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ABSTRACT. In this paper we investigate the image of the l-adic represen-
tation attached to the Tate module of an abelian variety over a number
field with endomorphism algebra of type I or II in the Albert classifica-
tion. We compute the image explicitly and verify the classical conjectures
of Mumford-Tate, Hodge, Lang and Tate for a large family of abelian va-
rieties of type I and II. In addition, for this family, we prove an analogue
of the open image theorem of Serre.
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1. INTRODUCTION.

Let A be an abelian variety defined over a number field F. Let [ be an odd
prime number. In this paper we study the images of the l-adic representation
p1: Ggp — GL(T;(A)) and the mod I representation p;, : Gp — GL(A[l]) of
the absolute Galois group Gr = G(F/F) of the field F, associated with the
Tate module, for A of type I or II in the Albert classification list cf. [M]. In
our previous paper on the subject cf. [BGK], we computed the images of the
Galois representations for some abelian varieties with real (type I) and complex
multiplications (type IV) by the field E=Endr(A) ® Q and for [ which splits
completely in the field E loc. cit., Theorem 2.1 and Theorem 5.3.

In the present paper we extend results proven in [BGK] to a larger class (cf.
Definition of class A below) of abelian varieties which includes some varieties
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with non-commutative algebras of endomorphisms, and to almost all prime
numbers [. In order to get these results, we had to implement the Weil re-
striction functor Ry, x for a finite extension of fields L/K. In section 2 of the
paper we give an explicit description of the Weil restriction functor for affine
group schemes which we use in the following sections. In a very short section
3 we prove two general lemmas about bilinear forms which we apply to Weil
pairing in the following section. Further in section 4, we collect some auxiliary
facts about abelian varieties. In section 5 we obtain the integral versions of the
results of Chi cf. [C2], for abelian varieties of type II and compute Lie algebras
and endomorphism algebras corresponding to the A-adic representations related
to the Tate module of A. In section 6 we prove the main results of the paper
which concern images of Galois representations p;, p; ® Q; : Gp — GL(V(4)),
the mod [-representation p; and the associated group schemes G;' g, G?lg and
G(1)%9, respectively.

The main results proven in this paper concern the following class of abelian
varieties:

DEFINITION OF CLASS A.
We say that an abelian variety A/F, defined over a number field F' is of class
A, if the following conditions hold:

(i) A is a simple, principally polarized abelian variety of dimension g

(ii) R = Endr(A) = Endp(A) and the endomorphism algebra D = R®zQ,
is of type I or II in the Albert list of division algebras with involution
(cf. [M], p. 201).

(iii) the field F is such that for every | the Zariski closure G of p/(G) in
GLoy/Q is a connected algebraic group

(iv) g = hed, where h is an odd integer, e = [E : Q] is the degree of the
center E of D and d*> = [D : E].

Let us recall the definition of abelian varieties of type I and II in the Albert’s
classification list of division algebras with involution [M], p. 201. Let E C D =
Endz(A) @z Q be the center of D and E be a totally real extension of Q of
degree e.  Abelian varieties of type I are such that D = F. Abelian varieties
of type II are those for which D is an indefinite quaternion algebra with the
center F, such that D ®g R = []7_; Ms»(R).

We have chosen to work with principal polarizations, however the main results
of this paper have their analogs for any simple abelian variety A with a fixed
polarization, provided A satisfies the above conditions (ii), (iii) and (iv). The
most restrictive of the conditions in the definition of class A is condition (iv) on
the dimension of the variety A. We need this condition to perform computations
with Lie algebras in the proof of Lemma 5.33, which are based on an application
of the minuscule conjecture cf. [P]. Note that due to results of Serre, the
assumption (iii) is not very restrictive. It follows by [Sel] and [Se4] that for an
abelian variety A defined over a number field K, there exists a finite extension
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Keomn /K for which the Zariski closure of the group p;(Ggeonn) in GL is a
connected variety for any prime [. Hence, to make A meet the condition (iii),
it is enough to enlarge the base field, if necessary. Note that the field K<™
can be determined in purely algebraic terms, as the intersection of a family of
fields of division points on the abelian variety A cf. [LP2], Theorem 0.1.

MAIN RESULTS

THEOREM A. [Theorem 6.9]
If A is an abelian variety of class A, then for [ > 0, we have equalities of group
schemes:

(G = ][ Re,/e(Span)
NI

(GW)™) = T] Ruy/r,(Sp2n),
Al

where G’ stands for the commutator subgroup of an algebraic group G, and
Ry k() denotes the Weil restriction functor.

THEOREM B. [Theorem 6.16]
If A is an abelian variety of class A, then for [ > 0, we have:

n(Gr) = H Span(kx) = Span(Or/lOE)
Al

p(Gr) = H Span(Ox) = Span(Ofp ®z Zy),
Al
where Gii,; is the closure of G’ in the profinite topology in Gp.
As an application of Theorem A we obtain:
THEOREM C. [Theorem 7.12]
If A is an abelian variety of class A, then

G = MT(A) ® Q,

for every prime number [, where MT(A) denotes the Mumford-Tate group of
A, i.e., the Mumford -Tate conjecture holds true for A.

Using the approach initiated by Tankeev [Ta5] and Ribet [R2], futher developed
by V.K. Murty [Mu] combined with some extra work on the Hodge groups in
section 7, we obtain:
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THEOREM D. [Theorems 7.34, 7.35]
If A is an abelian variety of class A, then the Hodge conjecture and the Tate
conjecture on the algebraic cycle maps hold true for the abelian variety A.

In the past there has been an extensive work on the Mumford-Tate, Tate and
Hodge conjectures for abelian varieties. Special cases of the conjectures were
verified for some classes of abelian varieties, see for example papers: [Ab], [C2],
[Mu], [P], [Po], [R2], [Sel], [Se5], [Tal], [Ta2], [Ta3]. For an abelian variety
A of type I or II the above mentioned papers consider the cases where A is
such that End(A) ® Q is either Q or has center Q. The papers [Tad], [C1] and
[BGK] considered some cases with the center larger than Q. For more complete
list of results concerning the Hodge conjecture see [G]. In the current work we
prove the conjectures in the case when the center of End(A)®Q is an arbitrary
totally real extension of Q. To prove the conjectures for such abelian varieties
we needed to do careful computations using the Weil restriction functor.

Moreover, using a result of Wintenberger (cf. [Wi], Cor. 1, p.5), we were able
to verify that for A of class A, the group p;(Gr) contains the group of all the
homotheties in GLy,(4y(Z;) for [ > 0, i.e., the Lang conjecture holds true for
A cf. Theorem 7.38.

As a final application of the method developed in this paper, we prove an
analogue of the open image theorem of Serre cf. [Sel| for the class of abelian
varieties we work with.

THEOREM E. [Theorem 7.42]

If A is an abelian variety of class A, then for every prime number [, the image
pi(Gr) is open in the group Cr(GSp(a, v))(Z:i) of Zy-points of the commutant
of R=End A in the group GSp(,, ) of symplectic similitudes of the bilinear
form ¢ : A x A — 7Z associated with the polarization of A. In addition, for
1> 0 we have:

p(GT) = Cr(Spa, ) (Z).

As an immediate corollary of Theorem E we obtain that for any A of class A
and for every [, the group p;(Gr) is open in Qlalg (Z;) (in the l-adic topology),
where G is the Zariski closure of p;(Gr) in GLoy/Z. cf. Theorem 7.48.
Recently, the images of Galois representations coming from abelian varieties
have also been considered by A.Vasiu (cf. [Val],[Va2]).

2. WEIL RESTRICTION FUNCTOR Rp,x FOR AFFINE SCHEMES AND LIE AL-
GEBRAS.

In this section we describe the Weil restriction functor and its basic properties
which will be used in the paper c.f. [BLR], [V1], [V2,pp. 37-40], [W1] and
[W2,pp. 4-9]. For the completeness of the exposition and convenience of
the reader we decided to include the results although some of them might be
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THE IMAGE OF I-ADIC GALOIS REPRESENTATIONS 39

known to specialists. Let E/K be a separable field extension of degree n. Let
{o1,09,...,0n} denote the set of all imbeddings £ — FE? C K fixing K. Define
M to be the composite of the fields E7

M = E°* .. E".

Let X = [x1,29,...x,] denote a multivariable. For polynomials f; = fi(X) €
E[X], 1 < k < s, we denote by I = (f1, f2,..., fs) the ideal generated by
the fi’s and put I = (f7(X), 5 (X),..., fZ (X)) for any 1 < i < n. Let
A = E[X]/I. Define E-algebras A% and A as follows:

A% = A®p.,, M = M[X]/I7 M[X],

A=A Q- A%,
Let X9, ..., X% denote the multivariables

X% — [1-1.’17(31-72, e ,xi,r]

on which the Galois group G = G(M/K) acts naturally on the right. Indeed
for any imbedding o; and any ¢ € G the composition o; o g, applied to F
on the right, gives uniquely determined imbedding o; of E into K, for some
1 < j < n. Hence we define the action of G(M/K) on the elements X% in the
following way:

(Xai)a — X9,
We see that

A= MX7 XL+ -+ 1),

where I, = M[X7, ..., X[y and I () = (f7*(X%),..., f7*(X %)), for any
1<k<n.

LEMMA 2.1. o
A7 @ M = A,

Proof. Let aq,...,a, be a basis of E over K. It is clear that

Z i X7 € a“,
i=1
Since [a]’]
X7t ..., X% are in the subalgebra of A generated by M and ZG. But
X ..., X% and M generate A as an algebra. O

i,; is an invertible matrix with coefficients in M, we observe that

REMARK 2.2. Notice that the elements Y 7 | af* X7 for j = 1,...,n generate

2% asa K-algebra. Indeed if C' denotes the K-subalgebra of a° generated by

these elements and if C' were smaller than ZG, then C' ® M would be smaller
—G

than A~ ®x M, contrary to Lemma 2.1.
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DEFINITION 2.3. PutV = spec A, and W = specZG. Weil’s restriction functor
Rp,k is defined by the following formula:

Rp/k(V)=W.

Note that we have the following isomorphisms:

WM = spec(ZG@)KM) ~ specA

1

spec (A @ - @m A7) = (VQpo M) QM- Oum (V Qr,6, M),

hence

Rp/k(V) @k M =(V ®@po, M) @y -+ Qum (V B0, M).

LEMMA 2.4. Let V' C V be a closed imbedding of affine schemes over E. Then
Rp/k (V') C Rg/k (V) is a closed imbedding of affine schemes over K.

Proof. We can assume that V = spec (E[X]/I) and V' = spec (E[X]/J) for two
ideals I C J of E[X]. Put A = E[X]/I and B=E[X]/Jandlet ¢ : A— B
be the natural surjective ring homomorphism. The homomorphism ¢ induces
the surjective E-algebra homomorphism

¢: A~ B
which upon taking fix points induces the K-algebra homomorphism

(2.5) ¢ . A% 5B

=G
By Remark 2.2 we see that B is generated as a K-algebra by elements
. . - . =G o —G .
Dy aj' X" (more precisely their images in B). Similarly A~ is generated as
: . - . —=G
a K-algebra by elements Y ", af' X7 (more precisely their images in A™). It
. -G . -G, o =G
is clear that ¢ sends the element >31" ; o' X% € A into )| a7 X% € B,

-G .
Hence ¢ is onto. [J

Let aq,...,a, be a basis of E over K and let 31, ..., 3, be the corresponding
dual basis with respect to T/ k. Define block matrices:

o (ox g loa g
a'l, af?l, ... aof"I, 1 gL ... BorL
ag'l, a?l. ... a3"l, 672, B3I, ... B3I,
aftl, a22l. ... a9l gi"I. pgI. ... GBI,
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Notice that by definition of the dual basis AB = BA = I,,. Define block
diagonal matrices:

Xor oI, ... 0l Yer oI, ... O0I,
o7, X°z ... 0I, oI, Ye°2 ... O0I
X= . . . , Y = . . . )
or. 0oL ... X°» o7f. oI, ... Yo
where Y71, ..., Y and X°1,..., X%, are multivariables written now in a form
of r x r matrices indexed by o4,...,0,. Let T;; and §;;, forall 1 <i<n, 1<

j < n, be r X r multivariable matrices. Define block matrices of multivariables:

T T2 ... Ty, S Si2 ... Sin

T21 T22 .e Tgn 521 SQQ ce Sgn
T = i . . , S= ) ) )

Tnl Tn2 e Tnn Snl Sng e Snn

Notice that:

E?:1<a1ﬁ1)ojxaj Z?:l(alﬁ2)UjXUj e Z;:1(a1/8n)oj X7
Y (@2f)?i X 3T (aefa)7 X 3T ()7 X

AXB = . . .
Z?:l(anﬁl)aj X7 Z;L:l(anﬁ2)aj X7 Z?:1(an5n)ngUj
?:1(04151)07}/01 Z;L:l(alﬁg)gjyoj ce Z?:1<a15n)ojyaj
Y1 (2B) Y ST (aafa) VY S (a2f) Y

AYB = ) )
S @BV S (anBa) Y o Y (@nBa) Y

Observe that the entries of AXB and AYB are G-equivariant. Hence, there is
a well defined homomorphism of K-algebras

(2.6) & : K[T,S)/(TS—Ipm, ST—1rn) — (M[X,Y]/(XY—1I,,, YX~I,,,))"

T — AXB
S — AYB

The definition of ® and the form of the entries of matrices AXB and AYB show
(by the same argument as in Lemma 2.4) that the map & is surjective. Observe

that
GL,,/K = spec K[T,S]/(TS — Iy, ST — I,-p,),

GL./E = spec E|X,Y]/(XY —1,,YX —1,),

where X and Y are r x r multivariable matrices.
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LEMMA 2.7. Consider the group scheme GL,/E. The map ® induces a nat-
ural isomorphism R x(GL,) = Cg(GLyn/K) of closed group subschemes of
GL,,/K, where Cg(GL,/K) is the commutant of E in GL.,/K.

Proof. Observe that there is a natural M-algebra isomorphism
MX,Y]/(XY — L, YX = I,,) = A7 @pp -+ Qg A7,
where in this case
A% =M[X,)Y|/(XY -1, YX-1)2M[X° Y] /(X7Y -1, Y X —1I,).
Hence, by Definition 2.3 we get a natural isomorphism of schemes over K :
Ri/k(GL,) = spec (M[X, Y]/(XY — I, YX = I,,,))

and it follows that ® induces a closed imbedding of schemes Rg/x(GL,) —
GL,, over K. Moreover we easily check that Ker ® is generated by elements
aoT—Toa and aoS—Soa for all @ € F, where o denotes the multiplication
in GL,,/K. Note that Cg(GL,,/K) is equal to

spec K[']I‘7S]/(']I‘S—Im7 ST — Iy, aoT—Towa, aoS—Soq, VacE). |

REMARK 2.8. Let F/K be an unramified extension of two local fields. Hence
the extension of rings of integers Op/Ok has an integral basis ai,...,a, of
Op over Ok such that the corresponding dual basis £y, ..., 8, with respect to
Trg/k is also a basis of O over Ok see [A], Chapter 7. Let Ro, /0, be the
Weil restriction functor defined analogously to the Weil restriction functor for
the extension F/K. Under these assumptions the following Lemmas 2.9 and
2.10 are proven in precisely the same way as Lemmas 2.4 and 2.6.

LEMMA 2.9. Let V' C V be a closed imbedding of affine schemes over O.
Under the assumptions of Remark 2.8 Rp, 0, (V') C Ro, /0, (V) is a closed
imbedding of affine schemes over O

LEMMA 2.10. Consider the group scheme GL,./Og. Under the assumptions of
Remark 2.8 there is a natural isomorphism Rp, /0, (GL,) = Co,(GLm/Ok)
of closed group subschemes of GL,,,/Ok, where Co,(GL,,/Ok) is the com-
mutant of Og in GL,,/Ok.

We return to the case of the arbitrary separable field extension E /K of degree n.
Every point of Xy € GL,(E) is uniquely determined by the ring homomorphism

hx, : E[X,Y]/(XY - L, YX~1,) — E
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X = Xy, Y Y,
where Yp is the inverse of Xy. This gives immediately the homomorphism
hr, : K[T,S]/(TS — I, ST — I.p) = K
T — To = AX(B,
S — So =AY(B

where
X0 0L, ... Ol Yo 0, ... O
01, ng ... 0l 01, YOU2 ... 01,
Xo = ) . ) , Yg= . k ) )
0. oL ... XJ» 0, 0L ... Yy

and the action of o; on Xy and Y; is the genuine action on the entries of X
and Y. Obviously hy, determines uniquely the point To € G L., (K) with the
inverse Sg.

DEFINITION 2.11. Assume that Z = {Xy; t € T} C GL,.(E) is a set of points.
We define the corresponding set of points:

Ze = {T.=AXiB; teT} C GLn(K),
where
X7t oI, ... 0l
oI, X/* ... 0l
Xy = ) ) )
oI, oI, ... X/

We denote by Z%9 the Zariski closure of Z in GL,/E and by Zglg the Zariski
closure of Zg in GLyy /K.

PROPOSITION 2.12. We have a natural isomorphism of schemes over K :

Riw(279) = 239,

Proof. Let
S=XY-L,YX-1 X-X,Y-Y,)

be the prime ideal of E[X,Y] corresponding to the point X; € GL,(F). Let

J=) %

teT
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By definition Z%9 = spec (E[X,Y]/J). Let
J; = (TS = In, ST — I, T — AX;B, S — AY;B)

be the prime ideal in K[T,S]/(TS — I, ST — I,.,) corresponding to the point
AX;B € GL,,,(K). Define
J=) I

teT

By definition Z3" = spec (K[T,S]/J). Put A= E[X,Y]/(XY — I, YX — I,).
Observe that the ring a¢ is generated as a K-algebra by AXB and AYB, since
A is generated by X and Y as an M-algebra. Define

J, = (AXB — AX;B, AYB — AY,B)
which is an ideal of ZG. Put

Y=

teT

We have the following isomorphism induced by ®.

(2.13) K[T,S)/J, = A9/, =~ K.

Hence, @~ 1(J}) = J; and ®~1(J') = J. This gives the isomorphism
(2.14) K[T,s)/1 = A%/ 7.

Let B = E[X,Y]/J. There is a natural surjective homomorphism of K-algebras
coming from the construction in the proof of Lemma 2.4 (see (2.5)):

(2.15) %7 - B¢

induced by the quotient map A — B. We want to prove that (2.15) is an
isomorphism. Observe that there is natural isomorphism of K-algebras:

(2.16) A%y = 475, =~ k.

Consider the following commutative diagram of homomorphisms of K-algebras:

ZG/J’ R B

(2.17) l l

e o —CG
[Lier A /I, —— Tlier A/

The left vertical arrow is an imbedding by definition of J' and the bottom
horizontal arrow is an isomorphism by (2.16). Hence the top horizontal arrow
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is an imbedding, i.e., the map (2.15) is an isomorphism. The composition of
maps (2.14) and (2.15) gives a natural isomorphism of K-algebras

(2.18) K[T,s)/7 = BC.
But Z29 = spec(K|[T,S]/J). In addition, Z%9 = specB, hence
Rp Kk (Z2°4) = specEG and Proposition 2.12 follows by (2.18). O

REMARK 2.19. If Z is a subgroup of GL,.(E), then Zg is a subgroup of
GL,n(K). In this case Z9% is a closed algebraic subgroup of GL,./E and Zglg
is a closed algebraic subgroup of GL,,/K.

DEFINITION 2.20. Let H = spec A be an affine algebraic group scheme defined
over I and b its Lie algebra. We define g = Rp/kh to be the Lie algebra
obtained from b by considering it over K with the same bracket.

LEMMA 2.21. There is the following equality of Lie algebras

Lie(Rp/kH) = Rp/ih.

Proof. Let n = [E : K] and G = Gal(E/K). Since H is an algebraic group
h = Der(A) is the Lie algebra of derivations of the algebra A of functions on

H [ H1]. Let ¢ : Der(A) — Der(A) be the homomorphism of Lie algebras
(considered over E) given by the following formula:

P(0) =" id® - ®id® 5 Qid® - ®id,

where 0; = 0®1 as an element of Der(A%). Recall that A% = A®g ,,M.Ilfo €
Gando(a1®---®ay) = o(ay, )@ --®@c(ax, ) one readily sees that d;(o(ax,)) =
o (0, (ar,)) and therefore ¢(8) is G-equivariant i.e., ¢(5) € Der(A). It is easy
to see that ¢(d) as an element of Der(A) is nontrivial if § is nontrivial. Since
#(6) is M-linear and A®®@x M = A, we see that ¢(J) is a nontrivial element of
Der(A%) = Lie(Rg/xH). On the other hand, observe that

ﬁie(RE/KH)@)KK = ﬁ’L@(RE/KH(@KI_() =
:Eie(ﬁXK---XKH)Z(@h)(@ER:g@KK.

This shows that Lie(Rp, x H ) and Rg /i b have the same dimensions and there-
fore are equal. [

LEMMA 2.22. Let g be a Lie algebra over E and let g’ be its derived algebra.
Then

Rp/k(9') = (Re/k(9))

Proof. This follows immediately from the fact that Rg/x(g) and g have the
same Lie bracket (cf. Definition 2.20) O
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LEMMA 2.23. If G is a connected, algebraic group over E of characteristic 0,
then

Rp/k(G') = (Rg/kG)'
Proof. We have the following identities:

Lie((Rg/k(G))') = (Lie(Rg/k (G))) = (Rg/k (Lie(G))) =
= RE/K((Lie(G))/) = RE/K(Lie(G')) = Lie(RE/K(G/))

The first and the fourth equality follow from Corollary on p.75 of [H1]. The
second and fifth equality follow from Lemma 2.21. The third equality follows
from Lemma 2.22. The Lemma follows by Theorem on p. 87 of [H1] and
Proposition on p. 110 of [H1]. O

3. SOME REMARKS ON BILINEAR FORMS.

Let E be a finite extension of Q of degree e. Let £} = EQQ; and O, = Op®Z;.
Hence E; =[], Ex and Op, = [];; Ox- Let O} be the dual to Oy with respect
to the trace T'rg, /g, For [ > 0 we have O) = O, see [A], Chapter 7. From now
on we take [ big enough to ensure that O} = O, for all primes X in Of over [
and that an abelian variety A we consider, has good reduction at all primes in

Op over [. The following lemma is the integral version of the sublemma 4.7 of
(D].

LEMMA 3.1. Let 17 and 15 be finitely generated, free Op,-modules. For any
Z,-bilinear (resp. nondegenerate Z;-bilinear ) map

@bl:TlXTQ—)Zl

such that i (evy,vs) = ¢Y(v1,eve) for all e € Og,, vy € T1,vy € Ty, there is a
unique O, -bilinear (resp. nondegenerate Og,-bilinear ) map

¢l:T1XT2—>OEl

such that Trg, /q,(¢1(v1,v2)) = Yi(v1,v2) for all vy € T and vy € T.
Proof. Similary to Sublemma 4.7, [D] we observe that the map
TrEz/Qz : HomOEl (Tl ®OEl Ty ; OE:) — HomZL (Tl ®OE1 15 §Zl)
is an isomorphism since it is a surjective map of torsion free Z;-modules of the

same Z;-rank. The surjectivity of Trg, /g, can be seen as follows. The Z;-basis
of the module T1®OEZ Ty is given by

B= ((0,...,0,042,0,...,0)@®e;)
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where (0,...,0,a2,0,...,0) € HAU Oy and «} is an element of a basis of O,
over Z; and e; (resp. ) is an element of the standard basis of T (resp. Tb)
over Og,. Let ’(/J]i‘%j € Homg, (Ty ®op, T2; Z;) be the homomorphism which
takes value 1 on the element (0,...,0,a2,0,...,0)e; ® e’; of the basis B and
takes value 0 on the remaining elements of the basis B. Let us take ¢;; €
Homo, (Ti ®o,, T ; OF,) such that

1 ifi=randj=s

.. Y\ —
Gijler @ ey) {O ifitrorj#s

Then for each k there exist elements (the dual basis) 37 € O, such that
Tre, (Bra) = Op.n. If we put gbf:j’k =(0,...,0,,0,...,0)¢; ; then clearly

TTEZ/QZ((ZS,?:j,k(tl,tQ)) = ,i):j,k(tl,tQ). Hence the proof is finished since the ele-

ments wf:j7k(t1, to) form a basis of Homg, (Th Qo T2 ;Zy) over Z;. O

Consider the case 77 = T, and put T; = T7 = T5. Assume in addition that
is nondegenerate. Let

v, TiJITy x Ty )1 Ty — Z]1
be the Z/I-bilinear pairing obtained by reducing the form t; modulo I. Define
TN =exT1 =T, ®o,, Ox

\ =T\ ®o, Ex

where e) is the standard idempotent corresponding to the decomposition O, =
H)\ Oy. Let m\ : O, — O, be the natural projection. We can define an Ojy-
nondegenerate bilinear form as follows:

’L/JA:T)\XT)\—>O)\

Ya(exvi, exve) = ma(di(vi, v2))

for any vi,ve € T;. Put ky = Ox/AO,. This gives the ky-bilinear form E/\ =
r ®o, ka
E/\ : T)\//\T)\ X TA/)\T)\ —)k?)\.

We also have the Ej-bilinear form 9§ := 1) ®0, E\

9 : Vi x Vi — Ey.
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LEMMA 3.2. Assume that the form v, is nondegenerate. Then the forms 1,
¥ and ¢ are nondegenerate for each A|l.

Proof. First we prove that v, is nondegenerate for all A|l. Assume that v, is
degenerate for some A. Without loss of generality we can assume that the left
radical of i)\ is nonzero. So there is a nonzero vector eyvg € Ty (for some
vo € T;) which maps to a nonzero vector in Ty /A Ty such that (e vy, exw) €
MOy for all w € T;. Now use the decomposition T} = @71, Lemma 3.1 and
the Og,-linearity of ¢; to observe that for each w € T;

Yi(exvo, w) = Trg, g, (¢i(exvo, Ze»w)) = Trg, ;0. ¥xr(exvo, exw) € 1Z;.
A/

This contradicts the assumption that v, is nondegenerate.
Similarly, but in an easier way, we prove that v, is nondegenerate. From this
it immediately follows that ¢} is nondegenerate. O

4. AUXILIARY FACTS ABOUT ABELIAN VARIETIES.
Let A/F be a principally polarized, simple abelian variety of dimension ¢
with the polarization defined over F. Put R = Endz(A) We assume that
Endp(A) = Endg(A), hence the actions of R and G on A(F) commute. Put
D = Endp(A) @z Q. The ring R is an order in D. Let E; be the center of D
and let

E:={a€E; d =a},

where 7 is the Rosati involution. Let Rp be a maximal order in D containing
R. Put 0% := RNE. The ring O% is an order in E. Take [ that does not divide
the index [Rp : R]. Then Rp ®z Z; = R ®z Z; and O ®z Z; = O% @y 7

The polarization of A gives a Z;-bilinear, nondegenerate, alternating pairing
(4.1) Y TI(A) x Ti(A) — 7.

Because A has the principal polarization, for any endomorphism « € R we get
o’ € R, (see [Mi] chapter 13 and 17) where ' is the image of a by the Rosati
involution. Hence for any v, w € T;(A) we have ¢;(av, w) = (v, a’w) (see loc.
cit.).

REMARK 4.2. Notice that if an abelian variety were not principally polarized,
one would have to assume that | does not divide the degree of the polarization
of A,toget @’ @1 € R®7Z; for a € R.

By Lemma 3.1 there is a unique nondegenerate, Og,-bilinear pairing
(4.3) o1 2 Ti(A) x T)(A) — Ogp,
such that Trg, /g, (¢1(v1,v2)) = ¥i(v1,v2). As in the general case define

T)\(A) = 6)\TZ(A) = 'TI(A) ®OEL O,
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V)\(A) = T)\<A) Koy E\.

Note that Ty (A)/ATx(A) = A[A] as kj[Gr]-modules.
Again as in the general case define nondegenerate, Oy-bilinear form

(44) w)\ : T,\(A) X T)\(A) — O,\

Yaleavr, exve) = ma(di(vi, v2))

for any vy,ve € T;(A), where 7y : Og, — Oy is the natural projection. The
form v gives the forms:

(4.5) Dy 0 AN x AN = k.

(4.6) Y8 2 Va(A) x Va(A) — E,.

Notice that all the bilinear forms 1y, and ¢g are alternating forms. For
[ relatively prime to the degree of polarization the form 1), is nondegenerate.
Hence by lemma 3.2 the forms v, and ¢ are nondegenerate.

LEMMA 4.7. Let x\ : Gp — Z; C Oy be the composition of the cyclotomic
character with the natural imbedding Z; C O.

(i) For any o € G and all vi,vy € T\(A)
Ya(ov1, ov2) = xa(0)Ya(v1, v2).
(ii)  For any o € R and all vi,v2 € Th(A)

Ua(awy, v2) = hx(v1, a'va).

Proof. The proof is the same as the proof of Lemma 2.3 in [C2]. O

REMARK 4.8. After tensoring appropriate objects with Q; in lemmas 3.1 and
4.6 we obtain Lemmas 2.2 and 2.3 of [C2].

Let A/F be an abelian variety defined over a number field F such that
Endp(A) = Endp(A). We introduce some notation. Let G, Gy, GV de-
note the images of the corresponding representations:
pr 2 Gp — GL(Ti(A)) = GLog(Zy),
o Gp — GL(AU]) = Gng(Fl),
pr®Q : Gp — GL(Vi(A)) = GL2g(Qu).
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Let G, (G™9 resp.) denote the Zariski closure of the image of the represen-
tation py, (pr ® Qq, resp.) in GLag/Zi, (GL2g/Qy, resp). We define G(1)™ to
be the special fiber of the Z;—scheme g;”g.

Due to our assumptions on the Gp-action and the properties of the forms
U, ¥y and 1/}?\ we get:

(4.9) Gro C G121 C [] GSprya)(Ox) © GLrya)(Z1)
A

(4.10) G, ¢ GO (F) C [ GSpan(kr) € GLay(Fi)
Al

(4.11) Gl C GI(Q) C ] GSpvi(a)(Er) C GLy;a)(Q).
Al

Before we proceed further let us state and prove some general lemmas con-
cerning [-adic representations. Let K/Q; be a local field extension and Ok the
ring of integers in K. Let T be a finitely generated, free Og-module and let
V =T ®o, K. Consider a continuous representation p : Gp — GL(T) and
the induced representation p° = p®@ K : G — GL(V). Since G is compact
and p° is continuous, the subgroup p°(Gr) of GL(V) is closed. By [Se7], LG.
4.5, p°(G ) is an analytic subgroup of GL(V).

LEMMA 4.12. Let g be the Lie algebra of the group p°(GFr)
(i)  There is an open subgroup Uy C p°(Gr) such that

Endy, (V) = Endg (V).
(ii)  For all open subgroups U C p°(GFr) we have
Endy (V) C Endg (V).
(iii) ~ Taking union over all open subgroups U C p°(GFr) we get

U Endy (V) = Endg (V).
U
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Proof. (i) Note that for any open subgroup U of g we have
(4.13) Endg (V) = Endg (V)
because KU = g. By [B], Prop. 3, IIL.7.2, for some open U C g, there is an

exponential map 5
exp : U — p°(Gr)

which is an analytic isomorphism and such that exp (U) is an open subgroup of
p(GF). The exponential map can be expressed by the classical power series for
ezp (t). On the other hand by [B], Prop. 10, I11.7.6, for some open U C p°(Gr),
there is a logarithmic map
log : U — g

which is an analytic isomorphism and the inverse of exp. The logarithmic map
can be expressed by the classical power series for In¢. Hence, we can choose Uy
such that Uy = exp (Up) and log (Uy) = Uy. This gives

(4.14) Endy, (V) = Endg, (V).

and (i) follows by (4.13) and (4.14).

(i) Observe that for any open U C p°(G ) we have
Endy (V) € Endy,~u (V).

Hence (ii) follows by (i).

(iii) Follows by (i) and (ii). O

LEMMA 4.15. Let A/F be an abelian variety over F such that Endp (A) =
Endg (A). Then
Proof. By the result of Faltings [Fa], Satz 4,
Endy, (A) ®Q; = Endg,, (W(A))
for any finite extension L/F. By the assumption Endp (A) = Endy, (A). Hence
Endg,. (Vi(4)) = Endy: (Vi(A))
for any open subgroup U’ of G. So the claim follows by Lemma 4.12 (iii). O

Let A be a simple abelian variety defined over F' and E be the center of the
algebra D = Endp(A) ® Q. Let A|l be a prime of O over [. Consider the
following representations.

px = Gr — GL(Tx(4)),
px + Gr — GL(A[N),
px ®o, Ex 1 Gp — GL(VA(A)),
where A|l. Let G, (G$Y resp.) denote the Zariski closure of the image of the
representation px, (px ® Ex resp.) in GLp, (4)/Ox, ( GLy,(a)/Ex 1esp.) We
define G(A\)®9 to be the special fiber of the Oy-scheme G3'9.
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THEOREM 4.16. Let A be a simple abelian variety with the property that
R = EndF(A) = EndF(A) Let Ry = R@OOE Oy and let Dy = D ®g F,.
Then
(i) Endo,cy (Ta(4)) =
(ll) EndR,\[GF] (V/\(A)) = DA
(iii) EndkA[GF] ( [)\]) R Ko, ky for 1 > 0.

Proof. Tt follows by [Fal, Satz 4 and [Za], Cor. 5.4.5. O

LEMMA 4.17. Let K be a field and let R be a unital K-algebra. Put D =
Endr(M) and let L be a subfield of the center of D. Assume that L/K is a
finite separable extension. If M is a semisimple R-module then M is also a
semisimple R ®  L-module with the obvious action of R @y L on M.

Proof. Take o € L such that L = K(«). Let [L : K] = n. Let us write M =
@;M; where all M; are simple R modules. For any ¢ we put M,; = E: 3 a” M;.
Then M, is an R®k L-module. Because M; is a simple R-module we can write

m—1
M; = €5 o* M;,
k=0

for some m. Observe that if m = 1, then M; is obviously a simple R ®x L-
module. If m>1, we pick any simple R-submodule N; C M;, N; # M;. There
is an R- isomorphism ¢ : M; — N; by semisimplicity of M;. We can write
M = M;®N;®&M’, where M’ is an R-submodule of M. Define ¥ € Autr(M) C
EndR(M) by \I/|Ml = (]5, \\J = (Z5_1 and \IllM/ = IdM/ Note that

m—1

m—1
(4.18) V(P ot M) = Pt N
k=0 k=0

since a is in the center of D. Hence M; @k 0 ' o* N; by the classification
of semisimple R-modules. We conclude that M; is a simple R ® ¢ L-module.
Indeed, if N C M; were a nonzero R @ L-submodule of M; then we could
pick any simple R- submodule N; C N.If N; = M; then N = M;. If N; # M,
then by (4.18) M; = @, "ok N; ¢ N. Since M = S, M;, we see that M is a
semisimple R ® g L-module. 0O

THEOREM 4.19. Let A be a simple abelian variety with the property that
R = Endp(A) = Endp(A). Let Ry = R@ooE Oy and let Dy = D®pg Ey. Then
Gr acts on Vy(A) and A[\] semisimply and G$* and G(\)™9 are reductive

algebraic groups. The scheme g;lg is a reductive group scheme over Q) for I
big enough.

Proof. It follows by [Fa], Theorem 3 and our Lemma 4.17. The last statement
follows by [LP1], Proposition 1.3, see also [Wi], Theoreme 1. [
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5. ABELIAN VARIETIES OF TYPE I AND II.

In this section we work with abelian varieties of type I and II in the Albert’s
classification list of division algebras with involution [M], p. 201,i.e. EC D =
Endp(A) ®z Q is the center of D and E is a totally real extension of Q of
degree e. To be more precise D is either E (type I) or an indefinite quaternion
algebra with the center E, such that D ®gR = [[7_; Ma2(R) (type II). In the
first part of this section we prove integral versions of the results of Chi [C2]
for abelian varieties of type II. Let [ be a sufficiently large prime number that
does not divide the index [Rp : R| and such that D ® g E splits over E) for
any prime A in Og over I. Hence, Dy = Ms 5(E)). Then by [R, Corollary 11.2
p. 132 and Theorem 11.5 p. 133] the ring R, is a maximal order in D). So by
[R] Theorem 8.7 p. 110 we get Ry = M>2(O,), hence Ryx®op, kx = Ma 2(k)).
Similarly to [C2] we put

(1) (1)

Lete = 1(1+1), f = 3(1+u), X =eT\(A),Y = (1—e)Ta(A), X' = fT\(A),
yl = (]. — f)T)\(A) Put X = X@(QAE)\, X/ = X/®O)\E)\, Y S y@okE)”
Y'=YV®o,Ex, X = XQ0, kx, X = X'®0,kr, Y = Y®0, kx, Y = V'®0, k-
Because ueu = 1 — e, the matrix u gives an Ox[Gp]-isomorphism between
X and )Y, hence it yields an FE)[Gp]-isomorphism between X and Y and a
k|G r]-isomorphism between X and ). Multiplication by t gives an O,\[GF]-
isomorphism between X’ and )’, hence it yields an E\[Gr]-isomorphism be-
tween X’ and Y’ and a k) [Gp]-isomorphism between X" and Y. Observe that

(5.1) Endo, Gy (X) = Endp, ) (X') = O
(5.2) E’ndE/\[GF] (X) = EndE,\[GF](X/) =~ F)
(5.3) Endy, () (X) 2 Endy, 6, (X)) = k.

So the representations of G on the spaces X,Y, X', Y (resp. X,), 7,7) are
absolutely irreducible over E) (resp. over k)). Hence, the bilinear form wg)\
cf. (4.4) (vesp. ¢ cf. (4.5)) when restricted to any of the spaces X, X', YY",

(resp. spaces X, X /, Y, y’) is either nondegenerate or isotropic.
We obtain the integral version of Theorem A of [C2].
THEOREM 5.4. If A is of type II, then there is a free Ox-module Wy(A) of
rank 2h such that
(i) we have an isomorphism of O,[GF|- modules Ty (A) = Wi (A) ®W,(A)
(ii) there is an alternating pairing ¥y : Wx(A) x Wy (4) — O,
(ii”) the induced alternating pairing ¢ : Wy(A) x W(A) — E, is nonde-
generate, where Wy (A) = Wi (4) ®o, Ex
(ii”) the induced alternating pairing ¥, : Wx(A) x Wx(A) — ky is nonde-
generate, where Wy (A) = Wi (A) @0, k.
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The pairings in (i), (ii’) and (ii”) are compatible with the Gg-action in the
same way as the pairing in Lemma 4.7 (i).

Proof. (ii’) is proven in [C2], while (i) and (ii) are straightforward generaliza-
tions of the arguments in loc. cit. The bilinear pairing ¢; is nondegenerate,
hence the bilinear pairing ¢, is nondegenerate, since the abelian variety A is
principally polarized by assumption. (Actually ¢, is nondegenerate for any
abelian variety with polarization degree prime to [). So, by Lemma 3.2 the
form 1), is nondegenerate for all A hence simultaneously the forms ’(/J())\ and v,
are nondegenerate. Now we finish the proof of (ii”) arguing for A[\] similarly
as it is done for V) in [C2], Lemma 3.3. O

From now on we work with the abelian varieties of type either I or II. We
assume that the field F of definition of A is such that G¢"Y is a connected
algebraic group.

Let us put

T\(A4) if Aisof typeI
(5.5) T\ =
Wi(A), if Ais of type II

Let V) =T\ ®o, E) and Ay = V,/T,. With this notation we have:

Dy Va if Ais of type I

EBW(VX D V)\) , if A is of type II

(5.7) Vi = @V,\

All
Let Vg, be the space V) considered over Q;. We define pg,(g9) = Ty =
Ay\X,By, where X, € GL(V)) is such that px(g) = Xx. ( cf. the definition

of the map ® in (2.6) for the choice of Ay and B)). Proposition 2.12 motivates
the definition of pp,. We have the following equality of Q;-vector spaces:

(5.8) Vi = PVe,

The [-adic representation
(5.9) pi o Grp — GL(Vi(A))
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induces the following representations (note that we use the notation p; for both
representations (5.9) and (5.10) cf. Remark 5.13 ):

(5.10) pi: Gp — GL(V))
(5.11) [Iox: Ge — T[GL(V)

A
(5.12) [Ire,: Gr— H%GL(V@A).

REMARK 5.13. In the case of abelian variety of type II we have V;(4) = V@V,
and the action of Gr on the direct sum is the diagonal one as follows from
Theorem 5.4. Hence, the images of the Galois group via the representations
(5.9), (5.10) and (5.12) are isomorphic. Also the Zariski closures of the images
of these three representations are isomorphic as algebraic varieties over Q; in
the corresponding G L-groups. Similarly, Vy(A) = V) @ V) with the diagonal
action of Gp on the direct sum by Theorem 5.4. Hence, the images of the
representations given by Gp-actions on Vy and V) (A) are isomorphic and so
are their Zariski closures in corresponding G L-groups. For this reason, in the
sequel, we will identify the representation of Gg on V;(A) (respectively on
VA(A)) with its representation on V; (resp. V).

By Remark 5.13 we can consider G (resp. G$) to be the Zariski closure
in GLy, (resp. GLy,) of the image of the representation p; of (5.10) (resp. pa

of (5.11)). Let G'f{,lf denote the Zariski closure in G Ly, ~of the image of the
representation pg, of (5.12). Let g; be the Lie algebra of G?lg, g be the Lie
algebra of Gilg and let go, be the Lie algebra of Gg,lf . By definition, we have

the following inclusions:

al al
(5.14) G ¢ Hwaéf
(5.15) @iy < 11,5

(5.16) e

(5.17) g;° C @/\”g%‘i.
The map (5.14) gives a map
(5.18) G — Gy,

which induces the natural map of Lie algebras:

(5.19) 9 — 04, -

DOCUMENTA MATHEMATICA - EXTRA VOLUME COATES (2006) 35-75



56 G. BANASZAK, W. GAJDA, P. KRASON

LEMMA 5.20. The map (5.19) of Lie algebras is surjective for any prime A|l.
Hence the following map of Lie algebras:

(5.21) 9" — 03,

is surjective.

Proof. We know by the result of Tate, [T2] that the Q;[Gr]-module V;(4) is
of Hodge-Tate type for any prime v of O dividing [. Hence by the theorem of
Bogomolov cf. [Bo] we have

o = Lie (p(GF)).

Since each Q;[Gp]-module Vg, is a direct summand of the Q;[Gr]-module V7,
then the Q;[G r]-module Vg, is also of Hodge-Tate type for any prime v of Op
dividing . Tt follows by the theorem of Bogomolov, [Bo| that

9o, = Lie (pa, (GF)).

But the surjective map of l-adic Lie groups p;(Gr) — ps, (Gr) induces the
surjective map of [-adic Lie algebras Lie (p;(Gr)) — Lie (po, (Gr)). O

LEMMA 5.22. Let A/F be an abelian variety over F' of type I or II such that
Endp (A) = Endg (A). Then

(5.23) Endm (V,\) = EndEA[GF] (V,\) = FE)

(524) Endg% (Vq;.)\) = End@l[GF] (V@)\) = E)\.

Proof. By [F], Theorem 4, the assumption Endp (A) = Endy, (A) for any finite
extension L/F, Theorem 4.16 (ii), the equality (5.2) and Theorem 5.4 we get

(5.25) FE\ = EndEx[Gp] (V,\) = EndE)\[GL] (V).
This implies the equality
Endg,. (Vx) = Endy (V»)

for any open subgroup U of Gp. Hence, the equality (5.23) follows by

Lemma 4.12 (iii). For any F' C L C F we have Mso(Endg,q, (V1)) =
Endy,(c,)(V}?) = Endg,(c,)(Vi(A)) and

(5.26) Endy,ic,)(Vi(A)) = [[ Dx = [] Ma2(E»).
A Al
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On the other hand

(5.27) [15x = [] Ende,ic,)(Va) € Endgc,)(V)-
Al All

Hence, comparing the dimensions over Q; in (5.26) and (5.27) we get

(5.28) [ Ende,ic.)(Va) 2 Endgje,) (V).
All

By (5.28) we clearly have

(5.29) 1 Ende,c.)(Va,) € Endg,c, (Vi) = [ B,
All Al

and

(530) EndEA [GL](V)\) C EndQl [GL](V<I>,\)'

It follows by (5.25), (5.29) and by (5.30) that for any finite field extension

F C L contained in F' we have

(5.31) Endg,ic,)(Ve,) = Endp,(g,)(Va) = Ex.
The isomorphisms (5.31) imply that

(5.32) Endg,(Vo,) = Endy (Vs, )

for any open subgroup U of G. The isomorphism (5.24) follows by (5.32) and
Lemma 4.12 (iii). O

LEMMA 5.33. g5° = span(E).

Proof. In the proof we adapt to the current situation the argument from [BGK],
Lemma 3.2. The only thing to check is the minuscule conjecture for the A-adic
representations pp : Gp — GL(V)). By the work of Pink cf. [P], Corollary
5.11, we know that g7* ® Q; may only have simple factors of types A, B,C or
D. By the semisimplicity of g;* and Lemma 5.20 the simple factors of gg’, RQ
are of the same types. By Proposition 2.12 and Lemmas 2.21, 2.22, 2.23 we get

(534) gf{f)\ = RE/\/ngis'

Since B B B
05, ®0 @ = g¥orB®eQ = @ o@rQ
E>\‘—>@l

we see that the simple factors of g5*®p, Q are of types A, B,C or D. The rest
of the argument is the same as in the proof of Lemma 3.2 of [BGK]. O
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LEMMA 5.35. There are natural isomorphisms of Q;-algebras.

(536) Endg;i (V(I;.)\) =~ Endgf\s (V)\) =~ E)\

Proof. Since gy is reductive and it acts irreducibly on the module Vy (cf.
Lemma 5.33) by [H2], Prop. p. 102 we have:

(5.37) g =Z(gr) @ g%’
and Z(gx) =0 or Z(gx) = Ex. This gives
(5.38) Endgss (Vi) = Endg, (Vy).

The WEeil restriction functor commutes with the operation of taking the center
of a Lie algebra, hence we get Z(gs,) = 0 or E) and by (5.34):

go, = Z(g2,) © 03, -
Since go, = Rp, /g,8x, it is clear that
Endgfif)\ (VCPA) = Endg@A (Vq’/\)'

The lemma follows now from Lemma 5.22. 0O

PRrROPOSITION 5.39. There is an equality of Lie algebras:

(5.40) 0° =P o3,

All

Proof. Put Vi=Vi®g Q, Va=Wee Q, §° =g°%qQ, 7y =
03, ®g, Q- By (5.34) we get

(541) 83, = 0¥ 0m Fa®e @ = [ e @ = [[ sp(Vy)
Ex—Q, Ex—Q

By Corollary 1.2.2 of [C1] we have g; = Q; @ g¢;*, hence
Endg- (Vi(A)) = Endy, (Vi(A)).

By Lemmas 5.20 and 5.35

(542)  J[Er = HEndg% (Va,) = ] Endgs:(Va,) C Endgss (V).
All Al All
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But by assumption on ! and (5.42)

HD)\ = HMQ’Q(E)\) = MQ’Q(HE)\) CMZQ(Endng(VE)) =
Al Al Al

(5.43) = Endg:(Vi(A)) = Endg,(Vi(A)) = []Da.
Al

Comparing dimensions in (5.43) we get

(5.44) Endge: (Vi) = ] B
Al

Hence we get

(5.45) Endg:- (Vi) = Endg: (V)2o,Q = [[Bx2e @ = [ ] @

Ml NN

(5.46)  Endg,q,) (Va) = Endg,a,) (Va) @5, Q = Ex®p,Q = Q.

Fl

(5.47) Vi@ e, = P Vi

Y1 Al By,

By (5.21) the map of Lie algebras §;* — g%, is surjective. Isomorphisms (5.45),
(5.46) and (5.47) show that the simple §;* modules g5° ®g, Q;, for all A\l and

all B\ — @Q, are pairwise nonisomorphic submodules of g;*. Hence by [H2],
Theorem on page 23

(5.48) P P oo C G

Al By—Q

Tensoring (5.17) with Q; and comparing with (5.48) we get

(5.49) @ @ o o, Q = g™
All Bx—Q
Hence for dimensional reasons (5.17), (5.41) and (5.49) imply (5.40). O

COROLLARY 5.50. The representations pg,, for M|l are pairwise nonisomor-
phic. The representations of the Lie algebra g;j° on Vg, are pairwise noniso-
morphic over Q.

Proof. It follows by Lemmas 5.20 and 5.22 and equalities (5.8), (5.36),
(5.44). O
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COROLLARY 5.51. There is an equality of ranks of group schemes over Qy:

(5.52) rank (G9) = rank H Rg, jq,(Span/Ey).
All

Proof. The Corollary follows by Lemma 5.33, equality (5.40), the isomorphism
(5.34) and Lemma 2.21. O

Taking into account (4.10), (4.11) and Remark 5.13 we get:

(5.53) G ¢ HRI@A/IFZ(GSPAA[)\]) = HRJM/IFL(GSPQ}L)
Al Al
(5.54) G c [[ Bewe(GSpv) = [] Rewja(GSpan).
Al Al

6. COMPUTATION OF THE IMAGES OF THE GALOIS REPRESENTATIONS p; AND
P

In this section we explicitly compute the images of the l-adic representations
induced by the action of the absolute Galois group on the Tate module of a
large class of abelian varieties of types I and I described in the definition below.

DEFINITION OF CLASS A. We say that an abelian variety A/F, defined over a
number field F, is of class A, if the following conditions hold:
(i) A is a simple, principally polarized abelian variety of dimension g
(ii) R = Endp(A) = Endp(A) and the endomorphism algebra D = R®zQ,
is of type I or II in the Albert list of the division algebras with involution
cf. [Mu], p. 201
(iii) the field F is such that for every | the Zariski closure G?lg of pi(GF) in
GLyy/Qy is a connected algebraic group
(iv) g = hed, where h is an odd integer, e = [E : Q] is the degree of the
center E of D and d*> = [D : E].

Let L be a local field with the ring of integers O, with maximal ideal my; = m
and the residue field £ = Op /m.

LEMMA 6.1. Let

(6.2) G —— Gy
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be a closed immersion of two smooth, reductive group schemes over Oy,. Let
(6.3) G —— Gy
be the base change to L of the arrow (6.2) and let
(6.4) Gi(m) &—— Ga(m)

be the base change to k of the arrow (6.2). If rank Gy = rank Gs then
rank G1(m) = rank Ga(m).

Proof. By [SGA3, Th. 2.5 p. 12] applied to the special point of the scheme
spec Oy, there exists an étale neighborhood S’ — spec Oy, of the geometric point
over the special point such that the group schemes G1 g+ = G1 Xgpeco, S’ and
Gos = G2 Xspeco, S’ have maximal tori 71,s» and 71 g respectively. By
[SGA3] XXII, Th. 6.2.8 p. 260 we observe (we do not need it here but in the
Theorem 6.6 below) that (G; s/)' N T;.s is a maximal torus of (G; s/)'. By the
definition of a maximal torus and by [SGA3] XIX, Th. 2.5, p. 12 applied to the
special point of spec Op,, we obtain that the special and generic fibers of each
scheme G; g have the same rank. But clearly the generic (resp. special) fibers
of schemes G; s» and G; have the same rank for 7 = 1,2. Hence going around
the diagram

G1C—> Gs

(6.5) G ——— G

G1 (m) (G G2 (m)

and taking into account the assumptions that the ranks of the upper corners
are the same we get rank Gi(m) = rank Ga(m). O

THEOREM 6.6. Let A/F be an abelian variety of class A. Then for all | > 0,
we have equalitiy of ranks of group schemes over F;:

(6.7) rank (G(1)™)" =rank [ Rr,r (Span)
Al

Proof. By [LP1] Prop.1.3 and by [Wi], Th.1 and 2.1, for [ > 0 the group
scheme G}’ 19 over specZ; is smooth and reductive. For such an [ the struc-
ture morphism (gl‘“g ) — specZ; is the base change of the smooth morphism
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GM - Dy, (Dz,(GM)) via the unit section of Dz, (Dz, (GM)), see [SGA3]
XXII, Th. 6.2.1, p. 256 where Dg(G) = Homg_,,(G, Gy, s) for a scheme S.

Hence, the group scheme (g;”g)’ is also smooth over Z;. By [SGA3] loc. cit,
the group scheme (gl‘”g)’ is semisimple. We finish the proof by taking L = Q,

g1 = (gl“lg)’, Go = HMl Ro, /z,(Span) in Lemma 6.1 and applying Corollary

5.51. O

REMARK 6.8. If G is a group scheme over Sy then the derived subgroup G’ is
defined as the kernel of the natural map

G — DSO(DSO(G))

[V], [SGA3]. Since this map is consistent with the base change, we see that for
any scheme S over Sy we get

G xg, S = (G xg, S5).

THEOREM 6.9. Let A/F be an abelian variety of class A. Then for all I > 0,
we have equalities of group schemes:

(6.10) (G = 1] R (Span)
Al

(6.11) (G(l)alg)/ = H RkA/IF,(SP%)
Al

Proof. The proof is similar to the proof of Lemma 3.4 of [BGK]. We prove the
equality (6.11). The proof of the equality (6.10) is analogous. Let

P, G(1)™ — GLy,

denote the representation induced by the inclusion G(1)*9 C GLyg. By the re-
sult of Faltings cf. [Fal, the representation p, is semisimple and the commutant
of &(G(l)“lg) in the matrix ring Mo, 24 is Endz(A) @z F;. The representation
p, factors through the imbedding (5.53). Projecting onto the A component in

(5.53) we obtain the representation

(612) B<I> : G(l)alg — Rkk/]Fl(GSpA[)\]) = Rkk/]}rl(GSpgh).

A

This map corresponds to the map
(6.13) G()™ @, ky — GSpap.
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By Remark 6.8 restriction of the the map (6.13) to the derived subgroups gives
the following map:

(6.14) (G(1)"9) @, kx — Span
which in turn gives the representation

B@ : (G(l)alg)/ — RkA/Fl(Sp2h)~

A
Now by (5.3) we have the natural isomorphisms:

H Fl > ky QF, Fl &= Endkk@u«‘l?z[GF](AA[A] X, Fl) =

k); Hﬁl

> Bndy, o, 7 e (ANA @k, ka @5, Fr) 2

(6.15) =~ JI Ends i, (AN @k, Fo).

kax ‘—>Fl
Note that Z(Span) = pe and this isomorphism holds over any field of definition.
The isomorphisms (6.15) imply by the Schur’s Lemma:
Py (Z(G(D)9))) C Ru, yr, (2).

Hence

Z(GW)™)) ] Rinsw, (12) = Z(I | R s, (Sp2n)-
All All

Observe that both groups (G(1)*9)" and L5 By /r, (Span) are reductive. Now
the proof is finished in the same way as the proof of Lemma 3.4 in [BGK]. O

THEOREM 6.16. Let A/F be an abelian variety of class A. Then for I > 0, we
have:

(6.17) pi(G%) = ] Span(kn) = Span(Op/l0g),
Al

(6.18) p(G) = ] Sp2m(Ox) = Span(Op @2 7Z),
Al

where p; is the representation p; mod | and Gi% is the closure of the commutator
subgroup G C Gp computed with respect to the natural profinite topology
of GF.

Proof. To prove the equality (6.17), note that the group scheme
H)\\leA/Fl(szh) is simply connected, since its base change to F; is
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IL 1L, o5 Spopn/F;, which is clearly simply connected. From now on
the argument is the same as in the proof of Theorem 3.5 in [BGK].
Namely: it follows by (6.11) that (G(1)29) is simply connected. So
(G(D)¥9)(F;) = (G(1)*9)'(F;),. Hence, by a theorem of Serre (cf. [Wi],
Th.4) we get

(GO () € (pi(Gr)) = Pi(Glp)-
On the other hand, by definition of the group G(1)%9, it is clear that

pi(Gr) = (A(Gr)) < (GO)™) (F).

As for the second equality in (6.18) we have

(6.19) p(Gr) = (m(Gr)) < [ Spn(0y),
All

where (p;(GF))" denotes the closure of (p;(Gr))’ in the natural (A-adic in each
factor) topology of the group HW Span(Oy). Using equality (6.17) and Lemma

6.20 stated below, applied to X = (p;(Gr))’, we finish the proof. O

LEMMA 6.20. Let X be a closed subgroup in HAIl Spar(Oy) such that its image
via the reduction map

11 5p2n(0x) = [ Sp2n(ka)

All Al

is all of HAU Spon(ky). Then X = HMl Span(Oy).

Proof. The proof is similar to the proof of Lemma 3 in [Se] chapter IV, 3.4. O

7. APPLICATIONS TO CLASSICAL CONJECTURES.

Choose an imbedding of F' into the field of complex numbers C. Let V =
H'(A(C),Q) be the singular cohomology group with rational coefficients. Con-
sider the Hodge decomposition

V ®Q (C _ Hl,O D HO,l’

where HP? = HP(A; 9?4/(:) and HP4 = H%P. Observe that HP»? are invariant

subspaces with respect to D = Endz(A) ® Q action on V ®g C. Hence, in
particular HP? are E-vector spaces. Let

P VXV —=-Q
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be the Q-bilinear, nondegenerate, alternating form coming from the Riemann
form of A. Since A has a principal polarization by assumption, the form 1 is
given by the standard matrix

_ 0 I
= (5 %)
Define the cocharacter

fiso : G (C) = GL(V ®g C) = GLyy(C)

such that, for any z € C*, the automorphism g (z) is the multiplication by z
on H'% and the identity on H%1.

DEFINITION 7.1. The Mumford-Tate group of the abelian variety A/F is
the smallest algebraic subgroup MT(A) C GLog, defined over Q, such that
MT(A)(C) contains the image of jio. The Hodge group H(A) is by definition
the connected component of the identity in MT(A) N SLy = MT(A) N SLy,.

We refer the reader to [D] for an excellent exposition on the Mumford-Tate
group. In particular, MT(A) is a reductive group loc. cit. Since, by definition

MOO(CX) C GSp(V, w)(C) = GSpgg((C),

it follows that the group MT(A) is a reductive subgroup of the group of sym-
plectic similitudes GSp(v, 4) = GSp2y and that

(72) H(A) - Sp(V’w) = Spgg.

REMARK 7.3. Let V be a finite dimensional vector space over a field K such
that it is also an R-module for a K-algebra R. Let G be a K-group subscheme
of GLy. Then by the symbol Cr(G) we will denote the commutant of R in
G. The symbol C%(G) will denote the connected component of identity in
Cr(G). Let g : V. xV — K be a bilinear form and let Gy C GLy be
the subscheme of GLy of all isometries with respect to the bilinear form 5. It
is easy to check that Cr(G(v,5)) @k L = Crex(G(verr, soxL)) Note that
MT(A) C Cp(GSp(v,y)) by definitions.

DEFINITION 7.4. The algebraic group L(A) = C%(Sp(v,y)) is called the Lef-
schetz group of a principally polarized abelian variety A. Note that the group
L(A) does not depend on the form v cf. [R2].

By [D], Sublemma 4.7, there is a unique E-bilinear, nondegenerate, alternating
pairing

¢ : VXV = FE
such that Trp/g(¢) = +. Taking into account that the actions of H(A) and
L(A) on V commute with the E-structure, we get
(7.5) H(A) - L(A) C RE/QSP(V, ) C Sp(v7w).
But Rpo(Sp(v,4)) = Cp(Sp(v,w) hence Cp(Re/o(Spwv,¢)) = Cp(Spv,v))
50
(7.6) H(A) € L(A) = Cp(Rpq(Spv,¢))) € Cp(Re/q(Spv, ¢)))-
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DEFINITION 7.7. If L/Q is a field extension of Q we put

MT(A), := MT(A)®q L, H(A),:=H(A)®gL, L(A)L:=L(A)®gL.

CONJECTURE 7.8 (MUMFORD-TATE CF. [SE5], C.3.1). If A/F is an abelian
variety over a number field F', then for any prime number [

(7.9) (Gi'9)° = MT(A)q,,

where (G?lg )° denotes the connected component of the identity.

THEOREM 7.10 (DELIGNE [D], I, PrOP. 6.2). If A/F is an abelian variety
over a number field F' and [ is a prime number, then

(7.11) (GH9)° € MT(A)g,.

THEOREM 7.12. The Mumford-Tate conjecture holds true for abelian varieties
of class A defined in the beginning of Section 6.

Proof. By [LP1], Theorem 4.3, it is enough to verify (7.9) for a single prime
I only. We use the equality (6.10) for a big enough prime [. The proof goes
similarly to the proof of Theorem 3.6 in [BGK]. In the proof we will make some
additional computations, which provide an extra information on the Hodge
group H(A). The Hodge group H(A) is semisimple (cf. [G], Prop. B.63) and
the center of MT(A) is G, (cf. [G], Cor. B.59). Since MT(A) = G, H(A),
we get

(7.13) (MT(A)g,)" = (H(A)g,) = H(A)g

I

By (7.11), (7.13) and (6.10)

(7.14) 11 Be e (Spesg) = [ Rease (Span) € H(A)g,-
Al Al

On the other hand by (7.6)
(7.15) H(A)g, € L(A)g, € Cp(RE/o(Spv,4))) ®o Q-

Since Rg/q(Sp(v,4)) = CE(SP(v,)), by Remark 7.3, formulae (7.14) and (7.15)
we get:

(7.16) H R, 0, (Spvs p0)) C H Cpy (BE, /0 (SP(vy (1), v0)))-
All All

For A of type I, Dy = E) and V)(A4) = V) hence, trivially, the inclusion
(7.16) is an equality. Assume that A is of type II. Since V) (A) = V), & V) and
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Dy = My »(E)), evaluating both sides of the inclusion (7.16) on the Q;-points,
we get equality with both sides equal to

H H (Sp(VMd’A‘V)\))(@l)
Al EyN—Q,

which is an irreducible algebraic variety over Q;. Then we use Prop. II, 2.6 and
Prop. II, 4.10 of [H] in order to conclude that the groups H(A)g , L(A)g, and

Cp(RE/o(Sp(v, ) ®g Q; are connected. Hence all the groups H(A), L(A)
and Cp(Rg/o(Sp(v,¢))) are connected, and we have

(7.17) [T Bese (Sps i) = [T Besja, (Spon) =
All All

= H(A)q, = L(A)q, = Cp(Rie/o(Spwv.¢))) @0 Q-
By (6.10), (7.17) and [Bo], Corollary 1. p. 702 we get
(7.18) MT(A)g, = GpH(A)g = Gun(GH) C G,
The Theorem follows by (7.11) and (7.18). O
COROLLARY 7.19. If A is an abelian variety of class A, then
(7.20) H(A)g = L(A)g = Cp(Re/o(Spv.¢) = Cp(Spv. )-

Proof. Taking Lie algebras of groups in (7.17) we deduce by a simple dimension
argument that

(7.21) Lie H(A) = Lie L(A) = Lie Cp(Re;o(Spv, ¢)))-
In the proof of Theorem 7.12 we have showed that the groups H(A), L(A)

and Cp(Rg/q(Spev,s))) are connected. Hence, by Theorem p. 87 of [H1] we
conclude that

(7.22) H(A) = L(A) = Cp(Re/o(Spv.¢)). U
COROLLARY 7.23. If A is an abelian variety of class A, then for all [:
(724) H(A)QL = H Cp, (REA/@Z (Sp(VA(A), ¢®QE)\)))'

All

In particular, for | > 0 we get

(7.25) H(A)g, = [[ Ber/e,(SPan, 608s))-
A

Proof. Equality (7.24) follows immediately from Corollary 7.19. Equality (7.25)
follows then from (7.17). O

We have:
H'(A(C)R) 2 VaoR = P Ver.R
o:E—R
Put V,(A) =V ®g . R and let ¢, be the form

¢ Ppo R : V,(A) @r Vo(4) — R.
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LEMMA 7.26. If A is simple, principally polarized abelian variety of type II,
then for each o : E — R there is an R-vector space W,(A) of dimension

g __ 4dimA .
7= ﬁ such that:

(i) Vo (4) 2 W, (4) @ W, (4),
(ii) the restriction of ¢ ®g R to W,(A) gives a nondegenerate, alternating
pairing
Yo+ Wo(A) x W,(A) = R.

Proof. Using the assumption that D ®g R = M; 5(R) the proof is similar to
the proof of Theorem 5.4. [J

We put
Vo(A) if Ais of typel
Woo,a =
W, (A), if Ais of type IT
and
o if A is of type I
wo' =
bolw,(ay, if Ais of type IL
Observe that
2?9:% if A is of type I
dsz WOO,()’ =

2= 4[;1;'37@? , if A is of type II.

COROLLARY 7.27. If A is an abelian variety of class A, then

(7.28) HAg =LA =[] Sowe. .
o:E—R
(7.29) H(A)c = L(A)c = H SP(Woo.00cC, 0 @xC) -
ocE—R

Proof. Tt follows from Lemma 7.26 and Corollary 7.19. [

We recall the conjectures of Tate and Hodge in the case of abelian varieties.
See [G], [K] and [T1] for more details.

CONJECTURE 7.30 (HODGE). If A/F is a simple abelian variety over a number
field F, then for every 0 < p < g the natural cycle map induces an isomorphism

(7.31) AP(A) = BP(A(C); Q) N HPY,
where AP(A) is the Q-vector space of codimension p algebraic cycles on A

modulo the homological equivalence.
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CONJECTURE 7.32 (TATE). If A/F is a simple abelian variety over a number
field F' and [ is a prime number, then for every 0 < p < g the cycle map induces
an isomorphism:

(7.33) AP(A) g Q = HP (A; Qu(p))°r

where A= A®p F.

THEOREM 7.34. The Hodge conjecture holds true for abelian varieties of class
A.

Proof. By [Mu], Theorem 3.1 the Hodge conjecture follows from the equality
(7.20) of Corollary 7.19. O

THEOREM 7.35. The Tate conjecture holds true for abelian varieties of class

A.

Proof. Tt is known (see Proposition 8.7 of [C1]) that Mumford-Tate conjec-
ture implies the equivalence of Tate and Hodge conjectures. Hence the Tate
conjecture follows by Theorems 7.12 and 7.34. O

CONJECTURE 7.36 (LANG). Let A be an abelian variety over a number field
F. Then for I > 0 the group p;(Gr) contains the group of all homotheties in

G Ly (a)(Z1).

THEOREM 7.37 (WINTENBERGER [W1], COR. 1, P. 5). Let A be an abelian
variety over a number field F'. The Lang conjecture holds for such abelian
varieties A for which the Mumford-Tate conjecture holds or if dim A < 5.

THEOREM 7.38. The Lang’s conjecture holds true for abelian varieties of class
A.

Proof. Tt follows by Theorem 7.12 and Theorem 7.37. O

We are going to use Theorem 7.12 and Corollary 7.19 to prove an analogue of
the open image Theorem of Serre cf. [Se8]. We start with the following remark
which is a plain generalization of remark 7.3.

REMARK 7.39. Let By C Bs be two commutative rings with identity. Let A be
a free, finitely generated Bi-module such that it is also an R-module for a B;-
algebra R. Let G be a By-group subscheme of GL,. Then Cr(G) will denote the
commutant of R in G. The symbol C%(G) will denote the connected component
of identity in Cr(G). Let B : A x A — By be a bilinear form and let G, gy C
GL, be the subscheme of GL, of the isometries with respect to the form f.
Then we check that CR(G(A”g)) ®p, B2 = CR®3132 (G(A®B132,ﬁ®3132))'
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Consider the bilinear form:
(7.40) v AXA = Z

associated with the variety A. Abusing notation sligthly, we will denote by v
the Riemann form ¢ ®7 Q, i.e., we put:

Y VxV = Q.
Consider the group scheme Cr(Sp(a,y)) over SpecZ. Since Cr(Spa, ) @z
Q = Cp(Spv,y)) (see Remark 7.39), there is an open imbedding in the I-adic
topology:

(7.41) Cr(Spa,w))(Z1) € Cp(Spv, ) (Q1)-
Note that the form ¢); of (4.1) is obtained by tensoring (7.40) with Z;.

THEOREM 7.42. If A is an abelian variety of class A, then for every prime
number I, p;(GF) is open in the group

Cr(GSp, ) (Z1) = Creuz, (GSDP(1,(A), i) )(Zi)-

In addition, for I > 0 we have:

(7.43) p(Gr) = Cr(Sp(a,¢))(Zy).

Proof. For any ring with identity R the group GSpa4(R) is generated by sub-

groups Spag(R) and
al, 0 ) “
;a € R™}
() )

One checks easily that the group Z,Spsy(Z;) has index 2 (index 4 resp.)
in GSpag(Zy), for I > 2 (for I = 2 resp.). Here the symbol Z; stands
for the subgroup of homotheties in GLg4(Z;). Since by assumption A has
a principal polarization, Spag(Z;) = Spa, 4))(Zi). By [Bo], Cor. 1. on
p. 702, there is an open subgroup U C Z, such that U C p(Gp).
Hence U CRr(Spa,))(Z1) = Cr(USp,¢)(Z1)) is an open subgroup of
Cr(GSp, ¢))(Zy) = Cr(GSpa, ¢)(Z1)). By [Bo], Th. 1, p. 701, the group
pi(Gr) is open in G§*9(Q;). By Theorem 7.12, Corollary 7.19 and Remark 7.3

U Cr(Sp, p))(Z1) C Q) Cp(Spy,))(Qi) =

(7.44) = Gn(Q)H(A)(Q) C MT(A)(Q) = G"(Qy).
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Hence, U Cr(Spa, ¢))(Z1) N pi(Gr) is open in U Cr(Spa, y))(Z;) and we get
that p;(Gr) is open in Cr(GSp(a,y))(Z:i). Using Remark 7.39 and the univer-
sality of the fiber product, we observe that

(7.45) Cr(Sp, ))(Z1) = Cre,z, (SP(Ty(A), 1)) (Z1)-

For [ > 0 we get

CR@ZZl (Sp(TL(A)ﬂ/Jl)) = CR@ZZz(COE®ZZZ(SP(Tz(A)»wl))) =

(746) = OR@ZZl (H ROA/Zl (Sp(T,\(A)JZ)A)))'
All

Evaluating the group schemes in (7.46) on SpecZ; we get

CR@ZZL<Sp(Tz(A)7¢L))(Zl) = CR@ZZZ(HROA/ZZ(Sp(TA(A)va)))(Zl) =
All

(747) = [] CrySpraa), 60 (02) = [ Spirs.v0)(Ox) = ] Sp2n(On).
A All All

Hence by (7.45), (7.46), (7.47), (6.18) and Theorem 7.38, we conclude that for
1> 0 the equality (7.43) holds. O

THEOREM 7.48. If A is an abelian variety of class A, then for every prime

number [, the group p;(Gr) is open in the group gl‘”g (Z;) in the l-adic topology.

Proof. By Theorem 7.42 the group p;(G r) is open in Cre,z, (GSP (T, (4), 1)) (Z1)
in the l-adic topology, so p;(Gr) has a finite index in the group
Cre,2,(GSP(1,(A), v1))(Z1). By the definition of G, we have:

pi(Gr) C G(Z1) C Crauz, (GSpery(a), ) (Za).

Hence, p;(GF) has a finite index in gl‘”g (Z;), and the claim follows since
Cre:2:(GSP(T,(4), 1)) (Z1) is a profinite group. [
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