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7. MAHLER’'S WORK ON DIOPHANTINE EQUATIONS

AND SUBSEQUENT DEVELOPMENTS

JAN-HENDRIK EVERTSE, KALMAN GYORY,
AND CAMERON L. STEWART

The main body of Mahler’s work on Diophantine equations consists of his 1933
papers [M17, M18, M19], in which he proved a generalisation of the Thue-Siegel
Theorem on the approximation of algebraic numbers by rationals, involving
P-adic absolute values, and applied this to get finiteness results for the number
of solutions for what became later known as Thue-Mahler equations. He was
also the first to give upper bounds for the number of solutions of such equations.
In fact, Mahler’s extension of the Thue-Siegel Theorem made it possible to
extend various finiteness results for Diophantine equations over the integers to
S-integers, for any arbitrary finite set of primes S. For instance Mahler himself
[M21] extended Siegel’s finiteness theorem on integral points on elliptic curves
to S-integral points.

In this chapter, we discuss Mahler’s work on Diophantine approximation and
its applications to Diophantine equations, in particular Thue-Mahler equations,
S-unit equations and S-integral points on elliptic curves, and go into later
developments concerning the number of solutions to Thue—Mahler equations
and effective finiteness results for Thue—-Mahler equations. For the latter we need
estimates for P-adic logarithmic forms, which may be viewed as an outgrowth
of Mahler’s work on the P-adic Gel’fond—Schneider theorem [M30]. We also go
briefly into decomposable form equations, these are certain higher dimensional
generalisations of Thue-Mahler equations.

1 MAHLER’S P-ADIC GENERALIZATION OF THE THUE-SIEGEL THEOREM

We adopt the convention that if p/q denotes a rational number then p, ¢ are
integers with ged(p,q) = 1 and ¢ > 0. Thue [72] proved in 1909 that if ¢ is any
real algebraic number of degree n and § > %n + 1, then the inequality

‘é—pléq‘ﬁ
q
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150 J.-H. EVERTSE, K. GYORY, C. L. STEWART

has only finitely many solutions in rational numbers p/q. This was later
generalised by Siegel [62] in 1921 to all § with

_ n
B> bo:= T e <s—|—1 * s> ' (1)

This condition is satisfied for instance if 8 > 24/n. Siegel’s result was further
extended in the late 1940s to 5 > v/2n by Gel’fond [30] and Dyson [19], and
finally by Roth [56] in 1955 to the weakest possible condition > 2.

To state Mahler’s generalisation of Siegel’s theorem we introduce some notation.
For a prime number P, we denote by |- |p the standard P-adic absolute value
on Q with |P|p = P~1. This has a unique extension to Qp. To uniformise our
notation, we write | - | for the ordinary absolute value, and Qu, Qo for R and
C, respectively. Further, we set Mg := {oo} U {primes}. We use the notation

Ip, q| for max(|p|, [q]).

Now Mabhler’s main theorem on Diophantine approximation [M17, Satz 1, p. 710]
can be stated somewhat more efficiently as follows:

THEOREM 1.1. Let S be a finite subset of Mg, let f(X) € Z[X] be an irreducible
polynomial of degree n > 3 having a zero (p € Qp for P € S, and let k > 1
and 8 > By. Then the inequality

[ min (1,

pPesS

CP_Z‘P) <k-|p,q™" (2)

has only finitely many solutions in rational numbers p/q.

An important step in the proof is to reduce the single inequality (2) to a finite
number of systems of inequalities each of which involves only one absolute value.
To this end, Mahler used a combinatorial argument which was also an important
tool in later work, e.g., quantitative versions of the P-adic Subspace Theorem.

Choose 1 with
Bo < 1 < min(n, 3)

and define A by 8 = (1 4+ A\)B1. We restrict ourselves to rational solutions p/q
of (2) with

p.ql > kP (3)
For each such solution we have & - |p,q|® < (k- |p, ¢/ 7% )1** < 1 since k > 1,
and
min <1’ p—2 ) — (k- |p,q|P)FV for Pe S,
qip

where yp > 0 for P € S and ), gvp > 1. Take

v::1+[t§1}=1+{5&61.(t+1)} (4)
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7. MAHLER'S WORK ON DIOPHANTINE EQUATIONS 151

and let gp := [(1 4+ X)yp -v] for P € S. Then ) .4 gp > v, hence there are
integers fp with 0 < fp < gp for P € Sand ) g fp = v. Taking I'p := fp/v
for Pe S, we get T'p < (1+ A)yp for P € S and thus,

min <1,

Notice that (I'p : P € S) belongs to the finite set S of rational tuples
(fp/v: P € S), where the fp are non-negative integers with ), ¢ fp = v.
For later reference we record that for all (T'p: P € S) € S we have

b
-2
q

)g“*%q%wbﬁnPES (5)
P

> Ip=1, Tp>0for PeS (6)
pPesS

and, by (4),
Sl = (v:t) < 9vtt < gFE (U, (7)

where here and below, we denote by |A| the cardinality of a set .A. Thus,
inequality (2) has been reduced to at most |S| systems (5), hence to prove
Theorem 1.1, it suffices to prove that each of these systems (5) has only finitely
many solutions p/q € Q. In fact, Mahler [M17, p. 709] proved the following
more precise result.

THEOREM 1.2. Let Sy < 1 <n and let U'p (P € S) be non-negative reals with
Y pegI'p = 1. There are effectively computable numbers Cy, Cy, depending only
on k, f and B1, and thus independent of the set S and the reals I'p, such that
if (5) has a solution p1/q1 € Q with |p1,q1| > C1 then for any other solution
p2/q2 € Q of (5) we have |2, g2| < |p1, 1>

Sketch of proof. Mahler’s proof is an adaptation of that of Siegel [62]. We give
a very brief outline. Assume that Theorem 1.2 is false and take two rational
log |p2,g2|

log |p1,q1

Let r := [A]+1 and choose an integer s with 1 < s < n—1 such that Sﬁ—l%-s = Bo.
Let m be an integer with m > r and (m + 1)(s + 1) > nr. Following Siegel,
Mabhler shows that there is a polynomial R,,(X,Y") of degree at most m in X
and degree at most s in Y, with integer coefficients of not too large size, such

that Ry, (p1/q1,p2/q2) # 0 and 6(;)}?21 (¢,{) =0fori=0,...,r —1 and each
root ¢ of f(X). Then

solutions pi/q1, p2/ge of (5) such that |p1,q1| > Cy and A :=

for each root ¢ of f(X), where F,,(X,Y,Z), G,,(X,Y, Z) are polynomials with
integral coefficients. Now A,, := ¢*¢5 Ry (p1/q1,p2/q2) is a non-zero integer,
hence [[pcg|Am|lp > 1. On the other hand, using that pi/qi, p2/q2 are
solutions of (5) and that S > Sy one can deduce good upper bounds for |A4,,|p
for P € S, and in fact show that there is m with [[p g |Am|p < 1. This leads
to a contradiction. O
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Mahler used Theorem 1.2 in [M18] to compute an upper bound for the number
of solutions of (5) or (2). Another important tool is the following simple
observation that solutions of (5) are far apart [M18, p. 40], nowadays called a
gap principle.

LEMMA 1.3. Let p1/q1, p2/qe be two distinct rational solutions of (5), with
2, g2| > [p1, qu| > k'/Pr. Then

1 _
D2, ga2| > % |p1ﬂ]1\51 L

Proof. Write s(c0) =1 and s(P) = 0 if P is a prime. Let S’ := S U {occ} and
put I'oo :=0if oo € S. Let P € S’. Then if I'p > 0 we have ’Qp—%
(K - ‘piaQi‘_ﬂ)FP for i = 1,2 and so

p =

p1g2 —p2aile < (Ipr @l - [p2, g2))* P p2
q1 q2 P
p %
< (2|P1,Q1|'\?17Q2|)S(P)max( *I—CP , j_CP )
« p 12 P
< (2|P1afJ1| . \pl,q2|)s(P)(k. |p17q1|_61)FP

while if I'p = 0 we have the trivial estimate

P12 — paailp < Clpr, a1l - [p1, g2|)* ).

By taking the product over P € S’, using [[pc g [P1g2 — p2q1|p > 1, we obtain

1 é Qk . |p17q1|1_,81 : |p2#]2‘7
which implies our lemma. O

Assume n = deg f > 3. Combining Theorem 1.2 with Lemma 1.3, one easily
deduces that the number of solutions of (5) is at most a quantity depending only
on k, f and B;. Invoking (7), we arrive at the following (see [M18, pp. 4647,
Hilfssatz 3]).

THEOREM 1.4. The following statements hold:

(i) System (5) has at most Cs solutions in rationals p/q with |p,q| > k'/P1,
where Cs5 is effectively computable and depends only on k, f and B1;

s
(i) Inequality (2) has at most Cs - 2F=51 D solutions in rationals p/q with
gl > kYO

Theorems 1.1 and 1.4 have been generalised and refined in several respects.
Already Siegel [62] considered approximation of algebraic numbers by elements
from a given number field. In his PhD-work from 1939, published much later in
a journal [52], Parry proved a common generalisation of the results of Siegel and
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7. MAHLER'S WORK ON DIOPHANTINE EQUATIONS 153

Mabhler for inequalities over a given number field involving various Archimedean
and non-Archimedean absolute values. Roth [56] and Ridout [55] extended the
results of Siegel and Mahler from 8 > (o to § > 2. Lang [49] extended this
further to number fields, thereby also improving Parry’s result.

Also there has been much work on estimating the number of approximants.
Davenport and Roth [18] were the first to give an upper bound for the number of
solutions of |¢ — p/q| < ¢~# in rational numbers p/q, where ¢ is a real algebraic
number and [ is any real > 2. Their bound was improved by Mignotte and
then further by Bombieri and van der Poorten. We give the up to now best
quantitative result for the number of solutions of a system (5), which can be
deduced from a more general result of Bugeaud and Evertse [13, Prop. A.1]
over number fields. The height H(P) of a polynomial P with integer coefficients
is the maximum of the absolute values of its coefficients.

THEOREM 1.5. Let k > 1, let f(X) € Z[X] be a polynomial of degree n > 3,
let S be a finite subset of Mg, for P € S let (p be a zero of f(X) in Qp, let
B1 > 2, and let T'p (P € S) be non-negative reals with ) p.gT'p = 1. Put
§:=1—2/B1. Then the number of p/q € Q with

Ip.al > (k) =2 H(f),

min (1, ) < (k- Ip.al#)'r for Pes

_ P
-2

is at most 23673 1og 3n - log(6~*log 3n).

As said, Bugeaud and Evertse proved a generalisation of this result over number
fields. There are further, higher dimensional generalisations, namely, quan-
titative versions of Schmidt’s Subspace Theorem [60] and generalisations by
Schlickewei [58], which allow the unknowns to be taken from a number field and
which involve both Archimedean and non-Archimedean absolute values. Evertse
and Schlickewei and lastly Evertse and Ferretti obtained various sharpenings of
Schlickewei’s result. We refer only to [25], which contains the sharpest result,
as well as a historical overview of the subject.

2 THUE-MAHLER EQUATIONS AND S-UNIT EQUATIONS

Let F(X,Y) =aoX"+a1 X" 'Y +---4+a,Y" € Z[X, Y] be an irreducible (i.e.,
over Q) binary form of degree n > 3. Thue [72] proved that for every positive
integer m, the equation

F(p,q) =m (8)
has only finitely many solutions in integers p, q.
Mahler considerably extended this result. Let 8 > [y where as before 5y =

ming—1 .. p—1 (SJFLI + s) and let Py,...,P; be distinct prime numbers. Put
S :={o0, P1,...,P}. Mahler considered the inequality
II IF@.9le < Ip.a™* (9)
pPesS
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to be solved in integers p, ¢ with ged(p,q) = 1. In [M17, Satz 2] he proved
that this inequality has only finitely many solutions. In [M18, Satz 6] he gave
an upper bound for the number of solutions of (9) which we state here in a
simplified form.

THEOREM 2.1. The number of solutions of (9) is at most C4, where Cy is

an effectively computable number that depends only on F and B, and so is
independent of Py, ..., P;.

Sketch of proof. Without loss of generality we consider solutions with ¢ > 0.
Put f(X) := F(X,1). Then by an elementary argument Mahler [M17, pp.
716-722] shows that for every P € Mg = {oo} U {primes} there is ¢y p with
0 < cr,p <1 such that if p, ¢ are any two coprime integers with ¢ > 0, then

|F'(p,q9)|lp > crooMroolp,q|™ if P =00,
|F'(p,q)lp > crpPMFp if P is a prime,

where
1 if f(X) has no zeros in Qp,

M =
" Cp—2

min (1,

) otherwise,
P

with (p the zero of f in Qp P-adically closest to p/q. Further, cpp =1 for all
but finitely many P. Hence cp := HPGM@ cr,p is positive. Now let S’ be the
subset of P € S such that f(X) has roots in Qp. Let (p,q) be a solution of (2)
and for P € S', let (p be as above. Then
C - p' > ’
qip

that is, (p, q) satisfies (2) with k = c}l and S’ in place of S for certain roots
Cp € Qp of f(X). Now Theorem 2.1 follows from Theorem 1.4, taking into
consideration that for every P € S’ there are at most n possibilities for (p. 0O

p.al"" > cp - Ip, g J] min (1,
pPes’

We state some immediate consequences. We keep the assumption that F' is a
binary form with integer coefficients that is irreducible over Q. First note that
if in (9) we take 3 = n, we get [[pcg|F(p,q)|p = 1 and thus,

|F(p,q)l = Pt B (10)
where z1,...,2; are non-negative integers. This equation is nowadays called
the Thue—Mahler equation. Then from Theorem 2.1 we immediately deduce

(cf. [M18, Folgerung 1, p. 52|):

COROLLARY 2.2. Egq. (10) has at most C;‘H solutions in integers p,q, z1,. .., 2t
with ged(p, q) = 1, where Cs is effectively computable and depends only on F.
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7. MAHLER'S WORK ON DIOPHANTINE EQUATIONS 155

Another quick consequence gives an upper bound for the number of solutions
of (13). Let Py, ..., P; denote the primes dividing m. Let (p,q) be a solution
of (13) and let (p',¢') = (p/d,q/d) where d = ged(p,q). Then |F(p',q")| is
composed of primes from P, ..., P;. Further, given (p’,¢’) there is at most one
positive integer d such that (p, q) := (dp’, dq’) satisfies (13). Thus, we obtain
the following quantitative version of Thue’s Theorem:

COROLLARY 2.3. Fq. (13) has at most C’;(m)—H solutions in integers p, q, where

w(m) is the number of prime divisors of m.

We give another result of Mahler, which for later purposes we have reformulated
in more modern language. Let S := {Py,..., P;} be a set of primes. An S-unit
is a rational number of the shape £P* --- P/* with z1,...,2, € Z. Consider
the so-called S-unit equation

r+y=1 in S-units z,y. (11)

Given such a solution, we may write © = A/C, y = B/C where A, B,C are
integers with ged(A, B,C) = 1, all composed of primes from S. Subsequently,
we can write A = ap®, B = bg°, with a, b from finite sets independent of A, B
and p, ¢ coprime integers. Thus, (11) becomes |ap® + bg®| = P{* - -- P/* with
z1,..., 2 non-negative integers. If —a/b is not the fifth power of a rational
number then the binary form aX® + bY® is irreducible, in which case we can
directly apply Corollary 2.2. Otherwise, there is a factorisation aX® + bY® =
(/X +VY)G(X,Y) where o/,V are integers and G(X,Y) is an irreducible
binary form of degree 4 with integral coefficients, and then (11) leads to an
equation |G(p,q)| = Pf' - P{* to which Corollary 2.2 can be applied. This
leads to:

COROLLARY 2.4. Equation (11) has only finitely many solutions.

With Mahler’s results one can compute an upper bound for the number of
solutions of (11), but this does not lead to anything interesting.

In 1961, Lewis and Mahler [M147] obtained explicit versions of Corollaries
2.2 and 2.4. In this paper they proved that if F(X,Y) is a not necessarily
irreducible binary form with integer coefficients of degree n > 3 with non-zero
discriminant and with F(1,0)F(0,1) # 0, then (10) has at most

(cxnH (F))V7 + (ean)*! (12)

solutions, where ¢y, co are absolute constants. By means of the argument
described above, they derived an upper bound for the number of solutions of
(11) depending on the primes in the set S, and they posed as an open problem
to obtain an upper bound depending only on the cardinality of S. However,
the condition F(1,0)F(0,1) # 0 is not necessary in the result of Lewis and
Mabhler. Indeed, there are integers u,v € {0,...,n — 1} such that F(1,u) # 0
and F(v,uv + 1) # 0. Put G(X,Y) := F(X +vY,uX + (uv + 1)Y). Then
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G(1,0)G(0,1) # 0, and the number of solutions of (10) does not change if
we replace F' by G, since G is obtained from F' by means of a transformation
from SLy(Z). So we can apply the result of Lewis and Mahler with F(X,Y) =
XY (X +Y) and deduce at once that (11) has at most c5"" solutions, where c3
is an absolute constant. Erdds, Stewart and Tijdeman showed in 1998 [20] that
this estimate cannot be improved that much. Let € be a positive real number.
They proved that if ¢ is sufficiently large in terms of € then there exist a set
of primes S = {Py,..., P;} such that (11) has at least exp((4 — €)(t/logt)/?)
solutions. In 2007, Konyagin and Soundararajan [48] improved the lower bound
to exp(t2~V27¢),

After the result of Lewis and Mahler it remained as an open problem whether
(12) can be replaced by a bound depending only on n = deg F' and ¢, so
independent of the height of F'. In his PhD-thesis [21] Evertse established such
a bound, though with a much worse dependence on n than (12). Independently
of Evertse, Mahler [M215] took up again the study of the number of solutions
of Thue equations (13). He proved that if F(X,Y) € Z[X,Y] is an irreducible
binary form of degree n > 3 and |m| > (450n*H(F)*)*/("=2) then the Thue
equation

F(p,q) =m (13)

has at most 64n<("™)*1 solutions p, ¢ € Z with ged(p, m) = ged(gq, m) = 1. Some
years later, Bombieri and Schmidt [10] proved, without any condition on m,
that (13) has at most con®("™*1 solutions p, q € Z with ged(p, ¢) = 1, where ¢
is an absolute constant. Let g be a divisor of m, coprime with the discriminant
of F, with g > |m|*%". Stewart [66] showed in 1991 that (13) has at most
420019+ solutions in pairs of coprime integers (p,q). ErdSs and Mahler
[M47] were the first to estimate the number of solutions of (13) in terms of a
divisor g of m. Bombieri improved Evertse’s bound for the number of solutions
of the Thue-Mahler equation (10) in terms of the degree n of F, and this was
subsequently improved by Evertse by a different method. We mention only
Evertse’s result [24], which asserts that if F'(X,Y) is an irreducible binary form
of degree n > 3, then (10) has at most

2 x (105n)"H!

solutions. In fact, he proved a generalisation of this for Thue—Mahler equa-
tions over number fields. Evertse’s result implies that (13) has at most
2 X (10571)“’(m)+1 solutions p,q € Z, without the requirement ged(p,q) = 1.

Instead of (11) one may consider the weighted S-unit equation
ar +by =1 in S-units z,y, (14)

where again S = {Py,..., P} with P,..., P, distinct primes, and where a, b are
non-zero rationals. Evertse [22] obtained a uniform upper bound for the number
of solutions, independent of a, b and the primes in S, i.e., 72*4. Again, Evertse
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7. MAHLER'S WORK ON DIOPHANTINE EQUATIONS 157

proved a more general result over number fields. A substantial generalisation
was obtained by Beukers and Schlickewei [8]. From their result it follows that if
a and b are any two complex numbers and " is any multiplicative subgroup of
C* of finite rank r (i.e., r is the maximal number of multiplicatively independent
elements that can be chosen from I'), then the equation

ar+by=1 inx,y el

has at most 2'6"+t1) solutions.

Let F(X,Y) € Z[X,Y] be a binary form of degree n > 3 which is irreducible
over Q, Z > 1 areal, and Py, ..., P, distinct primes. Put S := {c0, P, ..., P }.
Denote by Ap(Z) the number of solutions of the inequality

|F(p,q)| < Z in (p,q) € Z°.

More generally, denote by Ap g(Z) the number of solutions of

pPeS

For instance, taking Z = 1 we get the number of pairs (p, q) such that |F(p, q)]
is composed of primes from {Pi,..., P} and ged(p, q, P1,..., P;) = 1.

By a minor modification of the proof of Theorem 2.1 one can show that Ap s(Z)
is finite for every Z. Based on unpublished work of Siegel on Ap(Z), Mahler
[M19, pp. 93-94] derived an asymptotic formula for Ap ¢(Z). His result is as
follows.

THEOREM 2.5. There is op,s > 0 such that

Aps(Z) =opsZ?™ + O(ZY") as Z — 0o if tg =0,
Aps(Z) =opsZ%™ + O(ZY ™ V(log Z)°™Y) as k — oo if tg > 0,

where to is the number of P € S such that F(X,1) has a zero in Qp, and where
the implied constants depend on F and S.

We mention that with Mahler’s proof the implied constants cannot be computed
effectively.

In the special case S = {0}, i.e., if there are no primes, Theorem 2.5 asserts
that there is o > 0 such that Ap(Z) = opZ?/™ 4+ O(ZY (=1 if F(X,1) has
a real root, and Ap(Z) = opZ?/™ + O(Z'/™) if F(X,1) has no real root. Here,
or is the area of the set of (x,y) € R? with |F(z,y)| < 1 and 0pZ?/™ is the
area of (z,y) € R? with |F(z,y)| < Z.

For arbitrary S, Mahler expressed o, g as a product of local factors [[ pc g o p.
Another formulation of op g is as follows. Let p" = pl be the Lebesgue
measure on R”, normalised such that p7 ([0,1]") = 1, for a prime P let u’» be
the Haar measure on Q) normalised such that 5 (Z%) = 1 and subsequently
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let pg be the product measure on A% := [[p. 4 Qp. Write elements of this
product as (xp)pes where xp € Q% and for xp = (z1,...,2,) € Q}, write
|xp|p := max; |z;|p. Define the sets

Sps(Z) = {(XP)PGS €AY H |F(xp)lp < Z,
Pes
|xp|p=1for P e S\{oo}}

and Sg.5 := Sp.s(1). Then op s = p%(Sr.s) and opsZ%/" = p%(Sp.s(Z)) for
Z > 0. If we identify x € Z? with (x)pes € A%, then Aps(Z) counts the
number of lattice points in S g(Z), and Theorem 2.5 states in a more precise
form that this number is approximately the measure of Sp s(Z).

Sketch of proof of Theorem 2.5. We give a very brief outline of Mahler’s lengthy
proof. Mahler divides the solutions (p,q) of (15) into large solutions, i.e.,
with |p,q| > (42)Y(=2) medium solutions, i.e., with ZY/(™=1 < |p q| <
(42)1/(=2) "and small solutions, i.e., with |p, q| < Z'/("=1). Mahler estimates
the number of large numbers using the approximation techniques discussed
in the previous section, and the number of medium solutions by means of an
elementary argument based on congruences and continued fractions. As it turns
out, both the numbers of large and medium solutions go into the error term.
Then Mahler estimates the number of small solutions by combining congruence
results for binary forms with elementary estimates for the difference between
the number of lattice points in a bounded two-dimensional region and the area
of that region. O

Since we know that for the number of solutions of the Thue-Mahler equation we
have an upper bound independent of the coefficients of the involved binary form
F, one may wonder whether Ag s(Z) can be estimated from above independently
of the coefficients of F. More precisely, one may ask whether o s and the
implied constant of the error term can be estimated from above independently
of F.

Some progress has been made on these problems. Bean [6] showed that if
F(X,Y) € R[X,Y]is a binary form of degree n > 3 with discriminant D(F') # 0,
then o < 16|D(F)|~*/"(=1_ Thunder [73] proved that if F(X,Y) € Z[X,Y]
is a cubic binary form which is irreducible over Q, then

2000%1/3
|D(F)[1/2

Later, Thunder proved some general results for inequalities involving de-
composable forms. Specialised to binary forms, these results imply that if
F(X,Y) € Z[X,Y] is a binary form of degree n with non-zero discriminant,
having no linear factor over Q, then for all Z > 1 we have

|Ap(Z) — Z%Pop| < 9+ + 3156213,

Ap(Z) < 1 (n)Z%™ if n >3 [74],
|Ap(Z) — opZ2?/™| < ey(n) 2% ) if p > 3, n odd [75)],
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where ¢1(n), ca(n) are effectively computable and depend on n only. An estimate
with error term depending only on n and Z has not been deduced yet for even
n.

In his PhD-thesis [51], Liu generalised the work of Thunder on decomposable
forms to the p-adic case. We mention some consequences for binary forms. Let
Py, ..., P be distinct primes, S = {oco, P1,..., P} and F(X,Y) € Z[X,Y] a
binary form of degree n with non-zero discriminant and without linear factor
over Q. Then

ors <c(n,S), Aps(Z) < ca(n,S)Z%™ ifn >3,
|Aps — orsZ¥"| < c3(n, 8)Z% V(1 4+ 1log Z)* Y if n > 3, n odd,

where the ¢;(n, S) are effectively computable and depend only on n and S. The
constants ¢;(n,S) that arise from Liu’s proof depend on the sizes of the primes
in S. Another open problem is, whether the ¢;(n, S) can be replaced by numbers
depending only on n and the cardinality of S.

Let F' be a binary form with integer coefficients, non-zero discriminant and
degree n with n > 3. For any positive number Z let Rp(Z) denote the set of
non-zero integers h with |h| < Z for which there exist integers p and p with
F(p,q) = h. Denote the cardinality of a set A by |A| and put Rp(Z) := |Rp(Z)|.
In 1938, Erdés and Mahler [M47] proved that if F is irreducible over Q then
there exist positive numbers ¢; and ¢y, which depend on F', such that

Rp(Z) > 1 Zn

for Z > ¢y. In 1967, Hooley [43] determined the asymptotic growth rate of
Rp(Z) when F is an irreducible binary cubic form with discriminant which is
not a square. He proved that

Rp(Z) = opZ% + 0O (Z%(log log Z)*ﬁ) . (16)

In 2000, Hooley [46] obtained an asymptotic estimate for Rr(Z) in the case
when the discriminant is a perfect square. Hooley [45] also obtained such an
estimate for quartic forms of the shape

F(X,Y) =aX* +2bX?Y? + cv*

and for forms which are the product of linear factors over the rationals [47].
Several authors, including Bennett, Dummigan, and Wooley [7], Browning
[11], Greaves [36], Heath-Brown [42], Hooley [44], Skinner and Wooley [65] and
Wooley [76], obtained an asymptotic estimate for Rp(Z) when F is a binomial
form. Stewart and Xiao [70] have recently proved that if F' is a binary form
with integer coefficients, non-zero discriminant and degree n with n > 3 then
there is a positive number Cg such that Rp(Z) is asymptotic to CpZ+. In the
case that the form F is irreducible over the rationals a key ingredient in the
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proof is Theorem 2.5. When F' is reducible one appeals to a special case of a
result of Thunder [74].

Let k be an integer with k& > 2. An integer is said to be k-free if it is not
divisible by the k-th power of a prime number. For any positive number Z let
Rri(Z) denote the set of k-free integers h with |h| < Z for which there exist
integers p and ¢ such that F(p,q) = h and put Rp,(Z) := |Rri(Z)|. Gouvéa
and Mazur [34] in 1991 proved that if there is no prime P such that P? divides
F(a,b) for all pairs of integers (a, b), if all the irreducible factors of F' over Q
have degree at most 3 and if € is a positive real number then there are positive
numbers C; and C5, which depend on € and F', such that if Z exceeds C; then

RF,Q(Z) > CQZ%_E. (17)

This was subsequently extended by Stewart and Top in [69]. Let r be the largest
degree of an irreducible factor of F' over Q. Let k£ be an integer with & > 2 and
suppose that there is no prime P such that P* divides F(a,b) for all integer
pairs (a,b). They showed, by utilising an argument of Greaves [35] and the
result of Erddés and Mahler [M47], that if k is at least (r — 1)/2 or k = 2 and
r = 6 then there are positive numbers C3 and Cy, which depend on k and F,
such that if Z exceeds C3 then

RF’k(Z) > C4Z% (18)

The estimates of Gouvéa and Mazur and of Stewart and Top were used to count
the number of twists of an elliptic curve defined over the rationals for which
the rank of the group of rational points on the curve is at least 2.

Let F' be a binary form with integer coefficients, non-zero discriminant and
degree d with d at least 3 and let r denote the largest degree of an irreducible
factor of F' over the rationals. Let k be an integer with k£ > 2 and suppose again
that there is no prime P such that P* divides F(a,b) for all pairs of integers
(a,b). Stewart and Xiao [71] proved that there is a positive number Cpj, such
that Rp;(Z) is asymptotic to CppZ# provided that k exceeds I—g or (k,r) is
(2,6) or (3,8). For a positive number Z we put

New(Z) :={(p,q) € 72 : F(p,q) is k-free and 1 < |F(p,q)| < Z}

and
NF’]C(Z) = |NF$]€(Z)|

For each positive integer m we put
pr(m) = {(i,5) € {0,--- ,m —1}*: F(i,j) =0 (mod m)}|

and

Ar :=H<1— ”Fp(ik)),

P
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where the product is taken over the primes P. A first step in the proof of the
estimate for Rp 1 (Z) is to estimate Np ,(Z) provided that k exceeds % or (k,r)
is (2,6) or (3,8). Stewart and Xiao [71] proved that under this assumption

Np,k(Z) ~ AF,kUFz% (19)

which extends Mahler’s result [M19].

3 CuBIC THUE EQUATIONS WITH MANY SOLUTIONS

Chowla [15] was the first to show that there are cubic Thue equations with
many solutions. He proved in 1933 that there is a positive number ¢y such
that if k is a non-zero integer then the number of solutions of p3 — k¢® = m in
integers p and ¢ is at least cgloglogm for infinitely many positive integers m.
This was refined by Mahler [M28] in 1935. Let F(X,Y") be a cubic binary form
with integer coefficients and non-zero discriminant. Let m be a non-zero integer
and consider the equation

F(p,q) = m, (20)

in integers p and g. Mahler proved that there is a positive number ¢;, which
depends on F', such that for infinitely many positive integers m equation (20)
has at least

¢1(logm)*/* (21)

solutions. In 1983, Silverman [64] proved that the exponent of 1/4 in (21) can be
improved to 1/3. Silverman streamlined the approach of Mahler by introducing
the theory of height functions on elliptic curves into the argument. Chowla,
Mabhler and Silverman obtained their results by viewing (20), when it has a
rational point, as defining an elliptic curve E and then by constructing, from
rational points on FE, integers m’ for which F(p,q) = m’ has many solutions
in integers p and ¢. The solutions (p, q) constructed by this method have very
large common factors. By showing that it is always possible to find a twist
of E for which the rank of the group of rational points is at least 2 Stewart
[67] was able to make a further improvement on Mahler’s result. He showed
that (21) holds with 1/4 replaced by 1/2. In addition Stewart [68], utilising
some elliptic curves whose group of rational points has rank 12 discovered by
Quer [54], showed that there are infinitely many cubic binary forms with integer
coeflicients, content 1 and non-zero discriminant which are inequivalent under
the action of GL(2,Z) and for which the estimate (21) applies with 1/4 replaced
by 6/7.

4 S-INTEGRAL POINTS ON ELLIPTIC CURVES

In his celebrated paper [63], Siegel proved that non-singular affine plane curves
of genus at least 1 over Q have only finitely many points in Z2. In fact, he
proved a more general result for curves defined over a number field. Mahler
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[M21] proved a generalisation to S-integers in a special case, namely for curves
of genus 1 over Q. We state his result. In what follows, S = {Py,..., P} is a
finite set primes and Zg is the corresponding ring of S-integers, i.e., the ring of
rational numbers whose denominators do not contain any prime factor different

from Py,...,P;.

THEOREM 4.1. Let f € Q[X,Y] be such that f(x,y) =0 defines a non-singular
affine algebraic curve of genus 1. Then there are only finitely many x,y € Zg
with f(z,y) = 0.

In his proof, Mahler closely follows Siegel and uses his own Theorem 1.1 instead
of Siegel’s approximation theorem.

Sketch of proof. Mahler proves in fact an essentially equivalent result, invariant
under birational transformations over @, which in more modern form may be
stated as follows:

let E be a non-singular projective curve of genus 1 over Q and g € Q(E) a
non-constant rational function on E over Q; then the set of p € E(Q) with

g(p) € Zs 1is finite.

Assume on the contrary that this set is infinite. After a birational transformation
over Q we may assume that F is an elliptic curve with Weierstrass equation
y? = 23 + Az + B with A,B € Q and point O at infinity. Fix an integer
n which is later chosen to be sufficiently large. By the weak Mordell-Weil
theorem, the quotient group E(Q)/nE(Q) is finite. Hence there is pg € E(Q)
such that the set A4,, of p € E(Q) with g(po + np) € Zg is infinite. Suppose
that g has degree r and let h be the maximum of the orders of its poles. Then

gn : P+ g(po+ np) is a rational function on E defined over Q of degree n’r,

whose poles still have order at most h. Let ¢ : (z,y) — Z;is with a,b,c,d € Q

with ad — be # 0 be such that ¢(q) # oo for every pole q of g on E. By a
straightforward generalisation of Siegel’s arguments, Mahler shows that there
are P € S’ := SU {0}, a pole q € E(Qp) of g, and infinitely many p € 4,
such that

lo(a) — @(p)]p < H(p(p)) " /01"Ih,

where H(p/q) := max(|p|,|q|) for p,q¢ € Z with ¢ > 0 and ged(p,q) = 1.
The number ¢(q) is algebraic of degree at most n?r since q is a pole of
gn and g, has degree at most n’r. If we choose n large enough so that
n?r/6|S'|h > 2v/n2r = 2n\/r, we obtain a contradiction with Theorem 1.1. [J

Siegel treated the case of curves of genus larger than 1 by embedding such
a curve in its Jacobian, applying the Mordell-Weil theorem to this Jacobian,
and using a simultaneous Diophantine approximation argument. After Roth’s
approximation theorem and height theory became available, Siegel’s method
of proof could be greatly simplified. Lang [49] worked this out and obtained a
version of Siegel’s theorem for curves of arbitrary genus g > 1 over a number
field K, implying that for every finite set of places S of K, such a curve has only
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finitely S-integral points. For curves over K of genus > 1 this was of course
superseded by Faltings [29], who proved that such curves have only finitely many
K-rational points. The booklet [77] contains a translation into English by Fuchs
of Siegel’s paper [63], and a paper by Fuchs and Zannier giving an overview
of several methods of proof of Siegel’s theorem, including one by Corvaja and
Zannier, which uses Schmidt’s Subspace Theorem instead of the Mordell-Weil
theorem.

5 EFFECTIVE FINITENESS RESULTS FOR THUE EQUATIONS, THUE-MAHLER
EQUATIONS AND UNIT EQUATIONS

Consider again the Thue equation
F(p,q) =m in integers p,q (22)
and the Thue—Mahler equation
|F(p,q)| = P{* -+ Pf* in integers p,q, z1, ..., 2 with ged(p,q) =1, (23)

where F'(X,Y) is an irreducible binary form of degree > 3 with coefficients
in Z,m a non-zero integer and Py,..., P, a set of ¢ > 0 distinct primes. The
proofs of the finiteness theorems of Thue [72] and Mahler [M17, M18] concerning
equations (22) and (23), respectively, were ineffective, i.e. did not provide any
algorithm for determining the solutions of these equations.

The first effective proof for Thue theorem was given by Baker [4] and subse-
quently, for Mahler’s theorem, by Coates [16, 17]. They obtained explicit upper
bounds for |p, ¢|, the maximum of the absolute values of the solutions p, q.

Baker’s proof is based on his effective lower bounds for linear forms in the
logarithms of algebraic numbers. Gel’fond [31] and Schneider [61] proved
independently of each other that if o and 8 are algebraic numbers such that
a # 0,1 and B is not rational, then o is transcendental. An equivalent
formulation of this theorem is that if oy, as are non-zero algebraic numbers
such that loga; and logas are linearly independent over QQ, then they are
linearly independent over Q. Further, Gel'fond [33] gave a non-trivial effective
lower bound for |B; log oy + B2 log aa|, where (1, f2 denote algebraic numbers,
not both 0, and a1, as denote algebraic numbers different from 0 and 1 such
that log a2/ log az is not rational. Baker [1, 2, 3] generalised the Gel’fond—
Schneider theorem to arbitrary many logarithms and provided non-trivial

effective lower bounds for |5y logay + - -+ + Bi log ag|, where aq, ..., are
non-zero algebraic numbers such that log ay, . ..,log ay are linearly independent
over Q and f1, ..., B are algebraic numbers, not all zero.

Baker’s effective estimates for logarithmic forms led to significant applications in
Diophantine equations and other parts of number theory. Baker [4] showed that
|p, q| < C for every solution p, q of (22), with an explicitly given C' depending
only on m and the degree and height of F.
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Mabhler [M30] proved a P-adic analogue of the Gel’fond—Schneider theorem.
Gel’fond [33] gave an effective estimate for linear forms in two P-adic logarithms
which was generalised by Coates [16] to arbitrarily many P-adic logarithms.
Using his estimate, Coates [17] proved that |p,q| < C’ for every solution
D,q,21,---,2 of (23), with an explicit bound C’ depending only on ¢, the
maximum of the primes Py, ..., P; and the degree and height of F.

Baker’s and Coates’ bounds for linear forms in logarithms and for the solutions
of (22) and (23) were later improved by many people; for references see e.g.
Baker and Wiistholz [5] and Bugeaud [12]. The best known bounds for (22)
and (23), proved over number fields, are due to Bugeaud and Gydry [14] and
Gyéry and Yu [41]. In [14] it is proved that all solutions p, ¢ of (22) satisfy

Ip. | < exp{c(n)H*"~*(log H)*" " log M},

where ¢(n) = 33918+ "and M, H(> 3) are upper bounds for |m| and for
the maximum absolute value of the coefficients of F, respectively. A similar
upper bound is given in [14] for the solutions of (23), but that bound depends
also on ¢ and the maximum of P, ..., P;. In terms of ¢(n) and H better bounds
are obtained in [41] which depend, however, on some parameters of the splitting
field of F'. We note that the exponential dependence is a consequence of the
exponential character of the bounds for linear forms in logarithms.

Effective generalisations to equations over finitely generated domains can be
found in Bérczes, Evertse and Gy6ry [9].

Mabhler’s finiteness result [M17] concerning equation (23) implies that the
greatest prime factor P(F(p,q)) of F(p,q) at integral points (p,q) tend to
infinity as |p, g| — co. Coates [17] deduced from his effective theorem mentioned
above the first general effective lower bound for P(F(p, q)) by showing that

P(F(p,q)) > (logy |p,ql)'/*. (24)

Here and below log, denotes the ith iterate of the logarithmic function with
log; = log. The lower estimate (24) was improved by several authors; the best
known estimate, due to Gydéry and Yu [41], is

log; |p, q|

. 25
log, [p, g (25)

P(F(p,q)) > log, |p, q] -

In (24) and (25) the constants implied by > are effective and depend only on
the degree and height of F. We note that (25) was established in a more general
form, over number fields.

From Coates’ explicit upper bound for the solutions of equation (23) one can
easily deduce an explicit upper bound for the solutions of the S-unit equation (11)
and its weighted version (14) over Q. The first explicit bounds for the solutions
of S-unit equations over number fields were obtained by Gyéry [37, 39]. These
bounds were later improved by several people and led to many applications;
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see e.g. Evertse and Gyéry [28] and the references given there. The best
known bounds over number fields are due to Gy6ry and Yu [41]. For effective
generalisations to unit equations over finitely generated domains, see Evertse
and Gy6ry [27].

6 HIGHER DIMENSIONAL GENERALISATIONS OF THUE EQUATIONS, THUE—
MAHLER EQUATIONS AND UNIT EQUATIONS

Let again S = {Py,...,P;} be a set of t > 0 primes, and denote by Zg the
ring of S-integers in Q, i.e. those rational numbers whose denominators do not
contain any prime factor different from Py,..., P,. We consider decomposable
form equations of the form

F(q1,.--yqn)=m in q,...,q, € Zsg, (26)

where m € Zg \ {0} and F' € Z[Xy,...,X,] is a decomposable form, i.e. a
homogeneous polynomial which factorises into linear factors over Q.

Decomposable form equations are of basic importance in Diophantine number
theory. For n = 2, equation (26) can be written in the form (23) and if F is
irreducible and of degree > 3, Mahler’s result applies. Conversely, equation
(23) can be easily reduced to finitely many equations of the shape (26). For
n > 2, further important classes of decomposable form equations are norm
form equations, discriminant form equations and index form equations. For
norm form equations over Q Schmidt [59] (case t = 0), Schlickewei [57] (case
t > 0), and over number fields Laurent [50] obtained finiteness results for
equation (26), thereby considerably generalising Mahler’s finiteness theorem
on equation (23). For discriminant form equations and index form equations
Gydry [38, 40] provided finiteness criteria. The proofs in [59], [57] and [50] are
ineffective because they depend of Schmidt’s Subspace Theorem and its p-adic
generalisation, while the proofs in [38], [40] are based on Baker’s effective theory
of logarithmic forms, hence are effective.

Evertse and Gy6ry [26] gave a general finiteness criterion for equation (26). Let
L be a maximal set of pairwise linearly independent linear factors of F over Q.
A non-zero subspace V' of the Q-vector space Q" is said to be L-non-degenerate
or L-degenerate according as £ does or does not contain a subset of at least
three linear forms which are linearly dependent on V, but pairwise linearly
independent on V. In particular, V' is £L-degenerate if V' has dimension 1. We
call V' L-admissible if no form in £ is identically zero on V. Evertse and Gyory
[26] proved that the following two statements are equivalent:

(i) Every L-admissible subspace of Q™ of dimension > 2 is L-non degenerate.

(ii) For any finite set S of primes and any non-zero m € Zg, equation (26)
has only finitely many solutions.

This was proved in a more general form, over finitely generated domains over Z.
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The proof of the above finiteness criterion depends on the following finiteness
result on multivariate unit equations of the form

auy + -+ apuy, =1 in wug,...,u, €T, (27)

where aq,...,a, are non-zero elements of a number field K and I is a finitely
generated subgroup of K*. This equation is a generalisation of (14). A solution
U, ..., u, of (27) is called degenerate if there is a vanishing subsum on the
left hand side of (27). In this case (27) has infinitely many solutions if T" is
infinite. As a considerable generalisation of Mahler’s finiteness theorem on
S-unit equations (14), van der Poorten and Schlickewei [53] and independently
Evertse [23] proved that equation (27) has only finitely many non-degenerate
solutions. As is pointed out in Evertse and Gyéry [26], this theorem and the
implication (i) = (4¢) concerning equation (26) are equivalent statements. For
further related results, including bounds for the number of solutions, applications
and references, see Evertse and Gyéry [28].
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