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ABSTRACT. We use the Siegel-Eisenstein distributions of degree
three, and their higher twists with Dirichlet characters, in order to
construct admissible p-adic measures attached to the triple products
of elliptic cusp forms. We use an integral representation of Garrett’s
type for triple products of three cusp eigenforms. For a prime p
and for three primitive cusp eigenforms f1, fo, f3 of equal weights
k1 = ko = ks = k, we study the critical values of Garrett’s triple
product L(f1 ® fa ® fs3,s,x) twisted with Dirichlet characters x. The
result is stated in framework of a general program by John Coates,

see [Col, [Co-PeRli].
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0 INTRODUCTION

The purpose of this paper is to give a construction of p-adic admissible measures
(in the sense of Amice-Vélu) attached to Garrett’s triple L-function attached
to three primitive cusp eigenforms of equal weight k, where p is a prime. For
this purpose we use the theory of p-adic integration with values in spaces of
nearly-holomorphic modular forms (in the sense of Shimura, see [ShiAr]) over
a normed O-algebra A where O is the ring of integers in a finite extension K
of Q,. Often we simply assume that A = C,,.
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78 S. BOCHERER, A. A. PANCHISHKIN

0.1 GENERALITIES ON TRIPLE PRODUCTS

Consider three primitive cusp eigenforms
oo
=Y anje(nz) € 8k, (Nj, 1), (7 =1,2,3) (0.1)
n=1

of weights k1, ks, k3, of conductors Ny, No, N3, and of nebentypus characters
Yy mod N; (j =1,2,3), and let x denote a Dirichlet character.

The triple product twisted with Dirichlet characters x is defined as the following
complex L-function (an Euler product of degree eight):

L5(f1 @ f2® f3,5,x) = [ [ L((f1 @ f2® f3)p, x(p)p~*), where (0.2)

PES
L((fL ® f2 @ f3)p, X) 7! = (0.3)
(1) (1) (1)
« 0
det 18 — X P2 (2) p;3 (2)
0 Qo 0 Qs
H (77(1)) (’7(2))01;5) 3))X n: {1 3} N {172}, and

n
L= ap X = ()" ' X7 = (1= o)) X) (1 - 0 (0)X), §=1,2,3,
are the Hecke p—polynomials of forms f; and the product is extended over all

primes p ¢ S, and S = Supp(N;N2oN3) denotes the set of all prime divisors of
the product Ny NoN3. We always assume that

k1 > ko > k3, (0.4)

including the case of equal weights k1 = ko = k3 = k.
We use the corresponding normalized motivic L function (see [De79], [Col,
Co-PeRi]), which in the case of “balanced” weights (i.e. k; < ko + k3 — 2) has
the form:

AS(Fr® f2® f3,8,%) = (05)

Te(s)Te(s — ks +1)Tc(s — ke + D)I'c(s — k1 + 1) L(f1 @ fo ® f3.8, %),
where I'c(s) = 2(2m)°T'(s). The motivic Gamma-factor

F(C(S)Fc(s — k3 + 1)Fc(8 — ko + 1)F(C(S — k1 + 1)

determines the critical values s = ky,- -+ , ko + k3 — 2 and a (conjectural) func-
tional equation of the form: s — ki + ko + k3 — 2 — s.
Throughout the paper we fix an embedding

ip : Q — C,p, and define (0.6)

Ap) = al(,lga;l%al(}%, where we assume that |ip(a$-)| < ip (v (2))| j=1,2,3.
(0.7)
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0.2 STATEMENT OF MAIN RESULTS

For a fixed positive integer N € N consider the profinite group

Y =Yy, =limY,, where Y, = (Z/Np"Z)*.

There is a natural projection y, : Y — Z;. Let us fix a normed O-algebra A
where O is the ring of integers in a finite extension K of @Q,.

DEFINITION 0.1 (a) For h € N,h > 1 let P*(Y, A) denote the A-module of
locally polynomial functions of degree < h of the variable y, : Y — Z; < A*;
in particular,

TI(Y, A) _ eloc—const(y’ A)

(the A-submodule of locally constant functions). We adopt the notation ®(U) :=
®(xu) for the characteristic function xu of an open subset W C Y. Let also
denote Cloc=a (Y, A) the A-module of locally analytic functions and (Y, A) the
A-module of continuous functions so that

PLY,A) C P(Y, A) C Cema(Y, A) C C(Y, A).

(b) For a given positive integer h we define an h-admissible measure on'Y with
values in an A-module M as a homomorphism of A-modules:

P PY,A) = M,

such that for all a € Y and for v — oo

/ (yp — ap>jd(i)
a+(Np?)

where a, = yp(a).

= o(p—v(j—h)) for all j=0,1,---,h—1,

p,M

We adopt the notation (a), = a + (Np”) for both an element of Y, and the
corresponding open compact subset of Y.
U,~OPERATOR AND METHOD OF CANONICAL PROJECTION.

In Section [2.2, we construct an h-admissible measure ®* : PH(Y, A) — M(A)
out of a sequence of distributions

®, : PLY, A) — M(A)

with values in an A-module M = M(A) of nearly-holomorphic triple modular
forms over A (for all » € N with r < h — 1), where A € A* is a fixed non-
zero eigenvalue of triple Atkin’s operator Ur = Ur,y, acting on M(A), and
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80 S. BOCHERER, A. A. PANCHISHKIN

h = [2ord,A(p)] + 1. In our case M(A) C Afqi, g2, g3][R1, R2, R3], and such
modular forms are formal series

o0

g= > a(ni,na,ng; Ry, Ry, Rs)q" a5 q5* € Alqr, g2, gs][Ru, Ra, R

ni,nz2,n3=0

such that for A = C, for all z; = x; +iy; € H and for R; = (4my;)~" the series
converges to a C>-modular form on H? of a given weight (k, k, k) and character
(11,72,%3), 7 =1,2,3. The usual action of U = U, on elliptic modular forms
of one variable extends to triple Atkin’s operator Ur = Ur, = (U,)®? acting
on triple modular forms by

o0

Ur(9)= > alpni,pna, pna; pRy, pRa, pR3)q}" g5 q5° (0.8)

ni,n2,n3=0

We consider the canonical projection operator my : M(A) — M(A)* onto the
maximal A-submodule M(A)* over which the operator Uy — Al is nilpotent,
and such that Kermy =(1,~, Im (Ur — AI)". We define an A-linear map

P PR(Y, A) — M(A)
on local monomials yg by

/( B = m(@((@))

where ®; : P1(Y, A) — M(A) is a sequence of M(A)-valued distributions on
Y (for j = 0,1,...,h —1). Recall that for a primitive cusp eigenform f; =
Yo an(f)g™ of conductor C' = Cf,, the function fjo = D07 an(fj0)q" €

Q[q] is defined as an eigenfunction of U = U, with the eigenvalue a](;j). €Q
(U(fo) = afo) which satisfies the identity

_ p0
fio =1 —al fiIVe = £ — ol p™H2 ) (0 1> (0.9)

an(fi)n (1 — agj)vp_s)_l.

hgE

> an(fiom™® =
n=1

1
n

3
Il

For any fixed ng = n-p™ with p { n we have a,,(fj0) = an(f;)- (ozgj)-)m € Qand
an(f;) are eigenvalues of Hecke operators T,,. Therefore, Ur(f1,0® f2,0® f3.0) =
A(f1,0 @ f2,0 ® f3,0). Moreover,

0 —1 o
k <Np 0 ) where f£y = a(n, fo)g". (0.10)

n=1

0 __ pp
fi =Tio
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Consider the triple product defined by as an Euler product of degree
eight: D(f1 ® fo ® f3,8,x) = LN (f1 ® fo @ f3,5,x), attached to three cusp
eigenforms f;(z) = >0 an je(nz) € 8k, (N;,1;), (j = 1,2,3) of weight k, of
conductors Ny, No, N3, and of nebentypus characters ¢; mod N; (j = 1,2,3),
where x mod Np¥ is an arbitrary Dirichlet character, and the notation L)
means that the local factors at primes dividing N = LCM(Ny, No, Ny) are
removed from an Euler product. Before giving the precise statements of our
results on p-adic triple L-functions, we describe in more detail critical values
of the L function D(f; ® fa ® f3, 5, X).

Let us introduce the following normalized L-function

D*(fY ® f5 ® f§, s+ 2k — 2,91¢p2x) = (0.11)
Te(s+2k—2)Tc(s+k— 1)LV (ff @ f5 @ 5,5+ 2k — 2, 192X),
where T'c(s) = 2(27)7*T'(s), and I'c(s + 2k — 2)['c(s + k — 1) is the motivic
Gamma-factor (compare with (0.5), and see [Co], [Co-PeRi], [Pa94]). For an

arbitrary Dirichlet character x mod Np" consider the following Dirichlet char-
acters:

x1 mod Np¥ = x, x2 mod Np” = 13, (0.12)
x3 mod Np® = 1hsx, 9 = X*1h1¢aths;

later on we impose the condition that the conductors of the corresponding
primitive characters xo.1, X0,2, X0,3 are Np-complete (i.e., have the same prime
divisors as those of Np).

THEOREM A (ALGEBRAIC PROPERTIES OF THE TRIPLE PRODUCT) Assume
that k > 2. Then for all pairs (x,r) such that the corresonding Dirichlet
characters x; are Np-complete, and 0 < r < k — 2, we have that

D7 @ ff®f5,2%k =2 —riithax) _ g
(flofeff ool

where

(floffefs ffoffefr = NS SN )N
= (f1, [1)N{(f2, f2)n (f3, f3) -

For the p-adic construction, let C, = @p denote the completion of an alge-
braic closure of the field @, of p-adic numbers. Fix a positive integer NV, a
Dirichlet character vy mod N and consider the commutative profinite group
Y=Yy,= ligl(Z/Nme)* and its group Xy, = Homeent (Y, C)) of (contin-

m

uous) p-adic characters (this is a Cp-analytic Lie group). The group Xy, is
isomorphic to a finite union of discs U = {z € C,, | |z], < 1}

A p-adic L-function L, : Xy, — C, is a certain meromorphic function on
XN,p- Such a function often come from a p-adic measure p,) on Y (bounded
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or admissible in the sense of Amice-Vélu, see [Am-V]). In this case we write
for all x € X p

L (z) = /Y z(y)dpp) (v)

2P

In order to establish p-adic properties, let us use the product (0.7) A = A(p) =

1) 1) (1 NG C @
a;’ia;,%a;,g, where we assume that \zp(a;,j)-ﬂ < |zp(a;7])-)\7] =1,2,3.

THEOREM B (ON ADMISSIBLE MEASURES ATTACHED TO THE TRIPLE PROD-
ucT). Under the assumptions as above there exist a Cp,-valued measure
[L/}@fz@fg on Yn,p, and a C,-analytic function

Dipy(, f1® f2® f3) : Xp = Cp,

given for all x € Xy, by the integral

D(P)(xafl & f2 02y f?)) = /Y x(y)dﬂ?l(@fz@fs(y)’

and having the following properties:

(i) for all pairs (r,x) such that x mod Cy is a primitive Dirichlet character
modulo Cy,, x € X}\?,r;, assuming that all three corresonding Dirichlet characters
X; given by (0.12) have Np-complete conductor (j = 1,2,3), and r € Z is an
integer with 0 < r < k — 2, the following equality holds:

Dy 1 ® f2© fa) = (0.13)

i ( (P112)(2)Cx 27

PAG(x1)G(x2)G(x3)G(h1thax1)A(p)?*
D*(fl @ f5 @ 5,2k =2 -, ¢11/)2X))
(2 f2®f9, f1.0® f20® f3.0)1,Np

where v = ord,(Cy), x1 mod Np¥ = x, x2 mod Np¥ = thsth3x, x3 mod Np® =
13X, G(x) denotes the Gaup sum of a primitive Dirichlet character xo at-
tached to x (modulo the conductor of xo).

(ii) if ordy,A(p) = 0 then the holomorphic function in (i) is a bounded C,-
analytic function;

(iii) in the general case (but assuming that \(p) # 0) the holomorphic func-
tion in (i) belongs to the type o(log(x])) with h = [2ord,A(p)] + 1 and it can
be represented as the Mellin transform of the h-admissible C,-valued measure
ﬂ?1®f2®fs (in the sense of Amice-Vélu) on'Y

(iv) of h < k — 2 then the function D,y is uniquely determined by the above
conditions (i).

REMARK 0.2 It was checked by B.Gorsse and G.Robert that
(17 @[30 @[5, Lo © f50 ® flodrnp = B+ (fr, f)N(fas fodn (fs, fa)n
for some B € Q" (see [Go-Ro)).
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0.3 SCHEME OF THE PROOF

We construct Q-valued distributions denoted by fif,@f,6f,,» on the profinite
group Y ,, and attached to the special values at s = 2k—2—r with 0 <7 < k-2
of the triple product L(f{ @ f§ @ f£, s,¢112x) twisted with a Dirichlet character
Y1 x mod Np¥. We use an integral representation of this special value in
terms of a C>-Siegel-Eisenstein series F) , of degree 3 and of weight &k (to
be specified later), where 0 < r < k — 2. Such a series F, , depends on the
character , but its precise nebentypus character is 1 = %1215, and it is
defined by F, , = G*(Z,—r;k, (Np”)g,w)7 where Z denotes a variable in the
Siegel upper half space Hs, and the normalized series G*(Z, s; k, (Np”)Q, ) is
given by (A.12). This series depends on s = —r, and for the critical values
at integral points s € Z such that 2 — k < s < 0, it represents a (nearly-)
holomorphic Siegel modular form in the sense of Shimura [ShiAr|.

Our construction consists of the following steps:

1) We consider the profinite ring Ay, = lim(Z/Np“Z). Starting from any

sequence F. of nearly-holomorphic Siegel modular forms we construct first a
sequence Wp of modular distributions on the additive profinite group

0 €12 €13
S=5Syp=q¢e= ez 0 a3 €12,€13,623 € ANy ¢ ;
€13 €23 0

such distributions take values in €°°-(nearly-holomorphic) modular forms on
the Siegel half plane Hs3. This construction, given in Section [1, generalizes
the higher twist of F,., already utilized in the work [Boe-Schm]|, in a simpler
situation.

2)  Next we consider the (real analytic) Siegel-Eisenstein series F) , as a
formal (nearly-holomorphic) Fourier series, whose coefficients admit explicit
polynomial expressions (see Section [l and Appendix [A), and we use the fact
that they may be written in terms of p-adic integrals of x over Y (see [PaSE
and [PalAS]).

A crucial point of our construction is the higher twist in Section[1l We define
the higher twist of the series F) , by the characters (0.12) as the following
formal nearly-holomorphic Fourier expansion:

FEXeXs =N "5 (tia) Xa(t1s) Xa(t2s) Q(R, Tk — 2, 1)ay »(T)g”. (0.14)
T

The series (0.14) can be naturally interpreted as an integral of the Dirichlet
character x on the group Y with respect to a modular distribution ¥,.:

L = [ x)aw ) = ,00. (0.15)
Y

These modular distributions take values in the ring of formal Fourier expansion
whose coefficients are polynomials in R = (47Im (2)) ! over the field Q (which
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is imbedded into C, via (0.6). The distributions ¥, are uniformly bounded
(coefficient-by-coefficient).
3) If we consider the diagonal embedding

diag : H x H x H — H,

then the restriction produces a sequence ®, = 2" diag™ ¥,. of distributions on Y’
with values in the tensor product My ,(Q) @ My, - (Q) ® My, -(Q) of three spaces
of elliptic nearly-holomorphic modular forms on the Poincaré upper half plane
H (the normalizing factor 2" is neeeded in order to prove certain congruences
between @, in Sectionl3).
The important property of these distributions, established in Section[1] is that
the nebentypus character of the triple modular form ®,.(x) is fixed and is equal
o (¢1,%2,13), see Proposition [1.5] Using this property, and applying the
canonical projector 7y of Section[2]to ®,.(), we prove in Section [3]that the se-
quence of modular distributions ®,. on Y produces a p-adic admissible measure
®* (in the sense of Amice-Vélu, [Am-V]) with values in a finite dimensional
subspace

MA(CP) C M(Cp)» M(Cp) = Mk,r((cp) ® Mk,r((cp) ® Mk,r((cp)

of the C,-vector space M(C,) = Uu>o My (NP, 901, 92,13;Cp) of formal
nearly—holomorphlc triple modular forms of levels Np¥ and the fixed nebenty-
pus characters (11, 2,13). We use congruences between triple modular forms
®,.(x) € M(Q) (they have cyclotomic formal Fourier coefficients), and a gen-
eral admissibility criterion (see Theorem [2.4). Proof of the Main Congruence
is contained in Section

4) Application of a Q-valued linear form of type

<f1 ®fa® fs,h>

o0} (o 2 i )

for h € My, (Q) ® My -(Q) @ My - (Q), produces a sequence of Q-valued distri-

butions given by 12 (x) = £(mx(®,)(x)); A € Q. More precisely, we consider
three auxilliary modular forms

L i h—

Z e(nz) € Sp(To(N;p™), ;) (1<7<3,1;>1), (0.16)

with the same eigenvalues as those of (0.1), for all Hecke operators T,, with
q prime to Np. In our construction we use as fj certain “easy transforms”
of primitive cusp forms in (0.1). In particular, we choose as fj eigenfunctions
fj = f]o of the adjoint Atkin’s operator Uy, in this case we denote by f;o the
corresponding eigenfunctions of U,. The Q-linear form £ produces a C,-valued
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admissible measure i = £(®*) starting from the modular p-adic admissible
measure ®* of stage 3), where £ : M(C,) — C, denotes a C,-linear form,
interpolating £. See Section [4]for the construction of ji*.

5) We show in Section 5] that for any suitable Dirichlet character y mod Np¥
the integral

1r(x) = £(ma(®r(x)))

coincides (up to a normalisation) with the special L-value
D*(fl @ 5@ fL,2k—2—r,1p11p2x) (under the above assumptions on y and 7).

We use a general integral representation of Section [B. The basic idea how
a Dirichlet character x is incorporated in the integral representation |Ga87,
is somewhat similar to the one used in [Boe-Schm], but (surprisingly)
more complicated to carry out. Note however that the existence of a Cp-valued
admissible measure ji* = ((®) established at stage 4), does not depend on
this technical computation, and details will appear elsewhere.

REMARK 0.3 Similar techniques can be applied in the case of three arbitrary
“balanced” weights (0.4) k1 > ko > ks, i.e. when ki < ko+ks—2, using various
differential operators acting on modular forms (the Maaf-Shimura differential
operators (see [ShiAr], [Or]), and Ibukiyama’s differential operators (see [Ibu],
[BSY]). More precisely, one applies these operators to a twisted Eisenstein
series. In this case the critical values of the L function D(f1 ® fo @ f3,8,%)
correspond to s = ky,--- ko + k3 — 2. The equality of weights in the present
paper is made to avoid (for lack of space) the calculus of differential operators.

0.4 CONCLUSION: SOME ADVANTAGES OF OUR p-ADIC METHOD

The whole construction works in various situations and it can be split into
several independent steps:

1) Construction of modular distributions ®, (on a profinite or even adelic
space Y of type Y = A} /K* for a number field K) with values in an infinite
dimensional modular tower M(A) over complex numbers (or in an A-module
of infinite rank over some p-adic algebra A).

2) Application of a canonical projector of type 7y onto a finite dimensional
subspace M*(A) of M(A) (or over a locally free A-module of finite rank over
some A) in the form: m\(g) = (U*)"?mx1(U"(g)) € M*(Np, A) as in (2.3) of
Section [2 (this method works only for A € A*, and gives the A-characteristic
projector of g € M(Np*, A) (independently of a sufficiently large v)).

3) One proves the admissibility criterium of Theorem [2.4] saying that the
sequence my(®,) of distributions with values in M*(A) determines an h-
admissible measure ®* with values in this finite dimensional space for a suitable
h (determined by the slope ord,())).
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4) Application of a linear form £ of type g — (f°,7x(9))/{f, f) to the modular
distributions ®,. produces a sequence of A-valued distributions ) = £(mx(®,.)),
and an A-valued admissible measure. The growth condition can be verified
starting from congruences between modular forms ®; (), generalizing our Main
Congruence of Section [3l

5) One shows that certain integrals u?(x) of the constructed distributions ,u?‘
coincide with normalized L-values; however, computing these integrals is not
needed for the construction of p-adic admissible measures fi* (which is already
done at stage 4)).

6) Under some assumptions, one can show a result on uniqueness for the con-
structed h-admissibles measures: they are determined by the integrals u;‘(x)
over almost all Dirichlet characters and sufficiently many j = 0,1,--- ;A — 1
(this stage is not necessary, but it is nice to have uniqueness of the construc-

tion), see .

7) If we are lucky, we can prove a functional equation for the constructed
measure ji* (using the uniqueness in 6)), and using a functional equation for
the L-values (over complex numbers), computed at stage 5), for almost all
Dirichlet characters (again, this stage is not necessary, but it is nice to have a
functional equation).

This strategy is applicable in various cases (described above), cf. [PaJTNB],
Puy], [Go02]. An interesting discussion in the Bourbaki talk [Colm03] of
P.Colmez indicates the use of this method for constructing Euler systems.
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1 MODULAR DISTRIBUTIONS ATTACHED TO THE HIGHER TWIST
OF EISENSTEIN SERIES

1.1 HIGHER TWISTS OF THE SIEGEL-EISENSTEIN SERIES

In this Section we study a €°°-Siegel-Eisenstein series F , of degree 3 and of
weight &, where 0 < r < k — 2. As in the Introduction, consider the Dirichlet
characters x1 mod Np¥ = x, x2 mod Np¥ = 1at)sx, x3 mod Np’ =
P13 x.

The series Fy , = G*(Z, —r;k, (Np“)2, 1)), depends on the character x, but its
precise nebentypus character is 1 = x291¢215. Here Z denotes a variable in
the Siegel upper half space Hs, and the normalized series G*(Z, s; k, (]\710”)27 )
is given by (A.12). This series depends on s = —r, and for the critical values
at integral points s € Z such that 2 — k < s < 0, it represents a (nearly-)
holomorphic function in the sense of Shimura [ShiAr] viewed as formal (nearly-
holomorphic) Fourier series, whose coefficients admit explicit polynomial ex-
pressions in terms of simple p-adic integrals for p { det(7):

Fyr= Y det(T)* > FQ(R,T; k — 2r,1)ay »(T)g”,
TeB3

where B3 = {‘I: (Tij) S M3(R) ‘ T = bT,TZ O,TZ‘J‘,QTZ‘Z‘ € Z}, and q(‘T =
exp(2mitr(T2Z)), R = (4nIm(Z))~'. More precisely, for any T with p { det(7)
there exists a bounded measure F5 on Y with values in QQ such that

0 = [ipase = I Mm@, @y

¢] det(27)

where 1 = 211215 (see , Theorem[A.2/in Appendix A also in [PaSE],

PalAS]). Here we use arithmetical nearly-holomorphic Siegel modular forms

(see [ShiAr| and Appendixm for more details) viewed as formal power series

g= > a(T,Ri;)q" € Q[¢P"][R;,] such that for all Z € H,, the series
TEB.,

converges to a C*°-Siegel modular form of a given weight k and character .

As in the introduction, (0.14), we define the higher twist of the series F),
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by the characters (0.12) as the following formal nearly-holomorphic Fourier
expansion:

FYexs = Z)Zl(t12)>22(t13)>23(t23)Q(R7 Tk —2r,7)ay (T)g” = W, (x).
T

We construct in this section a sequence of distributions ®, on Y using the
restriction to the diagonal

®,.(x) : = 2" diag" ¥, (x) = 2" FXLX*X3 o diag (1.2)

-7 Z Z X1(t12)Xz2(t13) X3 (tas) det(T) 277" x

t1,t2,t3>0  Titi1=ty,
top=ty.ta3=t3

x Q(diag(Ry, R2, R3), T; k — 2r, r)ax,r(‘J')(J?{quq;f‘7
where ¥1(t12)X2(t13)¥3(tas) = X(t1at13tas)Yoths (t13) 13 (tas),

taking values in the tensor product of three spaces of nearly-holomorphic elliptic
modular forms on the Poincaré upper half plane H (recall that the normalizing
factor 2" is neeeded in order to prove congruences between @, in Section 3).
We show in Proposition [1.5] that the (diagonal) nebentypus character of
FX1:X2:X3 s (41, 1h2, 43), thus it does not depend on x.

1.2 THE HIGHER TWIST AS A DISTRIBUTION

Let us fix a Dirichlet character x mod Np” as above with v > 1, and an arbi-
trary C*°-modular function

F e MP(To(Np®), ),

with a Dirichlet character ¢ mod Np” which depends on x mod Np, for ex-
ample, the series F, , with the nebentypus character ¢ = x2t11215. Then
the higher twist of F' with x1, X2, x3 was initially defined by the formula

F= Z x1(e12)x2(e13)x3(€23) F|ite, npv (1.3)

v
€12,€13,623 mod Np

5

JFg— .
where we use the translation f¢ npv = ( 3 Np ) on Hs with € =

03 13
0 e12 e13
€12 0 93 | . The idea of the construction. We wish to interpret the series
€13 €23 0
1.3) in terms of a distribution on a profinite group, using the following model
example: consider the profinite ring Ay, = lim(Z/Np"Z), and a compact

open subset o + (Np¥) C Ay, with « an integer mod Npv, and N is prime

DOCUMENTA MATHEMATICA - EXTRA VOLUME COATES (2006) 77-132



ADMISSIBLE p-ADIC MEASURES . . . 89

to p. For any formal series f = Y ., anq™ € C[g¢] and for any open subset
a+ (Np¥) C Ay, consider the following partial series:

pila+(Np*) = > auq" €C[q].

n>1
n=a mod Np"

If ¢ = exp(2miz) with z € H, it follows from the orthogonality relations that

prla+ (Np*) = (Np*) ™" > exp(%mﬂ/Np”)f< Ni;v)’

B mod Npv

and that for any Dirichlet character x mod Np¥ one has

/A a)dpus(a) =) x(n)ang™ = f(x) € Clq].

n>1

(the series f twisted by the character x).
In the same fashion, consider the additive profinite group

0 €12 €13
S=Snpi=q€e= ez 0 eo3 €12,€13,623 € ANy ¢
€13 €23 0

equipped with the scalar product (-,-) : Snp X Snp —> AN p:

<€(1>,€(2>> = tr(eWe®) = 2:e® 4 2@ 4 9. (D) pere

1 1 2 2

0 552) 5%3) 0 552) 553)

e — (1) 0 %) 7[;-(2) _ (2) 0 %)
1 1 2 2

5&3) 5&3) 0 5%3) 553) 0

PRrROPOSITION 1.1 Suppose that the function F is invariant with respect to any
integer translation of type teq : Flte1 = F. Then

1) The action Flte npv depends only on the class of € € S/Np®S, and the
additive character ego) : € — exp(<€, 6(0)>/Np“) on S is trivial iff e®) € Npv8S.
2) The formula

Up(e® + (Np") = (Np) >0 exp(-2ri{e, 0 ) NDY) Flte vy
e€S mod NpvS
(1.4)

=) Y e (e e ) /NP Flte e

€S mod NpvS

defines a distribution with values in C>-functions on Hs, where e(a/Np¥) :=
exp(2mia/NpY) is well-defined for all @ € Ay
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Proof: 1) Follows directly from the invariance: Flte1 = F.
2) It suffices to check the finite-additivity condition:

Up(Ee@ + (Np) = > Up(E® 4+ Npve® + (Np*t)),  (15)
e(MeS mod p
i.e.,
(Np") 2 30 el (e, €™ ) /NP ) Flte nype (1.6)
e€S/NpvS
_ (va—',-l)—?)x
Z Z e(_<5(2)7(5(0) +vae(n)>/va+1)F|ts<2)7va+l.

eWeS/pSe@eS/Npv+tis
(17)

For all £ the sum on the right on e") € S/pS in (1.6) becomes

(NP Y e (e, (e 4 NpeD) )N Fltn s (18)
eMes/pS

(), ) (), Npre®)

= (va+1)—3e(—w)F|t€(2),va+1 Z el(— va+1
eMeS/pS
= (Np"+1) Pe(— (@, eV NP ) Fltee pperr > e(—(e@,eM)).
eMeS/pS

It remains to notice that

37 if 5(2) = 5(3)75(3) c S
) €(7<€<2>7€<1>>/p) _JP P (1.9)
o 0, otherwise,

eMes/pS

because €M) — e(—(e®,eM)) /p) is anon trivial character of S/pS iff e € pS.
The right hand side of (1.6) becomes

(va—i-l)—S Z Z e(_<€(2)’(€(0)_|_vag(l))>/va+1)F‘ts(2),va+1
eMeS/pSeeS/Npv+1s
(1.10)

— (Np**1)=3p3 Z e(—<€(3)7E(O)>/Np”)F|t€(3>7va.
e®eS/Npvs

REMARK 1.2 The Fourier expansions of the nearly-holomorphic Siegel modular
form

Fe o=
Up(e+ (Np")) = (Np")~* > exp(—2mi(e’, €) /Np") Flte npo.

e’eS mod NpvS
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is given as the following partial Fourier series

F..,(2) = > a(T,R)q", (1.11)

T,t1p=e19 mod Npv
t13=e13,t93=e93 mod Np?
where I is a nearly-holomorphic Siegel modular form, which is a periodic func-
ti1 tiz ti
tion on Hs: F = Za(ﬂ', R)qT, and T = | tyo too tog | Tuns over half
T tig log  lss
integral symmetric non negative matrices.

Indeed,
Flter Npo = Z a(T, R)q” |ter npv = Zexp(27ritr(€"3')/Np“)a(‘T, R)¢”,
T T
hence
Feo=(Np*)™® > exp(—2mi(e’,e)/Np*) Y _ exp(2nitr(e'T)/Np*)a(T, R)q”.
e’€S mod NpvS T

It suffices to notice that

0 €y €ls t11 tiz lis

tr(eT) =tr | [els 0 b3 | |tiz tox taz | | =2(chatrateistiz+enstas).
€ls €hs O tis oz ta:
13 €23 13 to3 a3

Let us consider now three Dirichlet characters x1, x2, x3 mod Np", and let us
compute the corresponding integrals against the constructed modular distribu-
tion (1.4) of the locally constant function € — x1(g12)x2(€13)x3(g23) on the
profinite additive group

0 €12 €13
S=Syv:i=q¢e= ci2 0 eg3 €12,€13,€23 € AN
€13 €23 0

PrOPOSITION 1.3 Let F be a function invariant with respect to any

translation of type teq : Flten = F.  Let us write Fy, g,xs =
Js X1(e12)X2(e13)X3(E23)dV - (€). Then
Fy xoxs = (1.12)
(Np)~? Z Gnpy (X1, —€12)Gnpr (X2: —€13) G Npe (X3, —€23) Flte, Np-
€€S/Np*S

Here Gnpo(x,€) = Z e(ed’ /Np¥)x(a') denotes the Gaufy sum (of a non nec-

ol

essarily primitive Dirichlet character x ).
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REMARKS 1.4 1) The advantage of the expression (1.12) in compare with
is that it does not depend on a choice of v.

2)It follows from (1.11, that the Fourier expansion of the series (1.12) is given
by

Py, xos = 2 X1 (t12)Xa(t13) X (t23)a(T, R)q” . (1.13)
T

Proof is similar to that of Proposition [1.1, and it follows from the definitions.
|
1.3 THE LEVEL OF THE HIGHER TWIST

Let us consider the symplectic inclusion:

i :SLy(Z) x SLy(Z) x SLy(Z) — Sps(Z) (1.14)
aq b1
as b2
(a1 b1> (CLQ b2> <a3 bg) . as b3
cidy) \cada)’ \c3ds c1 dy
Co dy
c3 ds

We study the behaviour of the modular form Fy, y, 5, With respect to the
subgroup

i(To(N?™)%) € T (V*p),
where (X1 ® x2 ® x3)(€) = x1(e12)x2(c13)Xx3(€23)-
We will have to study two different types of twist; we can treat them simulta-
neously if we consider a function
¢:Z/NZ+— C
which is “p-spherical” i.e.
P(9Xh) = (g)p(h)¢(X)

for all g,h € (Z/NZ)*,X € Z/NZ, where ¢ is a Dirichlet character mod N.
Let us use Proposition [1.12 and the spherical function

¢ (e12,€13,€23) = Gpr (X1, —€12) G Npr (X2, —€13) G npv (X3, —€23),

with respect to three variables (12,13, 23), and the Dirichlet characters

(5127€137€23) — X1(€12)X2(€13)X3(€23)-
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PROPOSITION 1.5 Consider a (nearly-holomorphic) Siegel modular form F for
the group I‘é3)(va) and the Dirichlet character ¥ = x*11ba1b5).
Then for all M =i ((“1 b1> , (‘” bz) , (“3 b3>) I‘(()?))(N2 2v) one has:

¢y dy co da c3 d3
1) FIM = v¥x1X2(d1) ¥x1¥s(d2) ¥xaxs(ds) F, where F is defined by (1.3),
P1 P2 P3
2) F)Zh)?z»‘(:s |M = 1/’)21)22(d1) ¢Xl)€3(d2) ¢X2X3(d3) F)Zl,iz,isv where FXl X2,X3
Y1 P2 P3

is defined by (1.12).

Proof. We study modular forms on Hs. Let us consider a more general sit-
uation and write N instead of Np”. We use the (somewhat unconventional)
congruence subgroup (with N | M):

r® (M, N) = {7 - ( é g ) e (M) ‘ D= diag(Dl,DQ,D;;)modN}.

Here the D; denote integers along the diagonal of D. It is easy to see that this
defines a subgroup of Sp(3,7Z) and that a similar congruence also holds for A.

The appropriate space of modular forms, denoted by Mf) (M, N;x; 1, 12,13),
with Dirichlet characters 1; mod N and a Dirichlet character x mod M is then
the set of holomorphic functions on Hj satisfying

f Ik ¥ = x(detD) Hw]

A B
C D

we define a symmetric matrix of size 3 by

for all v = GFgS)(M,N). For any « € R and any 1 <i < j <3

(3) —
Sij (o) :=

(the number « sits in the (7,j)th and (j,7)positions). Then, for a function
Fe M,(f)(M, N x; 1, 02, 13) we define a new function F:z’ on Hs by

= Y @) PSP

a mod N

PROPOSITION 1.6 Assume that N? | M, x is a character mod £ N and
F € Ml(€3)(M’ Na X5 d)la 1/)2a 7/}3) Then

e MP (M, N3yx; 0, v, 04)
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with
w0 i
" 1/%@ Zf TE{i,j}
REMARKS 1.7 1) We mention here two basic types of @-spherical functions
¢:Z/NZ:
Type I “Dirichlet character” ¢(X) := ¢o(X)
Type II: “Gaufl sum” ¢(X) = G(@,—X) where G(p,X) denotes a Gauf
sum (a version of such spherical functions of matriz argument was studied

in [Boe-Schm]):

G(p, X) := Z @(a)exp(Qwi%aX)
a mod N

2) Our basic example is as follows: let @1, pa, w3 be three Dirichlet characters
mod N and let ¢; be @;-spherical functions on Z/NZ. Furthermore let F €

M,(f)(FO(M), x) with N? | M and x a Dirichlet character mod 2. Then

h(z1,20,23) = Y ¢1(a)pa(B)ds(y)F(

«,3,y mod N

Zfwzle &
z & zle
& zRzw

is an element of
M (Lo(M), xp192) @ My(T'o(M), xp1903) @ My (Lo (M), xP23)

(note that the definition of h depends on N)

3) Other important cases are treated in it can also (by iteration) be
applied to cases of block matrices of different size which e.g. occur in the work
on the L-function for GSp(2) x GL(2).

Proof. We first try to find X € Symg(+Z) such that
13 S(%) A B 13 —X
05 13 e D 05 13
_( A+S(§)E —AX +B - S(F)CX + S(#)D
N ¢ —CX+D

isin I‘(()3) (M) (for the moment we only assume here that ( fel g ) is integral.

The conditions N2 | M and the congruences mod M and N will then be forced
to hold). The first (evident) condition is that € = O0mod M. It is easy to see
that the two numbers on the diagonal

—CX+D and A+ S(%)G
are integers, if C is congruent to 0 modulo N.
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The remaining condition is that
! @
—AX +B - S(—=)CX —)D
AX + S( N)G +5( N)
is integral, which is satisfied if € = 0mod N? and —A - X + S(%)D is integral.
Therefore we should choose any X satisfying
(NX)=AS(@)D mod N

where A is a (multiplicative) inverse of the matrix A mod N. Now we use the
fact that A = diag(A1, Az, A3) mod N and D = diag(D1, Dy, D3) mod N are
matrices which are diagonal modulo N, we may therefore choose the integral
symmetric matrix NX to be modulo N equal to

_ Aj-a-D;
NX =SSP (A a D))= X = X(a) = S (NJ) :
By the above,
® A B _ 1 S(%) A B
Fif|k(e ZD>_ Z¢(Q)F|k(0 i e D
o mod N
- A B 1 X(a)
= Z¢(0‘)F|k(é @)(O 1 >
o mod N
where ( “g g ) e I'®(M, N) with
flzﬂmod% and D=D mod%
(in particular, these congruences hold mod N). Therefore
A B 13 X(«
F b (§ p) = xdet®)ia(Dy D) Y otr e (32 K.

amodN

Instead of summing over a@ we may as well sum over 8 := D; - « - D; mod N.
Then we obtain

(3)
X(det(D)er (D) ... on(D)B(D)B(D;) > (8 < S <§3)>

B mod N 13
= X(det(D)1(D1) - . . %u(Dy)p(D)R(DH) L. 1

Notice that the properties of Propositions hold for the iterated twists, and
Propositions[1.5 follows from Propositions 1.6 by three iterated twists with NV
equal to Np”. 1

DOCUMENTA MATHEMATICA - EXTRA VOLUME COATES (2006) 77-132



96 S. BOCHERER, A. A. PANCHISHKIN

2 COMPUTATION OF THE CANONICAL PROJECTION

2.1 A GENERAL CONSTRUCTION: THE CANONICAL A-CHARACTERISTIC PRO-
JECTION

We explain now a general method which associates a p-adic measure py ¢ on
a profinite group Y, to a sequence of distributions ®, on Y with values in
a suitable (infinite dimensional) vector space M of modular forms, and to a
nonzero eigenvalue A of the Atkin operator U = U, acting on M. We consider
holomorphic (or nearly-holomorphic) modular forms in a space of the type

M =My (1,Q) = | Mu(Np",%, Q) € M(C,) = | Mi(Np*, 9, C,),

v>0 v>0

with finite dimensional vector spaces My (Np©, 1, Q) at each fixed level, en-
dowed with a natural Q-rational structure (for example, given by the Fourier
coefficients). The parameters here are triples k = (kq, ko, k3), © = (11,2, 13)
of weights and characters. The important property of our construction is that
does not use passage to a p-adic limit. We put

My (Np®, 1, A) = My, (Np®, 9, Q) ®g A.
for any Q-algebra A.

DEFINITION 2.1 Let A=C, , A=Q, or A=C, and M = M(A).

(a) For a A € A let us define M) = Ker (U — X the subspace of eigenvectors
with eigenvalue \).

(b) Let us define the A-characteristic subspace of U on M by

MY = | J Ker (U = AI)"

n>1
(¢c) Let us define for any v >0
MM Np?) = MA N M(NpY), MM (Np¥) =MD 0 M(NpY).

PROPOSITION 2.2 Let Y mod N be a fized Dirichlet character, then
U"(M(Np"*, ) € M(Np, ).

Proof follows from a known formula of J.-P. Serre: for g € My (Np**1, ),

v41

k20 gl Winpen TIgh Wy, (2.1)

glkU" =p

where Wy : M(N, 1) — M(N, ) is the involution (over C) of level N (see
Se73]| for the elliptic modular case, which extends to the triple modular case).
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PROPOSITION 2.3 Let A= C, or A=Q, M =M(A), A € A*, and let U* be

the restriction of U on M*, then

(a) (UY)? : MM Npvtt) = MM Np) is an A-linear invertible operator, where

UA == U|M>\(va+1)¢

(b) The vector subspace MM(Np*Tt) = MA(Np) does not depend on v.

(¢) Let mxpi1 @ M(NptY) — MM Np**l) be the projector on the -

characteristic subspace of U with the kernel Ker (my ) = ﬂ Im(U — A" =
n>1

@ MP (Nop®)), then the following diagram is commutative

B#N

M(va+1) — MA(va+1)

TN, v+1
v | U (2.2)
M(Np)  —  MMNp)
TA,1
Let us use the notation
ma(g) = (U ma1(U"(g)) € M (Lo(Np), ¢, C) (2.3)

for the canonical A-characteristic projection of g € M(Io(Np¥*1), 4, C).
Proof of (a). The linear operator (U*)" acts on the A-linear vector space
MA(N pUT1) of finite dimension, and its determinant is in A*, hence the A-
linear operator (UMY is invertible.

Proof of (b). We have the obvious inclusion of vector spaces: M*(Np) C
MA(Np**1). On the other hand the A-vector spaces M*(Np¥*!) and M*(Np)
are isomorphic by (a), hence they coincide:

M*(Np) € MMNNp“™) = U (MM (Np°th)) € MM (Np).

Proof of (¢). Following the theory of reduction of endomorphisms in finite
dimensional vector spaces over a field K, the canonical projector 7y , onto the
A-characteristic subspace | J,,~, Ker (U — AI)™ with the kernel (), -, Im (U —
AI)™ can be expressed, on one hand, as a polynomial of U over K, hence 7,
commutes with U. On the other hand, the restriction of my 441 on M(Np)
coincides with 7y 1 : M(Np) — M*(Np), because its image is

U Ker (U =AD" nM(Np) = | Ker (Ulnevp) — M)™,

n>1 n>1

and its kernel is

() Im (U =AD" N M(Np) = (| Im (Ul — AD™. B

n>1 n>1
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2.2 A CGENERAL RESULT ON ADMISSIBLE MEASURES WITH VALUES IN MOD-
ULAR FORMS (A CRITERION FOR ADMISSIBILITY)
: . o _ o X .
Consider the profinite group Y = limY, where Y, = (Z/Np"Z)*. There is a

natural projection y, : Y — Z;. Let A be a normed ring over Z,, and M be a
normed A-module with the norm | - [, .

Let us recall Definition 0.1} ¢): for a given positive integer h an h-admissible
measure on Y with values in M is an A-module homomorphism

P :PMY,A) - M
such that for fixed a € Y and for v — oo

/ (yp — ap)h/dé) =o(p "My for all W =0,1,...,h—1,
a+(Npv) M

where a, = y,(a), P*(Y, A) denotes the A-module of locally polynomial func-
tions of degree < h of the variable y,, : Y — Z — A*. We adopt the notation
(a)y = a+(Np?) for both an element of ¥, and the corresponding open compact
subset of Y.

We wish now to construct an h-admissible measure ®* : P*(Y, A) — M(A) out
of a sequence of distributions

N PHY, A) — M(A)

with values in an A-module M = M(A) of modular forms over A as in Section

2.1).

For this purpose we recall first Proposition[2.3; (¢). Suppose that A € A* is an
invertible element of the algebra A. Recall that the A\-characteristic projection
operator

Taw : M(NpU; A) — M(Np¥; A)* € M(Np¥; A) (v>1)
is determined by the kernel ﬂ Im(U — AI)™; this projector is given as a poly-
n>1
nomial of U over A whose degree is bounded by the rank of M(Np?; A).

Using Proposition [2.3(c), the sequence of projectors my , can be glued to the
canonical projection operator

Tt M(A) = M(A)* € M(A) (2.4)
given for all g € M(A) by
m(g) =g = U’ [ma1U"(g)]

(g* is well defined if v is sufficiently large so that g € M(Np¥+1)).
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Next we construct an admissible measure
. PH(Y, A) = M(Np; A)
such that

/( P = @2(@0) = T (@ (@)

where @, : PH(Y,A) — M(A) are M(A)-valued distributions on Y for r =
0,1,...,h— 1, and ®}((a),) are their A-characteristic projections given by

DX((a)y) = U™ [maaU” ®,((a)y)]

for any sufficiently large v’. Note first of all that the definition
[, a8 = @@ = U a0 (@)

of the linear form ®* : P"(Y, A) — M(A) is independent on the choice of the
level: for any sufficiently large v’, we have by Proposition [2.3 the following
comutative diagram

M(Np? 2 4) 2 M(NpY L AP

U”'l lz U

M(Np;4) 23 M(Np; A

in which the right vertical arrow is an A-isomorphism by Proposition 2.3 (b),
and the A-linear endomorphism U commutes with the characteristic projectors
Taw'+1, Tx,1. Hence the following sequence stabilizes: for some vj; and for all
v’ > v, we have that

U [mlev/cpr((a)v)} — U [m,lU%@T((a)v) .

THEOREM 2.4 Let A € A be an element whose absolute value is a positive
constant with 0 < |\|, < 1. Suppose that there exists a positive integer s such
that for any (a), CY the following two conditions are satisfied:

P, ((a),) € M(N'p*"), with N' independent of v, (level)

T

U%U(Z <:/>(y2)rrlq)r/((a)v))>| <Cp™™" (growth)

r’=0

forallr =0,1,...,h —1 with h = [>ord, ()] + 1.

Then there exists an h-admissible measure ®* : P*(Y, A) — M such that for
all ((a)y) CY and for all=0,1,...,h—1 one has

[ it = ek
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where

©((a)e) = mA(@r((a)o)) == U [ma1U @, ((a)o)]
is the canonical projection of wx of the modular form ®.((a),) (note
that U**®,.((a),) € M(Np*’; A)» = M(Np; A)* because of the inclusion
UL (M(Np*; A)) € M(Np; A) for all v > 1, see Proposition[2.3 (a))

Proof. We need to check the h-growth condition of Definition [0.1, ¢) for the
linear form

N Ph(Y, A) — M(A)

(given by the condition of Theorem [2.4). This growth condition says that for
all a € Y and for v — oo

/( oy i

=o(p~"""M)
p,M

for all 7 =0,1,...,h — 1, where h = [>0rd,(\)] + 1 and yp = y,(a).
Let us develop the definition of ®* using the binomial formula:

r

/<a)1, (v )" ¥ = 3 (:) (—yp)" " @M ((a)y) = A"

r’=0
T r ,
\UF L [ 7T,\,1U%U (Z (r,) (_yg)T—T D, ((a)v)>‘| . (25)

r’=0

First we notice that all the operators
n—1 o .
AU = (AT = (T4 AT 2T =) ( ; ) (A tz)

j=0

are uniformly bounded for v — oo by a positive constant C; (where U =
M+ Z and Z™ = 0 where n is the rank of M(Np; A)). Note that the binomial

coefficients (_?%) are all Z,-integral.
J

On the other hand by the condition (growth) of the theorem (for the distribu-
tions ®,.) we have the following inequality:

T

(3 (1) @0

r’'=0

S Cpf’l)’l’
p,M

forall r =0,1,...,5ch — 1. If we apply to this estimate the previous bounded
operators we get

< C- Cl‘)\—v%|p . p—vr _ O(p—v(r—h))
»,M

/( oy
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because of the estimate

AT, = (pordpo‘))v% = o(p*™), and sord,(\) < h = [xord,(\)] +1. 1
(2.6)

We apply Theorem [2.4]in Section [5.1 in order to obtain a p-adic measure in
the form py ¢ = (mA(P)). Here A is a non-zero eigenvalue of Atkin’s operator
U = U, acting on M, £ : M*(Np; A) — A is an A-linear form, applied to the
projection m : M — M*» € MM Np; A) of a modular distribution ®, where
A=C,.

3 MAIN CONGRUENCE FOR THE HIGHER TWISTS OF THE SIEGEL-
EISENSTEIN SERIES

The purpose of this section is to show that the admissibility criterion of The-
orem [2.4] with h* = 2 is satisfied by a sequence of modular distributions (1.2),
constructed in Section [T.

3.1 CONSTRUCTION OF A SEQUENCE OF MODULAR DISTRIBUTIONS

As in the Introduction, consider the series F), , = G*(Z, —r; k, (Np”)Q, 1), given
by (A.12), viewed as formal (nearly-holomorphic) Fourier series, whose coeffi-
cients admit explicit polynomial expressions. The only property that we use
in this section is the fact that they can be written in terms of simple p-adic
integrals:

Fyp=> det(T)" " Q(R,T;k — 2r,r)ay »(T)q”,
T

PaSE], [PalAS] and (1.1)). Here we use a universal polynomial, described in
CourPal, Theorem 3.14 as follows:

QR,T) = Q(R,T; k —2r,7) (3.1)
= Z <:) det(T)Tﬁt Z Rp(k—k+7)QL(R,T),
t=0 |L|<mt—t

QL(R,T) = tr (‘pm—1, (R)p;, (7)) - -t (1, (R)p7, (7)),

where we use the natural representation p, : GL,,(C) — GL(A"C™) (0 <
r < m) of the group GL,,(C) on the vector space A"C™. Thus p,(z) is a
matrix of size (") x (") composed of the subdeterminants of z of degree r.
Put pX(2) = det(2)pm_r(%2) L. Then the representations p, and p’ turn out to
be polynomial representations so that for each z € M,,(C) the linear operators
pr(2), pi(z) are well defined. In (3.I), L runs over all the multi-indices 0 <
li <+ <1l <m,such that |[L] =13 + -+ 1; < mt—t. The coefficients
RL(B) € Z]1/2]|5] in are polynomials in 8 of degree (mt — |L|) and with
coefficients in the ring Z[1/2].
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3.2 UTILIZING THE ADMISSIBILITY CRITERION

Recall an important property of the sequence of distributions @, defined by
(1.2), Section [1: the nebentypus character of ®,.(x) is (¢1,2,13), so that it
does not depend on x. Now let us prove that the sequence of distributions ®,. on
Y produces a certain admissible measure ® with values in a finite dimensional
C,p-vector subspace

MY €M, M = My (Cp) @ My (Cp) @ My (Cp),

(of nearly-holomorphic triple modular forms over C,) using a general admissi-
bility criterion (see Theorem [2.4).

3.3 SUFFICIENT CONDITIONS FOR ADMISSIBILITY OF MEASURES WITH VAL-
UES IN NEARLY-HOLOMORPHIC MODULAR FORMS

In order to construct the admissible measures of Theorem B we use the admis-
sible measures i*(f1 @ fo ® f3,y) constructed in Section [5/out of the modular
distributions ®,. in the form

BM(f1 @ f2® f3)(xyp) = Uma(@r)(X)).

The growth condition for i* follows then from a growth condition for ®,.:

sup

/ (yp _ ap)rd&))\ -0 (levlg—ZordpA) , (3.2)
a€Y |Ja+(Npv)

p

where ~

X (xyp) = mA(@r(X))-
Let us use a general result giving a sufficient condition for the admissibility
of measures with values in nearly-holomorphic Siegel modular forms (given in
Theorem 2.4) with »r = 2, h = [2ord,A] + 1. Then we need to check that the
nearly-holomorphic triple modular forms ®,.() are of level N2x?¥, nebentypus
(11,12,13), and satisfy the congruences

vt (3 (L)oo, (@)

r’'=0

<Cpr (3.3)

P
and for all r =0,1,--- ,k — 2.

3.4 SPECIAL FOURIER COEFFICIENTS OF THE HIGHER TWIST OF THE
SIEGEL-EISENSTEIN DISTRIBUTIONS

Let us use the Fourier expansions (1.13) for ¥, (x). These formulas directly
imply the Fourier expansion of ®,(x)|Uz" as follows

.00 = D ap®ty,p*te, p*ts; p* Ry, p* Ra, ™ R, 1) i 45
t1,t2t3>0

(3.4)
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with
a’(pgvtl ) p2vt27 p2vt3; pQURl ) pzsz ) p2’UR3a T)
= Z X(t1atiatas)hats(t13) 113 (t23)
T:diag(T)=(p2vt1,p?Vt2,p?Vt3)
x det(T)F =277~ Q(p* diag(Ry, Ra, R3), T; k — 2r,1)2"ay (T)
= > vy (T, ding(Ry, Ro, Ry)),
T:diag(T)=(p2vt1,p2Vt2,p%"t3)
where
vy, (T, diag(R1, Ra, R3)) = X(tiotistas)Poths(tiz) 113 (tas) X (3.5)

x det(T)"~2"=*Q(p*" diag(Ry, Ra, R3), T; k — 2r,7)2"ay . (T)

= xP(2)x® (T)X° (t12t13t23) 203 (t13) P13 (taz) X

x det(T)* 2 *Q(p*" diag(R1, Ra, R3), Tk — 2r,7)2"ay (7).
Let us notice that, for any T with diag(T) = (p?t1, p?°t2, p*“t3) one has

det(‘]’) = 2t12t13t23 mod p2v’
xP)(2t1at15t23) = X (det(T)) = x(det(T)x° (det(T),

2y (T) = / yox(y)dT,
Y

with x = x®x°, x® mod p”, x° mod N, and p{ N,
for a bounded measure Fy on Y with values in Q. It follows that

Ux,r({-Ta diag(Rl, RQ, Rg))
= xP(2)x(det (7)) det(T) X (det (T)atis (t13) 1403 (t23)- (3.6)

~det(T)*"rQ(p?" diag(Ry, Ra, R3), T; k — 2r,7)2"ay . (T) (3.7)

= det(T)k_T_KQ(p2v diag(Rl, RQ, Rg), iT, k— 27", T)F(Z) / Xy;d:}‘g';xo’wl’w%ws,
Y
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where Fg.y0 4, 0,0, denotes the bounded measure defined by the equality:

/nygdfffr;xo,wl,wz,wg (3.8)

= x(2)x°(2)2"x(det(T)) det(T) " x° (det(T) 213 (f13)1h1 03 (t23) ax.r (7).

3.5 MAIN CONGRUENCE FOR THE FOURIER EXPANSIONS

Let us use the orthogonality relations for Dirichlet characters in order to prove
the admissibility of the distributions given by the sequence 7y (®,(x)) using the
Fourier expansions (3.4). According to the admissibility criterion of Theorem
[2.4] we need to check the following Main Congruence:

- r r—r’ 1 — v o1
‘ Z <T,)(a2) S(NpY) Z X~ (@) vy (T, p*° diag(Ry1, Ra, Rs3)) )
x mod Np¥

<Cp™", (3.9)

where we use the notation for vy, (T, diag(R1, R2, R3)), implying that
the coefficients

ip(vy,r (T, diag(R1, Ra, R3)))

in (3.5) are given as sums of the following expressions:

By (x.T) = X°(2) det(T) " / VAT T s s (3.10)
Y

T r ]
t) det(T)""" > Ru(k—k+7)QL(p” diag(Ri, R, Rs),T),
t=0 |L|I<mt—t

where Fg.yo y, ,,0, denotes the bounded measure defined by (3.8). Using
the expressions (3.10), the main congruence (3.9) is reduced to proving the
congruence for the numbers B,.(x,T): there exists a non-zero integer C} such
that

Cl - Z (T/> (_ag)T_Tl ! Z X ' (a)By(x,T) = 0 mod p°"

r’=0 x mod Npv

(3.11)
= (O} - A=0mod Np"",
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where we use the notation

A :AT(‘I7 Xoawlana ¢3) = Z (:,) (_a/g)r_r/ : Z X_l(a’).

r’'=0 <p(NpU) x mod Np?
(3.12)
S0 —r'—k r’ - T, r—
DO [ 0 Wi Y < ) det(T)"
Y t=0 ¢
> Rp(k—k+1)Qu(p* diag(Ry, Ry, R3), 7).

|L|<mt—t

Note that Rp(x — k 4+ r’) is a polynomial of degree mt — |L| = 3t — |L] in
k —k+ 1’ (see (3.1)), hence in 7/, and (7)) is a polynomial of degree ¢ in 7.
One can therefore write

71/ 4t—|L| (T/ +n+ 1)'

Here the coefficients p,, are fixed rational numbers (independent of 7).

Using the orthogonality relations for Dirichlet characters mod Np", we see that
the sum over r" in (3.12), denoted by C' = C\.(t, L, T; x°, %1, 12, 13), takes the
form

Cr(t, L, T3 X%, 01, P2, 1b3) = X°(2) det(T)F 1=

el "/ o (1 45
/y o mod n; “2 (r/>(‘“) T Y PTewivee ()
a’ﬂ
-n_—~ n+1 _ T

Note that we write y = x°x®, fix x°, and sum over all characters y® mod p®.
We have therefore (y —a)” = 0 mod (p¥)" in the integration domain y = a mod
p", implying the congruence
e Cr(t, L, T3 X, 1,02, 903) =0 (mod (p*)"™") =0 (mod (p*)"~*FIH),
(3.13)
where ¢ € Q* is a nonzero constant coming from the denominators of the fixed
rational numbers fi,,, and of the bounded distributions Fgyo v, s, -

3.6 PROOF OF THE MAIN CONGRUENCE

Now the expression (3.12) transforms to

T

AT) =" N det(T)"- C(t, L, T) det(T)* > " QL (p*" diag(Ry, Ra, Rs), T),
t=0|L|<2t
(3.14)
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where Qr,(p?” diag(Ry, R2, R3),T) is a homogeneuos polynomial of degree 3t —
|L| in the variables R;; implying the congruence

Qr(p* diag(R1, Ra, R3),T) =0 (mod (p)@=1ED). (3.15)
On the other hand we know from the description (3.1) of the polynomial

T

QR,T) = Q(R,T;k—2r,r) =) (Z) det(T)" 'Y Ri(k —k+71)QL(R,T),

t=0 |L|<2t
QL(R.T) = tx (‘ps—1, (R)p}, (T)) - .. - tr (Yo, (R)pF, (7)) .

that 2¢ — |L| > 0 so we obtain the desired congruence as follows

{ckC’r(t, L) =0 (mod (p) —*+IH) (3.16)

Qr(p** diag(Ry, R2, Rs),T) =0 (mod (p?*) Bt 1ED)
= A (T) =0 (mod p'"),
since v(r — 4t + |L]) + 2v(3t — |L|) = vr + 2vt — v|L| > vr, proving (3.9). 1
3.7 CONSTRUCTION OF ADMISSIBLE MEASURES WITH VALUES IN NEARLY-
HOLOMORPHIC MODULAR FORMS

We wish now to construct an h-admissible measure ®* : P*(Y, A) — My (A)
on Y out of the following sequence of the higher twists of Siegel-Eisenstein
distributions given by the equality (1.2):

P, := 2" diag" U, = 2" FX1 X% @, : PL(Y, A) — Mrp(A)
(they take values in the A-module
M = Mp (1,102,903 A) C My r (Y15 A) @ My (V23 A) @ My (1035 A)
of triple modular forms over A = C, or A = Q).

THEOREM 3.1 Let A € A be an element whose absolute value is a positive
constant with 0 < ||, < 1, and define h = [2ord,()\)] + 1. Then the sequence
(1.2) satisfies for any (a), CY the following two conditions:

®,((a)y) € M(N'p?Y), with N' independent of v, (level)
2v - r 0\r—r’ —ur
Ur (Z (T/>(_yp) @T/((a)v)))‘ <Cp (growth)
r’=0 »

forallr=0,1,...,h—1. )
Moreover, there exists an h-admissible measure ®* : P"(Y, A) — My such that
for all ((a),) CY and for allr =0,1,...,h — 1 one has

|t = aX@,)
(a),,
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where

(I)i\((a)v) = WA,T((DT((G)U)) = U;% [WA,IUIQ“”(I)T((G)U)]
is the canonical projection of wx of the triple modular form ®,.((a),) (note
that U2°®,.((a),) € Mp(Np?’; A)A = Mq(Np; A)* because of the inclusion
U2 (M (Np?¥; A)) € Mg (Np; A) for all v > 1, see Proposition2.3 (a)).

Proof. We use Theorem|[2.4 with » = 2, and we to check the h-growth condition
for the A-linear map .
PN PI(Y, A) = Mp(A)

defined in Theorem[3.1] We have to check that for any ((a),) € Y the following

two conditions are satisfied: for all r =0,1,...,h — 1,
®,((a)y) € M(N?p™), (level)
"
U%U<Z (r’) (—92)7"”” @,./((a)v)) <Cp™". (growth)
r’'=0 »

The (level) condition is implied by the definition (1.2)
D, (x) =2" diag” F;Z#Xz,)z%

and Proposition
The (growth) is deduced from the Main Congruence (3.9) (proved in Section
[3.6) for the Fourier coefficients of the functions (1.2). 1

4 A TRILINEAR FORM ON THE CHARACTERISTIC SUBSPACE OF THE U-
OPERATOR

4.1 THE ADJOINT OPERATOR U*

Let f =77, a,g" denote a primitive cusp eigenform of conductor dividing
Np, with coefficients i,(a,) in a finite extension K of Q, and of Dirichlet
character 1 modulo N. Let o € K be a root of the Hecke polynomial 2% —
a,(f)x + 1 (p)p*~! as above, and let o/ denote the other root.

Recall that the function fo = 307 an(fo)g" € Q[[q]] is defined by (0.9) as
an eigenfunction of U = U, with the eigenvalue o € Q. In the following
proposition, let U* denote the operator adjoint to

U=U,: M, ;,(I'1(Np),C) = M, x(I'1(Np),C)

in the complex vector space M, (I'1(Np),C) with respect to the Petersson
inner product.

PROPOSITION 4.1 (a) The following operator identity holds: U* = WJQ; UWnyp
(in the complex vector space M. ;,(T'1(Np),C)).
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(b) There are the following identities in M, ,(I'1(Np),C):

PlUr =af® and Ti(f°) = ai(f)f°

for all “good primes” 11 Np.

(c) The linear form g — (f°,g)np on M, x(T1(Np), C) vanishes on the complex
vector subspace Kerm,, 1 = Im(U —ad)™ where ny = dimM,. ,(T'1(Np),C), and
we use the same notation as above

Ta,1 - Mr,k(FI (Np)a(c) — Mik(rl(Np)a (C)

for the complex characteristic projection onto the «-primary subspace of
the operator U (acting on the finite-dimensional complex wvector space
M, x(T'1(Np),C)) hence

(% 9)np = (f%, a1 (9))vp

(d) If g € M(Np***;Q) and a # 0, then we have the equality

(£ 7a(9))np = @~ (f*, U g)np

where
Ta(9) = 9% = U " [ra,1U"] € M*(Np)

is the a-part of g.
(e) The linear form

<f07 ai’UUU(g»Np
<f07 fO)Np

Lo : M(Np";C) - C, g~

is defined over Q: - -

Lf,oz : M(va7Q) — Q
and there exists a unique C,-linear form £; , on M(Np”;C,) = M(Np?; Q) ®i,
C, such that L5.4(g) = iy(L1.a(g)) for all g € ip(M(Np¥;Q)).

Proof (a) See [Miy], Theorem 4.5.5 (see also [Ran90]).
(b) Let us use directly the statement a):

FOU* = FEIWNp W UWny = af Wy, = af’.
(c) If g € Kermy,1 = Im(U — o)™ then g = (U — al)™ g1 and
(f°, (U —al)™gi)np = (U* = al)f°, (U — aI)" "' g1)np =0
hence (f°, g)np = 0; moreover

(2 9 np = (f°,ma1(9) + (9 — Ta,1(9)) vp = (% Ta,1(9)) vp-
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(d) Let us use the definitions and write the following product:

av<f0’ 7Ta9>Np = <U*U(f0)7 u— [’”a,lUvg} >Np

= <f07 Wa,l(Uvg»Np = <f07 UU9>NP
by (c) as U%g € M(Np). B
(e) Note that L7 (fo) =1, fo € M(Np; Q). Consider the complex vector space
Kerlyo = (f°)" = {g € M(Np";C) | {f°, g)npw = 0}.
It admits a Q-rational basis (as it is stable under all “good” Hecke operators
T, (I Np):
(f°, 9 npr = 0= (. Tig)npe = (I7 %, g)npe = 0

and diagonalizing the action of 7; (over Q) we get such a basis establishing e).
We obtain then the Cp-linear form £f, on M(Np”;C,) = M(Np*; Q) ®;, C,
such that £74(9) = iy(La(g)) by extending scalars from Q to C, via the
imbedding i,.

Note that we use here only the a-part M(Np”; A)® because the constructed
linear form (;, passes through the 7, (for A = C, , A = Q, or A =0C).
Moreover, fy can be included to a basis {fo, g; }i=2.... » of M(Np¥; A)*, where
g; are eigenfunctions of all Hecke operators T; for primes [ { Np; they are
algebraically orthogonal to fy (in the sense of the algebraic Petersson product
studied by Hida [Hi90]) so that projection to the fo part of this basis gives such
an A-linear form.

4.2 THE TRIPLE U-OPERATOR

In the following proposition, we consider the triple U-operator

Ur=Uip®@Usp®@Us, : Mp(T'1(Np),C) = Mp(I'y(Np),C), where (4.1)

Mz (T'1(Np),C) = My, (T1(Np), C) @ My, ('1(Np), C) @ My, (T1(Np), C),

acting on the complex vector space Mp(I'1(Np),C) endowed with the triple
Petersson inner product (-,-) defined by

(91 ® g2 ® g3, h1 @ ha @ h3)p = (g1, h1) n, (925 h2) (935 h3) -
Let
Ur=Uf,®U;,®U;s,
denote the adjoint operator on M (I'1(Np),C) for the triple Petersson inner
product. Recall the notation (0.9) and :

2 2) _k p0
fio= 1 — ) filVp = fi — allp~H2 | (0 1)

— n 07 =
0= Za(n,fo)q I = Folk WNP*fﬁO’k (Np 0 >

n=1
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PROPOSITION 4.2 (a) The following operator identity holds:
Ui = Wiy Up i Wiy @ Wi Up s Wy @ Wy Uy sWip

(in the complex vector space M (T'1(Np),C)).
(b) There are the following identities in Mp(I'1(Np),C):

Ur(fi @ f2 @ f5) = \fi @ f2 @ f3).
(¢) The linear form on Mr(T'1(Np),C) defined by

J1®G2@g3® — <f? ® 3 f, 01 ® g ®g3>T = <f{)agl>Np<f20792>Np<f§)a93>Np

vanishes on the complex vector subspace Kermy 1 = Im(Up — A\I)"T where we
write np = dim Mz (T'1(Np), C), and we use the notation

T s Mr(T1(Np),C) — M3 (L1 (Np), C)

for the complex characteristic projection onto the A-primary subspace of
the operator U acting on the finite-dimensional complexr wvector space
Mr (T (Np),C). Moreover, the following equality holds

(N0 0900g),= (1O mri(n®g®gs)),.
(d) If g € Mz (Np*T1,Q) and A # 0, then we have the equality

(Y@ 3@ f3,mar(9)rnp = A ® f3 © f3, Upg)r.np

where
mr(g) =g =Uz" [ma1,1Upg] € M7 (Np)

s the A\-part of g.
(e) The linear form

(fi®f3® 8, \""Upg)r,Np
(L@@ f, f1,0® f20® f30)1,Np

Lr:Mp(Np’;C) = C, g~

is defined over Q: B B
Ly Mp(Np”;Q) = Q

and there evists a wunique Cp-linear form frx on Mgp(Np';Cp) =
M7 (Np”; Q)®i,Cp such that L x(g) = ip(Ly,a(g)) for all g € iy(Mp(Np¥;Q)).

REMARK 4.3 We may view the trilinear form

(91,92, 93) = Lr (g1 ® g2 @ g3)

as a p-adic version of the triple Petersson product following Hida [Hi90)].
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Proof of Proposition a), b) follows directly from that of Proposition [4.1!
In order to prove c) we need to show that the linear form on My (I'y(Np),C)
defined by

Nn©RDGE > (OLOf00080m)y,
= (0, 91)np{f2, 92) Np(f3, 93)vp
vanishes on the complex vector subspace
Kermy 1 = Im (Up — AX)"T = (Ker (U} — XI)"7)*.

It suffices to notice that

oo e Ker (Us —X) C Ker (U — X)"T,
because of the equality

Ur(fl @ f3 @ f5) = UL, (1) @ Uz, (£2) @ U3, (f3) = M(fi © f2 ® f3).

More precisely, if g € Kermy 7,1 = Im(Up —AI)"7 then g = (Up — A)"" g1 and

(@ f3®@ f5,(Ur — M) "g1)r.np
= ((Ur = AD(f{ © f2 @ f5, (Ur = AD)" "' g1))r,np = 0
hence (f{ @ f9 ® f9,g)r,np = 0. Moreover, the following equality holds

<f? ®f3®f5, 91 ® g ®93>T = <ff ®f3 @ [, mari(g ® g2 ®93)>T7

by the definition of the projection 7y 7 1:

g1 ®g2® 93— mar1(91 @92 @ g3) € Kermy 1.
d) Let us use the definitions and write the following product:
AL ® f3 @ f3 margyrnp = (Ur"(ff @ f3 @ £3), U " [mar1Upg]) rovp =
(ff ® f3 @ f3,mara(URg)rnp = (L © f2 © 3, Upg) 7wy

by ¢) as Ujg € Mp(Np). B
e) Note that Ly (ff @ @ f9) =1, fl® f® f) € My (Np; Q). Consider the
complex vector space

Ker L7 = (ff ® f§ @ f)*t = {g € Mp(Np”;C) | (f°,9)7,npe = 0}

It admits a Q-rational basis (as in Proposition [4.1) establishing e).

We obtain then the C-linear form ¢\ on Mz (Np?; C,) = My (Np¥; Q) ®;, Cp
such that ¢7,(g) = i,(L1(g9)) by extending scalars from Q to C, via the
imbedding i,. 1
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5 COMPUTATION OF p-ADIC INTEGRALS AND L-VALUES

5.1 CONSTRUCTION OF p-ADIC MEASURES

Let M = Mr(4) = UsoMer(Np?, 013 4) @4 My (Np¥, 9025 A) @4
My -(Np¥,1p3; A) be the A-module of nearly-holomorphic triple modular
forms with formal Fourier coefficients in A, where A = C,. Let us define an
A-valued measure

PMys L@ f2 @ f3) 1 €T (Y, A) — A
by applying the trilinear form ¢p 5 : M(Np”; A) — A of Proposition
My f1 @ fo @ f3) = LA (@) (5.1)
to the h-admissible measure ®* of Theorem [2.4/on Y with values in M(A)f‘ -
M(Np; A). That h-admissible measure was defined as an A-linear map ®* :

Ph(Y, A) — M(A)* satisfying for any (a), C Y and for all 7 = 0,1,...,h — 1
the following equality:

/( B = m(@((@)) € MNP

where h = [2ord,A(p)] + 1, hence
/( ) yr i (y; f1 ® fo @ f3) = b,z (/( ) yy d@(y)> : (5.2)
5.2 EVALUATION OF THE INTEGRAL

/Yx(y) yr diM y; f1 ® fo @ f3) (5.3)

for r € N, 0 < r < k —2. The result is given in terms of Garrett’s triple L
function D*(f @ f§ @ f§,2k — 2 — r,h1bax). Let us use the action of the

involution Wy, = ( 0 —1

N, 0 of the exact level IV; of f;:

0 -1 0 -1 B
fj|kWNj:(Nj 0>:7j. JP’ fj/')|kWNj:(Nj 0)2 RIT

where f7(2) = Zdn,je(nz) € 8 (Nj,1;), (5.4)
n=1

(7 =1,2,3) and +; is the corresponding root number. (5.5)
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Recall the notation (0.9) and :
2 2) _ p0
Fro= £ =iV, = 1 = a5 (51

>~ 0 -1
, nof0 _ ¢p = fr
73,0 ™ Za(nvfo)q ’ fj - j70|k WNp B fjp’k (Np 0 > .

n=1

ProprosITION 5.1 Under the notations and assumptions as in Theorem |B.2,
the value of the integral (5.8) is given for 0 <r <k —2 by the image under i,
of the following algebraic number

@*(ff & fé) & fé)an —-2- 7“a¢11/)2X)
(Y@ @19, 1,0 f2,0 @ f3,00)7 N2p2o

T- A_Qq)SNp(—T)

where

27" ((Np)? /N1 N3 N3)* 2515973 (x1 x2x3) (2)p* " F )
N11N1L2 N3G x,0) Gx2.0) G o)
k—or N2 p(N2p*")p(Np¥)

[Fo(N2p2”) : F(N2p2v)}3 .

T= X

% (Np2v)

v, s the corresponding root number, given by (5.4), and the factor £np(—r),

given by (5.13).

REMARK. In particular, Propostion 5.1 implies Theorem A, using a computa-
tion by B.Gorsse and G.Robert (see [Go-Ro]) that for some £ € Q

(P @[3 @ 157 fLo® Lo @ fLo)rnp = B+ (fi, f1)n (f2. f2) N (f3: f3)n-

5.3 EVALUATION OF THE TRILINEAR FORM

In order to compute the p-adic integral, the next step of the proof uses com-
putations similar to those in [Hi85], §4 and §7. More precisely let us write the
integral in the form

/Yx(y) ypdin(y; /L @ fa @ f3) = Y x(a)/ yp Al A (@M (y)) =

agY, a)o
=Ll (Z X(a)/ 2/; d(f/\(y)> = L7\ (Z X(a)@?((a)”) ) (5.6)
a€Y, (@)o a€Y,
where (a)y = (a+ (Np?)) C Y, and by definition (5.1)
My L ® fa ® f3) = Lo (V) (y), (5.7)
[ @) = @@ €260 (538)
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forr =0,1,...,h—1. Moreover ®,. ((a)q,) is a triple modular form given by
of level N2p?¥ as a value of a higher twist of a Siegel-Eisenstein distributions,
hence

BN (x) = Up2? [M’T’IU%” (2’“F§;>227>’<3 o diag)} . (5.9)

Taking into account the equalities (5.9), the integral (5.6) transforms to the
following

/Yx(y) yp i (y; [r © fo2 @ f3) = lr (Z X(a)‘P?((a)v)> (5.10)

a€cy,
= ETJ\ (U;QU {7‘()77'71 Uzlz—vv (ZTF;C}T’)@’XS ] diag)] )
Notice that then it follows that the sum in the right hand side of the equality
5.10) can be expressed through the functions (1.2):

/ X() yp Ay fr © f2 @ f3)(y)
Y
lra (UT_Q” [m,T,lU%ﬂ (27 FXyX%s o diag)D (5.11)
where we use the functions (1.2). The function
9= Pr(x) = 2"FYX% o diag
is computed in (B.5)), Appendix /B as follows:

8(217 22,23, T, kv vav 17b7 X1 X2 X3)
= N1,1N12N1 3(X1X2X3)(2)G (x0,1)G(X0,2) G (x0,3)27 " (X),

thus it is a nearly-holomorphic triple modular form in in the Q*-module

M(Q™) = Mg (N?p®", 1 ® 1y @ 1b3; Q)
C Mk,r(szzva Q;Z)l; Qab) ® Mk,r (N2p2va 7/)2; Qab) ® Mk,T(N2p2v7 1/133 Qab)'

Then by the general formula of Proposition [4.2 e) we have:

(L ®f3® [, U g)r N2

(P19, f1,0® f2,0® fa0),N2p
(5.12)
0 0 0 —2uTT2V
_ . ® f3 @ 3, \"2'UZ(9)) 7, N>

/ U. 2v U2'u _ <f1 2 3 T s P
T,)\( T [ﬂ-)\,T,l T (g)]) ZP (<f10 ®f§| ® fg,fL() ® f270 ® f370>N2p
=4 (/\va&Zv(kl) . <V2U(f10 ® fg ® f??)vg>T,N2p2”+1 ) .

3 (@ f@ 19, f1,09 f2,0 ® f3,0),N2p

Ly MT(N2p2”;(C) —C, g~
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The scalar products in[5.12 can be computed using Theorem [B.2, but we omit
here the details. This implies Proposition [5.1 using the integral representation
o0

of Theorem [B.2| for modular forms fjﬁgv (z) = Z ajn20e(nz) as above:

n=1

D(ff @ f5 ® f5,2k — 2 — r,h1¢baxa) (5.13)

k—or N2D?Y0(N?p*)o(Np")

(Np™) [To(N2p2v) : [(N2p2v)]3

X SNP(—’I’)

= <f172'v & fQ,Q’U & f~3,2v7 E(Zh 22,23, T, kv N2p2va¢7X17X27X3)> )
T, N2p2v

where

Un 1,200n,2,200n 3,20

np(8)=Enp (55 frov @ fou ® fs,zu)IZZGN(l/Jﬂ/)zXh 2n) o 2si2k 2
n|N>

5.4 PROOF OF THEOREM B

Let us use Propostion [5.1]and (5.13):

2_T/ XW) yh di* (y; f1 ® fo @ f3)(y) = 27 p 5 (U;sz [77,\7T,1U%v(9)])
. (5.14)

_ ((Np)3/N1N2N3)*/ 25419575 (x1x2x3) (2)p* (2
A2 N7 1N 1N31G(x1,0)G (x2,0)G(X3,0)

N2p**o(N?p*”)p(Np®)
[Co(N2p?v) : T(N2p?v)]3

% (Np2v)k727‘ SNp(_r)X

D*(flp & f2p & f3pa2k -2 Tv¢1¢2X1)
(Y@@ F9, f1,0® fa0 @ fa,0)7,n2p

Let us show that under the assumptions as above there exist an admissible
Cp-valued measure /1}‘1 ©f2@fs Ol YN p, and a Cp-analytic function

Dpy(@, f1 ® f2® f3) : Xp = Cp,

given for all x € X, by the integral

D(p) (J?, fl & f2 & f3) = / $(y)dﬂ?1®f2®f3 (y)’

N,p
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and having the following properties: for all pairs (r, x) such that for x € X;"rs
the corresponding Dirichlet characters x; are Np-complete, and r € Z with
0 <r <k — 2, the following equality holds:

Dy (x@ps [ ® f2 @ f3) = (5.15)

in( (Y1) QO
PAG(x1)G(x2)G(x3)G(1thax1) A (p)?®

D*(ff @ f3 @ f5,2k =2 — Tai/flwzx))
(ffofeffefef)r

where v = ord,(Cy), x1 mod Np” = x, x2 mod Np’ = b3 X, x3 mod Np¥ =

P13x, G(x) denotes the Gaufl sum of a primitive Dirichlet character xo at-

tached to x (modulo the conductor of o).
Indeed, we may write

Dipy(@: f1 @ fo® f5) = C - 2(2) /Y w()di (i fr © fo® f3)

with an appropriate constant, given by the RHS of (5.14), where v = ord,,(C) ).

Moreover, it follows from the properties of the constructed measure
henen®) =C- @'y i f@ f5)

that

(ii) if ordyA(p) = 0 then the holomorphic functions in (i), (i) are bounded
C,-analytic functions: it suffices to use the equality (2.5) with r = 0 in
order to show that in this case the measure ®* is bounded because of
IA(P)]p = 1);

(iii) in the general case (but assuming that A(p) # 0) the holomorphic func-
tions in (i) belong to the type o(log(x])) with h = [20rd,A(p)]+1 and they
can be represented as the Mellin transform of the h-admissible measure
ﬂ}l ©fof, (I the sense of Amice-Vélu);

(iv) if h = [2ord,A] +1 < k — 2 then the function D,y is uniquely determined
by the above conditions (i). N

A NEARLY-HOLOMORPHIC SIEGEL-EISENSTEIN SERIES

A.1 TFOURIER EXPANSIONS OF SIEGEL-EISENSTEIN SERIES

In this section x denotes a Dirichlet character modulo an arbitrary integer N
(not to be confused with N in the Introduction). We recall some standard facts
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about the Fourier expansions of the Siegel-Eisenstein series defined by:

E(Z,s:k,x,N) = E(Z,s) (A1)
=det(y)® > x(det(dy))i(v,2)*[i(v, )7,
yePNI\I'

for k 4+ 2Re(s) > m+1, s € C, k € Z, and by analytic continuation over s
for other values of s € C (see [Sh83|). It is assumed in the identity (A.1) that
N > 1, x is a Dirichlet character mod N (not necessarily primitive, e.g. trivial
modulo N > 1), and

b
y= (a” d’*) €T =TI (N) c I™ = Sp(m, Z).
Cy Oy

Recall an explicit computation of the Fourier expansion of the series
E*(2,5) = E*(Z,8:k,x, N) := B(=271,s)det(2) 7", (A.2)

obtained from (A.1) by applying the involution

Om _lm
I = .
(o))
Note that for £ > m + 1 and N = 1 both series coincide and were studied by
Siegel:

E(2) = EM(Z) = B(Z,0) = E*(Z,0).

The detailed study of the series E*(Z,s;k,x, N) was made by G. Shimura
Sh83] and P. Feit ([Fei86], §10).

On the other hand, it is convenient to use the following notation. Let ¢ be
a Dirichlet character mod ) > 1 and consider the Eisenstein series of degree
m>1

Fo5(2,Q,0) = det(y)” Y ¢(det ¢) det(cZ + d) =" (A.3)
c,d
= det(y)” Z p(det ) det(cZ 4 d)~“ det(cZ +d) ™"
c,d
= det(y)” Z p(det ¢) det(cZ + d)°~| det(cZ +d)| 727 (A.4)
c,d

where (¢,d) runs over all “non-associated coprime symmetric pairs” with
det(c) coprime to Q. A more conceptual description would be to sum over
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T"™(Q) oo \T™(Q), where

T(Q) = {( ‘ Z ) € Sp(m,Z)’A = 0 mod Q} = ( ?Z _Oin’” )FB”(Q)

o= (1 S Yt o))
{(¢3)ewma

O —1 Om  —1m \
where IT™0(Q) = < 1m 0 " )FB”(Q) < 1m 0 " > C Sp(m,Z) is the
Om _lm
I  Om
Sp(m,Z) of symplectic matrices we denote by M, the set of those matrices
v = (LCL Z) € Sp(m, Z) satisfying the conditions ¢ = 0 and YM C M.

¢=0,b=0mod Q} c "%(Q) c Sp(m, 7),

stabilizer of M = ( > ' (Q), and more generally, for any set M C

ACTION OF ¢ € Sp(m,Z) ON THE EISENSTEIN SERIES

Note that for any o € Sp(m,Z) one has

E(Z, sk, x, N)|ro = > ¢(det dy)(1]ry0)(2)(Im (yo(2))*
YELT (N) oo \I'F* (V)

=det(y)* > ¢(detd,)j(yo,2) " i(yo,2)| 7>

YETG (N)oo \TF (N)

= det(y)* > d(detd,15)i(5,2)FLi(3, 2) 7%,

FEMT(N)) oo \IT (N) o
by writing 3 = 0y, 0715 =1 Py = Py <= Py = PAo.
In particular, for ¢ = J,, = < (1): _Oinm ) one has (22) - (Z:Z> c
'y (N)Jpm, hence

E(Z,s;k,x,N)| ( (1): *Oinm ) = E*(Z,s;k,x,N)
= det(y)® > x(det d) det(dZ — ¢) | det(dZ — ¢)|~2°.

(4 28)e@y(N)ec\TF (N)o

Notice that J,(N)TJH(N) = TJ(N)Jn(N), where J,(N) =
O, -1, d
N1, 0, )™

20 (20) = () = () o= (3 72)
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Therefore (Ndy, —¢1) = (Na, Nb), and (a,b) runs over all “non-associated co-
prime symmetric pairs” with det(a) coprime to N. We may therefore write
(Ndy,—c1) = (Na, Nb), and

E*(NZ,s;k,x,N) (A.5)
= det(Ny)* > x(det dy) det(dyNZ — 1) 7F| det(dyNZ — ¢1)|%°
(5 2o ) e@p (V) \Lg (N)o
= NE+9) det(y)* Z x(det a) det(aZ + b)~F=5~* (A.6)
a,b
= NI s(2, N, x) (A7)

A.2 ARITHMETICAL VARIABLES OF NEARLY-HOLOMORPHIC SIEGEL MODU-
LAR FORMS AND DIFFERENTIAL OPERATORS

Consider a commutative ring A, the formal variables ¢ = (¢;,5):,j=1
(Ri,j)ij=1,...,m, and the ring of formal arithmetical Fourier series

maR:

.....

Al¢®"][Ri ] = {f = > aT.R)q” ] a(T,R) € A[Rz-,j]} (A.8)

TEBm,

using the semi-group
and the symbols

e 27, _

¢’ = Hqg Hqij P C Alguss - Gmm]is qijl]i,jzl,'-- m

i=1 i<y
(over the complex numbers this notation corresponds to ¢7 = exp(2mitr(J2)),
R = (47Im(2))71).

The formal Fourier expansion of a nearly-holomorphic Siegel modular form f
with coefficients in A is an element of AJ¢®"][R; ;]. Let

MP(N, ) © MP(N, ) C M (N, )

denote the complex vector spaces of holomorphic, nearly-holomorphic, and C>°-
Siegel modular forms of weight k and character 1 for I'f*(N), see [ShiAr],
so that MP(N,v) C C[gPm], MP™(N,¢) c C[¢Pm][Ri,], an
M (N, ) C C*(H,y,).
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A.3 TFoRMAL FOURIER EXPANSIONS OF NEARLY-HOLOMORPHIC SIEGEL-
EISENSTEIN SERIES

In the Siegel modular case ' = Sp,,,,(Z) D T'§*(N) the series
E(Z, sk, x, N) = E(Z, 5) (A.9)

=det(y)® > x(det(dy))i(v,2)7*i(7,2)[7* € M®(To(N), X)
yEPAN\T

is absolutely convergent for k + 2Re(s) > m + 1, but can be continued to
all s € C. However, for N > 1, the Fourier expansion is known only for

the involuted series E(-,s)|W(N), where W(N) = (NO-T;,Z _01:)’ and for some

critical values s € Z (for N = 1 both series coincide). Here Z € H,, is in the
Siegel upper half-space:

H,, = {2 ='2 € M,,,(C)[Im2Z >0}, and P = {(g l;) € szm(R)}
is the Siegel parabolic subgroup.

EXAMPLE A.1 (INVOLUTED SIEGEL-EISENSTEIN SERIES) Let x be a Dirichlet
character modulo N. Recall that by (A.5)

E*(NZ,s;k,x, N) = Nkt B (2N, ) (A.10)
= NE+9) det(y)® Z x(det a) det(aZ + b)~*=57% where
a,b

E*(NZ,s) = E(—(N2Z)™!,s)det(NZ) ™% = N=F"/2E|W (N), (A.11)
G*(Z,5) = G*(Z,s:k, x, N) = N"ET) E*(NZ, 5)- (A.12)
i (m/2]
Tk, s)Ln(k+2s,x) | [ Ln(2k+4s—2i,x%)
i=1

k= (m+1)/2, and for m odd the T'-factor has the form:

f(k,s) _ -mk’z—m(k+1)ﬂ_—m(s+k)rm(k + S),
m—1

where Ty, (s) = 7m(m=1)/4 H ['(s—(5/2))).
=0

In order to describe the formal Fourier expansions explicitly let us consider the
Maass differential operator A,,, acting on C*°-functions over V ® C of degree
m, which is defined by the equality:

A, = det(d;;), Dij = 271 (1 4 6;;)0/0s;. (A.13)
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For an integer n > 0 and a complex number [ consider the polynomial
R (Zim, B) = (—1)"e () det(2)" P AT, [e*tf@) det(zrﬂ . (A1)
with Z € V @ C, where the exponentiation is well defined by

det(y)” = exp (Blog[det(y)]),

for det(y) > 0, y € Y ® C. According to definition the degree of
the polynomial R,,(Z;n, 3) is equal to mn and the term of the highest degree
coincides with det(Z)™. We have also that for § € Q the polynomial R,,(Z;n, ()
has rational coefficients.

THEOREM A.2 Let m be an odd integer such that 2k > m, and N > 1 be an
integer, then:

For an integer s such that s = —r < 0, 0 < r < k — &, there is the following
Fourier expansion

G*(Z,—r)=G*(Z,-r;k,x,N) = Z b (T,y, —r)q” = Z a(T,R)q”,
Am>T20 Am3T>0
(A.15)
where for s > (m + 2 — 2k)/4 in (A.15) the only non-zero terms occur for
positive definite T > 0, and for all s = —r with 0 < r < k — K, and for all
T>0,Te€ A, where

b (‘Ia Y, _T) = (1(77 R) =W (y7 “Ta _T)M(“T7 X k — 27"), (A16)
W*(y, T, —r) =27 det(T)* 2" "*Q(R, T; k — 2r,7).
Here a(T,R) = (T, R;r, N, x) is a homogeneous polynomial with rational co-
efficients in the variables R;; and T;j;, and
M(T,k=2r,x) = [ M7, x(0)e ) (A.17)
£] det(2T)

is a finite Buler product, in which My(T,x) € Z[z]; we use the notation q° =
exp(2mitr(T2)), R = (47rIm(2))~! as above, and polynomials Q(R,T; k — 2r,7)
are given by (3.1).

Proof: see [Sh83], [Fei86], Theorem 2.14 and formulas (2.137) in [CourPa]. The
use of definitions gives

W*(y, T, —r) =27"% det(T)*~2" " det(4my) " Ry (47T y; 7,k — k + 1)

where R,,(y;n, ) is defined by (A.14). Moreover, let us use the polynomials

Q(R, Tk —2r,r)det(T)"" = det(4nTy) "Ry, (47 Ty; 1 6 — k + 1),
it follows
W*(y, T, —r) =27"% det(T)* 2" " det(47y) " Ry (47T y; 7, 5 — k + 1)
= 27" det(T)" 2 TRQ(R, Tk —2r,7). 11
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B AN INTEGRAL REPRESENTATION FOR THE TRIPLE PRODUCT

B.1 SUMMARY OF ANALYTIC RESULTS

In this section we use the following data :
e Three equal weights k = ky = ko = k3
e Three Dirichlet characters mod N; with 1;(—1) = (=1)*

e Three cusp forms f;(2) = .00, anje(nz) € Sp(Njuby), (1 =
1,2,3) with N; |Z\7j, assumed to be eigenforms for all Hecke operators T,
with ¢ prime to N. In our construction we use as fj some “easy trans-
forms” of primitive cusp forms f; € 8;(N;,%;) in the Introduction, so
that they have the same eigenvalues for all Hecke operators Ty, for ¢ prime
to N. For example, f; could be chosen as eigenfunctions f; = f} of the
conjugate Atkin’s operator U, given by (0.10), in this case we denote by
fj,0 the corresponding eigenfunctions of U,,.

e Assume that N|Np", where N := LCM{N;, N», N3}

e Consider a non necessary primitive Dirichlet character y mod Np", and
the Dirichlet characters as in (0.12).

Using the notation z; = x; +iy; € H, one associates to this data the following
function

8(21722733) = E(ZlaZQa23;svka¢?X1?X27X3> = (Bl)

i3k273(k+1)72872k+2ﬂ_3(s+k)+21—\(25 4 2k _ 1)1—\(8 + k_ _ 1)><

x LOVP) (b + 25, 4p) LVP) (45 + 2k — 2, 9°) Z x1(e12)x2(€13)x3(€23)

v
€12,€13,623 mod Np

100 0 £ £
1o g2 0
Fiop (e, N2 40) Uomr w5 O | () ) za)yiusus.
’ 1 0 0
1 0
1

Note that the product of the normalizing Gamma-factor and of the two Dirich-
let L-functions come from the definitions (A.11) and (A.10) of the Siegel-
Eisenstein series.
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B.2 FOURIER EXPANSION OF THE EISENSTEIN SERIES (B.1)

Consider again the Dirichlet characters (0.12), and the corresponding function
(B.1) of level Np*.

We wish to express the series , evaluated at s = —r, through the series
(1.2) in the case of Np-complete conductors.

PROPOSITION B.1 For F(2) = Y a(T.R)q’ one has F®(2) =
T

0 €12 €13

12 0 e, oe) =

€13 €23 0

X1(e12)x2(e13)x3(€23), T denotes the (half integral) block matriz and

> 96, T)a(T,R)q”, where €
T

9:(6,T) = Y ¢(5)€XP(27”'U(%T€)), where ¢(e) = x1(c12)Xx2(c13)x3(€23).
e€SN,p/NpYSn,p p

Proof. Indeed,

Flte Npv = Za(ﬂ', R)¢" |tenpe = Zexp(thr(s‘J')/Np”)a(‘T, R)¢”, and it
T T
suffices to notice again that

0 €12 €3\ /[t tiz ti3
tr(eT) =tr || ez 0 ea3 || tiz too tog || = 2(e12t12 + €13t13 + €23ta3).
€13 €23 0 t13 ta23 33

|
Using this formula for F' = G*(Z, s; k — 2r, (Np”)z,gb) at s = —r (see (A.3)),
gives:
&(z1, 22, 235 =1, k, P, X1, X2, X3) = (B.2)

> xa(e2)xa(e13)xs(eas) GH (2, =1k — 2r, (ND)?, ) |te wpe (21, 22, 23)
ecS/Np”S

= Z Z x1(e12)x2(€13)x3(e23) exp(2mitr(eT) /Np”)a(T, R)q” |o diag
T e€S/Np’S

then the sum over € € S/Np"S transforms simply to the product
Gnpe (X1, 2812) Gnpe (X2, 2613) G vpe (X35 2t23),

which is easily evaluated by the general formula for a generalized Gauss sum
GN(X:€) = D) moa v X(b)e(beN~1). This last sum admits the following known
expression in terms of the usual Gauss sums (see for example [PaTV], Section
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2, (2.20)): let xo denote the primitive Dirichlet character modulo Ny associated
with x, Ny = NNy *, then

Gn(x.0) = Gl N 3 nld)vo(d)d=5( 5o ) o (5o )
d|Ny

Writing xo,; for the primitive Dirichlet character modulo Ny ; associated with
x; mod Np”, and using the notation Np” = Ny ; Ny ;, gives

Gnpe (X1, 2t12)

= G0N Y ald)xoa(d)dr (20 ) ()
’ ’dl\NLl , VOAN d ) AN

Gnpe (X2,2t13)

_ 2t1o B 2t13
= G(x0,2)N1,2 1(d2)x0,2(d2)dy 6 — ) Xo,2 —
d2¥12 l ’ (Nl 2d21) (Nl 2d21)

G npv (X3,2t23)

21 2t
B 1 23 _ 23
= G(X073)N173 dBXJV:I ] H(d3)XO,3(d3)d3 6<N1,3d3_1 )XO’3 (Nl,?,dgl )

Let us take the product of these expressions using the notation

2t19
2t = d Ny 1d
12 N])l/dl (mo 071 1)7
2t13
o, = dNyod
13 Aﬁg/dg(nn) 0,2d2),
o, — 2028 (mod No 3ds3)
%= N/ 0,3d3

It follows

Gnpr (X15 2t12) G npy (X2, 2813) G vpe (X3, 2t23)
= N1,1N12N13 Z pu(da) p(d2) p(ds)x0.1(dr) xo,2(da) xo0,3(ds) (drdads) !

dy|Ny 1
da|Ny 2
d3|Ny 3

G(x0,1)G (X0,2)G(X0,3)X0,1(2t12)X0,2(2t13) X0,3(2t23).
The formula (B.3) transforms to

8(Z17227Z3;_T7k7¢7X17X27X3) (B3)

= (Z Gnpr (X1, 2t12) GNpe (X2, 2813) Gvpe (X3, 2ta3)a(T, R)QT) o diag
T
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= NiaN1aNis Y pldy)p(dz)p(ds)xo.1(d1)xo.2(d2)xo0,5(ds) (didads) ™"

d1|N1 1
d2|Ny,2
d3|Ny, 3

G(x01)G(x02)G(x03) Y Xo.1(2t12)X02(2t13)X0,3(2ths)a(T, R)qi™ g5 5.

{I:t12 :dl t'12,
tiz=dat’ 3, taz=dstss,

Later on we impose the condition that the conductors of xo 1, Xx0,2,X0,3 are
complete (i.e. have the same prime divisors as those of Np), when x j(d;) =0
unless all d; = 1, when xq ;(d;) = 1. In this complete case xo ;(n) = x;(n) for
all n € Z, hence the equality (B.3) simplifies to the following:

8(2’1,22,23;—T,k,¢,x1,X2,X3) (B4)

= (Z GNPU (Xla 2t12)GNP" (X27 2t13)GNp” (X37 2t23)a(g~7 R)q7> o dla‘g
T

= N1,1N1,2N1,3G(x0,1)G(x0,2)G(x0,3)

(Z X1(2t12)X2(2t13) X3(2t23)a(T, R)(IT) o diag

T

= N1,1N12N13(X1X2X3)(2)G(X0,1)G (x0,2)G(x0,3)

(Z a(T, R)X1(t12) X2 (t13)X3(t23)q7> o diag .

T

Thus we have expressed the series (B.1) through the series (1.2) in the case of
Np-complete conductors:

8(217327'23;_rvkaNpU7’¢'7X17X27X3) (B5)
= N1,1N1 2 N1 3(X1X2X3) (2)G(x0,1)G(X0,2) G (x0,3) FX0X2X8 o diag

= N1,1N12N1 3(X1X2X3)(2)G(x0,1)G(X0,2) G (x0,3)27 " P (X)-
B.3 THE INTEGRAL REPRESENTATION

Consider three auxilliary modular forms as in (0.16):

fi(z) =) anje(nz) € Sy(To(N;p™), 1) (1 <i<3)

n=1
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with the same eigenvalues, as those of (0.1)), for all Hecke operators T, with ¢
prime to Np.

THEOREM B.2 Under the assumptions and motations as in section |B.1, the
following integral representation holds:

/// Fi(21) fa(20) f3(23)E (21, 22, 233 8, ky N2p? ab, X1, X2, X3)) X

(To(N2p2v)\H)*

dxidy,
[Ty ()

2
J Yi

=i 3R (s 4+ 2k — 2)T(s + k — 1)3

kr2s N2D?Uo(N?p*)(NpY)

(Np") [To(N2p2v) : [(N2p2¥)]3

X Enp(s)

LP(fP @ 5 @ f§, s+ 2k — 2,¢1¢ax1),
where
(2m) " T(s + 2k — 2)T(s + k — 1)3 = 27 Tc(s + 2k — 2)Tc(s + k — 1)3,
Te(s) =2(2m) °T'(s)
is the motivic Gamma-factor,

I — (n,10n,20n,3
Snp(s) = Lrp(ss i@ o @ fa) = ) G (Datdaxa, 20) =g
n|(Np)=
(B.6)
REMARK. In the special case when the character 1oy has Np-complete con-

ductor, or if it is primitive mod Np*, and fth,fg are primitive normalized
cusp eigenforms, one can show that Ln,(s) = (V12x1)(2)G(P1ax1)-
Theorem B.2 follows from a computation, similar to that in [BoeSP], Theorem

4.2, (triple product, no twisting character) and [Boe-Schm], Section 2 (standard
L-function, with twisting character). Details will appear elsewhere.

COROLLARY B.3 Under the notations and assumptions, for all critical values
s=2k—2—r,r=0,---,k—2 the following integral representation holds

T T(—r + 2k = 2T (—r + k= 1)’ LN (P @ 8 @ f5,2k — 2 — 9199 x1)

k—or N2D? O(N2p?¥)p(Np")
[Co(N2p2v) : T(N2p2v)]3

(Np”) X Lp(s)

= <f1 X f2 & f~37 S(Zla 22,23, T, ka ka szm}vd]aleXQa X3)> .
T,NZPZ"’
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