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1. INTRODUCTION

Let K /k be a Galois extension of number fields with group G. For each complex
character x of G denote by L(x, s) the Artin L-function of x and let G be the
set of irreducible characters. We call

Cryi(s) = (L(X, 8)) e

the equivariant Dedekind Zeta function of K/k. It is a meromorphic function
with values in the center [[ 4 C of C[G]. The ‘equivariant Tamagawa number
conjecture’ that is formulated in [9, Conj. 4], when specialized to the motive
M := Q(r)k = h%(Spec(K))(r) and the order A := Z[G], gives a cohomolog-
ical interpretation of the leading Taylor coefficient of (x/x(s) at any integer
argument s = r. We recall that this conjecture is a natural refinement of the
seminal ‘Tamagawa number conjecture’ that was first formulated by Bloch and
Kato in [5] and then both extended and refined by Fontaine and Perrin-Riou
[18] and Kato [27]. If K = k and r € {0,1} then the conjecture specializes to
the analytic class number formula and is therefore already a theorem.

The most succinct formulation of the equivariant Tamagawa number conjecture
asserts the vanishing of a certain element TQ(M, ) = TQ(Q(r) k, Z[G]) in the
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134 DAvID BURNS AND MATTHIAS FLACH

relative algebraic K-group Ko(Z[G],R). Further, the functional equation of
Artin L-functions is reflected by an equality

(1) TQQr)k, Z[G)) + v*(TAQL — 1)k, Z[G]P)) = TA*(Q(r)x, ZIG])

where ¢* is a natural isomorphism Ky(Z[G]°P,R) = Ky(Z[G],R) and
TQY(Q(r)k,Z[G)) is an element of Ko(Z[G],R) of the form

(2) TQ°(Q(r) i, Z[G)) = L'°(Q(r) k., Z[G]) + O/ (r) + RY(Q(r) i, ZIG)).

Here L'°¢(Q(r)k,Z[G]) is an ‘analytic’ element constructed from the
archimedean Euler factors and epsilon constants associated to both Q(r)g
and Q(1 — r)g, the element dg,i(r) reflects sign differences between the
regulator maps used in defining TQ(Q(r) k, Z[G]) and TQ(Q(1 — 7)k, Z[G]°P)
and RQ°°(Q(r)x,Z[G]) is an ‘algebraic’ element constructed from the various
realisations of Q(r)x. (We caution the reader that the notation in (1) and (2)
is slightly different from that which is used in [9] - see §3.1 for details of these
changes.)

In this article we shall further specialize to the case where K is an abelian
extension of Q and prove that TQ(Q(r)k, Z[G]) = 0 for all integers r and all
subgroups G of Gal(K/Q). In fact, taking advantage of previous work in this
area, the main new result which we prove here is the following refinement of
the results of Benois and Nguyen Quang Do in [1].

THEOREM 1.1. If K is any finite abelian extension of Q, G any subgroup of
Gal(K/Q) and r any strictly positive integer, then TQY(Q(r)k,Z[G]) = 0.

We now discuss some interesting consequences of Theorem 1.1. The first con-
sequence we record is the promised verification of the equivariant Tamagawa
number conjecture for Tate motives over absolutely abelian fields. This result
therefore completes the proof of [17, Th. 5.1] and also refines the main result
of Huber and Kings in [25] (for more details of the relationship between our
approach and that of [25] see [11, Intro.]).

COROLLARY 1.2. If K is any finite abelian extension of Q, G any subgroup of
Gal(K/Q) and r any integer, then TQ(Q(r)k, Z[G]) = 0.

Proof. If r < 0, then the vanishing of TQ(Q(r) k, Z[G]) is proved modulo pow-
ers of 2 by Greither and the first named author in [11, Cor. 8.1] and the argu-
ment necessary to cover the 2-primary part is provided by the second named
author in [17]. For any r > 0, the vanishing of TQ(Q(r)x, Z[G]) then follows
by combining Theorem 1.1 with the equality (1). a

COROLLARY 1.3. The conjecture of Bloch and Kato [5, Conj. (5.15)] is valid
for the Riemann-Zeta function at each integer strictly bigger than 1.

Proof. If r is any integer strictly bigger than 1, then [5, Th. (6.1)] proves the
validity of [5, Conj. (5.15)] for the leading term of the Riemann Zeta function
at s = r, modulo powers of 2 and a certain compatibility assumption [5, Con].
(6.2)] concerning the ‘cyclotomic elements’ of Deligne and Soulé in algebraic
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K-theory. But the latter assumption was verified by Huber and Wildeshaus in
[26] and Corollary 1.2 for K = k = Q now resolves the ambiguity at 2. O

For any finite group G the image of the homomorphism d¢ : Ko(Z[G],R) —
Ky(Z]G]) that occurs in the long exact sequence of relative K-theory is equal
to the locally-free class group Cl(Z[G]). In the following result we use the
elements Q(K/k, 1), Q(K/k,2), Q(K/k,3) and w(K/k) of C1(Z|Gal(K/k)]) that
are defined by Chinburg in [13].

COROLLARY 1.4. If K is any finite abelian extension of Q and k is any subfield
of K, then one has Q(K/k,1) = Q(K/k,2) = Q(K/k,3) = w(K/k) = 0. In
particular, the Chinburg conjectures are all valid for K/k.

Proof. In this first paragraph we do not assume that K is Galois over Q or
that G := Gal(K/k) is abelian. We recall that from [10, (31)] one has

(Y (TUQ(0) ke, Z[GIP))) = QUK [k, 3) — w(K/k).
Further, [4, Prop. 3.1] implies ¢ sends L°(Q(1)k,Z[G]) + 6k /x(1) to
—w(K/k) whilst the argument used in [4, §4.3] shows that RQ°(Q(1)r, Z[G])

is equal to the element RQ'Y°(K/k,1) defined in [7, §5.1.1]. Hence, from [7,
Rem. 5.5], we may deduce that

(3) 3(TA(Q()x, ZIG))) = —w(K/k) + QK [k, 2).

We now assume that G is abelian. Then G has no irreducible complex symplec-
tic characters and so the very definition of w(K/k) ensures that w(K/k) = 0.
Hence by combining the above displayed equalities with Theorem 1.1 (with r =
1) and Corollary 1.2 (with r = 0) we may deduce that Q(K/k,2) = Q(K/k,3) =
0. But from [13, (3.2)] one has Q(K/k,1) = Q(K/k,2) —Q(K/k,3), and so this
also implies that Q(K/k,1) = 0. O

For finite abelian extensions K/Q in which 2 is unramified, an alternative proof
of the equality Q(K/k,2) = 0 in Corollary 1.4 was first obtained by Greither
in [21].

Before stating our next result we recall that, ever since the seminal results of
Frohlich in [19], the study of Quaternion extensions has been very important
to the development of leading term conjectures in non-commutative settings.
In the following result we provide a natural refinement of the main result of
Hooper, Snaith and Tran in [24] (and hence extend the main result of Snaith
in [35]).

COROLLARY 1.5. Let K be any Galois extension of Q for which Gal(K/Q) is

isomorphic to the Quaternion group of order 8 and k any subfield of K. Then
one has T¢(Q(1), Z[Gal(K /k)]) = 0.

Proof. We set G := Gal(K/Q) and let I denote the maximal abelian quotient
of G with E the subfield of K such that I' = Gal(E/Q) (so E/Q is biquadratic).
We set TQ°¢ := TQY(Q(1) i, Z[G]) and TQRE := TQPX(Q(1) g, Z[T)).

Then from [9, Th. 5.1 and Prop. 4.1] we know that TQ°¢(Q(1) x, Z[Gal(K/k)])
and TQRC are equal to the images of TQ!°¢ under the natural homomorphisms
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136 DAvID BURNS AND MATTHIAS FLACH

Ky(Z|G|,R) = Ko(Z|Gal(K/E)],R) and Ko(Z|G],R) — Ky(Z[l'],R) respec-
tively. In particular, it suffices to prove that TQ°¢ = 0.

Now [4, Cor. 6.3(i)] implies that TQ°¢ is an element of finite order in the
subgroup Ko(Z[G], Q) of Ko(Z[G],R) and so [10, Lem. 4] implies that TQ!°¢ =
0 if and only if both TQX = 0 and d¢(TQ°¢) = 0. But Theorem 1.1 implies
TQRe = 0 and, since 6¢(TQ°°) = —w(K/Q) + Q(K/Q,2) (by (3)), the main
result of Hooper, Snaith and Tran in [24] implies that dg(7T0°¢) = 0. O

The following result provides the first generalization to wildly ramified exten-
sions of the algebraic characterization of tame symplectic Artin root numbers
that was obtained by Cassou-Nogues and Taylor in [12].

COROLLARY 1.6. Let K be any Galois extension of Q for which G := Gal(K/Q)
1s isomorphic to the Quaternion group of order 8. Then the Artin root number
of the (unique) irreducible 2-dimensional complex character of G is uniquely
determined by the algebraic invariant RQY(Q(1)k, Z[G]) in Ko(Z[G),R).

Proof. This is a direct consequence of combining Corollary 1.5 with a result
of Breuning and the first named author [7, Th. 5.8] and the following facts:
L'°°(Q(1)k, Z[G]) + 6k g (1) is equal to —1 times the element éé(eK/Q(O)) used
in [7, §5.1.1] and RQ°¢(Q(1)x,Z[G]) is equal to the element RO°¢(K/Q,1)
defined in loc. cit. O

To prove Theorem 1.1 we shall combine some classical and rather explicit com-
putations of Hasse (concerning Gauss sums) and Leopoldt (concerning integer
rings in cyclotomic fields) with a refinement of some general results proved in
[9, §5] and a systematic use of the Iwasawa theory of complexes in the spirit of
Kato [27, 3.1.2] and Nekovér [32] and of the generalization of the fundamental
exact sequence of Coleman theory obtained by Perrin-Riou in [34].

We would like to point out that, in addition to the connections discussed above,
there are also links between our approach and aspects of the work of Kato [28],
Fukaya and Kato [20] and Benois and Berger [2]. In particular, the main
technical result that we prove (the validity of equality (16)) is closely related
to [28, Th. 4.1] and hence also to the material of [20, §3]. Indeed, Theorem 1.1
(in the case 7 = 1) provides a natural generalization of the results discussed
in [20, §3.6]. However, the arguments of both loc. cit. and [28] do not cover
the prime 2 and also leave open certain sign ambiguities, and much effort is
required in the present article to deal with such subtleties.

Both authors were introduced to the subject of Tamagawa number conjectures
by John Coates. It is therefore a particular pleasure for us to dedicate this
paper to him on the occasion of his sixtieth birthday.
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2. EQUIVARIANT LOCAL TAMAGAWA NUMBERS

In this article we must compute explicitly certain equivariant local Tamagawa
numbers, as defined in [9]. For the reader’s convenience, we therefore first
quickly review the general definition of such invariants. All further details of
this construction can be found in loc. cit.

2.1. We fix a motive M that is defined over Q (if M is defined over a general
number field as in [9], then we use induction to reduce to the base field Q) and
we assume that M is endowed with an action of a finite dimensional semisimple
Q-algebra A.

We write Hyr(M) and Hg(M) for the de Rham and Betti realisations of M
and for each prime number p we denote by V,, = H,(M) the p-adic realisation of
M. We fix a Z-order 2 in A such that, for each prime p, if we set 2, := ARz Zy,
then there exists a full projective Galois stable 2(,-sublattice T}, of V},. We also
fix a finite set S of places of Q containing co and all primes of bad reduction
for M and then set S, := S U {p} and S, ; := S, \ {o0}.

For any associative unital ring R we write DP*(R) for the derived catgeory of
perfect complexes of R-modules. We also let Detg : DP*'f(R) — V(R) denote
the universal determinant functor to the Picard category of virtual objects
of R (which is denoted by P +— [P] in [9]) and ®p the product functor in
V(R) (denoted by K in [9]). In particular, if R is commutative, then Detpg
is naturally isomorphic to the Knudsen-Mumford functor to graded invertible
R-modules. We denote by 1 a unit object of V(R) and recall that the group
K1(R) can be identified with Auty (g)(L) for any object L of V(R) (and in
particular therefore with 71 (V(R)) := Auty(g)(1g)). For each automorphism
a: W — W of a finitely generated projective R-module W we denote by
Detr(a|WW) the element of K (R) that is represented by o. We let ((R) denote
the centre of R.

If X is any R-module upon which complex conjugation acts as an endomor-
phism of R-modules, then we write X+ and X~ for the R-submodules of X
upon which complex conjugation acts as multiplication by 1 and —1 respec-
tively.

For any Q-vector space W we set Wg = W ®g C, Wg = W ®g R and W), =
W ®q Q) for each prime p.

2.2. The virtual object
El°¢(M) := Det 4(Har(M)) @4 Det ' (Hp(M))
is endowed with a canonical morphism
Ot AR @4 E°°(M) = 14,.

To describe this morphism we note that the canonical period isomorphism
Hip(M)c & Hg(M)c induces an isomorphism of Ag-modules

(4) Hyp(M)r = (Har(M)c)* = (Hp(M)c) ™"
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138 DAvID BURNS AND MATTHIAS FLACH

and that there is also a canonical isomorphism of Ag-modules

() (Ha(M)e)* = (Ha(M)* @ B)® (Ha(M)~ ©g R2xi) )

= (Hp(M)* @gR) @ (Hp(M)~ ®gR) = Hp(M)r
where the central map results from identifying R(27i)~! with R by sending
(27i)~ ! to 1.
By applying Det 4, to the composite of (4) and (5) one obtains a morphism
(912) : Ap®@AZ1°¢(M) =2 1 4, and 9¥'<° is defined in [9, (57)] to be the composite
of (9'2°)" and the ‘sign’ elements eg := Deta(—1 | Hg(M)*t) and eqp =
DetA(—l ‘ FOHdR(M)) of Wl(V(AR)) = Kl(AR)

2.3. Following [9, (66), (67)], we set

Ap(S,Vp) = | @) Dety! RT(Qr, V;) | ®a, Det(V7),
LeSy, s

and let
0, : Ap @4 E°(M) = A,(S, V)
denote the morphism in V(A,) obtained by taking the product of the mor-

phisms 9]‘;'10"‘“ for £ € S}, y that are discussed in the next subsection.

2.4. There exists a canonical morphism in V(4,) of the form
b2 Ay @4 E°°(M) = Dety! RT(Qp, V) ®a4, Det ! (V).

This morphism results by applying Det 4, to each of the following: the canonical
comparison isomorphism Hg (M), = V,; the (Poincaré duality) exact sequence
0 — (Hgr(M*(1))/F°)* — Hqr(M) — Hyr(M)/F° — 0; the canonical com-
parison isomorphisms (Haqr(M)/F°), = t,(V,) and (Hgr(M*(1))/F)% =
tp(V,(1))*; the exact triangle

(6) RT5(Qp, Vp) = RU(Qp, V) = RUf(Qp, V7 (1))7[-2] =
which results from [9, (18) and Lem. 12a)]; the exact triangle
1=y
(7) tp(W)[=1] = RT;(Qp, W) = (Dexis(W) —=% Dexis(W)) —
of 9, (22)] for both W =V}, and W = V*(1), where the first term of the last
(

complex is placed in degree 0 and Det 4, (Dcris W) 1=¢e, DcriS(W)) is identified
with 14, via the canonical morphism Det 4, (Deris(W))®4, DetZi (Deris(W)) —
1,4 .

For cach £ € Sp.r \ {p} there exists a canonical morphism in V(4,) of the form

ef;-part P1g, Det;&i RT(Qq, V).

For more details about this morphism see Proposition 7.1.
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2.5. From [9, (71), (78)] we recall that there exists a canonical object A, (S, T})
of V(2,) and a canonical morphism in V(A4,) of the form

0, : Ap(S, V) = Ap @a, Ap(S, T))
(the definitions of A,(S,T},) and ), are to be recalled further in §7.2). We set
Iy = e(S.p) 0 b 06 : Ay 04 EOU(M) = Ay Do, Ay (S,Ty)
where €(S, p) is the element of 7 (V(A,)) that corresponds to multiplication
by —1 on the complex eaéesp,f RT"/#(Qg, V},) which is defined in [9, (18)].

If M is a direct factor of h"™(X)(t) for any non-negative integer n, smooth
projective variety X and integer ¢, then [9, Lem. 15b)] implies that the data

(JTAn(8, 7). B0 (M), [T 05 98,
p

p

where p runs over all prime numbers, gives rise (conjecturally in general, but un-
conditionally in the case of Tate motives) to a canonical element RQ'¢(M, 2A) of
Ky(2,R). For example, if A is commutative, then 14, = (Ag,0) and Ky(2, R)
identifies with the multiplicative group of invertible 2(-sublattices of Ag and,
with respect to this identification, RQ°¢(M,2A) corresponds to the (conjec-
turally invertible) 2A-sublattice = of Ag that is defined by the equality

I (ﬂ(EIOC(M) N W5~ (A (S, Tp)») =(&0),

p

where the intersection is taken over all primes p.

2.6. We write Loo(aM,s) and €(4M,0) for the archimedean Euler factor and
epsilon constant that are defined in [9, §4.1]. Also, with p € Zmo(Spec(((4z)))
denoting the algebraic order at s = 0 of the completed ((Ac)-valued L-function
A(40p M*(1), s) that is defined in loc. cit., we set

L3 (a0 M*(1),0)
L;o(AMa 0)

E(AM) = (—1)Pe(4 M, 0) € ((Ap)*.

Following [9, §5.1], we define
LM, ) = 03 g (E(aM)) € Ko(A,R)

where (%UR : C(Ar)™ = Kop(,R) is the ‘extended boundary homomorphism’
of [9, Lem. 9] (so, if A is commutative, then L'°¢(M,2) = A - E(4 M) C Ag).
Finally, we let

(8) TQO(M,A) := L°°(M,2A) + RA(M,2) € Ko(2, R)

denote the ‘equivariant local Tamagawa number’ that is defined in [9, just prior
to Th. 5.1].
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3. NORMALIZATIONS AND NOTATION

3.1. NORMALIZATIONS. In this section we fix an arbitrary Galois extension
of number fields K/k, set G := Gal(K/k) and for each integer ¢ write
TQ(Q(t) i, Z[G]) for the element of Ky(Z[G],R) that is defined (uncondition-
ally) by [9, Conj. 4(iii)] in the case M = Q(¢)x and A = Z[G].

Let r be a strictly positive integer. Then the computations of [10, 17] show that
[9, Conj. 4(iv)] requires that the morphism ¥ : R®qE(Q(1-7)x) — 1y ®[a)
constructed in [9, §3.4] should be normalized by using —1 times the Dirichlet
(resp. Beilinson if » > 1) regulator map, rather than the Dirichlet (resp.
Beilinson) regulator map itself as used in [9]. To incorporate this observation
we set

(9) TAQ = )k, Z[G]) = TUQ( — 1)k, Z[G])" + 05 u(r)
where dg/(r) is the image under the canonical map K (R[G]) — Ko(Z[G], R)
of the element Detgq(—1 | K2r—1(Ok)* ®z Q). To deduce the validity of (1)
from the result of [9, Th. 5.3] it is thus also necessary to renormalise the defini-
tion of either TQ(Q(r)x,Z[G])’ or of the element TQY(Q(r)x, Z[G])’ defined
by (8). Our proof of Theorem 1.1 now shows that the correct normalization is
to set

TQ(r)k, Z[G]) = TQQ(r) k., Z[G])'
and
(10) T (Q(r)k, Z[G]) := T (Q(r) k, Z[G]) + S5 /u(r).
Note that the elements defined in (9) and (10) satisfy all of the functorial
properties of TQ(Q(1 — 7) g, Z[G])" and TQ°(Q(r)k,Z[G])" that are proved
in [9, Th. 5.1, Prop. 4.1]. Further, with these definitions, the equalities
(1) and (2) are valid and it can be shown that the conjectural vanishing of
TOQY(Q(1)k, Z[G]) is compatible with the conjectures discussed in both [4]
and [7].
Thus, in the remainder of this article we always use the notation
TQY(Q(r)k,Z[G)) as defined in (10).

3.2. THE ABELIAN CASE. Until explicitly stated otherwise, in the sequel we
consider only abelian groups. Thus, following [9, §2.5], we use the graded
determinant functor of [29] in place of virtual objects (for a convenient review
of all relevant properties of the determinant functor see [11, §2]). However, we
caution the reader that for reasons of typographical clarity we sometimes do not
distinguish between a graded invertible module and the underlying invertible
module.

We note that, when proving Theorem 1.1, the functorial properties of the el-
ements 7Q"°(Q(r)k, Z[Gal(K /k)]) allow us to assume that k = Q and also
that K is generated by a primitive N-th root of unity for some natural number
N # 2 mod 4. Therefore, until explicitly stated otherwise, we henceforth fix
the following notation:

K = Q(eQﬂ/N); G:=Gal(K/Q); M:=Qr)k, r>1; A:=Q[qG].
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For any natural number n we also set ¢, := €>™/™ and denote by o, the
resulting complex embedding of the field Q(¢,).
For each complex character n of G we denote by e, = ﬁ > gec n(g~1)g the

associated idempotent in Ac. For each Q-rational character (or equivalently,
Aut(C)-conjugacy class of C-rational characters) x of G weset e, =3, - e, €
A and denote by Q(x) = e, A the field of values of x. There is a ring decompo-
sition A =[], Q(x) and a corresponding decomposition Y =[] e, Y for any
A-module Y. We make similar conventions for Q,-rational characters of G.

4. AN EXPLICIT ANALYSIS OF TQ"(Q(r) g, Z[G])

In this section we reduce the proof of Theorem 1.1 to the verification of an
explicit local equality (cf. Proposition 4.4).

4.1. THE ARCHIMEDEAN COMPONENT OF TQ°¢(Q(r),Z[G]). In this sub-
section we explicate the morphism ¥'2¢ defined in §2.2 and the element
E(aM) € Ay defined in §2.6.

The de Rham realization Hyr(M) of M identifies with K, considered as a free
A-module of rank one (by means of the normal basis theorem). The Betti
realisation Hg(M) of M identifies with the Q-vector space Ys with basis equal
to the set ¥ := Hom(K,C) of field embeddings and is therefore also a free
A-module of rank one (with basis o). We set Yy ' := Hom(Ys, A). Then,
by [9, Th. 5.2], we know that (9'2¢)71((£(4M)~1,0)) belongs to Z°¢(M) =
(K®aYy !,0) and we now describe this element explicitly.

PROPOSITION 4.1. We define an element e, 1= ZX €oo,xCy Of AX by setting
-2 ifx(=1) = (=1)"
ooy =9 =3 ifx(-1)=—(-1)"and (x #1 orr>1)
% ifx=1andr=1.
Then
(W) (E(aM)™,0)) = (exBy ® o', 0) € (K ®4 Y51, 0)

where oy is the (unique) element of Yy ' which satisfies o' (on) = 1 and By
is the (unique) element of K =[], ey K which satisfies

exBn = [K QU )I r = DU ey,
for all Q-rational characters x of G.

Proof. For each Dirichlet character n of G the functional equation of L(n, s) is

T(n) (27\° 1 B
L(n,s) = GRS <f,7) WL(% 1-5s)

where f,, is the conductor of i and
fn

(11) T(n) =Y @)™/ p(=1) = (-1)°, 6 € {0,1}
a=1
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(cf. [36, Ch. 4]). Thus, by its very definition in §2.6, the 7-component of the
element £(4 M)~ of Ac = [[, C is the leading Taylor coefficient at s = r of
the meromorphic function

Pnﬁ & ) M . . 1 r= 1,77 =1
=1 7(n) (27T> F(s) cos( 2 ) Pn = {O else.

Hence we have

29 (fn\" r=s
) (r=DI(=1)—=, r —J even
E(aM), ! = () (2”) ( =D

(12 (£2) ), v 5 0dd

which, after collecting powers of ¢ and using the relation 7(n)7(77) = n(—1) f,,
can be written as

5(AM)771 = { 7)(27?&)7”271(7” - 1)!a r — 94 even

27(7
1)t L (i) (2mi) =D fr=t (e — 1)), 1 — 6 odd.

(

LEMMA 4.2. The isomorphism Yy o = (Hp(M)c)t = Hg(M)p = Ysr in (5)
s given by
doagglon = Y (Rlag)(L+ (1)) = 213(ag) (1~ (=1))g lon
geG geG/<c>

where ¢ € G is complex conjugation, G acts on 3 via (go)(x) = o(g(x)) and
R(a), resp. S(«), denotes the real, resp. imaginary, part of o € C.

Proof. An element x := EgEG ozgg_laN of Yx ¢ belongs to the subspace Y;C
if and only if one has ag. = (—1)"@, for all g € G. Writing

ag =R(ag) — (2m) ' (2m)3(ay), Gy =R(ay) + (2m1) "} (2m)(xg)
we find that
= Z (%(O‘g)(l +(=1)"¢) — (27ri)_127r%(ag)(1 _ (_I)TC))g_laN.

geG/<c>
But Eg€G/<C>(27ri)_127r%(ag)(l —(=1)"c)g oy € Hp(M)~ ®@gR-i and the
central map in (5) sends (27i)~! to 1. This implies the claimed result. O

The canonical comparison isomorphism K¢ = Hqr(M)c = Hg(M)c = Ys ¢
which occurs in (4) sends any element 3 of K to

> on(gB)2ri) g lon = Y onTa(B)(2mi) 7, oy
geG a€(Z/NZ)*

where 7,(¢) = ¢ for each N-th root of unity ¢. In particular, after composing
this comparison isomorphism with the isomorphism of Lemma 4.2 we find that
(s is sent to the following element of Yx g

D (R (2mi) ) (1 + (—1)"¢) — 20 (™ (2mi) ) (1 = (~1)7¢)) 7, o

a
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where the summation runs over all elements a of (Z/NZ)*/ + 1. For each
Dirichlet character n the n-component of this element is equal to e,on multi-
plied by

Z (27) " R(eF i) (a) - 2
a€(Z/NZ)* /%1

_ Z (27m')7r(627ria/f + (71)7‘67271'1‘11/]“)@
a€(Z/NZ)* /+1

(2mi)™" Z eZma/f@

a€(Z/NZ)*

if n(—=1) = (=1)" (so § — r is even), resp. by

— 27 Z (27) "S> T (a) - 2
a€(Z/NZ)* /+1
e27ria/f _ (71)r6727ria/f

=—27 Z (2mi) " ; n(a)

a€(Z/NZ)* /£1

:(27T,L~)—(r—1) Z eQTria/fw

a€(Z/NZ)*

if n(—1) = —(—1)" (so § —r is odd). Taking f = f, we find that the (n-part of
the) morphism (92°) : Agp ®4 Z1°¢(M) = (Ag,0) defined in §2.2 sends

(2mi) 7" [K = Q(fy)l7 (1) ifn(=1) = (=1)"
(2md)~CTVK  Q(fy))r () if n(=1) = —(=1)".

Now 9'2¢ is defined to be the composite of (912¢)" and the sign factors ¢4z and
ep that are defined at the end of §2.2. But it is easily seen that eqp = 1,
that (eg)y = —1 for x(—1) = (—1)" and that (eg), = 1 otherwise. Thus, upon
comparing (12) with the description of (4 M), " before Lemma 4.2 one verifies
the statement of Proposition 4.1. O

(12) ey, ®c 617‘7131 = {

4.2. REDUCTION TO THE p-PRIMARY COMPONENT. By [9, Th. 5.2] we know
that TQ(Q(r)k, Z[G]) belongs to the subgroup Ko(Z[G],Q) of Ko(Z[G],R).
Recalling the direct sum decomposition Ko(Z[G], Q) = B, Ko(Z¢[G], Q) over
all primes ¢ from [9, (13)], we may therefore prove Theorem 1.1 by showing that,
for each prime ¢, the projection TQ°¢(Q(7), Z[G])e of TQ°(Q(r)x, Z[G]) to
Ky(Z¢[G),Qp) vanishes. Henceforth we therefore fix a prime number p and
shall analyze TQ°¢(Q(r) i, Z[G]),-

We denote by

T, :=Indy Z,(r) C V, := Ind} Q,(r) = H,(M)

the natural lattice in the p-adic realisation V,, of M. Then by combining the
definition of TQY(Q(r)k, Z|G]) from (10) (and (8)) together with the explicit
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description of Proposition 4.1 one finds that 7Q"°¢(Q(r)x,Z[G]), = 0 if and
only if

Zy|G] - €(r)e(S,p) - 9;7 0 p((ecBN ® U;fla 0)) = Ap(S. Tp)
where 0, is as defined in §2.3, A,(S,T}), 0, and €(S,p) € A are as discussed
in §2.5 and we have set €(r) := Det (=1 | K2,—1(Ok)* ®z Q) € A*.

LEMMA 4.3. We set
ep := Det, (2|V,7) Deta, 2]V, )" € A,

Then, with €~ as defined in Proposition 4.1, there exists an element u(r) of
Zp|G)* such that €(r)e(S,p)esc = u(r)ep.

Proof. We recall that €(S, p) is a product of factors Det 4, (—1|RT',¢(Qq, V})).
Further, the quasi-isomorphism RT',¢(Qg, V;) = RI'¢(Qg, V,(1))*[-2] from [9,
Lem. 12a)] implies that each such complex is quasi-isomorphic to a complex of
the form W — W (indeed, this is clear if £ # p and is true in the case ¢ = p
because the tangent space of the motive Q(1 — ) vanishes for » > 1) and so
one has €(S,p) = 1.

We next note that if e(r) := >° €(r)yey with e(r), € {£1}, then the explicit
structure of the Q[G]-module Ko, _1 (O )*®zQ (cf. [17, p. 86, p. 105]) implies
that e(r), = 1 if either » = 1 and y is trivial or if x(—1) = (—1)", and that
€(r)y = —1 otherwise.

Thus, after recalling the explicit definitions of e and €, it is straightforward
to check that the claimed equality €(r)e(S,p)ess = u(r)e, is valid with u(r) =
—(=1)"¢ where ¢ € G is complex conjugation. O

The element ¢, in Lemma 4.3 is equal to the element ey, that occurs in Propo-

sition 7.2 below (with V,, = Ind}%(@p(r)). Hence, upon combining Lemma 4.3
with the discussion which immediately precedes it and the result of Proposition
7.2 we may deduce that TQ'°¢(Q(r),Z[G]), = 0 if and only if

(13) Zy[G]-0,((Bn @03",0)) = [ @) Dety i RT(Qe, T) | ©2,61 (T, —1).
{|Np

Here we have set Tp_1 := Homg, (T}, Zp[G]) and also used the fact that, since

T, is a free rank one Z,[G]-module, one has Det e (Tp) = (T, ', —-1).

Now Shapiro’s Lemma allows us to identify the complexes RI'(Qg,T,) and
RT'(Qg,V,) with RI(Ky,Z,(r)) and RI'(K,, Q,(r)) respectively. Further, the
complex RT'(K,,Q,(r)) is acyclic outside degree 1 for r > 1, and for r = 1 one
has a natural exact sequence of Q,[GJ-modules

(14) 00 — K) = H'(K, Q1) 5 []Q, = HX(K,,Q,(1) —
v|p

where the first isomorphism is induced by Kummer theory and the second
by the invariant map on the Brauer group. Our notation here is that M :=
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(Mn M/p* M) ®z, Q, for any abelian group M. We let

K, = Dar(V,) =2 H}(K,, Qp(r))

denote the exponential map of Bloch and Kato for the representation V,, of
Gal(Qp/Q,). This map is bijective (since r > 0) and H (K, Qp(r)) coincides
with O for r = 1 and with H'(K,,Q,(r)) for r > 1 (cf. [5]). Also, both
source and target for the map exp are free A,-modules of rank one. By using
the sequence (14) for r = 1 we therefore find that for each r > 1 there exists
an isomorphism of graded invertible A,-modules of the form

(15)  exp: (Kp,1) = (H}(Kp, Qp(r)),1) = Dety) RT(K, Qp(r)).
For any subgroup H C G we set
€ g
P

Also, for each prime ¢ we denote by J; and Dy the inertia and decomposition
groups of £ in G. For © € A, we then set

el(z) =1+ (z—1)ey, € 4,

(so  — e(x) is a multiplicative map that preserves the maximal Z,-order in
Ap) and we denote by Fr, € G C A any choice of a Frobenius element.

PROPOSITION 4.4. We define an element e (1 —p"~ ! Fr;l) of Ay by setting

(1_ r— lFr ) exep(lt T_lFr; )7 Z.f’l">1. OTX(DP)7E1
|D,/ g, 7t otherwise.

Then one has TQ(Q(r) k., Z[G])p = 0 if and only if

Fr Ty —
(16) Gl [Tee=Fryhep(1 = =2) " ep(1—p" " Fr, ') exp((Bn, 1))
(N p
tF#p
= DetZ e RT(Kp,Z,(r)).

Proof. Tt suffices to prove that (16) is equivalent to (13).
Now, by its definition in §2.3, the morphism 6, which occurs in (13) is induced
by taking the tensor product of the morphisms

OrPH s Ay @4 Z°°(M) = Dety RU (K, Qp(r)) @4, (V, 1, —1),
where we set fo1 := Hom, (Vp, Ap), and for each prime ¢ | N with £ # p
0,7 : (4,,0) = Dety! RT(Ky, Qy(r)).
In addition, for W =V, the exact triangle (7) identifies with

1-p~ " Fr,

Kp[_l] - RFf(vavp) - (DcriS(Vp) — DcriS(Vp))

DOCUMENTA MATHEMATICA - EXTRA VOLUME COATES (2006) 133-163



146 DAvID BURNS AND MATTHIAS FLACH

(with this last complex concentrated in degrees 0 and 1), and there is a canon-
ical quasi-isomorphism

r—1 —1

R 4(Q,, Vi (1)) [-2] (Dmsw;» R Dmsw;)) ,

where the latter complex is concentrated in degrees 1 and 2. The identity map
on De,is(V),) therefore induces isomorphisms of graded invertible A,-modules

(17) (Kp,1)= Det;li RT¢(Qp,Vp);  (Ap,0) = Deta, RTf(Qy, V, (1))"[-2].

The morphism #5P** is thus induced by (17) and (6) together with the (ele-
mentary) comparison isomorphism

v:Ysp=Hp(M), = H,(M) =Y,
between the Betti and p-adic realizations of M. On the other hand, the iso-
morphism exp arises by passing to the cohomology sequence of (6) and then

also using the identifications in (14) if » = 1. Hence, from [8, Lem. 1, Lem. 2],
one has

(18) 05‘1"“” =ep(l—p™" Frp)_le;(l —pt Frgl)é;(ﬁ ®a, 4L

Now if £ # p, then Proposition 7.1 below implies that
Deta, (—oet™H|(Vp)r,) ™" - 6,72 ((Z,[G], 0)) = Dety; ! RU (Ko, Zy (7))

Thus, since y(on) is a Zp[G]-basis of T}, we find that (13) holds if and only if
the element
[IDeta, (—oet " 1(Vo)r,) ep(1 —p~ " Fry)~lep(1 —p" " Fr, ') exp((Ba, 1)
ON
L#£p

is a Z,[G]-basis of Detip1 RI(K,,Z,(r)). But

(G
Deta, (=oel™"|(V)1,) = Deta, (= Fr, " 0771 A, - eg,) = eq(—Fry Heg (')

and so Proposition 4.4 is implied by Lemma 4.5 below with u equal to the
function which sends 0 to £"~! and all non-zero integers to 1. ]

LEMMA 4.5. Fiz a prime number { # p. If u : Z — Z,[G]* is any function
such that £ —1 divides u(0) —u(1) in Zy[G], then the element 3 u(orde(fy))ex
is a unit of Z,|G].

Proof. Tf £ — 1 divides u(0) — u(1), then £ — 1 divides (u(1) —u(0))/u(1)u(0) =
w(0)™t —u (1)t Tt follows that the function w1 also satisfies the hypothesis of
the lemma and so it suffices to prove that the element z,, := >~ u(orde(fy))ey
belongs to Z,[G].

To this end, we let J; = Jy 0 € G denote the inertia subgroup at £ and J;; C
Jog—1 C - C Jp1 C Jpo its canonical filtration, so that a character x satisfies
ordy(fy) = k if and only if x(Jex) =1 (and x(Jrx—1) # 1 if £ > 0). Then
k=K k=K—1

Ty = u(k)(efe,k - e-]e,k—l) = Z (u(k) - U(k + 1))6-]£,k + U(K)efe,x
k=0 k=0
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where K = ordy(N) and we haveset ey, _, := 0. Fork > lonehasey,, € Zy[G]
since Jg, is an f-group and £ # p. If K =0, then €0 = €1 = 1 also lies
in Z,[G]. Otherwise the assumptions that ¢ — 1 divides u(0) — u(1) and that
{ # p combine to imply that

(u(0) = u(D))es,, = Z 9 € Lp|

gng 0

as required. O

5. LocAL IWASAWA THEORY

As preparation for our proof of (16) we now prove a result in Iwasawa theory.
We write

N =Nop”;  v=0, ptNo.
For any natural number n we set G,, := Gal(Q(¢,)/Q) = (Z/nZ)*. We also let
Q(¢npee) denote the union of the fields Q({npm) over m > 0 and set G ypoo 1=
Gal(Q(¢np=)/Q). We then define

A= Zp[[Grpee]] = M Zp |G npn] = Zp[G o] [[T]]-

Here we have set p := p for odd p and p := 4 for p = 2, and the isomorphism
depends on a choice of topological generator of Gal(Q (C Npo=)/Q(Cnpp)) = Z
We also set

T -:1 Ind? Zy(r).

Q(¢npn)

This is a free rank one A—module upon which the absolute Galois group Gg :=
Gal(Q/Q) acts by the character (Xeyclo) 71 Where Xeyelo : Gg — Z) is the
cyclotomic character and 7 : Gg — Gnp € A* is the tautological character.
In this section we shall describe (in Proposition 5.2) a basis of the invertible
A-module Det " RT(Q,, T°).

We note first that the cohomology of RT'(Q,,7;°) is naturally isomorphic to

‘ (m Q¢ )y /p7) @z, Zp(r =1) i=1
(19) H'(Qp,T,°) = Hv|p Zp(r—1) i=9
0 otherwise
where the limit is taken with respect to the norm maps (and Q((npn)p =

Q(¢npn) ®g Qp is a finite product of local fields). The valuation map induces
a natural short exact sequence

(200 0= Z:=lmOJ . . /p"— b Q) /" = o Hz —0
and in addition Perrin-Riou has constructed an exact sequence [34, Prop. 4.1.3]
(21) 0—>HZ —>Zr—1)—>R—>HZ -0

vlp
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where

R:={f € ZCn Jp[IXN] | ¥(f):= Y f(C(1+X) ~1) =0}

¢r=1

and Z[(n,], denotes the finite étale Z,-algebra Z[(n,] ®z Z,. We remark that,
whilst p is assumed to be odd in [34] the same arguments show that the sequence
(21) exists and is exact also in the case p = 2. The Z,-module R carries a
natural continuous Gype-action [34, 1.1.4], and with respect to this action all
maps in (19), (20) and (21) are A-equivariant. In addition, if » = 1, then the
exact sequence (21) is due to Coleman and the map 07 is given by

(22) 67w = (1- 2 ) og(r)

p
where f,, is the (unique) Coleman power series of the norm compatible system
of units u with respect to ({pn)n>1 and one has ¢(f,)(X) = Er”((l +X)P-1).

LEMMA 5.1. The A-module R is free of rank one with basis
B =En(1+X);  Enei= D, G
N1 |d|No
where Ny 1= HZINU L.

Proof. The element &y, is a Z,[Gn,|-basis of Z[(n,]p. Indeed, this observation
(which is due originally to Leopoldt [30]) can be explicitly deduced from [31,
Th. 2] after observing that the idempotents €4 of loc. cit. belong to Z,[G ).
On the other hand, Perrin-Riou shows in [33, Lem. 1.5] that if W is the ring
of integers in any finite unramified extension of Z,, then W[[X]]¥=0 is a free
rank one W{[Gpe]]-module with basis 1 + X (her proof applies for all primes
p, including p = 2). Since Z[(n,]p is a finite product of such rings W and
Gnp= = G, X Gpeeo, the result follows. |

PROPOSITION 5.2. Let Q) be the total ring of fractions of A (so Q is a finite
product of fields). Using Lemma 5.1, we regard B3 as a Q-basis of

RoxQ=Z(r—1)©y Q= H(Q,, T;%) ©a Q = (Dety ' RT(Qy, T;%)) ©4 Q,
where the first isomorphism is induced by (0FF @5 Q)~1, the second by (19)
and the (r — 1)-fold twist of (20) and the third by (19). Then one has

A- B3, = Dety' RT(Q,,T5°) C (Dety " RT(Q,, T5°)) ®a Q.

Proof. We note first that, since A is noetherian, Cohen-Macauley and semilocal,
it is enough to prove that B3 is a Ag-basis of Detxj RI(Qy, T°)q for all height
one prime ideals q of A (see, for example, [17, Lem. 5.7]). In view of (19),
(20) and (21) this claim is immediate for prime ideals g which are not in the
support of the (torsion) A-modules [],,Z,(r — 1) and [[,,Zy(r). On the
other hand, since these modules are each p-torsion free, any prime q which
does lie in their support is regular in the sense that p ¢ q (see, for example,
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(17, p. 90]). In particular, in any such case A is a discrete valuation ring and
so it suffices to check cancellation of the Fitting ideals of the occurring torsion
modules. But the Fitting ideal of H?(Qp,T;°)q cancels against that of the
module ([],, Zy(r — 1))q which occurs in the (r — 1)-fold twist of (20), whilst

the Fitting ideals of the kernel and cokernel of 8% obviously cancel against
each other. O

6. DESCENT CALCULATIONS

In this section we deduce equality (16) as a consequence of Proposition 5.2 and
thereby finish the proof of Theorem 1.1.
At the outset we note that the natural ring homomorphism

(23) A — Z,[G] C Q,[G H@p

induces an isomorphism of perfect complexes of Z,[G]-modules
RI(Qyp, Tp°) ®% Zy[G] = RI(Qp, Tp)
and hence also an isomorphism of determinants
Det ! RIU(Qy, T°) ®4 Zy|G] = Detipl[G] RT(Q,, T)).

Taken in conjunction with Proposition 5.2, this shows that (ﬁj’\% ®a 1,1)is a
Z,|G]-basis of the graded module Detipl[g} RT(Qp,T,). Hence, if we define an
element u of Q,[G]* by means of the equality

Fr,

(24) [ ee(=Fryt)e,(1 - pT)‘16;;(1—p’“‘lFrgl)é%((ﬁNJ))

K‘NO
then it is clear that the equality (16) is valid if and only if u € Z,[G]*

6.1. THE UNIT . To prove that the element u defined in (24) belongs to
Z,[G]* we will compare it to the unit described by the following result.

LEMMA 6.1. There exists a unit u' € Zy[G]* such that for any mteger k: wzth

0 < k < v and any Qp-rational character x of G the element e (Cy» §N ) 15
equal to

X() oy et 71 Llopng €e(=Fry HexCr,s if k = ordp(fy)
x(u')(— Fr;l) HZINJTfX e_% HéINo eg(fFrzl)eXCfX, if k=1, ord,(fy) =0
0, otherwise.

Proof. For d | Ny and k > 0 we set dy := p*d and
a(d) == (d,1) € (Z/p"Z)* x (Z/NoZ)* = (Z/NZ)* =G
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o a . . .
so that (px C§ ro= Cdid). Since &y, = ZNlld\No (q Lemma 6.2 below implies

oF O(fy) de, _q1 di
25)  ey(Crén’ ) = XN (ald))ex s, -
(25) (Gréng ) Nllle%,fXdk QS(dk)N(fx)X (fx)X( (d))exCr

The only non-vanishing summands in (25) are those for which the quotient
di/ f is both square-free and prime to f,. Given the nature of the summation
condition there is a unique such summand corresponding to

i/ fy = Meno,err, & 1 k= ordy(fy)
* H4|N,z+fx ¢, if k=1 and ord,(fy) =0.

—k
If neither of these conditions on k and ord,(fy) is satisfied, then eX(Cpkfi,rop )=
0. By using the multiplicativity of u, ¢ and x and the equalities u(¢) = —1
and ¢(¢) = £ — 1 we then compute that (25) is equal to
X(a(dx)) HZ|N0,€J(fX (g_%(fxil(g))) eXCfxv ifk= Ordp(fx)
x(a(d)) I n, ez, (ﬁ(‘Xﬁl(@)) exCr, ifk=1,0rdy(fy) =0
0, otherwise

where d, is the index of the unique nonvanishing summand in (25), i.e. d, =
fx.0 HZINo,Z’er ¢ with fy o the prime to p-part of f,. Now the element

u = Zx(a(dx))ex € Q,[G]*

belongs to Z,[G]* by Lemma 4.5 (indeed the function d — a(d) is multiplica-
tive, dy, = d(orde(fy)) is a function of ord,(fy) only and satisfies d(0) = d(1)
as such). From here the explicit description of Lemma 6.1 follows because the
definition of e, ensures that [, n, oy, (—x71(0) = [Lon, ec(= Fr; Mey. O

LEMMA 6.2. For any Q-rational (resp. Qp-rational) character x of G =
(Z/NZ)*, any d | N and any primitive d-th root of unity ¢§ we have

0. i fetd
26 ¢4 = d d
26 ek ﬁ&)u(&)xl(&)x(a)emx, i fld

in K (resp. K,). Here ¢(m) is Euler’s ¢-function, u(m) is the Mobius function
and x(m) =0 if (m, fy) > 1.

Proof. Recall that we view a Q-rational character x as the tautological homo-
morphism G — A* — Q(x)* to the field Q(x) := e, A which is a direct ring
factor of A. Thus, any complex embedding j : Q(x) — C induces a complex
character jx =n: G — C*. We set b := N/d. Then under the C-linear map
on : K¢ — C the element

1 1
(Gex)G = enlil = 1 oo = 5y D A" € Ke
9eG x modN
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is sent to the general Gaussian sum ¢(N) 17 (7x|¢4) in the notation of Hasse
[22, §20.1]. By [22, §20.2.IV] we have

_ aby _ O, fn T ;
TN |CY) = {wﬂ(i)n(i)n(aﬁ(n), fold

where the Gaussian sum 7(n) attached to the character 7 is as defined in (11).
For d = f, and ¢§ = (y, we find 7(7) = ¢(fy)on((jey)(s, ). This yields the
image of (26) under on. Note that K¢ & ngG(C via z — (ongx)geq and
both sides of (26) are multiplied by x(g) after applying g. Since jx(g) = 1(g)
is a scalar and oy is C-linear we find that (26) holds in K¢, hence in K, hence
also in K, for all p. O

Given Lemma 6.1, our proof of Theorem 1.1 will be complete if we can show
that uu’ € Z,[G]*. Recalling Lemma 4.5 it thus suffices to prove that for each
Q,-rational character x one has

Feo' Mg e, (€= 1)
[Q(CNO) : Q(Cfx,o)]

where f, o denotes for the prime to p-part of f,. (In this regard note that the
expression on the right hand side of (27) belongs to Z.)

We shall use explicit descent computations to prove that (27) is a consequence
of the definition of u in (24). To this end, for each Q,-character x of G we
let g, denote the kernel of the homomorphism A — Q,(x) in (23). Then
qy is a regular prime ideal of A and A, is a discrete valuation ring with
residue field Q,(x). To apply [17, Lem. 5.7] we need to describe a A, -basis of
HY(Qp, T5°)q, and for this purpose we find it convenient to split the argument
into several different cases.

(27) X(uu') =

6.2. THE CASE r > 1 OR x(Dp) # 1. In this subsection we shall prove (27)
for all characters x except those which are trivial on D), in the case that » = 1.
In particular, the material of this section completes the proof of Theorem 1.1
in the case r > 1.

We note first that if either r > 1 or x(D,) # 1, then q, does not lie in the
support of either [, Zy(r — 1) or [, , Zy(r). Hence, modulo the identifica-
tions made in Proposition 5.2, it follows from (19), (20) and (21) that 837 is
a Mg, -basis of H'(Qy, T5°)q, = (Dety " RT(Qp, T3°))q, and that 537 ®a, 1is
equal to the image of 537 under the composite map

X

Hl(vaT;O)qx - HI(QP’TI?O)CIX ®Aqx QP(X) = HI(KPan(T)) XA, Qp(X)

where the isomorphism is induced by the vanishing of H*(Qy,T°)q, (cf. [17,
Lem. 5.7]).
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6.2.1. The descent diagram. By an obvious semi-local generalization of the
argument of [1, §2.3.2] there exists a commutative diagram of A-modules

Zor—1 . R
o 1 -
HY(K,, Q,(r) <22 g,

where v = ord, (V) is as defined at the beginning of §5,

_ S (G — 1) 4 (1 - B2)71f(0), w21
:'r,u(f) = k=1
Tric(c,)/x(Er1(f)), v=0

is the map of [1, Lem. 2.2.2] and the choice of Frobenius element Fr, € G =
Gn, x Gpv is that which acts trivially on p-power roots of unity. (We are
grateful to Laurent Berger for pointing out that the methods of [3] show that
the diagram (28) commutes even in the case p = 2.)

Now for f = B3, = &N, (1 + X) this formula gives

ZPTk*VCpk FT;k Evy +077( ) me v>1
k=1
1 Fr
o Trr(e,)/x ( G Fr (1 )" ) ENy =
\:'r,u(ﬂNo) = 1 F p
_ - I
(prl Fr; 1 er _ p 1) Eny =
p
Fr, _ . _
A 1Frp1)£No, v=0.

In addition, since either » > 1 or x(D)) # 1, one has e, exp = e, exp and so the
commutativity of (28) implies that the e,-projection of the defining equality
(24) is equivalent to an equality in e, K, of the form

Fr _
(29) H eo(— Fre )ep(l— —rp)_lep(l —pr! Fr, 1)6X6N
Z‘NO p
. Fr,\
(r—1)! (Zka Y ex (Cpr fNo ) (1 - p'r‘p> efoo>
if v > 1, resp.
(30) H eo(—Fr; ey By = x(u)(r — 1)leyén,
¢\ No
if v =0.
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6.2.2. The case ord,(f,) > 0. In this case v > 0 and e,(z)e, = e, for all
r € AY and so we may leave out all factors of the form e,(—) on the left
hand side of (29). In addition, Lemma 6.1 implies that the only non-vanishing
term in the summation on the right hand side of (29) is that corresponding to
k = ord,(fy) and moreover that (29) is equivalent to an equality

_ 1
exBn = x(uu')(r — Dp™* H ﬁexcfx'
£ No & fx

Now, since k = ord,(fy) and v = ord,(N), we have

rk—v I [QCN) : Q¢ )] it
b H B ot Tl o, (€= 1) [ Q)]

To deduce the required equality (27) from the last two displayed formulas one
need only substitute the expression for e, 8y given in Proposition 4.1.

V—
£|No, 0t fx

6.2.3. The case ordy(fy) = 0 and v > 0. In this case Lemma 6.1 shows that
the only non-zero terms in the summation on the right hand side of (29) are
those which correspond to k = 0 and k = 1. Moreover, one has e,(x)e, = xey
for z € A). By Lemma 6.1, equation (29) is thus equivalent to

Frp - r—1 1.1 _
(31) e (1=p" " Fr, )e Sy =

- N
x(un')(r —1)! H %1 <p (— Frgl) +p7Y (1 — E;) ) exCr, -

‘ -1
(N0t p

But

p—1 p"

s Fr,\ '/ . Fr 1
:p (1_ Tp) (p'r—l(_Fr;I) (1_ TP) +p )
p—1 P D D

1 Fr,\
= 1-— p) 1—p 1Rt
¢(p") ( v) »)
and so (31) implies that

1 H 1
- = / - ! .
eXIBN X(uu )(T 1) (b(p’/) £|No, 1 fy - 16X<fx

The required equality (27) follows from this in conjunction with the equality

1 1 1 [QCN) QU0 KT
(b(pu) -1 f;z)l HZINO,ZHX (5 - 1) [K : Q(Cfx)]

and the expression for e, 3n given in Proposition 4.1.

P -1 v Frp -
(=Fr, ) +p 1—

4
£|No,btf
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6.2.4. The case v = ord,(N) = 0. In this case (27) results directly upon
substituting the formulas of Proposition 4.1 and Lemma 6.1 (with k£ = 0) into
(30).

6.3. THE CASE r = 1 AND x(D,) = 1. In this case q, lies in the sup-
port of [, Zy(r — 1) (but not of [[,,Zy(r)) and B3 is not a Aq -basis
of H'(Q,, T5°),, - We fix a generator v of Z,, = Gal(Q(Cnp)/K () € Gnpee
and then define a uniformizer of A4 by setting

w:=1—7.

The p-adic places of the fields K = Q({n,pr) and Q((n,p=) are in natural
bijection. We fix one such place vy and set

1= (G € m(@Cnupn )/

CLH (CNopm) )/pn:Hl(Qpanm)~
n ,Ulp
Then the image 7°° of n°° in
HY(Qp, T;%)ay /@ € H (Kp, @p(1)) @4, Qpx) = H' (Kp, Qp(1))y

coincides with that of p € Q((n, )., and so is non-zero. In particular therefore,

N> is a Ag -basis of H'(Qp, T3°)q,. Now, by [17, Lem. 5.7] there is an exact
sequence

0 = HY(Qp, T gy /o = H' (K, Qp(1))y 2 H2 (K, Qy(1))y — 0

where (3 is the y-projection of the composite homomorphism

) Trg, /g, (log,(uy))
( Qp( )) =K, — HQP = H pa@p( )) Uy = logp(chclo('Y))

(see [17, Lem. 5.8] and its proof). This exact sequence induces an isomorphism
b : Doty RU(Qyp Vi)y = HY(Qp T5%)q, [

and [17, Lem. 5.7] implies that, modulo the identifications made in Proposition
5.2, one has

(32) X B @, 1= 051 (1)
where the elements A € AX and e € Z are defined by the equality
(33) 07 F)al (N B%,) = @™ € HY(Qyp, T;%)q,

and \ denotes the image of A in Aq, /. This description of 7°° implies that
val(7™) = B(exp(eyb)),

where ‘val’ is the normalized valuation map which occurs in (14) and

= [Dp|™ log,, (Xeyelo(7)) € Qp € Ky, © HKv = K.

v|p
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LEMMA 6.3. The element X that is defined in (33) belongs to A and in
Q(Cwo)p = 11,1, QCno )v one has

1 —1
b=—|D 1<1> A &Ny
| ;D| p No

This formula uniquely determines the image X of A in Q,(x).

Proof. Since B3, is a basis of the free rank one A-module R (by Lemma 5.1)
we have

(34) A= B3, = 07 (™))

for some element A of A, which then also satisfies the condition (33).

The map 6 is described explicitly by (22). Further, with respect to the
system ((pn)n>1, the Coleman power series that is associated to the norm
compatible system of units (1°°)® = (n°°)*=) is equal to

X J—
(1 + X)chclo(’Y) -1 = Xcyclo

f(X) = (v)~" mod (X).

Thus, by computing constant terms in the power series identity (34) we obtain
equalities

by = (1 %)log(f(X))

X=0

— (- %) log, (Xeyeto(7) 1)

1
=—(1—=)|D,b
( p)l bl

as required to finish the proof of the first sentence of the lemma. On the other
hand, the second sentence of the lemma is clear because &y, is a Q,[Gn,]-basis

of Q(¢ny)p and Q,(x) = Aq, /@ is a quotient of Q,[Gn,].
With exp denoting the map in (15), the last lemma implies that

¢ (77°) = 71°° Aexp(exd) ® Blexp(eyb)) ™
= — exp(ey) A7 @ val(7) 7
=exp(—exb)

__ _ 1\ -
=exp <|Dp| 1<1p> )\~6X§NO>,

and hence, using (32), that
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D (BT, @a,, 1)

1
=DM (1 - 5)716X(£N0)
1
=|Dy|7H(1 - 5)71X(u') H — H eo(—Fry Hey(,
Z|N070(fx £|No
1
:|Dp|_1(1 - 2;)_196(“/) H 71 H ee(— Fre K : Q(Cr)lexBn
Z|N0,fox €|N0

=[Dp/Jp| (1 - i)_lx(ul) @ (gNO) $ Q)] H eo(—Fr; ey By

Foo Weno.err €= 1) 15

where the second equality follows from Lemma 6.1, the third from Proposition
4.1 and the fourth from the fact that » =1, f,, = fy,0 and

(K Q¢ )] [Q(¢no) = QCy0)]

ol T et €= 1) fro' Towg,ar, (€= 1)

The required equality (27) is now obtained by comparing the above formula
for &5_1@%’0 ®A,, 1) to the definition of u in (24).
This completes our proof of Theorem 1.1.

7. SOME REMARKS CONCERNING TQ1°¢(M, 2A)

In this section we prove two results that were used in the proof of Theorem
1.1 but which are most naturally formulated in a more general setting. In
particular, these results extend the computations made in [9, §5].

We henceforth fix notation as in §2. Thus, we stress, M is no longer assumed
to be a Tate motive and the (finite dimensional semisimple) Q-algebra A is not
assumed to be either commutative or a group ring.

7.1. THE CONTRIBUTION FROM PRIMES ¢ # p. We first recall the following
basic fact about the cohomology of the profinite group Z (for distinction we
shall denote the canonical generator 1 € 7 by o). Let R be either a pro-p ring,
or a localization of such a ring, and let C' be a perfect complex of R-modules
with a continuous action of Z. Then

RI(Z,C) = Tot(C =% C)

is a perfect complex of R-modules where ‘Tot’ denotes the total complex of a
double complex. The identity map of C' induces a morphism

idc triv : 1r = Det;il RF(Z, )

in V(R) which is functorial for exact triangles in the variable C' and also com-
mutes with scalar extension.
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PROPOSITION 7.1. For a prime number £ # p we let oy denote the Frobenius
automorphism in Gal(Q}*/Qy). If

0,7 1 14, = Det ! RT(Qy, Vp)
denotes the morphism in V(A,) which occurs in [9, (67)], then

Det a, (—04@‘1 |(Vp)12)_1 Hﬁ'pa’"t
is induced by a morphism 1y, = Detii RT(Qg, Tp) in V().
Proof. Recall the exact triangle of complexes of A,-modules
(35) RT¢(Q¢, V) = RT(Qq, Vp) — RT(Qe, V)
from [9, (18)] as well as the isomorphism

AV RT p(Qe, V) = RT3(Qr, V(1)) "[=2]

from [9, Lem. 12a)]. The triangle (35) is obtained by applying RI'(Z, —) to the
exact triangle
(36) H°(Iy,V,) = RU (L, V) — H' (I, V) [-1]
together with the isomorphism

RI(Z,RT(I;,V,)) = RT(Qy, V).
According to the convention [9, (19)] the generator o we use here is o, *. The
isomorphism AV is more explicitly given by the diagram

-1
l-0o,

Vo) (1) —— (Vp)r(=1)

—1
1-0o,

(V) —— (V;)()*
Note here that H'(I,,V,) is naturally isomorphic to (V,)r,(—1) and that in
the isomorphism ((V,7)%)* = (V,);, the first dual is the contragredient -
representation whereas the second is simply the dual. From this last diagram
we deduce
id(v, ), (~1),0iv = Deta, (=0l |(V)r,) id((veyre (1)), triv

and by the discussion above with R = A,, the exact triangle (36) gives

. ] .

ldeIE,triv ® ld(Vp)IZ(—l),triv = ldRF(Iz,Vp),triv .
By the definition of [9, (67)] the morphism Hf;‘part is induced by the triangle
(35), the isomorphism AV and the morphisms id,r, . and i (v e (1)) eriv-

Hence
Deta, (—oet™|(Vp)r,) " 00
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is the scalar extension of the morphism id gr(z,,7,,),triv i V(2,) and this finishes
the proof of the Proposition. O

7.2. ARTIN-VERDIER DUALITY. In this subsection we extend [9, Lem. 14] to
include the case p = 2 and hence resolve the issue raised in [9, Rem. 16].
Before stating the main result we recall that [9, (78)] defines a morphism in
V(A,) of the form

37) 0, [ @ Dety! R(QrV,) | ®a, Dety! (V) = Ay @a, Ap(S,Ty)
ZESp,f

where
Ap(S,Ty) := Dety, C(Q,T))
with C(Q,T},) a certain canonical perfect complex of 2(,-modules (as occurs in
the diagram (39) below with £ = Q).
We set
ev, == Det, (2|V,") Deta, 2|V, )" € Ki(Ap).

PROPOSITION 7.2. The morphism ey, - 0,, is induced by a morphism in V()
of the form

(38) ) Dety' RT(Qr,Tp) | @, Dety ' () = Ay(S, T)).
KGSPJ'

The proof of this result will occupy the remainder of this subsection.

We note first that if p is odd, then ey, € im(K;(2A,) — K1(Ap)) and so the
above claim is equivalent to asserting that ¢, itself is induced by a morphism
in V(2,) of the form (38). Since this is precisely the statement of [9, Lem. 14]
we shall assume henceforth that p = 2.

Now if F is any number field, then [9, (81)] gives a true nine term diagram

@ RTa(B,,T,(1)"[-4] = @ RCa(E,,T,(1))"[-4]
vES oo vESoo
| @]
(39) R (Ogm,s,, Ty (1)) [-4] — 3L(Sp, Tp)[—1] — RI:(Ogp.s,,Tp)
| | I
RT.(Ogp,s,, T (1) [-4] — C(E,T,) — RI.(Og.s,,Tp)

where the complex 3L(Sp,T},) is endowed with a natural quasi-isomorphism
B(E) : 3L(S,, Tp) = @D RT(E,,T,).
vES,

To prove the Proposition we shall make an explicit study of the composite
morphism 3(Q)o«a(Q). To do this we observe that if F is any Galois extension
of Q with group T, then (39), resp. B(E), is a true nine-term diagram, resp.
quasi-isomorphism, of complexes of 2,[I']-modules and the same arguments as
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used in [8, Lem. 11] show that application of R Homg_ r)(Zy, —) to (39), resp.
B(E), renders a diagram which is naturally isomorphic to the corresponding
diagram for F = Q, resp. a quasi-isomorphism which identifies naturally with
5(Q).

We now fix E to be an imaginary quadratic field and set I' := Gal(E/Q) and
Rl 1ate(Ey, —) := RT'(E,, —) for each non-archimedean place v. Then for each
vg € S one has a natural morphism RT'Tute(Fyy, —) — RI(Ey,, —) and we let
Yoo (E') denote the following composite morphism in D(2,[I])

B(E)oa(E)1]

RUA(Eoo, T (1))*[-3] P RU(E..T;) = RU(Ey,, T).

vESy

Now if vg is non-archimedean, then ~,,(E) is equal to the composite

(40)  RTA(Boo, Ty (1))*[-3] = P RTrate(Ey, Tp) — RT(Ey,, Ty),
vES)

where the first arrow denotes the diagonal morphism in the following commu-
tative diagram in D(2(,[I'])

AV

RUA(Boo, Ty (1))*[—3] —  RTe(Ogs,, Ty (1))*[—3] — RI(Ogp,s,,Tp)
I | |
RUA(Boo, Tp (1))*[-3] — @ RUrate(Eo, Tp (1) [-2] <Y @ RUqare(Eo, Tp)

vESp vESp

in which the left, resp. right, hand square comes directly from the definition of
RTUA(Eoo, T, (1)) in [9, (80)], resp. from the compatibility of local and global
Artin-Verdier duality as in [9, Lem. 12]. Since (vq is assumed for the moment
to be non-archimedean and) the image of the lower left hand arrow in this
diagram is contained in the summand RT'Tate(Eoo, T (1))*[—2] it is therefore
clear that (40) is the zero morphism. Hence, there exists a natural isomorphism
in D(A,[T]) of the form

C(E,T,) = Cu(B,T,)[-1]® € RI(E,.T,)[-1]
vESy, f

where Coo(E,T),) is a complex which lies in an exact triangle in D(2(,[I]) of
the form

Yoo (E)

(41) RUA(Ewo, T, (1)) [-3] RT(Ew,T,) = Coo(E,T)p) — .

Now, via the canonical identifications RT'A(Eoo, T, (1))*[-3] = T),(—1)[-3] and
RI(Ew,T,) = T,]0], we may regard v (E) as an element of

How py (s, 1)) (T (—1)[=3], T, [0)) = Extyy ry(T, (1), T)-
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With respect to this identification, Coo(E,T,) represents voo(E) viewed as a
Yoneda 3-extension and so can be obtained via a push-out diagram of 2,[I']-
modules of the form

0> T, » T, =5 7,0 25 7,01 > T,(-1) — 0

(42) A || || ||

0T, > B, — T, % T, - T,(-1) — 0.
Here we write ¢ for the natural diagonal action of the generator 7 of Gal(C/R),
the second arrow in the upper row is the map t — ¢ + 7(¢) - v where ~ is
the generator of I' and the fifth arrow in both rows is the map t +¢ - v —
(t—7(t") ® &1 with £ := ((yn )n>1 (vegarded as a generator of Z,(1)).
For any 2,[I']-module X the above diagram induces a commutative diagram
of the form

Extglpm (T, X) —— Ext;jjm (T, (1), X)

“T l

Excty, p(Tp, X) —— Exty i (Tp(=1), X).

But Coo(E, T},) belongs to DP(21,[T]) (since the lower row of (39) belongs to
Drerf(9(,[])) and so the projective dimension of the 2,[I']-module B,, is finite
and therefore at most 1. This implies that the upper (resp. lower) horizontal
map in the last diagram is bijective for ¢ > 2 and surjective for i = 1 (resp.
bijective for i > 1). The map u** is therefore bijective for each i > 2 and
surjective for ¢ = 1 and so a result of Holland [23, Th. 3.1] implies that there
exists an automorphism a € Auty r)(7},) and a projective %, [I']-module P
such that p — a is equal to a composite of the form T, = P — T,. Now the
I'-module

HOHIQ[F (Tp(—].)7 P) = HOHIQLP (Tp(—l),le) ®Q[p P=T* ®Q[p P

is cohomologically trivial (indeed, it suffices to check this for P = 2,[I'] in
which case T* ®g, Ap[T] = T* @z, Zp[I'] = Z,[I']* with d = rankz, (T*)) and so
Exty ry(T,(=1), P) = H*(T', Homay, (T,,(—1), P)) = 0. In the diagram (42) we
may therefore assume that p € Autg (7)) and hence can use this diagram
to identify C(E,T),) with the complex

T,[I] =5 T,[0] 5% T, [T,

where the first term is placed in degree 0 (and the cohomology is computed via
the maps in upper row of (42)). Writing C(T},) for the complex

1—c

14+c
T, — T, — T,
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(where the first term is placed in degree 0), we may thus deduce the existence
of a composite isomorphism in D(2,) of the form

Coo(Ty)[-1]& € RT(Q,T,)[-1]
€S, ¢

=~ RHomg, r)(Zy, Coo(E, T,)[-1] & €D RI(E,,T,)[-1])
UESP,f
g‘R}IOIHZF[F](ZP,C’(E‘,/I’p))

=C(Q,Ty).
When taken in conjunction with the natural morphism
j(Tp) : Detmp Coo (Tp>[_1] = Deti; (Tp) ®le (Detmp (Tp) ®le Detii (Tp))
= Detii(Tp) ®u, 1o, = Detii(Tp)

the above composite isomorphism induces a morphism in V' (2(,) of the form

0y : | Q) Dety! RT(Qr, T,) | @, Dety! (T,) = Deta, C(Q, T,) = Ay(S, Ty).
ZESp,f

Now A, ®g, ¢, differs from the morphism 6, in (37) only in the following
respect: in place of A, ®g, j(T,) the morphism 9;, involves the composite
morphism
](Vp) : Ap ®Q[p Detmp Cw (Tp)[—l} =
Det31(4, @, HY(Coo(T}))) @4, Det! (4, Ba, HX(Ca(T)))
= Det 'V,

where the first morphism is the canonical ‘passage to cohomology’ map and the
second is induced by combining the isomorphisms A, ®s, H(Coo(Tp)) = V,;F
and A, @g, H*(Coo(T})) = Vp(—1)* that are induced by the upper row of
(42) with the isomorphism V,F @ V,,(=1)* = V,F @V~ =V}, (where the second

component of the first map sends each element v of V,(=1)* to v ® & € V7).
But the complex A, ®g, Coo(T}) identifies with

n _ 02 4 _(20) 4 _
ViheV, — VeV, — VeV,

and so, by an explicit computation, one has A, ®q, j(T) = €y, - j(V,) where
ey, = Det, (2|V,;") Deta, (2|V," )" € K1(A). The induced equality

AP ®le 9;7/ = GVP ’ 9;7

then completes the proof of the Proposition.
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