quence. [

4.8. A group-theoretical remark.
Recall that a quasi-p group (for a prime number p) is a finite group that does
not admit a non-trivial quotient group of order prime to p.

PROPOSITION (4.7). Let B be a smooth, geometrically connected curve over a

finite field k of characteristic p. We denote by B* the smooth compactification

of B and put X i p_p (which we regard as a reduced closed subscheme of

B*). Then, there exists a natural number N (depending only on the genus g

of B* and the cardinality n of (k)), such that, for each finite extension l of
k with §(1) > N, there is no non-trivial finite étale covering of B f g Xl at
most tamely ramified over ¥; L% %y 1 in which every point of B(l) = B(l)
splits completely.
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Proof. This is a rather well-known application of the Weil bound on the cardi-
nality of rational points over finite fields. More specifically, suppose that [ is a
finite extension of k with cardinality g and that B’ is a connected finite étale
covering with degree d of B; at most tamely ramified over ¥; in which every
point of B(l) splits completely. We denote by I’ the integral closure of [ in B’,
and define (B)*, ¢’ and n’ for B’ just similarly to B*, g and n, respectively,
for B. Now, firstly, the tamely ramified condition, together with the Hurwitz’
formula, implies

29" — 2 < dgeom (29 — 2) + (dgeom — 1)n < d(2g — 2) + (d — 1)n,
def

where dgeom = d/[l’ : l]. Secondly, the complete splitting condition, together
with the Weil (lower) bound for B;, implies that

H(B'(1) = df(Bu(1)) = d(§((B")" (1) = n) = d(1+ ¢ — 2g\/q — n).

Thirdly, the Weil (upper) bound for B’ implies

#(B'(1) < 8(B)*(1) <1+4q+29'V/g.

(Note that this holds (trivially) even if [I’ : [] > 1.) Combining these three
inequalities together, we obtain

dlg— (4g+n —2)yG— (n—1)) <q— (n—2)yG+ L.

From this, we see that d < 2 (or, equivalently, d = 1) must hold for sufficiently
large q, as desired. [

PROPOSITION (4.8). Letk and B be as in (4.7). Then, there exist finite sets 31
and Yo of closed points of B, disjoint from each other, such that the following
holds: For each v € X1 (resp. v € ¥3), let L, be any (possibly infinite) pro-p
Galois extension of K, (resp. Galois extension such that Gal(L,NKY/K,) is a
pro-prime-to-p group) and put C = (B, %1 UXs, {Ly bves,us, ). Then, for every
C-admissible, finite, Galois extension K' of K, Gal(K'/K) is a quasi-p group
and the constant field of K' (i.e., the algebraic closure of k in K') coincides
with k.

Proof. Take a natural number N as in (4.7), and choose two finite extensions
Iy and I} of k with #(I1) > N and #(I{) > N, such that I; NI{ = k. We define
¥, to be the union of the images of B(l1) and B(l]) in B. Next, the Weil
bound implies that there exists a natural number N’, such that, for each finite
extension ! of k with (1) > N’, (B — X1)(I) # 0 holds. (Note that B — X is
geometrically connected over k.) So, we can choose a finite extension ls of k,
such that (B —21)(l2) # 0 and that [l5 : k] is not divisible by p. We define X5
to be any non-empty subset of the image of (B — X1)(l3) in B — X;. Now, for
each v € X (resp. v € X3), let L, be any pro-p Galois extension of K, (resp.
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Galois extension such that Gal(L, N K /K,) is a pro-prime-to-p group), and
put C= (B, 21 U 22, {LU}U621U22).

Let K’ be any C-admissible finite Galois extension of K. We define
Gal(K'/K)?" (resp. Gal(K'/K)?) to be the maximal quotient group of
Gal(K'/K) with order prime to p (resp. with order a power of p), and denote by
M; (resp. Ma) the subextension of K’ over K that corresponds via Galois the-
ory the kernel of the natural surjective map Gal(K’/K) — Gal(K’/K)?" (resp.
Gal(K'/K) — Gal(K'/K)?). Thus we have Gal(M;/K) = Gal(K'/K)?" (resp.
Gal(My/K) = Gal(K'/K)P) .

We shall first prove that Gal(K’/K) is a quasi-p group, or, equivalently, that
M; = K holds. As K’ is C-admissible, so is M;. Since, moreover, Gal(M;/K)
has order prime to p and Gal(L,/K,) is pro-p for each v € X1, M7 /K must split
completely at each v € X1. Now, by (4.7), we obtain My C Ki1 N K} = K, as
desired.

Next, we shall prove that the constant field of K is k. Since the Galois group
over k of a finite extension of k is cyclic (hence nilpotent, a fortiori), we see
that the constant field of K’ is the compositum of those of M; and M. Since
we have already proved M; = K, it suffices to prove that the constant field of
My is k. As K’ is C-admissible, so is M. Since, moreover, Gal(M3/K) has
p-power order and Gal(L, N K} /K,) is pro-prime-to-p for each v € 3o, Ma/K
does not admit a non-trivial residue field extension over 5. In particular, the
constant field of M5 is contained in the residue field of each v € s, hence in
lo by the choice of ¥o. Now, since Gal(Ms/K) has p-power order and [l2 : k]
is prime to p, the constant field of Ms must coincide with &, as desired.

This completes the proof. [I

PROPOSITION (4.9). Let the notations and the assumptions be as in (2.2),
and assume, moreover, that k is an algebraic extension of F,. Then, in the
conclusion of (2.2), we may assume that Gal(K'/K) is a quasi-p group and
that the constant field of K' coincides with k.

Proof. We can choose a finite subextension kg of I, in £, such that the curve C
and the (reduced) closed subscheme ¥ of C' descend to Cy and Xg, respectively.
Replacing kg by a suitable finite extension (in k), we may assume §(X) = £(Zo).
Moreover, again replacing ko by a suitable finite extension, we may assume
that, for each v € ¥, the finite Galois extension L, /K, descends to a finite
Galois extension Ly, /Ko, where Ky is the function field of Cy and vy is the

image of v in ¥y. We define ¥y o, to be the image of ¥ in ¥y. We also put

Bo ¥ 0y — .

Now, take finite sets 31 and X5 of closed points of By as in (4.8), and put

def .
Co = (CO, Yo U Xy U2y, {LO;UO}UOEZO U {KO7UO}U0621UZ2)' Applylng (2'2) to

Co and X o, we obtain a finite Galois extension K, of Ky that is nearly Co-
distinguished with respect to ¥ 0. By (4.8), Gal(K(/Ky) is a quasi-p group
and the constant field of K| coincides with k.

Finally, put K’ def K)k. Then, we easily see that K’ is a finite Galois

DOCUMENTA MATHEMATICA - EXTRA VOLUME KaToO (2003) 789-831



SKOLEM PROBLEMS AND BERTINI THEOREMS 829

extension of K = Kyk that is nearly C-distinguished with respect to Y., that
Gal(K'/K) is a quasi-p group (as Gal(K'/K)= Gal(K}/Ky)) and that the
constant field of K’ coincides with k. This completes the proof. [

PROPOSITION (4.10). In (3.1) and (3.2), we may choose B' such that K' is
a finite Galois extension of K with quasi-p Galois group and that the constant
field of K' coincides with k.

Proof. The proof of this fact goes rather similarly as that of (4.9). The main
difference between them consists in the fact that, in the proof of (4.9), we
can use the trivial extension Ky ,,/Ko., for each v € X1 U Xq, while, in the
proof of (4.10), this is impossible, since we have to require that condition (RI)
also holds for the (enlarged) base curve data. Here, however, we may take
Ko, Fp(p™) /Ko, (resp. Kou,Fp(p')/Kow,) for vg € X1 (resp. vy € o)
instead of K ,/Ko,v,, Where F,,(p>°) (resp. Fp(p’)) denotes the maximal pro-
p (resp. pro-prime-to-p) extension of F,. Details are left to the readers. O

Remark (4.11). The group-theoretical results of this subsection are also appli-
cable to other results in this section.

For example, (4.8) implies that, for some base curve data C, the field K¢
that appears in (4.1) and (4.3) satisfies the following property: Gal(K¢/K) is
pro-quasi-p in the sense that its maximal pro-prime-to-p quotient is trivial.

A similar remark is also applicable to (4.4). Namely, for some base curve
data C, Gal(K¢/K)(= Aut(B¢/B)) is pro-quasi-p. In particular, the abelian-
ization Gal(K¢/K)2P of Gal(K€/K) is a pro-p group, or, equivalently, every
finite abelian C-admissible extension of K has p-power degree. Accordingly,
if, moreover, we start with C such that Pic(C) admits a non-trivial torsion
element [L] whose order is prime to p, then L cannot be trivialized over any
finite abelian C-admissible extension, while it can be trivialized over some finite
(necessarily non-abelian) C-admissible extension by (4.4).
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