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ABSTRACT. We prove that the base change theorem in rigid coho-
mology holds when the rigid cohomology sheaves both for the given
morphism and for its base extension morphism are coherent. Apply-
ing this result, we give a condition under which the rigid cohomology
of families becomes an overconvergent isocrystal. Finally, we establish
generic coherence of rigid cohomology of proper smooth families under
the assumption of existence of a smooth lift of the generic fiber. Then
the rigid cohomology becomes an overconvergent isocrystal generi-
cally. The assumption is satisfied in the case of families of curves.
This example relates to P. Berthelot’s conjecture of the overconver-
gence of rigid cohomology for proper smooth families.
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1 INTRODUCTION

Let p be a prime number and let V (resp. k, resp. K) be a complete discrete val-
uation ring (resp. the residue field of V with characteristic p, resp. the quotient
field of V with characteristic 0). Let f : X — Speck be a separated morphism
of schemes of finite type. The finiteness of rigid cohomology H,(X/K, E) for
an overconvergent F-isocrystal F on X/K are proved by recent developments
(2] [6] [8] [9] [11] [18] [19] [20] [21]. However, if one takes another embedding
Speck — S for a smooth V-formal scheme S, we do not know whether the
“same” rigid cohomology, R* frize+« [ in our notation, with respect to the base
& = (Speck, Speck, S) becomes a sheaf of coherent Ojgpec k[s-modules or not,
and whether the base change homomorphism

H:lg(X/Ka E) QK O]Speck:[s — IR>‘<Jc1ri;_z;6=k£?

I Supported by JSPS.
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is an isomorphism or not. In this case, if one knows the coherence of R* frize. F,
then the homomorphism above is an isomorphism. Moreover, if the coherence
holds for any S, then there exists a rigid cohomology isocrystal R* fyiz.« £ on
Speck/K and R* fiize«E is a realization with respect to the base &.

In this paper we discuss the coherence, base change theorems, and the over-
convergence of the Gauss-Manin connections, for rigid cohomology of families.
Up to now, only few results are known. One of the difficulities to see the
coherence of rigid cohomology comes from the reason that there is no global
lifting. If a proper smooth family over Spec k admits a proper smooth formal
lift over Spf V, then the rigid cohomology of the family is coherent by R. Kiehl’s
finiteness theorem for proper morphisms in rigid analytic geometry. Hence it
becomes an overconvergent isocrystal. This was proved by P. Berthelot [4,
Théoréme 5]. (See 4.1.)

In general it is too optimistic to believe the existence of a proper smooth lift
for a proper smooth family. So we present a problem on the existence of a
projective smooth lift of the generic fiber up to “alteration” (Problem 4.2.1).
Assuming a positive solution of this problem, we have generic coherence of
rigid cohomology. This means that the rigid cohomology becomes an overcon-
vergent isocrystal on a dense open subscheme. In the case of families of curves
this problem is solved [12, Exposé III, Corollaire 7.4], so the rigid cohomology
sheaves become overconvergent isocrystals generically.

In [1] Y. André and F. Baldassarri had a result on the generic overconver-
gence of Gauss-Manin connections of de Rham cohomologies for overconvergent
isocrystals on families of smooth varieties (not necessary proper) which come
from algebraic connections of characteristic 0.

Now let us explain the contents. See the notation in the convention.
Let

X & 9
i lg
S T T

be a cartesian square of V-triples separated of finite type such that f: X —-S8
is smooth around X. In section 2 we discuss base change homomorphisms

u* qurig@* FE — ngrig:g*’l}*E

such that 7 — S is flat. In a rigid analytic space one can not compare sheaves
by stalks because of G-topology. Only coherent sheaves can be compared by
stalks. The base change homomorphism is an isomorphism if both the source
and the target are coherent (Proposition 2.3.1). By the hypothesis we can use
the stalk argument.

In section 3 we review the Gauss-Manin connection on the rigid cohomology
sheaf and give a condition under which the Gauss-Manin connection becomes
overconvergent. Let f: X — T and u : T — & be morphisms of V-triples such
that f: X — T and @ : T — S are smooth around X and T, respectively. Then
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the Gauss-Manin connection VEM on the rigid cohomology sheaf R? frigz+ & for
an overconvergent isocrystal E on (X, X)/Sk is overconvergent if R? figz/s E
is coherent for any triple ¥ = (T,T,T’) over T such that 77 — T is smooth
around T' (Theorem 3.3.1). If the Gauss-Manin connection is overconvergent,
then there exists an overconvergent isocrystal R fyig. ' on (T, T)/Sk such that
the rigid cohomology sheaf RY fyioz/« E is the realization of RY fyig. E on T for
any embedding T — 7" such that 7' — S is smooth around 7. We also prove
the existence of the Leray spectral sequence (Theorem 3.4.1).

In section 4 we discuss Berthelot’s conjecture [4, Sect. 4.3]. Let f: (X, X) —
(T,T) be a proper smooth family of k-pairs of finite type over a triple &. We
give a proof of Berthelot’s theorem using the result in the previous sections
(Theorems 4.1.1, 4.1.4). Finally, we discuss the generic coherence of rigid
cohomology of proper smooth families as mentioned above.

CONVENTION. The notation follows [5] and [9].

Throughout this paper, k is a field of characteristic p > 0, K is a complete
discrete valuation field of characteristic 0 with residue field k£ and V is the ring
of integers of K. | | is denoted an p-adic absolute value on K.

A k-pair (X, X) consists of an open immersion X — X over Speck. A V-triple
X = (X, X, X) separated of finite type consists of a k-pair (X, X) and a formal
V-scheme X separated of finite type with a closed immersion X — X over
SpfV. Let X = (X, X,X) and 9 = (Y,Y,)) be V-triples separated of finite
type. A morphism f :9) — X of V-triples is a commutative diagram

Yy - Y = Y
!

' 1 L7
X - X = X
over Spf V. The associated morphism between tubes denotes f :]¥ [y—]X[x-
A Frobenius endomorphism over a formal V-scheme is a continuous lift of p-
power endomorphisms.

ACKNOWLEDGEMENTS. The author thanks Professor K. Kato, who invited the
author to the wonderful world of “Mathematics”, for his constant advice. This
article is dedicated to him.

The author also thanks Professor H. Sumihiro for useful discussions.

2 BASE CHANGE THEOREMS

2.1 BASE CHANGE HOMOMORPHISMS

We recall the definition of rigid cohomology in [9, Sect. 10] and introduce base
change homomorphisms. Let V — W be a ring homomorphism of complete
discrete valuation rings whose valuations are extensions of that of the ring
Z, of p-adic integers and let k and K (resp. ! and L) be the residue field
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and the quotient field of V (resp. W), respectively. Let & = (S,5,S) (resp.
¥ =(T,T,T)) be a V-triple (resp. a W-triple) separated of finite type and let

u: ¥ — & be a morphism of triples. Let
(X, X) «— (V)
fi Ly
(Sv S) — (Tv T)
1 \
Speck <+— Specl

be a commutative diagram of pairs such that the vertical arrows are separated
of finite type and the upper square is cartesian. Then there always exists
a Zariski covering X’ of (X, X) over & (resp. 2) of (Y,Y) over ) with a
commutative diagram

x! L 2)/
A g
(G} — T

u
as triples such that the induced morphism Yy = X' xs T' is smooth
around Y. Let X’ be the Cech diagram as (X, X)-triples over & and let
DR'(X//6, (Ex/,Vz)) be the de Rham complex

Vs

3 Voxr
Ex, — Ex ®ji0

— By ®jio 2_

t
TYX L sts

UM

-t o1
AL (MYEE

1x! 7

on | X[x: associated to the realization (Ex:, V) of E with respect to X!. Since
X’ is a universally de Rham descendable hypercovering of (X, X) over &, one
can calculate the g-th rigid cohomology R fyize+«F with respect to & as the
¢-th hypercohomology of the total complex of DR (X//&, (Ex7,Vx)). From
our choice of X’ and 9)’, there is a canonical homomorphism

H—‘a*RfrigG*E — RgrigT*U*E

in the derived category of complexes of sheaves of abelian groups on |T[7. The
canonical homomorphism does not depend on the choices of X' and 9. If
u:7T — 8 is flat around T, we have a base change homomorphism

E*qurigG*E — ngrigfgj*v*E
of sheaves of jT(’)T -modules for any q.

The following is the finite flat base change theorem in rigid cohomology.

2.1.1 THEOREM [9, Theorem 11.8.1]

With notation as above, we assume furthermore that u : T — S is finite flat,
u1(S) =T andu'(S) =T. Then the base change homomorphism

'R frige« E = Rigrgz. v E

is an isomorphism for any q.
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2.2 THE conDITION (F)

Let T = & X(gpeck,Spec k,spfv) (Specl,Specl, Spf W) and let ¢ be an integer.
For an overconvergent isocrystal E on (X, X)/Sk, we say that the condition
(F); w/v,i holds if and only if the base change homomorphism

uw*R? frigG* E — ngriggj*’l}*E

is an isomorphism. By Theorem 2.1.1 we have

2.2.1 PROPOSITION

If | is finite over k, then the condition (F)?W/ME holds for any q and any E.

2.2.2 EXAMPLE

Let & = (Speck, Spec k, Spf V) and let jTO]y[ be the overconvergent isocrystal

on (X, X)/K associated to the structure sheaf with the natural connection. If
X is proper over Spec k, then the condition (F)j{ W/V,itO holds for any ¢ and
’ ? e

any extension W/V of complete discrete valuation rings.

PRrROOF. Using an alteration [14, Theorem 4.1] and the spectral sequence for
proper hypercoverings [21, Theorem 4.5.1], we may assume that X is smooth.
Note that the Gysin isomorphism [20, Theorem 4.1.1] commutes with any base
extension. The assertion follows from induction on the dimension of X by
a similar method of Berthelot’s proof of finiteness of the rigid cohomology
[6, Théoreme 3.1] since the crystalline cohomology satisfies the base change
theorem [5, Chap. 5, Théoreme 3.5.1]. O

2.3 A BASE CHANGE THEOREM
We give a sufficient condition for a base change homomorphism to be an iso-
morphism.

2.3.1 PROPOSITION

With notation in 2.1, assume furthermore that W =V andu : T — S is smooth
around T'. Let q be an integer and suppose that R? frize+E (resp. Rigyigzv*E)
is a sheaf of coherent jTO]g[S -modules (resp. a sheaf of coherent jTO]T[T'

modules) for an overconvergent isocrystal E on (X,X)/Sk. Then the base
change homomorphism

a*qurigG*E — ngrigI*U*E
is an isomorphism.
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PROOF. Since both sheaves are coherent, we may assume 7' = T by the faithful-
ness of the forgetful functor from the category of sheaves of coherent j TO]T[T'
modules to the category of sheaves of coherent Oy, -modules [5, Corollaire
2.1.11]. Then we have only to compare stalks of both sides at each closed point
of |T[r by [7, Corollary 9.4.7] since both sides are coherent. Hence we may
assume that 7 = T consists of a k-rational point by Proposition 2.2.1. Then

the assertion follows from the following lemma. O

2.3.2 LEMMA

Under the assumption of Proposition 2.3.1, assume furthermore that T =T =
Speck. Then the base change homomorphism

a*Rq,frigG*E — ngrigT*U*E
is an isomorphism.

PROOF. We may assume that S = S = Speck. By the fibration theorem [5,
Théoréme 1.3.7] we may assume that 7 = &ds is a formal affine space over S
with coordinates x1,---, x4 such that T'= S is included in the zero section of
T over §. Applying Proposition 2.2.1, we have only to compare stalks of both
sides at a K-rational point ¢ €]T[r with z;(t) = 0 for all ¢ after a suitable
change of coordinates.

Let T, = SpfV[xy, -, zq]/ (27", -, 2%) Xgpey S for n = (ng,---,nq) with
n; > 0 for all i and denote by u, : T, = (T,T,T,) — & (resp. w, : T, — T)
the natural structure morphism. Observe a sequence of base change homomor-
phisms:

ﬁ*qurigG*E — ngrig‘z*fv*E — wn*ngrig‘In*U;E-

By the finite flat base change theorem (Theorem 2.1.1) the induced homomor-
phism
ﬂ;qurigG*E — ngrig‘fﬂ,*@;E

is an isomorphism since the rigid cohomology is determined by the reduced sub-
scheme. Hence, the base change homomorphism @*R? frige+ E — Rigygz 0" E
is injective.

Let us define an overconvergent isocrystal F' = v*E/(z1, -+, 24)v*E on
(Y,Y)/Tx and observe a commutative diagram with exact rows:

S22 a*qurigG*E % ﬂ*}qurigG*E‘ — ﬂ;l*ﬂTqurigG*E — 0
\: \ b
S22 ngrigT*U*E % ngrigT*U*E — ngrigT*Fa
where the subscript 1 of u; and w; means the multi-index (1,---,1). In-
deed, one can prove Rigygz,((@1, -+, 2q)v*E) = (21, -+, 2q)RIgrigz.v*E in-

ductively since z;v*E = v*E as overconvergent isocrystals. Hence the bottom
row is exact. By the finite flat base change theorem we have uiRY? fiipe+ £ =
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RYgyigz,«v*E. Since wy :|T[r; —]T[7 is a closed immersion of rigid analytic
spaces, Ri1wy.F = 0(q > 0) for any sheaf F of coherent O]T[Tl -modules. Hence
the right vertical arrow is an isomorphism.
Let G be a cokernel of the base change homomorphism w*RYfize«E —
RY frigz.v*E. By the snake lemme we have

g= ($1,"‘7$d)g~

Since G is coherent and the ideal (z1,- - - de)(’)ﬁ[%t is included in the unique
maximal ideal of the stalk O}T[T,t of O]T[T at t, the stalk G; vanishes by
Nakayama’s lemma. Hence the homomorphism between stalks at ¢ which is
induced by the base change homomorphism is an isomorphism. This completes
the proof. O

2.3.3 COROLLARY

With notation in 2.1, assume furthermore that the induced morphism T —
S Xspty SptW is smooth around T. Suppose that, for an integer q and an
overconvergent isocrystal E on (X, X)/Sk, the condition (F);{ w/v,i holds and

RY frige+E (resp. Rigrigz«v*E) is a sheaf of coherent jTO]g[S -modules (resp. a

sheaf of coherent jT(’)ﬁ[T -modules). Then the base change homomorphism
a*qurigg*E — ngrig‘f*v*E

s an isomorphism.

3 A CONDITION FOR THE OVERCONVERGENCE OF (GAUSS-MANIN CONNEC-
TIONS

3.1 THE coNDITION (C)

Let & = (5,5,8) be a V-triple separated of finite type and let (X, X) be a
pair separated of finite type over (S,.S) with structure morphism f : (X, X) —
(S,9).

Let E be an overconvergent isocrystal on (X, X)/Sk and let ¢ be an integer.
We say that the condition (C)‘;cﬁ,  holds if and only if, for any V-morphism

u:T — S separated of finite type with a closed immersion S — 7 over S such
that w is smooth around S, the rigid cohomology R figz.v™ E with respect to
T =(95,5,T) is a sheaf of coherent jTO]g[T—modules.

Since an open covering (resp. a finite closed covering) of S induces an admissible

covering of |S[s [5, Proposition 1.1.14], we have the proposition below by the
gluing lemma.
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3.1.1 PROPOSITION

Let u: &' — & be a separated morphism of V-triples locally of finite type such
that S' =u~'(9), and let

!

(X,X) « (X'.X)
i L

(8,9) +— (9.5)

u

be a cartesian diagram of pairs. Let E be an overconvergent isocrystal on
(X,X)/Sk and let E' = v*E be the inverse image on (X’,Y/)/S}(.

(1) Suppose one of the situations (i) and (ii).

(i) @:8" — S is an open immersion and 8 = @~ 1(S).

(i) w: S — S is a closed immersion and S — S' = S is the natural
closed immersion.

Then, the condition (C)?&E implies the condition (C)?,’G/7E,.
(2) Suppose one of the situations (iii) and (iv).

(i) w: 8" — S is an open covering and 9 = u1(S).
(iv) @ : S — & is a finite closed covering and the closed immersion

S S isa disjoint sum of the natural closed immersion into S for
—
each component of S .

Then, the condition (C)?&E holds if and only if the condition (C)‘JIC,76,7E,
holds.

3.2 THE OVERCONVERGENCE OF (GAUSS-MANIN CONNECTIONS

Let & = (S,5,8) be a V-triple separated of finite type and let T = (T,T,7)
be a &-triple separated of finite type such that 7 — S is smooth around
T. Let f: (X,X) — (T,T) be a morphism of pairs separated of finite type.
Then, for an overconvergent isocrystal E on (X, X)/Sk, we have an integrable
connection

GM . . . . Tl
VM R 5. B = R gz B Sjrog 3'r, i,

of sheaves of jT(’)ﬁ[T-modules over jT(’)]g[S, which is called the Gauss-Manin
connection and constructed as follows (cf. [16]). Here RYfijoz.F needs not
be coherent and the integrable connection means a jT(’)]g[S-homomorphism \Y

such that V(ae) = aV(e)+e®da fore € E,a € jTO]T[T and such that V2 = 0.
Let us take a formal V-scheme X’ separated of finite type over 7 with a 7-closed
immersion X — X such that the structure morphism f : X — 7 is smooth
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around X. In general, one can not take such a global X and one needs to take
a Zariski covering i of (X, X) over & in order to define the rigid cohomology.
For simplicity, we assume here that there exists a global X. The following
construction also works if one replaces the triple ¥ = (X, X, X) by the Cech
diagram $I, of  as (X, X)-triples over &. (See [9, Sect. 10].)
Let DRY(%X/6, (Ex, Vx)) be the de Rham complex associated to the realization
(Ex,Vx) of E with respect to X and let us define a decreasing filtration {Fil?},
of DRY(X/&, (Ex,Vx)) by

Fil? = Tnage(DR!(V/6, (x, V) [-d] ©7 100, T 10, o
— DRY(%/6, (Ex, Vx)))

for any ¢, where [—¢] means the —g-th shift of the complex. Since

T ol Ol Ol
0= 3" 51 = 3 Oz i3s3 Yxp im0

is an exact sequence of sheaves of locally free jTO]Y[X /}g[s—modules of finite
type, the filtration {Fil?}, is well-defined and we have

a  _ w19 /719t = DR VA ))[— _ 1,104
ngi] - Fll /Fll - DR (x/(z? (ng{, V:{))[ Q] ®f*1jTO]T[T f J Q]T[T/]E[s’

where Vy is the connection induced by the composition
v , oL . foL
Bx =5 Bx @jtox, 3" Yx psie — Bx Sitopxy, I Yxie/mie
From this decreasing filtration we have a spectral sequence

B =R fgrl, = R LDRI(X/6, (Ex, V),

where
E({r = er*(DRT(x/T? (EX7vX)) ®f—1jTO]T[T f_leQ]qf[T/]g[s)
o~ Tf. . T4
= RfugmE ®jrog 'Yz 51,0

Then the Gauss-Manin connection VEM : RY frigzs« . — R fripz. B ®ﬁom
-

‘-i— L . . . .
j Q]T[T /151s 18 defined by the differential

Or . Or 1r
di" By = E".

Indeed, one can check that dj" is an integrable connection by an explicit cal-
culation (see [16, Sect. 3]).
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3.2.1 THEOREM

Let E be an overconvergent isocrystal on (X,X)/Skx and let q be an in-

teger. If the condition (C)?TE holds, then the Gauss-Manin connection
GM . mq f. qrf. B Ol B .

\% ;R frigz+ & = R fripz. B ®J'OJ?[T J Q]T[T/]S[.S is overconvergent along

oT =T\T.

PROOF. Let us put X? = (X, X, X xs &), denote by px; : X2 — X the i-th
projection for ¢ = 1,2, and the same for €. By definition, the overconvergent
connection Vx is induced from an isomorphism

€x :pr1E — PxoF

of sheaves of jTO]y[XZ—modules which satisfies the cocycle condition [5, Defini-
tion 2.2.5]. Consider the commutative diagram

%‘;1 = (X,Y,XXsT) — %2
| ol
QQ — (X,X,TXSX) = %f}jg

of triples. Then the rigid cohomology Rf,;z2,E can be calculated as the
hypercohomology of the de Rham complex by using any of X2, X¢; and ¥«o.
Hence, we have an isomorphism

fui (

g‘IQ *

o

~ R €x) ~
ex 1 pr R frige B = R frip2, B R? frigz2 5 = poRY frigga

of sheaves of j JFO]T[T2 -modules which satisfies the cocycle condition by (C);& B

(Proposition 2.3.1). By an explicit calculation, the Gauss-Manin connection
VM g induced from the isomorphism eg (see [3, Capt.4, Proposition 3.6.4]).

Therefore, V&M is an overconvergent connection along 0T =T \ T. |

3.2.2 PROPOSITION

Let w: ¥ — T be a morphism separated of finite type over & which satisfies
the conditions

(i) w:T" — T is an isomorphism;
(ii) w: T T is proper;
(i) @ : T" = T 1is smooth around T",

and let f': (X’,Y/) — (T’,T/) be the base extension of f : (X, X) — (T,T) by
w: (T, T) — (T’,T/). Let q be an integer and let E (resp. E') be an overconver-
gent isocrystal on (X, X)/Sk (resp. the inverse image of E on (X’,y/)/SK).

(1) If the condition (C);{)&E holds, then the condition (C)§,73,7E, holds.
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(2) If the condition (C)‘JICI,S,7E, holds for all ¢’ < q, then the condition (C);,QE
holds.

In both cases, the base change homomorphism
{E*qul‘igf*E — qul/’igfz/*El
is an isomorphism with respect to connections.

PrROOF. If w: T’ — T is etale around T”, then there are strict neighborhoods
of |T[y and |T'[r (resp. |X[x and |X'[x/, where X' = X x5 T') which
are isomorphic [5, Théoreme 1.3.5]. Using the argument of the proof of [5,
Théoreme 2.3.5], we may assume that 7’ is a formal affine space over T and
w: T — T is an isomorphism by Proposition 3.1.1. Then the assertion (1)
follows from Proposition 2.3.1.

Now we prove the assertion (2). We may assume that 77 is a formal affine line
over 7 by induction. Since the equivalence between categories of realizations of
overconvegent isocrystals with respect to 7 and 7" is given by the functors w*
and R%wyigzs [5, Théoreme 2.3.5] [9, Proposition 8.3.5], Rowrigg*Rq/fr’igT*E’
is a sheaf of coherent j TO]T[T—moduleS with an overconvergent connection for
q" < ¢ by Theorem 3.2.1. Moreover, the canonical homomorphism

ROwyigs R fliyer, B — Rw,DRI (T /T, (RY fl e B/, VEM))
is an isomorphism for ¢’ < ¢.
Let us put C- = Rf/, DRV (X'/%, (E%,Vx)) and D- = C- ®jt0,
T
gtk . Observe the filtration of DRY(X'/T, (E%,, Vxs)) with respect

1T /1T |7
to w and f" in 3.2. Then

Rf".DRT(X'/%, (B}, V) = Cone(Ct — D7)[—1].

since 7' is an affine line over 7. Let us denote by C*>% (resp. C*Z%) a sub-
complex of (C*,d") defined by (C*>)7 =0(j <i—1),(C*>")" = C*/Kerd' and
(C>1)I = CI(§ > 1) (resp. (C=) =0(j <i—1),(C=%)" = C"/Imd*~! and
(C*2%)7 = C79 (j > 1)) and the same for D*. Then

DR (T'/%, (Rt f!

rig‘I’*E/7 VGM))[_t]
=~ Cone(Cone(C*=t — D*2t)[—~1] — Cone(C>t — D->1)[-1])[-1]
for any t. Hence we have an isomorphism
Rq/ (wf/)rig‘I*E/ = RowrigT*Rq/f;igT’*El

for any ¢’ < ¢ inductively.
On the contrary, if we denote by v : (X, Y/) — (X, X) the structure morphism,
then the spectral sequence

Bi' =Rivge. ' @0y, 'Yy, = BTEDRIE/S, (B, V)
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with respect to f and v in 3.2 induces an isomorphism
RY(wf')vige« B = R frigzi E
since RO0yigx« B’ = E and Rl'vigx. B = 0 (¢ > 0). Hence,
RY frigz B = Rowrigf*qurlig@*E/

and RY fiigz. E is a sheaf of coherent j TO]T[T—modules. The same holds for any

triple 7 = (T,T,T") separated of finite type over T such that 7”7 — T is
smooth around 7. Therefore, the condition (C)()’“I g holds. O

3.3 RIGID COHOMOLOGY AS OVERCONVERGENT ISOCRYSTALS

Let & = (5,5,S) be a V-triple separated of finite type and let
(X, X)L (1,T) % (8.5)

be morphisms of pairs separated of finite type over Spec k.
As a consequence of Theorem 3.2.1, we have a criterion of the overconvergence
of Gauss-Manin connections by the gluing lemma and Proposition 3.2.2.

3.3.1 THEOREM

Let E be an overconvergent isocrystal on (X, X)/Sk and let q be an integer.
Suppose that, for each q¢' < q, there exists a triple T =[] (T;, T;,T;) separated
of finite type over & which satisfies the conditions

(i) T = [I1T: — T is an open covering;
(ii) T is the pull back of T in T
(i) 7"=11Ti = T is smooth around T",
(iv) the condition (C);{,’T,’E, holds, where f’ : (X’,Y/) — (T’,T,) denotes the

extension of f and E’' is the inverse image of E on (X’,Y/)/SK.

Then the rigid cohomology R? frigzs E' with the Gauss-Manin connection vEM
is a realization of an overconvergent isocrystal on (T,T)/Sk. Moreover, the

overconvergent isocrystal on (T,T)/Sk does not depend on the choice of T'.
Under the assumption of Theorem 3.3.1, we define the ¢-th rigid cohomol-
ogy overconvergent isocrystal RYf...F as the overconvergent isocrystal on

(T,T)/Sk in the theorem above.
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3.3.2 PROPOSITION

With notation as before, we have the following results.

(1) Let E — F be a homomorphism of overconvergent isocrystals on
(X, X)/Sk and let q be an integer. Suppose that, for each ¢ < q and each
E and F, there exists a triple T such that the conditions (i) - (iv) in The-
orem 8.3.1 holds. Then there is a homomorphism R fiige B — R frigs
of overconvergent isocrystals on (T,T)/Sk. This homomorphism com-
mutes with the composition.

(2) Let0 - E — F — G — 0 be an exact sequence of overconvergent isocrys-
tals on (X, X)/Sk. Suppose that, for each q and each E, F and G, there
exists a triple T such that the conditions (i) - (iv) in Theorem 3.3.1 holds.
Then there is a connecting homomorphism R frigsG — R fiie, E of
overconvergent isocrystals on (T, T)/Sk. This connecting homomorphism
1s functorial. Moreover, there is a long exact sequence

0 — frig*E — frig*F — frig*G
- lerig*E — lerig*F — lerig*G
% .

R2 frig*E —

of overconvergent isocrystals on (T,T)/Sk.

PROOF. Since the induced homomorphism (resp. the connecting homomor-
phism) commutes with the isomorphism € in the proof of Theorem 3.2.1 by [9,
Propositions 4.2.1, 4.2.3], the assertions hold by [5, Corollaire 2.1.11, Proposi-
tions 2.2.7]. O

3.3.3 PROPOSITION

With the situation as in Theorem 3.3.1, assume furthermore that the residue
field k of K is perfect, there is a Frobenius endomorphism o on K, and & =
(Speck,Speck,Spf V). Let E be an overconvergent F-isocrystal on (X, X)/K
and let q be an integer. Suppose that, for each q' < q, there exists a triple %'
such that the conditions (i) - (iv) in Theorem 3.3.1 holds and suppose that, for
each closed point t, the Frobenius endomorphism

* 77q
O Hrig

((Xtayt)/KtyEt) — Hq

rig

(Xe, X1)/ Ky, Ey)

is an isomorphism. Then the rigid cohomology sheaf R fiig.E is an overcon-
vergent F-isocrystal on (T,T)/K. Here fi : (X4, X¢) — (t,t) is the fiber of
f:(X,X) = (T,T) at t, K; is a unramified extension of K corresponding
to the residue extension k(t)/k, o1 : Ky — K is the unique extension of the
Frobenius endomorphism o and E; is the inverse image of E on (X, X¢) /K.
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PROOF. Let ox (resp. o) be an absolute Frobenius on (X, X) (resp. (T,T)).
Then the Frobenius isomorphism ¢%F — E induces a Frobenius homomor-
phism

U;qurig*E — qurig*E

of overconvergent isocrystals on (7,T)/K by Theorem 3.3.1 and Proposition
3.3.2. We have only to prove that the Frobenius homomorphism is an isomor-
phism when T = T = t for a k-rational point ¢ and K; = K by Proposition
3.2.2 and the same reason as in the proof of Proposition 2.3.1.

Let us put 7 = (¢,¢,Spf V). The realization of the overconvergent isocrystal
RI fiig £ on t/K with respect to ¥ is Hfig((X,Y)/K, E). Hence, the assertion
follows from the hypothesis. O

3.4 THE LERAY SPECTRAL SEQUENCE

We apply the construction of the Leray spectral sequence in [15, Remark 3.3]
to our relative rigid cohomology cases.

3.4.1 THEOREM

With notation as in 3.3, suppose that, for each integer q, there exists a triple
%' such that the conditions (i) - (iv) in Theorem 3.3.1 hold. Then there exists
a spectral sequence

Egr = Rq“rig@*(errig*E) = Rt" (u o f)rigG*E
of sheaves oijO]g[S -modules.

PrOOF. Let 9 = (Y,Y,)) (resp. 4 = (U,U,U)) be a Zariski covering of
(X,X) (resp. (T,T)) over & with a morphism ) — 4l of triples over & such
that ) — U is smooth around Y. Let 2), (resp. 4.) be the Cech diagram as
(X, X)-triples (resp. (T,T)-triples) over & associated to the (X, X)-triple 9
(resp. the (T, T)-triple 4l) over & and let us denote by

9. 24 56

the structure morphisms. The Cech diagram %), (resp. §) is a universally
de Rham descendable hypercovering of (X, X) (resp. (T,T)) over & [9, Sect.
10.1.

Let us consider the filtration {Fil?}, of DRY(9)./&, (By., Vy.)) which is defined
in 3.2 and take a finitely filtered injective resolution

DR'(9./6, (By,, Vy.)) = I

as complexes of abelian sheaves on |Y [y, that is, Fil’I: (resp. grf,[7) is an
injective resolution. Let
gord? = M
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be a finitely filtered resolution as complexes of abelian sheaves on |U,[;; such
that

(1) MZ" =0 if one of ¢,r and s is less than 0;

(ii) Fil'g.I"” — Fil'M:" (vesp. gris gul’ — griy M:") is a resolution by ¥,.-
acyclic sheaves for any r;

(iii) the complex
H™(Fil'M%) — H"(Fil'M") — H"(Fil' M) — - -

is a resolution of H" (Fil‘I*) by ¥,.-acyclic sheaves for any r, and the same
for gri, I+ — grh M.

One can construct such a resolution g¢..I: — M inductively on degrees and it
is called a filtered C-E resolution in [15].
Now we define a filtration {F"}; of v, .M by

FIM® =Fil" 1M®.
Let us consider a spectral sequence
(%) PEY = H™ (grptot (0. M) = H (tot(3..M"))

for the total complex of v, M with respect to the filtration {F'};. Since ), is
a universally de Rham descendable hypercovering of (X, X) over &, we have

R" (10 frigseE 2 H (tot(V,, M),

by the definition of rigid cohomology in [9, Sect 10.4]. Let (F!'Ey",dy") be the
complex induced by the edge homomorphism of the spectral sequence

MEY = H™ (grlyg.I1) = HT (g 1))
Then there is a resolution

(LB, dS7 ) — {H T (gria M) o s

by the double complex on |U, [, by the condition (iii). The complex induced
by the edge homomorphisms in the ¥ E,-stage of the spectral sequence (*) is
isomorphic to the total complex of {7, H*"" (gre, M )}4.5. Hence there is a
spectral sequence

FEI" = H(tot(RU,.FVEY)) = HT (tot(v, . M:)).

Since the direct image overconvergent isocrystal R” frg. E on (T,T)/Sk exists
by Theorem 3.3.1, we have

("UEY,d7") = DRI /S, (R frig: E)u., Vi)
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by Theorem 3.2.1, Proposition 3.2.2 and the definition of rigid cohomology.

Here we also use the fact that an injective sheaf on |U [y, consists of injective
sheaves at each stage [9, Corollary 3.8.7]. Therefore, we have the Leray spectral
sequence

Egr = unrigG*(errig*E) = Rq+r (U © f)rigG*E
in rigid cohomology. O

4 EXAMPLES OF COHERENCE

Let & = (S5,5,8) be a V-triple separated of finite type and let
(X, X) N (T, T) — (S,S) be a sequence of morphisms of pairs separated
of finite type over Speck. In order to see the existence of the overconvergent
isocrystal R f.. L, one has to show the coherence of direct images. Berth-

_ 1 o
elot’s conjecture [4, Sect. 4.3] asserts that, if f is proper, X = f (T) and f
is smooth, then the rigid cohomology overconvergent (F-)isocrystal RY fyig.E
exists for any ¢ and any overconvergent (F-)isocrystal E on (X, X)/Sk. In this
section we discuss a generic coherence which relates to Berthelot’s conjecture.

4.1 LIFTABLE CASES

The following Theorems 4.1.1 and 4.1.4 are due to Berthelot [4, Théoreme 5.
We give a proof of the theorems along our studies in the previous sections.
4.1.1 THEOREM

Suppose that there exists a commutative diagram

X - X = X
fi 7 L
T —» T = T

of &-triples such that both squares are cartesian, ]?: X — T is proper and
smooth around X and g : T — S is smooth around T. Then the condition
(C)'},{Z’E holds for any q and any overconvergent isocrystal E on (X, X)/Sk.
In particular, the rigid cohomology overconvergent isocrystal RIfig. 0 on
(T,T)/Sk exists. If & = (Speck,Speck,SpfV) and the relative dimension
of X over T is less than or equal to d, then RI fiig 2 = 0 for ¢ > 2d.
Moreover, the base change homomorphism is an isomorphism of overconvergent
isocrystals for any base extension (T’ ,T/) — (T, T) separated of finite type over
(S,9).

PrOOF. We may assume that 7T is affine. First we prove the coherence of
RY fiie5+ . By the Hodge-de Rham spectral sequence

E({r = Rrﬁk<E ® = qurigT*E

_ 0y
7105, I Yz 71,
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q
X /1Tl
jT(’)]T[T-modules for any ¢ and r. Since the second square is cartesian, the

we have only to prove that RTﬁ (E Rjtox, jtQ is a sheaf of coherent
X

associated analytic map f :| X [x—|T[7 is quasi-compact. If {V'} is a filter of a
fundamental system of strict neighbourhoods of ]T[7 in |T[r, then {f~1(V)}
is a filter of a fundamental system of strict neighbourhoods of | X [x since both
squares are cartesian. Let us take a sheaf £ of coherent jTO]Y[X-modules with

E = jT€ (£ is defined only on a strict neighbourhood in general). One can
take a filter of a fundamental system {V'} of strict neighbourhoods of |T[r in
IT[7 such that, if jv : V —]T[r (resp. jj iy, F1(V) =]X[x) denotes
the open immersion, then R?jy.E = 0 (resp. quffl(v)*f*g = 0) by [9, Sect.
2.6, Proposition 5.1.1]. Since the direct limit commutes with cohomological
functors by quasi-separatedness and quasi-compactness, we have

R f.(E R0, J T%(IY[;(/]T[T)
= R’"J}JT(E @0, Vi /ity
= R"f, (ri)njffl(V)*j];—ll (V) (g ®O]7[x Q](IY[X/]T[T))
)%

= li—H>1RTJ?*(jffl(v)*jf—ll(v)(5 ©Ox, Q%[x/ﬁ[f))
14

= 1 R (Fp )7 )€ ©05x,, Uy,

=~ h_‘r/)n G R Gvef)e(€ R0y Vst 71

=~ hE)l v v R (€ Q0% Qf?[x/ﬁ[f)
Vv

~ iR f.(E Q0% QJQY[X/JT[T)'

Here R'J.(€ @ Ozt Yl 7, 18 coherent on a strict neighborhood of |T[7

in |T[r by Kiehl’s finiteness theorem of cohomology of coherent sheaves [17,
Theorem 3.3] and Chow’s lemma. Hence, each Fj-term is coherent. The situ-
ation is unchanged after any extension 7’ — 7T smooth around 7. Therefore,
the condition (C)?-& g holds for any ¢ and any E. Hence, the rigid cohomology
overconvergent isocrystal R f,i,.E exists by Theorem 3.3.1.

Suppose that & = (Speck, Spec k, Spf V) and the relative dimension of X over
T is less than or equal to d. Then R f,i,.E is an overconvergent isocrystal on
(T,T)/K. In order to prove the vanishing of R fyiz«E for ¢ > 2d, we have only
to prove the assertion when T = T = ¢t for a k-rational point ¢ by Proposition
3.2.2 and the same reason as in the proof of Proposition 2.3.1. Let us put
¥ = (Speck,Speck,Spf V). The realization of the overconvergent isocrystal
R frig B on t/ K with respect to T is H, (X, X)/K, E). Hence, the vanishing
follows from Lemma 4.1.2 below.

Since the liftable situation is unchanged locally on base schemes, the base
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change homomorphism for (7" ,T/) — (T, T) is isomorphic as overconvergent
isocrystals by Proposition 2.3.1. O

4.1.2 LEMMA

Let X be a smooth separated scheme of finite type over Speck, let Z be a closed
subscheme of X, and let E be an overconvergent isocrystal on X/K. Suppose
that X is of dimension d and Z is of codimension greater than or equal to e.
Then the rigid cohomology H%,rig(X/K, E) with supports in Z vanishes for any
q > 2d and any q < 2e.

PrROOF. We use double induction on d and e, similar to the proof of [6,
Théoreme 3.1]. If d = 0, then the assertion is trivial. Suppose that the as-
sertion holds for X with dimension less than d and suppose that e = d. Then
we may assume that Z is a finite set of k-rational points by Proposition 2.2.2.
Hence the assertion follows from the Gysin isomorphism

Hq

%aig X/ K, E) = HY *(Z/K, Ez)

rig

[20, Theorem 4.1.1]. Suppose that the assertion holds for any closed subscheme
with codimension greater than e. By using the excision sequence

= Hy o (X/KE) — Hy L (X/KE) — H%\Z’,rig(‘)(\Z//K’E)
— HY L (X/K,E) —

for a closed subscheme Z’ of Z (see [6, Proposition 2.5] for the constant coef-
ficients; the general case is similar), we may assume Z is irreducible. We may
also assume that Z is absolutely irreducible by Proposition 2.2.2. Then there
is an affine open subscheme U of X such that the inverse image Z;; of Z in
U is smooth over Speck after a suitable extension of k. Since Z \ Zy is of
codimension greater than e, we may assume that Z is smooth over Speck by
the excision sequence and Proposition 2.2.2. Applying the Gysin isomorphism
to Z C X, we have the assertion by the induction hypothesis if e > 0. Now
suppose that e = 0. We may assume X = Z by induction on the number of
generic points of X. We may also assume that X = Z is an affine smooth
scheme over Speck and we can find an affine smooth lift X of X over SpecV
by [10, Théoreme 6]. Let X be the p-adic completion of the Zariski closure
of X in a projective space over SpecV and put X = X Xgpry Speck. Then
H1()X[x,€) = 0(q > 0) for any sheaf € of coherent jT(’)]y[X—moduleS by [9,
Corollary 5.1.2]. Hence one can calculate the rigid cohomology by the complex
of global sections of the de Rham complex associated to a realization of F.
Therefore, H} (X/K, E) = 0 for any ¢ > 2d. This completes the proof. O
Since the situation in Theorem 4.1.1 is unchanged by any extension ¥V — W of
complete discrete valuation rings, we have
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4.1.3 PROPOSITION

Under the assumption in Theorem 4.1.1, the condition (F)‘JJc W/V.E holds for
any q, any extension W of complete discrete valuation ring over V and any
overconvergent isocrystal E on (X, X)/Sk.

We mention overconvergent F-isocrystals.

4.1.4 'THEOREM

With the situation as in Theorem 4.1.1, suppose & = (Speck, Speck, Spf V)
and let o be a Frobenius endomorphism on K. Then, for an overconvergent
F-isocrystal E on (T,T)/K, the rigid cohomology overconvergent isocrystal
R frig. B is an overconvergent F-isocrystal on (T,T)/K for any q.

Moreover, the base change homomorphism is an isomorphism as overconvergent
F-isocrystals for any base extension (T’,T/) — (T, T) separated of finite type
over (S, 5).

PROOF. Let us put V' = lim(V-53V% ...). Then V' is a complete discrete
—

valuation ring over V whose residue field k' is the perfection of k. Applying
Proposition 4.1.3 to the base extension by Speck’ — Speck, we may assume
that &k is algebraically closed. Let W be the ring of Witt vectors with coef-
ficients in k£ and let L be the quotient field of W. Since the residue field of
L is algebraically closed, the restriction of o on L is the canonical Frobenius
endomorphism. Regarding an overconvergent F-isocrystal E on (X, X)/K as
an overconvergent F-isocrystal £ on (X, X)/L, we may assume that K = L
by the argument of [20, Sect. 5.1].

Let ¢ be a closed point of T'. Since the associated convergent F-isocrystal E
on X;/K comes from an F-crystal on X;/W [5, Théoréme 2.4.2], the Frobenius
homomorphism

O':Hfig(Xt/K,Et) — HL (Xy/K, E;)

rig
is an isomorphism by the Poincaré duality of the crystalline cohomology theory
[3, Théoreme 2.1.3] and the comparison theorem between the rigid cohomol-
ogy and the crystalline cohomology [6, Proposition 1.9] [20, Theorem 5.2.1].
Therefore, the assertion follows from Proposition 3.3.3. ]

4.2 (GENERIC COHERENCE

First we present a problem concerning an existence of smooth liftings.

4.2.1 PROBLEM

Let V be a complete discrete valuation ring of mixed characteristics with residue
field k and let X be a proper smooth connected scheme over Spec k. Are there
a finite extension W of complete discrete valuation ring over V and a projective
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smooth scheme Y over Spec W with a proper surjective and generically finite
morphism
Y Xgpecw Specl = X

over Spec k? Here [ is the residue field of W.

4.2.2 REMARK

We give two remarks on the problem above.

(1) When X is a proper smooth curve over Spec k, one can take a projective
smooth scheme Y over Spec V such that Y xgpecvSpeck = X [12, Exposé
III, Corollaire 7.4].

(2) In Proposition 4.2.3 and its application to Theorem 4.2.4 and Corollary
4.2.5 we use only the smoothness of the formal completion Y - Spf W.
Hence, it is sufficient to resolve a weaker version of the problem which
asks for the existence of a formal WW-scheme ) which is projective smooth
over Spf W with a proper surjective and generically finite morphism

y X Spec W Specl — X

over Speck. If such a ) exists, then there is a projective scheme over
Spec W whose formal completion over Spf W is Y by [13, Chap. 3, Corol-
laire 5.1.8].

Let m be the maximal ideal of V and let

X - X
fl %
T — T
be a cartesian square of k-schemes such that T is an affine and integral scheme

— [e]
which is smooth over Speck, f is proper and f is smooth with a connected

generic fiber X,,, where n denotes the generic point of T. Let us take a smooth
lift 7 = Spec R of T over SpecV and put T = (T, T, T) with T = Spf R. Here
Z (resp. E) means the p-adic formal completion for a V-scheme Z (resp. a
V-algebra A). Let us denote by Ry, the localization of R at the prime ideal
mR. Note that R is integral and E;z is a complete discrete valuation ring over
VY with special point 7.

4.2.3 PROPOSITION

With notation as above, suppose that there is a projective smooth scheme Y
over Spec Ry whose reduction is the generic fiber X,, of X. Then there exist
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(i) an open dense subscheme U of T' (we define the associated V-triple i =
(U,T,7)):

(ii) a formal V-scheme T’ which is finite flat over T (W = (U',T/7 T"), where
U’ (resp. T ) is the inverse image of U (resp. T) in T');

(iii) a formal V-scheme T" separated of finite type over T' with a closed
immersionj/ — T" over T' such that T" — T’ is etale around U’
(Ll// — (U/7T 77"//));
(iv) a formal V-scheme X" projective over T" with a natural isomorphism
X' xynU =2 X xp U’

such that X" — T" is smooth around X" x U’.

PROOF. Since Y is projective over Spec E;z, one can take ai,---,a, € méy\n
for any 7 such that there exists a projective scheme Z over the n-dimensional
R-affine space A% with the natural cartesian square

Y - Z
b \

Spec Rm  — A% a; < x;.

Indeed, if one considers the sheaf 7 of ideals of definition of Y in a projective
space over Spec Ry, then the Serre twist Z(r) of Z is generated by global sec-
tions for sufficiently large 7. Then all coefficients which appear in the generators
belong to R + mRm. -

Let I C R[z] be an ideal of definition of the image of Spec Ry in A%. Choose

b€ Rm with || < 1 such that g(b) = 0 for all ¢ € I and denote by Z,
the pull back of Z — A’ by the natural morphism Spec R[b]"er — A%, where

Spec R[b]"°" is the normalization of Spec R[b]. Note that R[b]"°" is finitely
generated over R since the characteristic of the field of fractions of R is 0.

The map defined by b + 0 determines a closed immersion T — Spf ﬁ[b]nor

over Spf R since R[b]"°" is included in Rm. T is a connected component of

Spf]%[b]nor Xsptv k. The generic fiber of Zb X, fﬁﬂ]\ T - Tis X, by our
p nor

construction of Z. Hence, there are an open dense subset of X containing the

generic fiber and an open dense subset of 2b Xos fzﬁ]\ T containing the generic
P nor

fiber which are isomorphic to each other.

—

Put a = (a1, --,ay). Since smoothness is an open condition, Zo — Spf I%[a]nor
is smooth around X, by applying the Jacobian criterion to the cartesian squares
X, — Y — L
Lo [

n — SpfRm — SpfRajor.
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Now we consider the associated analytic morphism to 7 - 1&% Since smooth-
ness is an open condition for morphisms of rigid analytic spaces, there exists
0 < A < 1 such that Z, — Spf R[b]"" is smooth around X, for any b € Rm.
with [b — a| = max; |b; — a;| < X such that g(b) = 0 for any g € I by the
quasi-compactness of Z%".
Let us take an element b € (Frac(R)™& N E;q,)” with [b — a] < X such that
g(b) = 0 for any g € I. Here Frac(R)*# is the algebraic closure of Frac(R)
in an algebraic closure Ryp[p~t]2 of Ry[p~!]. It is possible to choose such a
b using Noether’s normalization theorem and the approximation by Newton’s
method. Consider an extension R[b ]n°r®ARm over Rp. Then R[b ]n°r®ARm
is finite over Rm for |b] < 1 and it has no p-torsion. We denote by Rm a
finite extension as a complete discrete valuation ring over Rm which contains
R[b]"°*. Then there are a sequence R = Ry, Ry,---, Rs of finite extensions
of R in Frac(R)*® and a sequence q;(z),---,¢s(z) of monic polynomials with
~ ~ ~ — ~
¢i(#) € R;_1[z] such that R, = R;_1[2]/(¢:(2)) and Ry, is generated by R,
over Ry using the approximation by Newton’s method.
Now we define V-formal schemes separated of finite type

T' = SpfR,
T"” = the Zariski closure of the image of the diagonal morphism
Spf I/%T\n/ — T’ x7 Spf ]%[b]nor as a V-formal scheme
X" = Zyx —T"
Spf R[b] nor

and define the k-scheme T' = T x 7T". Then there is a natural closed immersion
T — T" over T'. By our construction of 7", 7" — 77 is etale around
all generic points of 7" Xy k above on 1 x7 T since all the localizations of
R[b]"r® EE"\n at the prime ideal above m is contained in E"\n/. Hence, 7" — T’
is etale around a dense open subscheme of 7'. By the property of Zy, X" — T
is smooth around X, X+ T. Moreover, there are an open dense subset of
X X7 T containing all of the generic fibers over T and an open dense subset
of X" X7n T containing all of the generic fibers over T which are isomorphic
to each other. Therefore, there is an open dense subscheme U of T such that
U= (UT,T),W=U" T, T) with U’ =U x5 T, W' = (U",T,T") and X"
are the desired objects. O

Now we apply the study in 4.1. Let us keep the notation as in the beginning
of this section. Suppose that the diagram

X - X
fi 17
T — T
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— [e]
is a cartesian square of k-schemes such that f is proper and f has smooth
generic fibers.

4.2.4 'THEOREM

Under the assumption as above, assume furthermore that T is an affine integral

scheme which is smooth over Speck and the gemeric fiber of f : X — T 1is
connected. Suppose that there exists a projective smooth lift of the generic fiber

of [ over the spectrum of a complete discrete valuation ring which is induced

by the localization of a smooth lift of T over SpecV. Then there exists an open

dense subscheme U of T and a formal V-scheme T over S which is smooth
[e]

around T' such that, if one denotes by fu : (f~1(U),X) — (U,T) the restriction
of [ and puts U = (U, T,T), then the condition (C)?U%E holds for any q and
any overconvergent isocrystal E on (f~1(U),X)/Sk. In particular, the rigid
cohomology overconvergent isocrystal R? fyvige B on (U,T)/Sk exists for any q
and any E.

PRrROOF. Let us take U, U, W', Y’ and X" as in Proposition 4.2.3 except
for the formal schemes U, U’', U" and X”. We replace U, U’', U" and X"
by U Xgpry S, U Xspiv S, U" Xgpry S and X xgprp S. Let us denote by
(X xp U, X XTT/) — (U’,T/) (vesp. f(r+ (X" x50 U, X" X700 T/) —
v’ ,T/)) the induced morphism from the conclusion of Proposition 4.2.3, and
by E’ (resp. E") the inverse image of F on (X xr U, X Xz T/)/’TI/( (resp.
(X" xq0 U', X" x70 T')/T}). Then the condition (C), 4 18 equivalent
to the condition (C)‘}[,J s, Dy the finite flat base change theorem (Theorem

2.1.1) and the faithfully flat descent theorem for finitely generated modules.

Since the rigid cohomology is independent of the choices of compactification [4,

Sect. 2, Théoreme 2], the condition (C)}, (, p is equivalent to the condition
Ut

(C);Ifg,u/,E"' Then the assertion follows from Proposition 3.3.1. O

With the situation of Theorem 4.2.4, a smooth lift of T over SpecV always
exists by [10, Theorem 6] since T is affine and smooth.

4.2.5 COROLLARY

With notation as above, suppose that Problem 4.2.1 admits an affirmative so-
lution in general. Then there exists an open dense subscheme U of T such

that, if fu : (f 1 (U),X) — (U,T) denotes the morphism of pairs induced
by f, the rigid cohomology overconvergent isocrystal R? fyyig« B on (U,T)/Sk

exists for any q and any overconvergent isocrystal E on (f~(U),X)/Sk. If
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S = (Speck,Speck,Spf V) and the relative dimension X over T is d, then
R fyrig« 8 = 0 for any g > 2d.

Moreover, the base change homomorphism is an isomorphism of overconvergent
isocrystals for any base extension (T',TI) — (T, T) separated of finite type over
(S,8) (resp. any extension W of complete discrete valuation ring over V).
Suppose that & = (Spec k, Spec k, Spf V) and there exists a Frobenius endomor-
phism on K. Then R fuyig E is an overconvergent F-isocrystal on (U, T)/K.

Proor. Note that the rigid cohomology is determined by the reduced struc-
tures of X and T. We may assume that T is affine. Since we can replace K by
finite extensions of K by Proposition 2.2.1 and faithfully flat descent of finitely
generated modules, we may assume that there exists a generically etale and
proper surjective morphism T — T such that T’ is smooth over Spec k by ap-
plying an alteration [14, Theorem 4.1]. Let us denote by T’ the inverse image
of TinT. Shrinking 7', we can find a finite flat extension T" of T such that
T’ is an open subscheme of T Indeed, such T" exists if one considers an open
dense subscheme of T which is standard etale over T. Applying the finite flat
base change theorem (Theorem 2.1.1) to the extension (17, T )/(T,T), we may
assume that 77 = T by the faithfully flat descent of finitely generated modules.
Since the category of overconvergent isocrystals is independent of the choices
of compactification [5, Théoréme 2.3.5], we may assume that T =T. Hence,
we may assume that T is an affine and integral scheme which is smooth over
Speck.

Let 7 be a formal V-scheme separated of finite type with closed immersion
T — T over S such that 7 — S is smooth around 7. Then one can take
a decreasing sequence {T(T)}TZO of open dense subschemes of T" and an r-
truncated proper hypercovering

£ xO X) 5 (x™,X)

of pairs over (T("),T) for each 7 such that

(i) X0 = =7 and X" is smooth over T(";

(ii) if we put T = (T T, T), the condition (C) holds for any ¢

q
RN
and any overconvergent isocrystal G on (X,(LT),YS)) /Tk;

for any n < 7. Indeed, one can construct a proper hypercovering inductively on
n by [21, Lemma 4.2.3] such that the generic fiber of YS) is projective smooth
over the generic point of T after taking a finite extension T - T such that
I‘(T/7 Oz) is free over I'(T,Oz) by Problem 4.2.1. Take a lift 7" of T over
T such that 77 — T is finite flat and T = T x7 T'. Then there is an open
dense subscheme Tr(f)l of T such that, if we put Yff)/ = Yir) X7 T (resp.

X" to be the inverse image of 7" in YE:) , Tesp. f,(f)/ : (X,(LT)/,Y(T)

n

) —
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(T,Y)’T’) to be the induced morphism, resp. T = (T,ET),,T/, 7}“)/)), then the

condition (C);m’ e holds for any g and any overconvergent isocrystal G’

on (X,(LT)/,YELT) )/ T4 by Theorem 4.2.4. By the finite flat base change theorem
and faithfully flat descent of finitely generated modules, there is an open dense

subscheme T\") of T' such that the condition (C)im <) g Dolds for a suitable

choice of fT(LT) and (). Hence, by shrinking 7', such a proper hypercovering
exists by Proposition 3.1.1.

Let E be an overconvergent isocrystal on (X X)/Skx and let f(@
(?71(U(Q)),Y) — (U@, T) be the induced structure morphism. Completing
the truncated proper hypercovering (X_(T) , Y_(T)) — (X X) as a full simplicial
proper hypercovering [21, Proposition 4.3.1] and using the spectral sequence
for the proper hypercovering

_ s g(r) )% s p(r)
E({s =R erigT(T)*(fé ) E) = RI* frigT(T)*E

[21, Theorem 4.1.1], the sheaf qur(irg)g(r)*E is a sheaf of coherent jTO]T[TW-

modules if ¢ < (r — 1)/2 since the category of coherent sheaves is abelian and
any extension of a coherent sheaf by a coherent sheaf in the category of sheaves
of jTOﬁ[ ) )—modules is coherent.

T

Since the condition (C) holds for n < r, it also holds after any base

j”ff),‘z(r),c
extension by a morphism 7’ — T separated of finite type over 7 with a
closed immersion T — 7T’ such that 7/ — 7T is smooth around 7. Hence,
for any ¢, there exists an open dense subscheme U@ of T such that the rigid

cohomology overconvergent isocrystal qur(iqg)*E on (U@, T)/Sk exists for any

overconvergent isocrystal E on (f 1(U(q)),Y)/SK by Theorem 3.3.1.

For an open subscheme W of T', we define a morphism fy : F'w),X) -
(W, T) of pairs by the induced structure morphism. By the proposition below,
there exists an integer go such that RYfy g« = 0 for any open subscheme

V of T, any ¢ > qo and any overconvergent isocrystal £ on (f_l(V),Y) /Sk,
where U = (V, T, T). Hence, there exists an open dense subscheme U of T" such
that the rigid cohomology overconvergent isocrystal R? fyyig«E on (U,T)/Sk

exists for any overconvergent isocrystal E on (f 71(U), X)/Sk. Indeed, we can
shrink T by the vanishing of rigid cohomology sheaves.
The rest is same as in Theorems 4.1.1 and 4.1.4. O

4.2.6 PROPOSITION

Let & = (S,5,8) be a V-triple separated of finite type and let f:X =T be
a morphism of k-schemes separated of finite type over S. Then there exists an
integer qo such that, for
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(i) any open subscheme X (resp. T) of X (resp. T) with ?71(T) =X (we
denote by f : (X, X) — (T, T) the structure morphism of k-pairs and put
T=(I.T.7));

(ii) any V-formal scheme T separated of finite type over S with an S-closed
immersion T — T which is smooth over S around T';

(iii) any overconvergent isocrystal E on (X, X)/Txk,
the rigid cohomology RY frizz. E vanishes for any q¢ > qo.

PROOF. We may assume that 7 is affine. Since X is of finite type over
Speck, there is a finite open covering {X,} of X such that there exists a
smooth formal scheme separated X, of finite type over Spf ) with a V-closed
immersion X, — X, for any a. We use induction on the minimal cardinality
n of such a finite open covering of X.

Suppose that n = 1. Let us take a finite affine open covering {Us}g of X, put Ug
(resp. Ug) to be the inverse image of X (resp. X) in Uz for each 3, and denote
by Ug = (U, Ug,Us xsprv T) (resp. fz: Ug — T) the associated triple (resp.
the structure morphism of triples). For a multi-index 8 = (8o, 81, -, 8r) (Bo <
Bi < -+ < B), let g be the intersection of Lhg,, g, , -, 4 and let f5 : s —
¥ be the structure morphism. Let £ be a sheaf of coherent jTO]y[X—modules.

We denote by C2, ({tls}s,E) the alternating sheaf-valued Cech complex of &
with respect to the covering {#lg}g of X [9, 2.11]. Then we have a natural
isomorphism

RIf.E = RULCo ({45} 5, E)

for any ¢ by [9, Lemma 2.11.1]. Let us fix a multi-index 3. Since ?;I(T) = Us,
there exists an admissible affinoid covering {W,}, of |T[7 such that

HI(f5 (W,).€) =0 (g> 1)

for any 7. Indeed, we take an admissible affinoid covering by [9, Sect. 2.6]
and prove the vanishing by a method similar to [21, Proposition 3.2.3] using

[9, Proposition 5.1.1]. Hence, the direct image sheaf Rqﬁ;*ﬁhﬁﬁ e vanishes
£ slug

for ¢ > 1. By the Cech spectral sequence R7f,£ = 0 for q > card({Ug}g).
By the Hodge-de Rham spectral sequence there exists an integer g such that
RY frigz. £ vanishes for any ¢ > qo. This ¢o is independent of the choices of
an open subscheme T of X, a smooth formal scheme 7 and an overconvergent
isocrystal E on (X, X)/Tk.

Suppose that n is general. Let us put X = ur_, X, and Yll =Xn Y/,
denote by X (resp. X', resp X|) the inverse image of T in X (resp. Y/,
resp. X;) and define f1 : (X1, X1) — (T,T) (resp. f': (X', X) = (T,T),
resp. fl : (X, X,) = (T,T)) as the structure morphism. Then, for any
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overconvergent isocrystal on (X, X)/Tx, there exists a natural commutative
diagram

1 1 1
Rifle. B — C = R fe, B — R F

+ 1= 1 |

/ / 1 1 1 /
Riffer. Bl — C = R fige By — RITUL o B

of exact rows with a vertical isomorphism in the second terms for any ¢ since
{Yl,yl} is an open covering of X with X; N X = Yll Here E; (resp. F',
resp. E/) is the inverse image of E on (X1, X1)/Tx (vesp. (X', X)/Ti, resp.
(X{,Yll) /Tk). Since Yll is an open subscheme of X1, it is embedded into
a smooth formal scheme separated of finite type over Spf)V. Therefore, the
assertion follows from the induction hypothesis. O

In the case of families of curves one can take a lift of the generic fiber without
any extension (Remark 4.2.2 (1)). Hence, we do not need to take a proper
hypercovering.

4.2.7 'THEOREM

If X is a proper smooth family of curves over T, then the conclusions of The-
orem 4.2.4 hold.
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