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Zur Approximation algebraischer Zahlen. I.

Über den größten Primteiler binärer Formen

Kurt Mahler

Summary. In 1908, Thue showed that, if ζ is a real algebraic number of degree
n and Θ is a positive number, the inequality∣∣∣∣pq − ζ

∣∣∣∣ 6 q−(n2 +1+Θ)

has only finitely many rational solutions p/q. Siegel, in 1920, showed that one
can replace the exponent n

2 + 1 + Θ by

β = min
16s6n−1

(
n

s+ 1
+ s+ Θ

)
.

In this article, Mahler establishes the following p-adic extension of Siegel’s
result. Let f(x) be an irreducible polynomial with rational integer coefficients
of degree n > 3, let P1, P2, . . . , Pt be finitely many prime numbers and let
ζ, ζ1, ζ2, . . . , ζt be real zero of f(x), a P1-adic zero of f(x), a P2-adic zero of
f(x), . . ., and a Pt-adic zero of f(x), respectively. Mahler proves that, if β is
Siegel’s exponent and k > 1 is fixed, the inequality

min
{

1,
∣∣∣pq − ζ∣∣∣} t∏

τ=1

min{1, |p− qζτ |Pτ } 6 k max{|p|, |q|}−β

has finitely many solutions in reduced rational numbers p/q.

Acknowledgement. The article

K. Mahler. Zur Approximation algebraischer Zahlen. I. Math.
Ann., 107:691–730, 1933.

is reproduced here with permission of Springer Nature Customer Service Center
(SNCSC). This material is excluded from reuse and has not been licensed under
the CCBY licence of the full work, no reproduction of any kind for this material
is permitted without permission from Springer Nature.

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00695||334 Kurt Mahler

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00696||
On the approximation of algebraic numbers, I 335

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00697||
336 Kurt Mahler

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00698||
On the approximation of algebraic numbers, I 337

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00699||
338 Kurt Mahler

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00700||
On the approximation of algebraic numbers, I 339

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00701||
340 Kurt Mahler

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00702||
On the approximation of algebraic numbers, I 341

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00703||
342 Kurt Mahler

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00704||
On the approximation of algebraic numbers, I 343

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00705||
344 Kurt Mahler

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00706||
On the approximation of algebraic numbers, I 345

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00707||
346 Kurt Mahler

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00708||
On the approximation of algebraic numbers, I 347

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00709||
348 Kurt Mahler

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00710||
On the approximation of algebraic numbers, I 349

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00711||
350 Kurt Mahler

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00712||
On the approximation of algebraic numbers, I 351

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00713||
352 Kurt Mahler

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00714||
On the approximation of algebraic numbers, I 353

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00715||
354 Kurt Mahler

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00716||
On the approximation of algebraic numbers, I 355

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00717||
356 Kurt Mahler

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00718||
On the approximation of algebraic numbers, I 357

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00719||
358 Kurt Mahler

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00720||
On the approximation of algebraic numbers, I 359

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00721||
360 Kurt Mahler

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00722||
On the approximation of algebraic numbers, I 361

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00723||
362 Kurt Mahler

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00724||
On the approximation of algebraic numbers, I 363

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00725||
364 Kurt Mahler

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00726||
On the approximation of algebraic numbers, I 365

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366



|00727||
366 Kurt Mahler

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 333–366


