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On lattice points in n-dimensional star bodies

Kurt Mahler

Summary. Let F (X) = F (x1, . . . , xn) be a continuous non-negative function
of X = (x1, . . . , xn) that satisfies F (tX) = |t|F (X) for all real numbers t. The
set K in n-dimensional Euclidean space Rn defined by F (X) 6 1 is called a star
body. In this paper, Mahler studies the lattices Λ in Rn which are of minimum
determinant and have no point except (0, . . . , 0) inside K. He investigates how
many points of such lattices lie on, or near to, the boundary of K, and considers
in detail the case when K admits an infinite group of linear transformations
into itself.
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On lattice points in n-dimensional star bodies 

I. Existence theorems 

B y  K. Ma h l e r , Manchester

{Communicated by L. J. Mordell, —Received 27 April 1945)

LetF(X)  = F(xv  ..., xn) be a continuous non-negative function of X  satisfying F(tX) 
= \ t \F(X)  for all real numbers t. The set K  in n-dimensional Euclidean space Rn defined 
by F(X)  ̂  1 is called a star body. The author studies the lattices A  in Rn which are of 
minimum determinant and have no point except (0, ..., 0) inside K . He investigates how 
many points of such lattices lie on, or near to, the boundary of K,  and considers in detail 
the case when K  admits an infinite group of linear transformations into itself.

I n t r o d u c t io n

Let K  be an arbitrary bounded or unbounded point set in the n-dimensional Euclidean 
space Rn of all points

X  = (xl9 x2,...,x n) (xi,#2, . . . ,xn real numbers).

A point lattice A ,
n

%h = 'Zahkuk (h = 1,2, ... 0, ±1, ± 2 ,...),1
in Rn of determinant d{A) = || ahk

is called K-admissible if no point P  of A, except possibly the origin = (0,0,..., 0), 
is an inner point of K. (P is an inner point of K  if there is an n-dimensional sphere 
with centre at P  and contained in K.) The minimum determinant A{K) of K  is
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152 K. Mahler

defined as the lower bound of d{A) extended over all ^-admissible lattices. This 
function A(K) depends on Kin a very complicated way and is, in general, not a 
continuous function of K. A A-admissible lattice A such that d(A) = A(K) is called 
a critical lattice of K ; such critical lattices exist, for instance, if K  contains 0  as an 
inner point and has at least one admissible lattice.

Minkowski proved in his classical theorem that if A  is a convex body with centre 
at 0, then

2nA{K)^V{K),

where V( K)is the volume of K .He further gave a finite algorism for obtaining A 
and the critical lattices of A  if A  is such a convex body and or = 3, or if  
is of a certain type with n = 4 (Minkowski 1907, 1911).

Minkowski also considered another more general class of point sets, the star 
bodies (Strahlenkorper). These are point sets defined by an inequality

F(X)^1,

where F(X) = F(x1, ..., xn) is a continuous function of X  such that

F(X) ^ 0 for all points X,

F(tx 1, . . . ,  txn) =  | £ | F(x 1, ...,xn) for real

The functional equation implies that K  is symmetrical in This restriction is not 
made by Minkowski, but is in no way essential. He found (1911) for such point 
sets- that

2 an)A{K)<V{K),

but his proof was never published. Recently, Hlawka (1943) gave a very ingenious 
proof based on the theory of multiple integrals, and I found a geometrical proof 
(Mahler 1944) for a slightly less exact inequality.*

New progress was made in the years from 1938 onwards when important special 
examples of star bodies in two or three dimensions were investigated by Davenport 
(i 938, 1939 and 1944) and Mordell (1942, 1943, 1944, and the general method 1945). 
In 1941 Mordell discovered a method for dealing with a certain important class of 
such problems. This work led me to ask myself whether Minkowski’s method of 
evaluating A{K) when Kis convex (Minkowski 1907, 1911) could be extended to 
arbitrary bounded star bodies. I succeeded in answering this question in the 
affirmative, and found an algorism for the evaluation of A (K) if is two-dimensional 
and bounded; and I applied this method to a few special cases.

In the present paper, the aim is not to consider further special examples of star 
bodies, but rather to lay the foundations of a general theory of bounded or un-
bounded n-dimensional star bodies and their critical lattices.

In this first part, I begin by proving that if the star body K,

* w «  1,
* Addition, M ay  1946. A beautiful new proof of the Minkowski-Hlawka theorem was 

recently given by C. L. Siegel, Ann. Math. 46 (1945), 340- 347.
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has at least one admissible lattice, then K  also admits at least one critical lattice. 
The points of such a critical lattice A on, or in the neighbourhood of, the boundary 
Cof K are next studied. If K  is bounded, then at least 2 points of A lie on 0, as is 

almost obvious; an example is constructed in which this lower bound is attained. 
If K  is not bounded, then A need not have a single point on C, as is also proved by 
means of an example. It is then easily proved that to every e > 0 there is at least one 
point Pof A such that

1 < F(P) < 1 + e;

however, it remains an open question whether there are always n independent points 
of A with this property.

From § 14 onwards, unbounded star bodies are considered with an infinite group 
r  of linear transformations into themselves; many of the most interesting lattice- 
point problems are of this type. Three different assumptions about r  are made and 
applied to the study of the critical lattices. Then three general classes of star bodies 
are found with the following three properties respectively: (a) At least one critical 
lattice of K  has a point on C (theorem 21). (6) For every >0, every critical lattice 
A of K  contains an infinity of points P  satisfying

U f ( P ) <  1 + e

(theorem 23). (c) For every e >0, every critical lattice of contains n independent 
points Pv..., Pnsatisfying

K F ( P g)< 1+e

(theorem 25). The simplest example of an w-dimensional star body with all three 
properties (a), (6), (c) is that defined by the inequality

In the second part of this paper which is appearing in the Proc. Royal Acad. 
Amsterdam, I intend to study certain types of star bodies K  according as they 
contain, or do not contain, smaller star bodies K' such that

A{K’) = A(K).

1. N o t a t io n

The following notation is used in this paper:
If xx, x2, ...,xn (n^ 2) are real numbers, then

X  = (xv x2, ... ,x n)(l-i)

is the point in n-dimensional Euclidean space Rn with rectangular co-ordinates 
xv x2, The non-negative number

|X | = +(z?+:r§+. . .+ * “)*

On lattice points in n-dimensional star bodies
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154 K. Mahler

is called the distance of X from the origin 0  = ( 0 , 0 , 0 ) .  If

Xi = (41*,4X)> ••nrf« (4r),%t\ •••,
are any points in Rn, and Al5..., Ar are any real numbers, then

Aj Xj + . . . + Ay
is written for the point

(A14 1)+ ... +Ara£), Aj^H-••• +Ara4r), ..., A ^ ^ - ...

The determinant of n points

= (z m , 4 > x n

is denoted by {Xls X2, ..., X n}

a f  4 > ag>
~m r(2> r(2>•*1 *̂2 • • • '“'n

a4n) ...

(1-3)

(1-4)

(1-5)

The points are called independent, if this determinant does not vanish. 
The set A of all points

X  = uxX x + ...+ u nXn,where = 0, ± 1, ± 2, + 3,...,

is called a lattice if its determinant

d {A )= \{X x, X » . . . , X n}\ (1*6)

is not zero; then X v X2, ...-, Xn are said to form a basis of A. Any n points Y2, ...,Yn
of A form a basis of this lattice if and only if

{Yx,Y2,...,Yn} = ±d(A). (1*7)

If P,Q ,R ,... are points of A, then A -  [P, Q, R , ...] denotes the set of all points
of A different from P,Q, R ,....

2. T h e  r e d u c e d  b a s is  o f  a  l a t t ic e

T h e o r e m  1. There exists a constant y TO> 0  depending only on the dimension n 
of Rn, with the following property: every lattice A in Rn has a reduced basis, i.e. a basis 
Fx, F2, ..., Ynfor which

(2-1)

Proof.Let X , = ......X„ = (4“,,4"). (2-2)

be any basis of A. Then

0(uv ...,un) = S ( 4 1)% + '--+«?)wJ 2 = K ^ i + - + w nXw|2 (2-3)
<7=1

is a positive definite quadratic form of discriminant

H Af = {X„XS......X„}*. (2-4)
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On lattice points in n-dim bodies 155
There exists a linear unimodular substitution

ug = S  a0hvh> where = 1 ,2 ,..h—1

with integral coefficients by which is changed into a new form

0(uv  = W{vx, ..., = £  + .. .  + ^ w)vn)2,
a=i

which is reduced according to Minkowski (1911). Hence by his theorem

(2-5)

( 2-6)

^(1>0 , 0 )  1 ,...,0 )... ^ (0 ,0 ,..., 1)<y|d(yl)2} (2-7)

where yn >0 depends only on n. The n points

Y 1 = (#>#>■■■,yin))> -,Yn = ■■■,ŷ )) (2*8)
form a basis of A since

{Y1} ...,7 n} = {X1} ...,X n} ± (2-9)
Moreover,

>P(1,0,...,0)= |r ,|«  ¥'(0,1,...,0) = |y ,|« .......<f'(o,o........ i ) - | r „ ] *  (2-10)

whence the assertion.
Theorem I may also be proved by the reduction method of Hermite (1905), 

which has the advantage that the proof of the product formula for the ^ ’s is of an 
elementary character.

3. T h e  c o n v e r g e n c e  t h e o r e m  

D e f i n i t i o n  1. An infinite sequence of lattices

Ai, A2,...

is called bounded, if there exist two positive numbers c2 such that

d(Ar)< cxfor 1, 2, 3, . . . ;  (3-1)

\ X \ >  c2 for all points X ^O  of Ar, when r = 1 ,2 ,3 , . . . .  (3*2)

D e f i n i t i o n  2. An infinite sequence of lattices

A-lt -̂ 2’ -̂ 3> •••

is said to converge, and to have as its limit the lattice A, if there exist reduced bases

Y i\ Y(i \  ..., of Ar for r = 1 ,2 ,3 ,... (3-3)

and a basis Yx,T2, ...,Yn of A,

hm | Y(f i-Y g | = 0, where g = 1,2,...,such that (3-4)
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156 K. Mahler

This definition implies that the points of Ar in any finite region independent of r 
tend to the points of A, as r tends to infinity.

From these two definitions is derived the following theorem which is fundamental 
for the study of star bodies:

Th e o r e m 2. Every bounded infinite sequence of lattices contains a convergent 
infinite subsequence.

Proof. Let A1,A2,A3, ... be any bounded sequence, and let Y({\ Y%\ ..., Y(£  be 
a reduced basis of Ar for r = 1, 2 , 3 , . . then from definition 1,

\ Y (o \ > cto where = 1 ,2 ,..., and 1 , 2 , 3 , ( 3 * 5 )

and from theorem 1,

I Yp | | 7^  | ... | | < Ynd(Ar)> where 1 ,2 ,3 ,..., (3*6)

hence | Y(fi | < where = 1,2, and = 1 ,2 ,3 ,.... (3-7)

All co-ordinates of the basis points XJ* (g = 1,2 1 ,2 ,3 ,...) are therefore
bounded, and so there exists an infinite sequence of indices

ri,r2,r3,...,

and a set of n points YX,Y2, ...,Yn,

such that lim | Y(fk)-Y g | =  0, where = 1,2 ,...,
k-> oo (3-8)

whence lim d(Ark) = lim | {Y{{*\ Y p \ ..., Y%>} \ = \ X2, ..., XJ |.
Jc—> co k-> oo (3-9)

Further, from 7nd(Ari) > m * '  u n * ’ i -  m * ’ i ><«, (3-10)

and (311)

it is deduced that I M ...... (3-12)

and so the lattice A of basis Yx, X2, ..., Yn satisfies the assertion.

4. Dis t a n c e  f u n c t io n s  a n d  s t a r  b o d ie s  

D e f in i t i o n  3. A function

F(X) = F(xx,x ...,xn) (4-1)

of the point X  = (xv x2, ...,xn) in Rn is called a distance function if it satisfies the 
following conditions:

(a) F(X) $5 0 for all points, and F(X) > Qfor at least one point;

(b) F(tX) — | t | F(X) for all points X  and all real numbers t; hence

F( — X) = F(X) and = 0;

(c) F(X) is a continuous function of X.
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On lattice points in n-dim star bodies 157

D e f i n i t i o n  4. The set K  of all points X  satisfying F(X)  < 1 is called the star body 
of distance function F(X);  the subset C of all points of K  with F(X)  =  1 is called the 
boundary of K .

It is evident that a star body K  has the following properties:

(A) I f  X  belongs to K , then tX, where — 1 ^ < 1, also belongs to K.
(B) The limit point of a convergent sequence of points of K  also belongs to K.
(C) The origin O is an inner point of K ; i.e. there exists a positive number p such 

that all points of the sphere | X| ^ pbelong to K .

For since F(X)  is continuous,it assumes on the sphere | X  | = l a  maximum value, 
say 1 Ip. Then F(X)  | X |-1 ^ 1/p for all X = | =whence  F(X)  ^ 1, if  is a point of 
the sphere | X|

Th e o r e m  3. The star body K  is bounded if  and only if

Proof. As a continuous function, F(X)  assumes on the sphere | | =  1 a minimum, 
say p. I f  p  =  0, then F(X)  vanishes at a point X#=0, and so it vanishes at all points 
of the line through 0  and X;  hence K  is not bounded. If, however, p  1 /P >0 , 
then F(X) \ X  |-1 ^ 1 /P for all X  =|= 0, hence | | ^ if F(X)  ^ 1, and so K  is bounded.

5. T h e  t w o  t y p e s  o f  s t a r  b o d i e s

D e f i n i t i o n  5. The lattice A is called if  A — [0] contains no inner
points of K.

D e f i n i t i o n  6. The star body K  is called of the finite type if  there exists at least one 
K-admissible lattice; it is called of the infinite type if  no such lattice exists.

T h e o r e m  4. Every bounded star body is of the finite type.

Proof . Let P  > 0 be a number such that | | ^ P  for all points of K , and denote
by A the lattice of basis

Then | X| ^ P  for all points X#= 0of A ;hence A  is A-admissible.

Th e o r e m  5. Unbounded star bodies exist of the finite type, and also of the infinite 
type.

Proof. (1) The'star body K  of distance function

is not bounded. To show that K  is of the finite type, denote by $  any totally real

F(X) > 0 for all points X  4

F(X) = \x 1x2 (5-2)

algebraic field of degree n, by

where g = 1,2, ...,n ,
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conjugate integral bases of the n fields ...,ft<n> conjugate to ft, and by A
the lattice of basis

......where A = 1 ,2 , (5-3)

Then, except for the sign, F(X) is the norm of an integer a *  0 in ft if X lies in/1 -  ;
hence X(X) ^ 1 for all lattice points X 4= 0

(2) The star body of distance function

F(X) = | x\x2 ...xn |1/(w+1> (5*4)

likewise is not bounded, but it is of the infinite type. For let A be any lattice, and 
denote by tx, t2, ...,tn,n  positive numbers of product d(A). By Minkowski’s theorem 
on linear forms, there exists a point X  = x2i ...,xn)± 0  of A such that

!*•] I I (S*5)
hence 0< X(X) ^ {^(H )}1̂ 1). (5-6)

If it be assumed now that tx < d(A)~x, then X is an inner point of K. Therefore A is 
not X-admissible.

Unless otherwise stated, all star bodies considered are from now on assumed to 
be of the finite type.

6. Th e  d e t e r m i n a n t  o f  a  s t a r  b o d y

Let K : F(X) < 1, be a star body of the finite type. By definition 6, the set A(K) 
of all X-admissible lattices is not empty. Hence the lower bound

A(K) = l.b.d(A) (6-1)
extended over all elements of A(K), exists; A(K) is called the determinant of X. 
For star bodies X of the infinite type, put A{K) = oo.

Th e o r e m 6. The determinant of a star body is positive.
Proof. By the property (C) of a star body (§ 4), X contains the sphere | X | < />, 

hence also the cube
max(1^1, \x2\,..., K lX /o w -L  (6-2) 

By Minkowski’s theorem on linear forms, every lattice of determinant

d(A)<pnn~in

contains an inner point X + Oof this cube, i.e. of X, and so such a lattice cannot be 
X-admissible. Hence, for every X-admissible lattice A,

d(A )^pnn~in,(6-3)

whence A(K)^'pnn~^n>0. (6*4)

Th e o r e m 7. If the star body H is contained in the star body X, then

A(H)^A{K). (6-5)
Proof. Every inadmissible lattice is also //-admissible.

158 K. Mahler
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7. Th e  e x i s t e n c e  o f  a  c r i t i c a l  l a t t i c e

D e f i n i t i o n  7. The lattice A is called a critical lattice of K  if it is K-admissible 
and d(A) = A(K).

The following theorem is fundamental for the theory:

Th e o r e m  8. Every star body of the finite type possesses at least one critical
Proof. From the definition of A ( K), there exists an infinite sequence of ̂ -adm is-

sible lattices
A-i, A 2,

not necessarily all different, such that

lim d(4.) =  J(X ); (7-1)
r->oo

it  may be assumed further, without loss of generality, that

d(Ar)^2A(K),  where 1 ,2 ,3 , . . . .  (7-2)

Moreover, since the sphere j X| ^ pis contained in K,

| X| > pfor all points X4= 0of Ar, where 1 ,2 ,3 , . . . .  (7*3)

From (7-2) and (7i3) the sequence {Ar} is bounded, and hence, from theorem 2, 
it contains a convergent infinite subsequence

Ari, A rt,Ara, ...,

say of limit A.Denote by Y ({*\ Y (p \  ..., Y%k) a reduced basis of Ari, by Fl5 F2, F n 
a basis of A, taken such that

lim | Y%k) — Ygj =  0, where — 1,2, (7*4)
k-+co

hence

d(A) =  I {r „ r 2.......y„} I =  lim I {n*>, n*>. n * ’} I =  =  A(K). (7-5)
>oo &-> oo

Let further

Y  =  %FX + . . .  +  unYn +  0 , where are integers (7*6)

be any point of A, and put

r (f*) =  % F(1r*) + ...+ u n Y%k), where 1 , 2 , 3 , ;  (7*7)

then lim | F (ri) — F  | =  0. (7-8)
00

Hence F(r̂  +  0  for sufficiently large k, and so F( F (rfc)) ^ 1 since An is ^-admissible, 
whence

* F( Y) = lim F( Y<rk)) > | |  (7-9)
k-̂ co

From (7*5) and (7*9), A satisfies the assertion.

On lattice points in n-dimensional star bodies 159
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8. T h e  c o n t in u i t y  o f  A{K)

If K : F(X) < 1, is any star body, and if £ is a positive number, then we denote by 
tK  the star body of distance function t~xF{X i.e. the set of all points X  for which 
F(X) < t. From homogeneity, it is evident that

A(tK) = tnA(K). (8-1) 

The set of all points Xin Kfor which | X  |< is further denoted by KK

T h e o r e m  9. Let K, K 1} K % , ... be an infinity of star bodies of the finite type, satis-
fying the following conditions:

(a) To every e >0, there is a positive integer N  (e) such that K r is contained in ( l+ e ) K  
if r^N(e).

(b) To every t > 0 and every e >0, there is a positive integer N(t, e) such that K* is

K. Mahler

contained in (1 + e) Kr if r̂  N(t, e).

Then \im.A(Kr) = A(K). (8-2)
r~>oo

Proof. From (a), by theorem 7,

J ( £ r)< J ((l + e)X) = (l + e)»J(Z), (8-3)

whence for e-+ 0, limsup A(Kr)< (8*4)
r-> oo

It will now be shown that also

lim inf 4(jBTf) ̂  A(K). (8*5)
r->oo

Let this inequality be false. Then there exists an infinite sequence of indices 
ri>r2> r3> ••• n°f smaller than N(p, 1) such that

A{Rrk)^2A(K), and lim (8*6)
k->co

Denote by Ark a critical lattice of K -  therefore

d(Ark)^2A(K). (8-7)

Then from (6) above, on taking t — p ,e  = 1, the star body 2Krk contains Kp, i.e. the 
sphere | X| ^ p; hence Krk contains the sphere | |^  Since Ark is ^-adm issible,
this implies that

I \p  for all points X 4=0 of Ark.

It is clear from this and (8-7) that the sequence of lattices {Ar̂  is bounded. 
Therefore, from theorem 2, this sequence contains a convergent infinite subsequence

0 :  = 4 ti, A® = ....

of limit A, say. For shortness write

(8-8)
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161On lattice points in n-dimensional star bodies 

then, as in the proof of the last theorem,

d{A) = lim d{A®) = lim (8-10)
Z~>oo Z—>oo

and so d(A) = Mm.A(Kn)<A(K).  (8*11)
00

This means that A is not Jl -admissible; hence A contains at least one point 74= 
which is an inner point 6f K.

Denote now by ff,7®,..., f f  a reduced basis of Iff  and by 72,.. . ,7 n a basis
of A taken such that

lim | 7®— Yg| = 0, where = 1,2 ,..., (8-12)
l—̂ oo

then 7  can be written as 7  = uiY\+  ... + un(8*13)
with integral coefficients uv ...,un not all zero. Now put

7® = %7?> + ...+w n 7®, (8-14)
then 7® belongs to yl®,

7® 4=0, and l i m |7 ® - 7 |= 0 ,  (8-15)
Z— oo

whence, for sufficiently large indices l,
| 7® | ^2 | 7 1. (8-16)

Since 7  is an inner point of K  and different from 0, there is an e > 0 such that

^ T T 3 ?  <8'17>

hence, if l is sufficiently large, from (8*15) it follows that

(818)

and so (1 + 2e) 7® 4= 0belongs to K. This implies, from (8-16), that (1 + 2e) 7® is a 
point of K*,where t — 2(1 + 2e) | 7  |. Hence, from (6) above, the point (14-2e) 7® 
belongs to (1 + e) if® if lis sufficiently large. This implies that 7® is a point of
1 +e

T+ 2e^® an<̂  SO *8 an *nner P0 1̂1̂  °f However, this is impossible since 7® 4=0 
and since A® is a critical lattice of X®.

Th e o r e m 10. Let K : F(X)  ̂  1 be a star body of the finite type, G(X) an arbitrary 
distance function, and t a positive parameter. Then the star body

Kt :Ft{X)^l ,  where Ft(X) = max Ir'GiX)), 
is also of the finite type, and further

lim A(Kt) = A(K). (8-19)
t—^  CO

Proof. It is evident from definition 3 that Ft(X) is a distance function. Since 
Ft(X) > F(X) for all X  and t, Kt is contained in K  and so is a star body of the finite
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162 K. Mahler

type. Further, since the set H : 0(X) ^ 1 is a star body, there exists a number r > 0 
such that R  contains the whole sphere | X  |^  r. The sphere | | < is then contained 
in tH, and so K 7*, which is a subset of this sphere, is contained in Kt. The hypothesis 
of theorem 9 is therefore satisfied, and so

A{K) -  lim (8-20)
r—>-oo

for every sequence of positive numbers tv  of limit infinity. This proves the
assertion.

The last theorem, for 0(X) = | X I, shows that

A(K) = lim (8-21)
t—> oo

Originally (Mahler 1943), I used this formula as the definition of A (K) for unbounded 
star bodies, so reducing the problem to one for the bounded case.

Remark. The results of this paragraph remain true when A(K) — 00.

9. L a t t ic e  p o in t s  o n  t h e  b o u n d a r y  o f  a  b o u n d e d  s t a r  b o d y

T h e o r e m  11. If  K  is a bounded star body, then every critical lattice of K  has n 
independent points on the boundary G of K.

Proof. Let A be a If-admissible lattice which does not contain n independent 
points on G. Then denote by II the set of all points of A on C, and by L the linear 
space of lowest dimension/ (0 < /<  n-1 )  containing II. By Minkowski’s method of 
adaptation of lattices, a basis Yt, ...,Yn oi A  can be found such that Yv ..., lie in 
and generate L, while Yf+1, ...,Yn lie outside L. Let e> 0 be sufficiently small and 
denote by A* the lattice of basis Y1,...,Yf, ( l-e )Y /+1, This lattice is
A-admissible since 0  and the elements of II are its only points belonging to K. Since 
d(A*) — (1 —e)n~f d(A) < d{A), A* is of smaller determinant than A, and so A is 
not critical.

This theorem shows that in the case of a bounded star body K, every critical lattice 
A has at least 2 npoints on its boundary C, namely, n independent .points 
and their images — Pv ..., — Pnin 0 .If

± i-?2> •••> ±
are the only points on G of the lattice A, then A is called a singular lattice of K; 
otherwise it is called a regular lattice. The example in the next paragraph shows that 
star bodies with singular lattices do exist.

10. A n  e x a m pl e  o f  a  s t a r  b o d y  w it h  a  s in g u l a r  l a t t ic e\
T h e o r e m  12. There exists a bounded star body with just one critical lattice. More-

over, this lattice is singular.
Proof. Let e be so small a positive constant that

/
(1 — e)n >̂,(1 —e)w-1$ f  > 1, e < w - i ( ^ ( i i ) - i ) j (KM)
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and let $  4= 0  be a point in Rn. The set Se(Q) of all points

P  — tQ + {t—\ )eRy where 1 and | | < 1, (10-2)

is a cone with vertex at Q and its open side away from 0 . For when t is fixed and R  
describes all points of the unit sphere | R| < 1, then P  lies on or in a sphere centre at 

tQ and radius (t — 1) e; on varying t, we obtain Se(Q) as the sum set of these spheres. 
Denote further by A0 the lattice of all points with integral co-ordinates, i.e. of basis

Px =  (1,0, | |»  0), P2 = ( 0 , 1 , 0 ) ,  =  ( 0 , 0 , 1 ) ,  (10*3)

and of determinant d{AQ) =  1.

The cube W :| xx| | x2| ^ # f , | xn\ | | g f  (10*4)

contains 3W points of A0, namely, the origin O, the 2 points ±PV ± P 2, ..., ± Pn, 
and the m points P{, P 2, ..., P'm, where

P'h = {*i\1 1 1  • • •,H H  4 w = 0, l , o r - l , S  |SH  1^2. (10*5)
0=1

Denote by K  the set of all those points of W which are not inner points of one of the 
cones

$e(±-F^j, where g =  1 ,2 ,..., n ,or $e[(l — e)P^], where

Then Kis a bounded star body, and the cube

V: |aj2 | < l - e ,  |# w| < l - e ,  (10*6)

obviously is a subset of K. Therefore from theorem 7, Minkowski’s theorem on linear 
forms, and from (10*1)

A{K)^A(V)  = ( l - e )» > $ .  (10-7)

On the other hand d(X)^rf(yl0) =  1, (10*8)

since, by the construction, A0 is JT-admissible. Hence, if A is any critical lattice 
of K,  then

f< d (H )< l .  (10-9)

Each one of the n parallelepipeds

| ^ | < l - e  for (10-10)

from (10-1) is of volume 2n(l — e)w-1(/§ > 2n.(10-11)

Hence, from Minkowski’s theorem on linear forms, at least one point of [O] is 
an inner point of Ug, say the point P* = This point lies in one of
the tw o cones Se( ± Pg), since the other inner points of Ug are also inner points of K. 
There is no loss of generality in assuming that P* belongs to Se(Pg) and so may be 
written as

On lattice points in n-dimensional star bodies

P* = tgPg + (tg— l)eRg, where tg^ l  and | ^ 1. ( 10-12)
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Therefore if, say, Rg =  (Vi\v$\ then

(10-13;

and ?“) » - 1 ;  (10-14;

and since Pg lies in Ug,

§ t  > i f  =  * ,+ (« ,-1 )  0 ;  >tg- ( t a- 1) e > (1 -  e) t„, (10-15;
n/3_

whence where g= l , 2 , . . . , n .  (10-16)

Denote now by D the determinant

D = {P * ,P * ,...,P * }, (10-17)
by E the unit determinant

E =  {PlfPt, . . . ,P J  =  d(ilo) |  + 1 , (10-18)

and by E(9 i >92>--;9r)> where l ^ r ^ n ,  l ^ g 1<g2< ... <gr<n,

the determinant which is obtained from E if  the points ,2> , . .. ,P ffr in it are 
replaced by the points Rgi, Rgi, ..., Rffrof the? same indices. Obviously E(gv g2,..., gr) 
is equal to its cofactor of order r belonging to the rows and columns of indices 
9v92> H e n c e

(10-19)

since the moduh of the co-ordinates of R01,Rgi, -^,Rgr are not larger than 1, and 
since a determinant of order r consists of r ! terms.

From (10-12), D can be split into a sum of 2n determinants, namely,

D = t1l2...tn(E + i * i j j | , gt ....... g , ) e S l S J ‘j i Z l . § _
' r 1 ̂ 01 0̂2 %r ’

n n n
with the abbreviation S *  =  S  2  •

V^X T— 1 Qi, 029 •••jf7r==l  
Oi<0 2 < •••<0r

Now from (10-1) and (10-19)

I -lift*' 92,• • • ,9r)I er^ r! (re)r ̂  (ne)r< {^(}J) - l}1*,
hence

164 K . M ahler

( 10-20)

( 10-21)

(10-22)

\ i * E ( g v 9 ......., ^ § & L :
i*--1 tgi

ff=l\ fg J

ta - 1Or
iOr f- 1 (5,

- 1 = (kk  -  h )-1 n  { i+ ! j m  (« ,-1) } - 1,
q=i

whence
n

( J < n { i + i ( « ) ( f 8- i ) } .
0=1

(10-23)

(10-24)

i » 2 n t g- n { i + m ) ( t g - i ) } -
0=1 g=\

and (10-25)
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From (10*1), (10*16) and (10*24) then
n n n /nj (Xl \  n / /3 \ \

d <n  {« « )+ « « )  (*„-i)} = n Wtt) *,} < n  = m u  -«)-*<f •a=i ff=i\ 1—6 /
(10*26)

Further, since 2 — ({^)r/w> 0 for r = 1 , 2 , n,then from (10*16) and (10*25),

d > 2 n  { i + (« „ -1 )} -r i  { i + m )  <<»-1»
»-i a-i

=  l  + (10-27)
r= 1

with D — 1 if  and only if h  = h  ~••• =  tn =  1.

This proves that 1 ^ D <f , (10*28)

the lower bound being assumed if and only if =  ... =  =  1, i.e. if
p* _  p  p* _  p  p* _  p** 1 ■*!> r  2 1 2? *••5 1 w n*

Since D >0, the w points P*, P £ , ..., P* are independent; therefore

D=jd(A) ,  (10*29)

where j  is a positive integer. From (10*9) and (10*28) it follows that

2, (10*30)

and soj =  1, d(yl) = D ̂1, with equality if and only if =  /10. Sincevl0 is ^-adm is-
sible and since d{Af) — 1, this completes the proof that A0 is the only critical lattice 
of K,  and also that A0 is singular.

Co r o l l a r y . For any given integer m^n, there exists a bounded star body K  with 
a critical lattice having just 2m points on the boundary of K.

Proof. Nearly obvious, because any star body K' has the required property if 
it satisfies the following three conditions: (a) K, as defined in the last proof, is a 
subset of K '. ( b) A0, as defined in the last proof, is K '-admissible. (c) Just 2m points 
of Aq he on the boundary of K'.

Remark. In an earlier paper on star domains,* I discussed a method by which 
to obtain A(K) and the critical lattices for every bounded two-dimensional star body, 
provided the boundary consists of a finite number of analytical arcs. This method 
may be extended to the n-dimensional case, but, naturally, the calculations now 
become very complicated.

11. Th e  l a t t ic e  f u n c t io n

If A is a lattice, t a positive number, and tA denotes the lattice of all points tP 
where P  runs over A, it is obvious that

d(tA) = tnd(A)(11*1)

* Mahler—On. lattice points in two-dimensional star domains, to appear in the 
Proceedings of the London Mathematical Society.
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Further, if K  denotes the star body (not necessarily bounded) of distance function 
F(X), write

F(A) =  l.b .F (P ), (11-2)

for the lower bound of F(P) extended over all points + of Then the symbol 
F(A) has the following evident properties:

A is inadmissible if and only if F(A) > 1.
A is a critical lattice of K  if and only if F{A) — 1, d(A) =  A{K)\

further F(tA) = tF(A) if £>0. (11*3)

A star body is therefore of the finite type if F(A) > 0 for at least one lattice, and is 
of the infinite type if F(A) = 0 for all lattices.

In the special case when A  is a bounded star body, it is easily seen that F(A) is 
a continuous function of A; i.e. if A1,A 2,A3, ... is a convergent sequence of lattices 
of limit A, then

lim F(Ar) = F(A). (11-4)
r-> oo

If, however, K  is an unbounded star body, then F(A) need not be continuous, as 
the following example shows. We choose

F ( X) = \x 1x2...x n \1ln,(11-5)

and take for A the lattice of basis

X h =  (oft, (of, .,., (of*), where =  1,2, . . . ,  (11-6)

as defined in the proof of part (1) of theorem 5; there is no restriction in assuming 
that this basis is reduced. Further, denote by

X f, X f , ..., X f,  where r =  1 ,2 ,3 , . . . ,  

an infinity of sets of n independent points with rational co-ordinates such that

lim | X f —X h| =  0, where h= l , 2 , . . . , n ,  (11-7)
r—>oo

and such that further Xf ,  X f , ..., X f  form a reduced basis of the lattice Ar generated 
by these n points. Then by the proof of theorem 5,

F(A)>1,  (11-8)

while, on the other hand, F(Ar) = 0 (11*9)

and limF(ylr) =  0, (11-10)
r—>00

since a linear form with rational coefficients represents zero.

12. La t t ic e  po in t s  n e a r  t h e  b o u n d a r y  o f  a n  u n b o u n d e d  s t a r  b o d y

It was seen in § 9 that a critical lattice of any bounded star body has at least 2n 
points on its boundary. For unbounded star bodies, this is no longer so; as will be 
seen in the next paragraph, there exists an unbounded star body of the finite type 
such that at least one of its critical lattices has no point on its boundary.

166 K. Mahler
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It may then be asked, however, whether lattice points lie arbitrarily near to the 
boundary of K. The answer is given by the nearly obvious

On lattice 'points in n-dim star bodies 167

Th e o r e m  13. If K: F(X) < 1 is a star body of the finite type and A is a critical 
lattice of K, then to every e > 0  there exists a point such that

K I ’(P )<  1+e. (12-1)

Proof. If F(P) ^ 1 + e for every point P + of then

M U H !  (i2-2)

whence (12-3)

Therefore A
1 + e is also K -admissible, but is of smaller determinant than A, and so

A is not critical.
This theorem leads to:
P r o b l e m A. Let K: F(X) ^ l b e a  star body of the finite type, A a critical lattice of K, 

and e >0 any arbitrarily small number. Do there exist n independent points Px, P2, ...,Pn 
of A such that

l^F(Pg) < l + e ,  where = 1,2, (12-4)

I have not been able to decide this question. The difficulty lies in the fact that 
F(A) may be discontinuous, and so the method of the proof of theorem 11 cannot 
be applied.

Remark. From theorems 8 and 13, for any given >0, every lattice of determinant 
d(A) = A{K) contains a point P + O  satisfying F(P) < 1 + e.

13. A n  e x a m pl e  o p a n  u n b o u n d e d  s t a r  b o d y  w it h  n o  c r i t ic a l

LATTICE POINTS ON ITS BOUNDARY

Th e o r e m 14. Let F0(X) be the distance function

Fq(X) — | ... \̂ n>

and let further F(X) be any distance function satisfying the conditions

F(X)>F0(X) if 0,
F(X) ^1 if F0(X)>0, \X\~'F0

(13-1) 

(13-2)

j & r > p  v ~uv“ / (13*3)

Denote by K0 and K  the star bodies of distance functions F0(X) and F(X), respectively. 
Then

A(K) = A(K0). (13-4)

Proof. Kis a subset of K 0, and so from theorem 7, it follows that

d(A -)<d(A 0). (13-5)
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168 K. Mahler

Now assume that ) < (K0);

this assumption leads to a contradiction, as will be proved. 
The function f(X)  defined by

lii
f (X)

(13-6)

(13-7)W )

.1 if.F0(X) = 0, X ± 0 ,
and not defined if X  = 0 ,is continuous and therefore bounded for all points of the 
unit sphere | X | = 1. Let c ^ 1 be its upper bound on this sphere:

f (X)^c  if p | * | |

Then, since f ( t X ) = f ( X)  for i#=0,

c is the upper bound of f ( X )for all X^ O,  therefore

F(X)^cF0(X)

for all X,  since this inequality remains true ii X  = 0.
Let now A be any critical lattice of K ; then, from (13-6),

d(A)<A(K0),

or, say, d{A) =  (1 + a ) - ^ 1* A ( ), 

where a is some positive number. Put

(1 + <x)A = A',

so that A ’is (1 +a) inadmissible, and

d(/l,) = (l + a)-1zl(i:0)<zl(i:0).

Denote further by E the set of all points of A’ which are inner points of K 0. If 
is any point of E, then

F (P )>1+ ol, 1,

F(P)

(13-8)

(13*9)

(13-10)

(13-11)

(13-12)

(13-13)

(13-14)

whence

and further, from (13-10),
K (?

> 1 + a,

(13-15)

(13-16)

F „ (P )^ F (P )» ± ± ? > 0 .  
c c

But from (13-3) there exists a positive number /? such that

F(X)
if P0(X)#=0, \X\-'F

K m
Hence, by the inequalities just proved,

(13-17)

(13-18)

(13-19)

and so (13-20)
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Next, if P -  (Pi,P2> ,Pn)>then

I P1P2 * ** Vn| =-^0 (P )” ^ ( ^ ) n> (13*21)

and m ax(lihl> l ^ a l , | p » | K | jP | < 4 ;  (13*22)

and so, finally, \P i \ > \  2>a***2>«|_ 1 - } *>  ( ^ “̂ V ”-1* ( 13*23)

Denote by r any positive integer, and by Y = QrX  the unimodular linear trans-
formation

Vi -  i*~xx 1, y2 - r~ ..., yn = r~xxn. (13*24)

Further denote by Ar = QrA! the lattice of all points Q = where P  runs over
A', and by Er = QrE the set of all points Q = QrP  where P  hes in Then obviously

d{Ar) = d{A'), (13*25)

and Er consists of all and only all those points of Ar which are inner points of K 0.
If P -  (Pi>Pz, "‘>Pn)is a point of E and Q = QrP = (qv q2, ...,qn) is the corre-

sponding point of Er, then, from (13*23)

/I 4-Oi\n
I <hI = rn~x \Pi \>  ) (13*26)

/ I  4 -a \ n
and so I Q I > I Qi I > ( - £ —I 0^)M_1* (13*27)

As in § 8, denote by K*0, where t > 0, the set of all points X  of K 0 for which | | <
Then the last inequality for Q shows that there exists a monotone increasing 
function R(t) of t such that

Ar is A q-admissible if r^R(t). (13*28)

Now the sphere \.X | < 1 is obviously a subset of K 0, hence also of K f0 .
Therefore, from (13*28),

| Q| ^ 1 for all points Q4= 0of Arif ^ R(t) and t ̂  1.

Also since d(Ar) = d(A')for r = l , 2 , 3,..., (13*29)

the sequence of lattices Av A 2, A3, ... is bounded.
But then, by theorem 2, this sequence contains a convergent infinite subsequence 

of lattices
Afl, Arg, Afg, ...,

say of limit A*. Since, from (13*14),

d(A*) = lim d{An)r
fc->00
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A* cannot be Xg-admissible; there is then a point of A* which is an inner point
of Kq and so also an inner point of Kq if t is sufficiently large. Further, as in earlier 
proofs, it may be shown that there are points

••• of An, Ars, Arg, ... respectively,

such that lim \Prk- P * \  m 0. (13-31)
k—̂ oo

But then Prk is also an inner point of K l0 if k is sufficiently large, contrary to (13-28). 
This completes the proof.

T h e o r e m  15. There exists an unbounded star body of the finite type with a critical 
lattice which has no points on the boundary of this body.

Proof. The same notation is used as in theorem 14, but it is assumed that F(X) 
satisfies, instead of (13-2), the stronger condition

F(X)>F0(X) if 0; (13-32)

e.g. take | l  (13-33)

Let A be a critical lattice of K 0. Since K is a subset of K 0, A is iT-admissible; further, 
since from theorem 14,

d(A) = A(K0) =  A{K), (13-34)

A is a critical lattice of K.  But the boundary of K  consists only of inner points of 
Kq, and so no point of A may lie on the boundary of K,  as asserted.f

It is easily proved from § 15 that K 0 and so also K  have an infinity of critical 
lattices. The question also arises:

P r o b l e m  B. Do there exist critical lattices of K 0 which are not critical lattices of K, 
and do these lattices have points on the boundary of K?

14. St a r  b o d ie s  w i t h  a u t o m o r ph is m s

Let X  — (%,%»...,# J  and X' = (x'x,x'2, ...,# ') be two points in Rn. The linear 
substitution

n
Q: x'g = 2  %hxh> where = 1 ,2 ,..., (14-1)k—1

of determinant ® 1 ĝh\g,h=l,2, (14-2)

or shorter X' = QX (14-3)

has an inverse X = i3 ~ 1X /. (14-4)

The substitution defines a one-to-one mapping of Rn on itself.

f  A much simpler proof of theorem 15 will be given in Part II of this paper.
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If A is an arbitrary lattice, then OA denotes the lattice of all points =  
where P  belongs to A; obviously

d(QA) = \(o\d(A). (14-5)

Th e o r e m  16. Let K: F(X) < 1 be a star body of the finite type, O a substitution of 
determinant (o^O, F'(X) the distance function

F'(X) = F{QX), (14-6)

and K' the star body F'(X) ^ 1. Then K' is also of the finite type, and

A (K ' )=  \(o (14-7)

Proof. If A is any inadmissible lattice, then A' — 0~XA is evidently A'-admissible, 
and so K' is also of the finite type. Further A(K')is not greater than the lower bound 
of d{Q~1A) = | a) \~xd(A)extended over all IT-admissible lattices, i.e.

A(K')^\(o\~xA(K). (14-8)

Since F(X) = F'{0~xX), conversely

A (K ) ^ \ g>\A(K'). (14-9)

From these two inequalities, the assertion follows at once.

D e f i n i t i o n  8. The linear substitution X' =  OX is called an automorphism of the 
star body K: F(X )< 1, if identically in X,

F(X') = (14*10)

It is obvious that such an automorphism leaves both K  and its boundary C 
invariant.

Th e o r e m  17. If  the star body K  is of the finite type and admits the automorphism 
X' = OX of determinant o), then o) = + 1.

Proof. By theorem 16, A(K) = \(o\~xA{K), whence | | = 1 since A(K)^0.
This theorem shows that star bodies having automorphisms of determinant

=t= ± 1, are necessarily of the infinite type, e.g. the star body of distance function 
F(X) = | x\x2 ...x n |W»+i) with the automorphism

*®1 = l *̂ 2 =  tx%, %n ~  txt > 0). (14*11)

It is obvious that if Kis of the finite type, then the set of all automorphisms of IT 
forms a group. Whether this group is finite or infinite, discrete or continuous, depends 
on K  itself.

D e f i n i t i o n  9. An unbounded star body K  of the finite type is called automorphic 
if it admits a group T of automorphisms O with the following property: ‘ There exists 
a positive constant c depending only on K  and r  such that to every point there
is an element O of T  satisfying

|£ X |< c . ’ (14*12)

A few examples of automorphic star bodies are given in the next section.
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15. E x a m pl e s  o f  a t j t o m o e ph ic  s t a r  b o d ie s

(1) Let r> 0 and s 0̂ be integers such that r + 2s — n, and let F(X) be the distance 
function

m )  =
r 8 II
U XP U  (4 +.  +  4 +<HJ

p ~ l  cr= 1 I
(15-1)

It was shown in the first part of the proof of theorem 5 that the star body 
K: F(X) < 1 is of the finite type if r = n, s = 0. Just the same proof applies when 0,
except that the field $  there must now be algebraic with r real and 2s complex 
conjugate fields. If the trivial cases r = 1, s = 0 and = 0, 1 be excluded, then 
K  is not bounded and admits a continuous group of automorphisms depending on 
n — 1 parameters, namely, the group of substitutions

x'p m tpxp, where = 1,2, (15*2)

xr+<r — tr+crxr+<r~tr+8+crxr+8+<T’ = K+a+cr xr+<r + K+<xXr+s+<r’
where <r = 1 , 2 , ( 1 5 - 3 )

while tv t2,..., tnare n real numbers such that

II II (̂ r+cr "I" ̂ r+s+cr) “ i  1* (15’4)
P=1 (T=l

The star body K  is automorphic since obviously every point of can be trans-
formed into a point X' of bounded distance from 0  by one of these automorphisms.

(2) Let r be an integer such that 1 < r< n — 1, and let K  be the star body of distance 
function

F(X) =
r n i

-  E  4  . (15-5)

By the theory of quadratic forms, K  admits a group of automorphisms depending 
on \n{n — 1) real parameters. It is again possible to show that every point in K  can 
be transformed by one of these automorphisms into a point of bounded distance 
from 0. Hence K  is automorphic provided it is of the finite type, and so the following 
problem arises:

P r o b l e m  C. Is the star body of distance function

F(X) = 2  *5 -  2  4
P-1 a —r-hl

(15-6)

of the finite or of the infinite type?"\
For 2 < n< 4, Kis of the finite type, because there exist indefinite quadratic forms

in n variables with integral coefficients and of given signature which do not repre-
sent zero non-trivially. If, however, n>5, then, by Meyer’s theorem (Bachmann 
1898), every indefinite quadratic form with integral coefficients does represent zero; 
so the solution of problem C may be difficult.

f  Addition,M ay  1946. In a joint paper, H. Davenport and H. Heilbron have just shown
that K  is of the infinite type if n > 5.
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(3) Let n =  2, and denote by 6 any number with O<0< 1. The line segments 
joining the pairs of points

(0k,6~k) and (6k+1, w h e r e  0, + 1, ± 2,
form an infinite polygon 77; let C be the curve consisting of 77 and the images of 77 
in 0  and the two axes. Then C forms the complete boundary of a two-dimensional 
star body K. There is no difficulty in proving that K  is of the finite type and that it 
admits the infinite group of automorphisms

x[ = ± 6kxg, x2 = ± 6~kxh, where 0, ±1, ± 2,...
and g = l,h  = 2 or (15*7)
It can be shown that every point of K  can be transformed by one of these auto-
morphisms into a point of bounded distance from hence K  is an automorphic 
star body.
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16. P r o p e r t ie s  o f  t h e  l a t t ic e  f u n c t io n  F(A)
It was seen in § 11 that F(A) need not be a continuous function of A. The next two 

theorems on sequence3 of lattices have therefore some interest:
T h e o r e m  18. Let A x, A2, A3, ... be a convergent sequence of lattices, say of limit A.

Then
F(A) ^ lim inf F(Ar).

r—> oo ( 16*1)

Proof. Choose reduced bases FI9, ..., Y%} of Ar> and a basis of
A such that

lim | F ^ — Yg| = 0, where g = 1 , 2 , ( 1 6 * 2 )

Every point P  =4= 0of A can be written as
P = u1Y1+ ...+ u nYn I (16-3)

with integral coefficients unnot all zero. Put
l*.mu1Y({)-\-...+unY^, (16-4)

then Pr ̂ O ,and Prlies in Ar(16-5)
Hence F(Pr) > . (16-6)
Therefore by the continuity of F(X),

F(P) = lim F(Pr) > liminf (16-7)
r—>oo r—>oo

as asserted.
T h e o r e m  19. Let Ax, A2, As, ... be a convergent sequence of lattices, say of limit A, 

and assume that <f = lim F(Ar) exists and is positive. Let there also be a constant 0
r—>oo

and an infinite sequence of points Px, P2, P3, ... such that
Pr4=0; Pr lies in Ar,where 1 ,2 ,3,..., (16-8)

Mm F(Pr) exists and is equal to f>.
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(16-9)lim F(Ar) = F(A),
r—> oo

and there exists a point P̂  such that

= (16-10)

Proof. There is a positive number p such that the sphere | j < is contained 
in the star body F: F(X) < 1. Put

Cr = \pi>. (16-11)

Then the sphere | X| < o’ is contained in the star body F(X) < o’/p, i.e. in F(X) < F(Ar), 
for all sufficiently large r, say for r > r0. Therefore for every point 4= of Ar, since 
F(Q)>F(Ar),

\Q\><r if r > r 0. (16-12)

Let, in particular, Y({ \ Y%\..., Y^ be a reduced basis of Ar and Fa, ..., a basis 
of A taken such that

lim | Yff—Yg| = 0, where = 1,2, (16-13)
r—>oo

Then | Ŷ\̂ofor r> r0, = 1 , 2 , ( 1 6 - 1 4 )

On the other hand, from theorem 1,

(ie-15)

Also, from the hypothesis, limd(vlr) = d(A), (16-16)
r—>oo

hence \d{A) < d{Ar) < 2d(A) for r > rv say, (16-17)
and so

| Yff J ^2o~(n~1)'ynd(A)for r^max(r0, rx), where =» 1,2, (16-18)

Since Pr is a point of Ar different from 0,

Pr = ^ 1 $  + ...+  u ^ Y f  (16-19)

with integral coefficients u{{ \  . . . , uffnot all zero. On solving this vector equation 
for u{[\

d(Ar) i u f \  = i { y $\ Y f , ..., i m  w .  jy+i, ->  m i -
(16-20)

Hence the lower bound for d(.dr) and the upper bounds for Fjj0 and Pr imply that

( 16-21)

where c' is a positive number independent of r and g.
There exists then an infinite sequence of indices

r — rx,r2,rz, where limrfc = oo, (16-22)
fc~> oo

such that the coefficients

u(gk) = Ugsay, where k = 1,2,3, .*» 1,2,(16-23)
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assume integral values independent o f k, and such that at least one o f these integers 
unis different from zero. Further

pn  =  % +  • • • +  un̂ nk)> where 1 , 2 , 3 , . . ( 1 6 - 2 4 )

and so the points Prk tend to the lim it point

P  =  tti r i + . . .+ w %rTO* 0  (16-25)

which is a point o f A. From the hypothesis

F(P)  =  lim F(Prk) =  hm P(Pr) =  hm F(Ar), (16-26)
k->ao r—>-oo r->oo

whence P (y l)<  hm P(^lr). (16-27)
r->oo

Moreover, from the last theorem,

F (A )^]iraF (A r), (16-28)
r->  oo

and so the assertion follows at once.
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17. L a t t i c e  p o i n t s  o n  t h e  b o u n d a r y  o f  a n  a u t o m o r ph i c  s t a r  b o d y

T h e o r e m  20. Let K : F(X)  < 1 bean automorphic star , and let A be any lattice
such that F(A) > 0. Then there exists a lattice A* and a point P* of A* such that

F(P*)  =  F(A*) =  F(A),  =  d(A). (17-1)

{Remark. A * need not be different from A. The theorem remains valid if  F(A) =  0, 
but then is nearly trivial.)

Proof. Assume that A  contains no point P  such that

F(P) =  F{A); (17-2)

otherwise the assertion is certainly true. There exists then an infinite sequence of 
points Px, P2, P3 ... o f A  such that

hm F(Pr) m F(A) > 0; (17-3)
r-> 00

assume that ah these points are different from 0 .
For each point Pr select an automorphism Qr o f K  such that

|i2rPr |< c .  (17-4)

Put QrPr =  Qr, QrA =  Ar, (17-5)

so that Qr belongs to Ar, is different from O, and satisfies the inequahty

| Qr\<c.(17-6)

By the invariance of K,F(Qr) = F(QrPr) =  F{Pr), (17-7)

hence from the hypothesis hm F{Qr) =  F(A) > 0. (17-8)
r-> oo
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Further, from theorem 17, Qr is of determinant ± 1, and so

d(Ar) = d(A). (17-9)

Next, it is shown that F(Ar) = F(A). (17-10)

For if P  runs over all points of A — [0], then = runs over all points of
and vice versa. But by the invariance assumption,

and by definition,
F(Q) = F(P), (17-11)

F{A)=  l.b. F(P), = Lb. (17-12)
P  in A—[0] in

whence (17-10) follows at once.
Finally, the sequence of lattices

■d-l> -d-2> -d-3’ •••
is bounded. For from (17-9), the determinants d(Ar) are bounded, and from (17-10), 

F(Q) $s F(A) for all points 4= 0  of Ar. (17-13)

Hence, if p is any number such that K  contains the sphere | j i.e. F(A) K  
contains the sphere | X | ^ pF(A), then

| Q | ^ F(A) p for all points =|= 0  of Ar  (17-14)

From theorem 2, there exists then an infinite subsequence of lattices

Ari, Arz, Ara, ...

which tends to a limit, say the lattice A * ; from (17-9)

d(A*) rn ]imi(An) = d{A). (17-15)
/c->oo

Hence the supposition of theorem 19 is satisfied if one substitutes therein for the 
sequence of lattices {Ar}, the lattice A, and the sequence of points {Pr} respectively, 
the sequence of lattices {Arî , the lattice A*, and the sequence of points {Qrk} of the 
present proof. The assertion follows therefore at once from theorem 19.

Remark. Theorem 20 does not assert that every lattice A* satisfying

F{A*) = F(A), d(A*) = d(A) (17-16)

contains a point P* such that F(P*) = F(A*). Thus take and F(X) = | aq#2 |L 
Then, as follows from results in the theory of indefinite binary quadratic forms 
(Koksma 1936), there exists an infinity of lattices such that

F(/l*) = l, d(/l*) = 3, (17-17)

and some, but not all, of these lattices contain points P* such that

F(P*) = 1.

The following particular case of the last theorem is of special interest.

(17-18)
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Th e o r e m 21. Every automorphic star body K  has a critical lattice with at least one 
point on the boundary of K.

Proof. A lattice A is a critical lattice of A if and only if

F(A) = 1, d (17-19)

Now, from theorem 8, critical lattices of K  do exist; the assertion follows therefore 
at once from theorem 20.

Pr o b l e m D. Does every critical lattice of an automorphic star body K  have at least 
one point on the boundary of K?

The example in theorem 20 does not answer this question, hut makes it probable 
that the answer is in the negative.

Theorem 20 further suggests the following:

Pr o b l e m E. To study the set dF of the values of d{A) where A runs over all lattices 
A satisfying F(A) = 1.

The set dF has a smallest element which is, of course, A{K)\ this number and the 
other elements of the set may be considered as the successive minima of the lattice 
point problem for the body K:F(X) < 1. Even in the case F(X) = \ 1*, dF is a
very complicated set (Koksma 1936), and the same is to be expected for other un-
bounded star bodies. It is then rather surprising that in the case of automorphic 
star bodies, all these minima are actually attained in the sense that to every element 
S of dF there exists a lattice A* and a point P* of such that

F(P*) = F(A*) = 1, d{A*) = (17-20)

18. Th e  in v a r i a n t  s u b s e t  o e  a n  a u t o mo r ph ic  s t a r  b o d y

Let K : F(X) < 1 be an automorphic star body, and let J1 be a group of auto-
morphisms Q of K. We denote by Zr the set of the points X  in Rn which have the 
following property:

‘There exists a positive number a(X) depending only on X  such that

\QX\̂a(X) for all in TV (18-1)

This set Zr is called the invariant manifold of K.  It may contain only the origin, and 
it has the following properties:

(a) If X  lies in Xr, and Q is an element of P, then Y — QX also lies in Er , and we 
may take

a(Y) = a(X). (18-2)

For let Qx be an arbitrary element of P.Then jQ2 = QXQ also belongs to and so
by the definition of a(X),
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\QXY\  = | fi2X |<a(X). (18-3)
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(6) I f  X x, X 2, ..., X m is any number of points of and if  tv t2, ..., are real
numbers, then t1X 1 + t2X 2+ ... +  tmX m also lies in and we may take

a(t1X 1 +  t2X 2+  ... +  tmX m) =  | tx| c ^ X ^ - h I  +  | tm | (18*4)

For if  Q  is any element of r ,  then

|fi(<1X i + ... + t mX m)| =  \ t 1Q X 1+ ... + tmQ X m \

<| t,| | Q X ,| + . . .  +  | tm11 Q X m| ^ | | |  + . . .  +  | tm | a ( X J .  (18-5)

Froin (6), Er  is a linear manifold. Let it be of dimension where 0 ^ ^ and let 
P1}. . . , Psbe a set of 8 independent points of Er . Then the points X  of Er  m ay be 

written as
X  =  ^ P 1 +  . . . + i ,P ,  (18-6)

with real coefficients ...,£$; conversely, every such point X  belongs to Es. On 
considering this vector equation as a system of n equations for the n co-ordinates, 
we find on solving for ..., gs that

ma x ( | ^ 1 | , . . . , | ^ | ) < y | X | ,  (18-7)

where y  is a positive number depending only on the choice of
(c) There exists a positive constant 6 such that if  X  is any point of Er , Q any  

element of P, and Y  =  QX,  then

(i8-8)

For let X  =  i xPx +. . .  +  ^ P $.T h e n

| r| -  | ^Q Pl+  ... + ^ Q P S| < max( |  &  | , |  |) ( |OPl | + . . .  + 1

< y |  X  | {a(P1) + ... + a (P {)} -  b\ X | ,  (18-9)

where b — y{u(Pi) + . . .  +  )}.

Further if  X  is in Er  and Y  =  QX, then Y  is also in Er  and X  =  Hence by
the same proof | X  | < 6| Y  |, whence the assertion.

Let now Jr  =  K  xEr  be the set of all points of Er  which belong to K; we call-
Jr  the invariant subset of K .

(d) The invariant subset Jr  is a bounded set. For let X  be any point of Jr . B y  
definition 9, there exists a positive constant c and an element of P  such that

| QX| < c.(18*10)

Hence from (c), | X  | < 6| QX| < be, (18*11)

as asserted.
This result shows that the dimension 8 of Er  and Jr  is at most 1. For let this 

assertion be false so that 8 — n. Then Er  coincides with the whole space Rn, and 
therefore Jr  is identical with K . Hence, from (d), is a bounded set, contrary to the 
definition of an automorphic star body.
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Probably 8 satisfies the stronger inequality 2. The following example
shows, however, that 8 can be any integer in the interval

0 ̂  8^n — 2.

Take for K  the star body of distance function

F(X) = m ax({a£ + ... +  af}*, | ...x n \ (18-12)

and for r  the group of automorphisms

xl = Xl’ — xs> x8+ 1 = ~ tnxn, (18*13)

where ts+1, ...,tn are real numbers of product ts+1...tn = 1; then Er  is the ^-dimen-
sional linear manifold

xs+l = ... = x n = 0. (18*14)

The automorphic star bodies with 8 = 0 are of particular interest; then both Er 
and Jr reduce to the single point 0. To this type belong, for instance, all the star 
bodies considered in § 15. In § 20, a general property of star bodies with 0 will 
be proved.

19. A n  i m p r o v e m e n t  o n  t h e o r e m  13

T h e o r e m  2 2 . Let K : F(X) ^ 1 be any star body of the finite type. Then there exists 
to every number e >0 a positive number t = t(e) such that every critical lattice A of K  
contains at least one point P satisfying the inequalities

1 < F(P)< 1+e, [ P  j 4L (19*1)

Proof. By the remark to theorem 10, there is a positive number t* = t*(e) such
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that the star body
K* = K^: F(X)^1,

is of determinant A(K*)>(l  + ̂ j~n A(K). (19*2)

Put (19*3)

so that K** consists of the points satisfying

(19*4)

then A{K**) = l l + |  Y  A(K*)>A{ (19*5)

Hence every lattice of determinant A(K) contains a point for which

F(P)^1 + | < l  + e, (19*6)

12-2
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if the lattice is critical with respect to K,  then moreover

F(P)>  1, (19-7)
whence the assertion.

20. Au t o m o r ph ic  s t a r  b o d i e s  w i t h  Er — Jr — {0}

Th e o r e m  23. Let K: F(X) < 1 be an automorphic star body for which S r and so 
also Jr consist of the single point 0. Further let A be any critical lattice of K, and e any 
positive number. Then there exists an infinite sequence of different points Px, P2, P3, ... 
of A such that

1 F(P/l) < 1 +e,where 1 ,2,3, . . . .  (20-1)

Proof. Assume the assertion is false. There is then a positive number e and a 
critical lattice A of Ksuch that the inequality

l < P ( P /t) < l  + e (20-2)

is satisfied by only a finite number of points of A, say by only the m points

P  P P •

by the last theorem, m is not zero. It may be assumed, without loss of generality, 
that e and A have been chosen so as to make m a minimum, that is,

There does not exist any positive number e* and any critical lattice A* 
of K  such that the inequality

1 ^ F(P*)< 1 +e* (20-3)

is satisfied by less than m points P* of A*.

This minimum assumption implies, in particular, that

F{Pf) = 1, where 1,2, ,..,ra; (20*4)

for if, for instance, F(Pm) =  1 + 8 > 1, then, on putting e* = 8, A* = A, there are less 
than m points P* of A* such that

l ^ P ( P * ) < l + e * .  (20-5)

Let now Q be any automorphism in P. Then from (20*2), (20-4) and theorem 22, 
the lattice QA has the following properties:

There are just m points P* of QA for which

l ^ P ( P * ) < l  + e, (20-6)

viz. the points P* = QPX, QP2, ; (20-7)

and, in fact, F(QP/l) = 1, where y  = 1,2, ...,m . (20*8)

There is, moreover, a positive number t independent of Q and p  such that

| QP  ̂| < t for at least one index p  with 1 (20-8|)
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From (20-4), Pm is different from 0, and so does not belong to Er . Hence there 
exists an infinite sequence

{££”>} = Off , ...}

of automorphisms of K  such that

lim | | = oo.
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(20-9)

(20-10)

( 20- 11)

Now construct m — 1 infinite subsequences

of according to the following rule:
Suppose the sequence has been defined. If now

lim | Off+^Pp | oo, (20-12)
r-> 00

then let be identical with {i2^+1)}:

Gffi = ffy+v, where r = 1,2,3, . . . .  (20-13)

If, however, lim inf | ,f2̂ +1)P/t | (20-14)
r—>oo

is finite, then choose for an infinite subsequence

Off = i ^ +1), Off1 = &ft+x\  Gff>. = i ^ +1), ... (20-15)

of such that the point sequence

0 .̂..} (20-16)
tends to a limit, say the point P*.

This means that the last sequence has the following properties:

lim | QfpPm | = oo. (20-17)
r—>oo

If / iis one of the indices 1,2,..., m— 1, then either

lim | fi^Pp | = oo, (20-18)
r—>oo

or there exists a finite point P* such that

lim j OpPp | = 0 . (20-19)
r-> oo

Denote then by /iv ju,z, those different indices /i with 1 < < m for which

lim | Qf^Pp | = oo, , (20-20)
r—>oo

by /i*, ju,*,.. •, those for which

lim | &x)P/t -  | = 0; (20-21)
r—>oo

hence g + h — m. From (20-11) and (20-17), then

g> 1, A>1.(20-22)
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Since Off* is an automorphism of K, it is evident that

m&?A) = d{A) = A{K), Fitf? A) = F{A) = where 3,.. .  (20-23)

(for the second equation, compare the proof of theorem 20), and so the lattices

{ O p A ^ A ^ A , ...} (20-24)

form a bounded sequence. From theorem 2, one can therefore choose an infinite 
subsequence of automorphisms

Qx = Op, Q2 = ... (20-25)

in such that the corresponding sequence of lattices

Ax = QXA, A2 = D2A = ... (20-26)

tends to a limit, the lattice A*, say.
Then from (20-23) it follows that

limd(ylr) = A{K), limP(Ar) = 1. (20-27)
r—>co r~> 00

Further, from (20-8|), and the construction of {&/1} and {Ar}, each lattice

Ar —DrA, where r = l , 2, 3,..., (20-28)

contains a point P<r> = with 1 < ju,(r) ^ 1, (20-29)

such that P^ + O, |P<r)|^£, P(P<r>) = 1. (20-30)

An application of theorem 19 therefore gives

d(A*) = lim d(Ar) = A(K), F(A*) = lim F(/lr) = 1, (20-31)
r~>oo r-> oo

which means that A* is a critical lattice. Now a consideration analogous to that in 
earlier proofs makes it evident that the points

p *  p *  p*
/<!*’ /<2*’ ■**’

as defined in (20-21), are the only points Pof such that

1«$P (P *)< 1+ |; (20-32)

moreover F ( P y  = P(P*2.) = ... = P(P*^) = 1. (20-33)

Hence A* is a lattice of the same type as A, except that m is replaced by the smaller 
number h. This contradicts the minimum assumption (20-3); the hypothesis is 
therefore false and the assertion is true.

Pr o bl e m F. Does the assertion of theorem 23 remain true if Zr is of positive 
dimension 8?

Closely related to problem F is the following question which I also have not been 
able to solve:
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Pr o b l e m G. To decide whether there exists an star body K : F(X) < 1
with the following two properties: (a) The invariant manifold Er is of positive dimension, 
(b) There exists a critical lattice A of Kand a positive number oc such that

F ( P ) ^ l  + oc (20-34)

for all points P  of A which do not belong to

21. St a r  b o d i e s  o f  r a n k

The considerations in § 18 can be generalized and lead to the following definition:
D e f i n i t i o n  10. Let K: F(X) ^ 1 be a star body of the finite type with a group T  

of automorphisms Q, and let 8 be an integer such that 1 < ^ — 1. Then K  is said to be 
of rank 8 with respect to T if 8 is the largest integer such that to every positive number t* 
and to every 8-dimensional linear manifold M containing 0  there is an element 
Q  =  Q(t*,M) of jF  satisfying

| QX | ^ t*F(X) for all points X  of 

An example on this definition is given by 
T h e o r e m  24. Let K  be the star body of distance function

F(X) n ^ i i  {xi+a+xi+s+a)
p ~ l  0"=1

1 In
where r + =

and let r  be the group of all automorphisms defined by

( x'p = tpxwhere = 1,2,

Xr+<r ~  r̂+<rXr+(T r̂+s+(TXr+8+a- 1 ,  -1 _l- where <r = 1,2,
v-*V+s+<r ^r+s+crXr+cr "t" ^r+fr^V+s+cr J

where tx, t2, ..., tn are real numbers satisfying

n*Pn {ti+cr+tf+8+a.) = i.
p = l  tr=s 1

Further let 0, s^O, r + s > l .

(2 M )

( 21-2)

(21-3)

(21-4)

(21-5)

(21-6)

Then K  is of rank r + s — 1 with respect to r .
Proof . An arbitrary linear manifold M through 0  of dimension + — 1 can be 

defined by # — (r + s — 1) = s + l independent homogeneous linear equations

ahixi +  ahzx 2 + . . .  +  ahnxn — 0, where . . ,«+l,  (21-7)

and where the a’s are real numbers. Two cases may now be distinguished:
(a) First assume that r > 0 ,and that at least one coefficient

ahk with l< A < s -f l ,  l^ fc^ r

is different from zero, say the coefficient alv
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Then, on solving the equation,

a l l* * ' l4 a 12a'2'^ • • • ( 2 1 * 8 )  

for xv xx = b2x2+ ... +bnxn, (21-9)

where 62, ..., bnare real numbers; hence there is a positive constant y such that

K I  < y {* i+ •..+*£}* (2i*io)

for all points Z  of M. Put now t =  y llnt*, and apply the automorphism X' =  OX 
defined by

(2M 1) 

( 21-12) 

(21-13)

(21-14)

that is

x’2 = te2, ..., x'n = txn,

i  = lfef§| 2̂ = |fS|i •••,«» = t ~ Xx'n

Then Z(Z) = Z(Z'),
and from (21-10) it follows that

whence

W (Z ')w^ y « + . ..+ < }*

Hence

n * ; n « +„+<+,+„) < r K '+ -+ o * <w,- 1>t2”-
/>=2 cr=l

(21-15)

tnF(X)n = « ( Z ' ) w< y |Z ' \n, \OX\  = |Z ' |^y-i/**Z(Z) = t*F(X), (21-16)

as asserted.

(b) Secondly, let either r — 0, or assume that 0, but that all coefficients 

ahk with 1«$;&<s  + 1, l^ & ^ r
vanish.

Then the equations defining M are of the form

a h,r+ix r+ i+ a h,r+2x r+ 2+ -” + a h,nx n °> where 1 ,2 ,..., 1. (2 M 7 )

Arrange the 2s co-ordinates xr+1,xr+i, ..., xnas s pairs 

{xr+(r,xr+s+(T), where <7 = 1, 2, . . . ,$.  (21-18)

Since the s +1 equations defining M are independent, and since there are only s such 
pairs of co-ordinates, it must be possible to express at least one such pair of these 
co-ordinates in terms of the others. Now assume this is the pair (xr+1, zr+s+1), and 
that on solving for xr+l, #r+8+1, the following equations are obtained:

s S
Xr+1 =: 2  (^a-^r+o' +  ^o- r̂+s+cr)? Xr+8+1 S  (C(r^r4-<7 +  Ccr̂ r-hs+(r)? (21*19)

<r==2 cr=2

where the coefficients bv, b'a, cff. c'a are real numbers. Hence there is a positive con-
stant y  such that

8
4 + x  +  4 + 8 +  i  ^  r  2  ( 4 + a + 4+3+<t )> (21-20)
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for all points X  of M. Put now t =  an(j apply the automorphism X'  = OX
defined by

x p =  x p, where p = l ,2 , . . . , r ,  (21*21)

x'r+i =  x'r+s+1 =  <-<»-%r+8+1, (21*22)

Xr+<r =  txr+<r’ x 'r+8+<r = txr+8+a, where =  2,3, ..., (21*23)

or conversely, xp =  xp, where =  1,2, ..., r (21*24)

Sr+l = *r+a+l = ta- lx'r+8+l, (21*25)

Xr+<r ~  t 1*r+cr» r̂+8+<r s= ̂  1 ̂ V+s+oh where (T =  2, 3,---- ,8 . (21*26)

Then again F(X) =  F(X'),  (21*27) 

and from (21*20)

+ < +>+1) < y t r * + <+»+,) =5 yt~21 X' |», (21-28)
whence
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^(zr^rl^'l2
Hence

n ^ n  (x r+cr"I” x r+a+<r)^ 7 |  J f ' | 2+r+2(s 1)^ = y J X / |w. 
P= 1  <r=2 ' l l

|0 X |  »  \ X '  I ^ y-V n ^ nF{ = t*F(X),

(21*29)

(21*30)
as asserted.

Up to now it has only been proved that the rank 8 o f K  with respect to Tis at least 
r + s - 1; one now proves that £< r  + s. This is trivial from definition 10 if s = 0. 
Let therefore s>0. Consider the special (r + ,s)-dimensional linear manifold M0 
defined by the equations

zr+s+(r = 0, where <r = 1,2, (21*31)

It suffices to prove that, however Q is chosen in /*, there is at least one point X  of 
M0 such that

1^^ I < V(w+ l)F(X).(21*32)
There is no loss of generality in assuming that the point X  is such that

f i f l f  =  | |  (21*33)
hence the point X  = (x1}. . . ,xr, £r+1, ..., xr+8, 0 ,..., 0) of M0 satisfies the equation

n ^ n  xr+<7
p = 1 <r=l

1, (21*34)
but is otherwise arbitrary.

Let now O be any element of t ,  and X  the point above of Then the co-ordinates
of X' = OX  take the form

x p = tpxp, where p = 1,2, ...,r, (21*35)

xr+<r = tr+<rxr+<r> Xr+a+<x~ h+8+<rxr+<r’ where <T = 1,2, ...,S, (21*36)

n ipM(tr+<r + tfr+8+<r) ~ L
p = \  «r=l

and where (21*37)

518 Kurt Mahler

Documenta Mathematica · Extra Volume Mahler Selecta (2019) 483–520



K. Mahler

Choose now X  in M0 such that

186

x p = tP 1» where p =  1,2, ...,r, (21*38)

xr+<r ( r̂+cr"f ̂ r+8+a)  ̂>1
j- where = 1,2, ...,5;

Xr+8+<r = J

(21*39)

(21*40)

then evidently F(X) = 1, as assumed. This choice of X  implies that

x'p = 1, where =  1,2, ...,r, (21*41)

tf+'T + xr+s+<T = L where <r = 1,2,. . . , (21*42)

and so | X '|2 = r-\-s 1, (21*43)

whence | QX | = | X'| <*J(n + 1) = <J(n+l) F(X), (21*44)

as asserted. This completes the proof.

Th e o r e m  25. Let K : P (X )^  1 be a star body of rank 8 with respect to T, A a critical 
lattice of K,  and e an arbitrary positive number. Then there exist #+1  independent 
points Pt, P2, ...,PS+1 of A such that

1 ^ P{Pf) < 1 +e> where = 1,2,. . . ,  1. (21*45)

Proof. Let the assertion be false, i.e. assume that there is a critical lattice 4 0 
of K  and a positive number e such that all lattice points PQ of 4 0 satisfying

1^F(P0)< 1 + e (21*46)

lie in a certain ^-dimensional linear manifold M containing 0.
From theorem 22, there is a positive number t such that every critical lattice A 

of K  contains at least one point P  such that

1 ^ F{P) < 1 + e, | P  | (21*47)

Further, by the last definition applied with 1, there exists an automorphism
Qin P  such that

| J QX} 3* j|4r if  F(X) for all points X  in M. (21*48)

Denote now by Px, P2, P3, ...

the points of A0 for which

1 ^ P(Pr)< 1 + e, where 1,2,3, .. .;  (21*49)

by hypothesis, these points belong to M. Then the only points Qr of the lattice 
A = QA0 satisfying

l^F (Q r) < l + e  (21*50)

are those given by Qr = QPr, where = 1,2,3, .. .,  (21*51)

and for these points | Qr \ = \ Q P r | (t +1) F(Pr) 1, (21*52)

contrary to the existence result (21*47). Hence the assertion is true.
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From theorems 24 and 25, it is deduced that if  K  is the star body of distance 
function

F{X)  =  | xxx2 . . .xnj | |  (21-53)

and A is any critical lattice of K,  then there exist n independent points Px, P2, .. 
of A such that

l ^ F ( P g)<1 + e, where =  1,2, . . . , w , (21-54)

however sfnall e is chosen. Hence problem A can be solved in this special case, and 
the answer is in the affirmative.

I am greatly indebted to Professor Mordell for his help with the manuscript.
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