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An application of Jensen’s formula to polynomials

Kurt Mahler

Summary. In this note, Mahler gives new proofs for two inequalities of
polynomials due to N. I. Feldman and A. O. Gelfond, respectively; these
inequalities are of importance in the theory of transcendental numbers. While
the original proofs by the two authors are quite unconnected, Mahler deduces
both results from the same source, namely from Jensen’s integral formula in
the theory of analytic functions.
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AN APPLICATION OF JENSEN'S FORMULA TO POLYNOMIALS

K. MAHLBK

In this note new proofs will be given for two inequalities on poly-
nomials due to N. I. Feldman [1] and A. 0. Gelfond [2], respectively;
these inequalities are of importance in the theory of transcendental
numbers. While the original proofs by the two authors are quite uncon-
nected, we shall deduce both results from the same source, viz. from
Jensen's integral formula in the theory of analytic functions.

1. Let F(x) be a function of the complex variable x, which is regular
inside and on the circle | x | = p; let F(0) ^ 0, and let gv £2, ..., £N be all
the zeros of F{x) satisfying \ZV\ </a. Here multiple zeros are counted
as many times as their multiplicity.

Jensen's integral formula states now that

i-[8"log|J'0>e«)|de = log|J'(0)H-S logrfn. (1)
Z7T JO v=l I b v I

2. Denote by
/ (x) = a0 xn+a1xn~1+...+an

a polynomial with arbitrary real or complex coefficients. We shall
assume that f(x) has the exact degree d(f) = n, and does not vanish for
x = 0, so that

«o # 0, an ^ 0.
Let tjy, £.,, ..., Zn be all the zeros of/ (x); these are then all distinct from 0.
There is no restriction in assuming that the zeros have been numbered
so that

Put p = l in Jensen's formula (1) and identify F{x) with f(x); it
follows then that

N x

»l + 2 l ogm= 1°g
Since ao^...Zn

this formula may also be written as

| . 4 | . (2)

3. Next let iv i2, ...,imhe an arbitrary set of not more than n distinct
suffixes 1, 2, ..., n; neither of the cases when m = 0 and m = n is excluded.
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From the numbering of the zeros, it is obvious that

Hence the identity (2) implies the inequality

n

terms of the same form
a0 £<! lij • • • Um

as occur in (3). In particular,

where the summation extends over all possible sets of suffixes iv i2, ..., im.
Since m can have the values 0, 1, ..., n, the sum has

terms. Moreover, each term satisfies the inequality (3). We find then
that

There is a similar upper estimate for the integral. For it is obvious that
for

and so also

(5)

4. The two inequalities of Feldman and Gelfond follow now imme-
diately.

First, by combining (3) and (5), we find that

(6)
This is Feldman's inequality, although in a rather strengthened form.

Secondly, let / (x) be written as a product of polynomials

o-=l

We use the abbreviation

The formula (4) implies therefore the s relations

log-»(/,) <d(/<r) Iog2+±^]og\fff(e?")\de (a= 1, 2, ..., a),
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where „

Hence, on adding these inequalities,

log ft 8(fa) ^d(f)log2

and it follows from (5) that

hs(f,)^2™8(f). (7)
cr=l

This is essentially Gelfond's inequality*.
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* The inequalities (6) and (7), although proved only for polynomials that do not
vanish for x=0, evidently remain valid when this restriction is removed.
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