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INTRODUCTION

In this paper we extend the results of [Tay4] from the ordinary to the crys-
talline, low weight (i.e. in the Fontaine-Laffaille range) case. The underlying
ideas are the same. However this extension allows us to prove the meromor-
phic continuation and functional equation for the L-function of any regular
(i.e. distinct Hodge numbers) rank two “motive” over Q. We avoid having to
know what is meant by “motive” by working instead with systems of [-adic rep-
resentations satisfying certain conditions which will be satisfied by the I-adic
realisations of any “motive”.

More precisely by a rank 2 weakly compatible system of l-adic representations
R over Q we shall mean a 5-tuple (M, S, {Qp(X)}, {pa}, {n1,n2}) where

IThis material is based upon work partially supported by the National Science Founda-
tion under Grant Nos. 9702885 and 0100090. Any opinions, findings, and conclusions or
recommendations expressed in this material are those of the author and do not necessarily
reflect the views of the National Science Foundation.
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730 RICHARD TAYLOR

e M is a number field;

S is a finite set of rational primes;

o for each prime p ¢ S of Q, Q,(X) is a monic degree 2 polynomial in
M[X];

e for each prime A of M (with residue characteristic ! say)
P GQ — GL2(M)\)

is a continuous representation such that, if [ € S then p,|q, is crystalline,
and if p & S U {l} then py is unramified at p and py(Frob,) has charac-
teristic polynomial Q,(X); and

e ny,m9 are integers such that for all primes A of M (lying above a rational
prime [) the representation py|g, is Hodge-Tate with numbers ny and ng,
Le. pA®q, Q¢ = (M>\®QI ?C)(_nl)@(MA Qq, ;10)(_712) as My ®q, 1
modules with Mjy-linear, Qf¢-semilinear Gg,-actions.

We call R regular if ny # ng and det py(c) = —1 for one (and hence all) primes
A of M. We remark that if R arises from a regular (distinct Hodge numbers)
motive then one can use the Hodge realisation to check that det px(c) = —1
for all A. Thus we consider this oddness condition part of regularity. It is not
difficult to see that if one of the p) is absolutely reducible so are all the others.
In this case we call R reducible, otherwise we call it irreducible. (If p3 is the
sum of two characters these characters are Hodge-Tate and hence by results of
[S1] themselves fit into compatible systems. The elements of these compatible
systems provide the Jordan-Holder factors of the other py.)

We will call R strongly compatible if for each rational prime p there is a Weil-
Deligne representation WD, (R) of Wg, such that for primes A of M not di-
viding p, WD,(R) is equivalent to the Frobenius semi-simplification of the
Weil-Deligne representation associated to px|a,. (WD,(R) is defined over M,
but it is equivalent to all its Gal (M /M )-conjugates.) If R is strongly compat-
ible and if i : M < C then we define an L-function L(iR,s) as the infinite
product

L(iR,s) = | [ Lp(iWD,(R)¥ ® |Art | #)~"

p

which may or may not converge. Fix an additive character ¥ = [[ ¥, of A/Q

with U, (z) = €>™V=1* and a Haar measure dz = [[dz, on A with dz., the
usual measure on R and with dz(A/Q) = 1. If, say, ny > ns then we can also
also define an e-factor €(iR, s) by the formula

c(iR,s) = V=1 " [ e(iWD,(RS)" @ [Art [, %, ¥, dz).
p
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(See [Tat] for the relation between [l-adic representations of Gg, and Weil-
Deligne representations of Wg,, and also for the definition of the local L and
e-factors.)

THEOREM A Suppose that R = (M, S,{Q.(X)},{pr},{n1,n2})/Q is a regu-
lar, irreducible, rank 2 weakly compatible system of l-adic representations with
n1 > no. Then the following assertions hold.

1. If i : M < C then there is a totally real Galois extension F/Q and
a regular algebraic cuspidal automorphic representation m of GLo(AR)
such that L(iR|q,,s) = L(m,s).

2. For all rational primes p € S and for alli : M < C the roots of i(Q,(X))
have absolute value p~(M1+72)/2

3. R is strongly compatible.

4. For all i : M — C, the L-function L(iR,s) converges in Res > 1 —
(n1 + n2)/2, has meromorphic continuation to the entire complex plane
and satisfies a functional equation

(2m) " CFT"ID(s + ) LR, s) = €(iR, s)(27)* "2 ' D(1 — ny — s)L(RY, 1 — s).

More precisely we express L(iR,s) as a ratio of products of the L-functions
associated to Hilbert modular forms over different subfields of F. (See section
6 for more details.)

For example suppose that X/Q is a rigid Calabi-Yau 3-fold, where by rigid
we mean that H?!(X(C),C) = (0). Then the zeta function (x(s) of X has
meromorphic continuation to the entire complex plane and satisfies a functional
equation relating (x(s) and (x (4 —s). A more precise statement can be found
in section six.

Along the way we prove the following result which may also be of interest. It
partially confirms the Fontaine-Mazur conjecture, see [FM].

THEOREM B Let [ > 3 be a prime and let 2 < k < (I41)/2 be an integer. Let
p: Gg = GL2(Qf°) be a continuous irreducible representation such that

e p ramifies at only finitely many primes,

e det p(c) = —1,

e plg, is crystalline with Hodge-Tate numbers 0 and 1 — k.
Then the following assertions hold.

1. There is a Galois totally real field F' in which 1 is unramified, a requ-
lar algebraic cuspidal automorphic representation © of GLa2(AF) and an
embedding A of the field of rationality of m into Q¢ such that

® Prx Y p|GFf
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732 RICHARD TAYLOR

o 7, is unramified for all places x of E above l, and

e T, has parallel weight k.

2. If p is unramified at a prime p and if o is an eigenvalue of p(Frob,,) then
a € Q% and for any isomorphism i : Qf° 5 C we have
"I:OC|2 _ p(kfl)/Q.
3. Fiz an isomorphism i : Q¢¢ 5 C. There is a rational function L ;(X) €
C(X) such that the product

L(ip,s) = Ly;(17°)~! Hidet(l — pr1, (Frob,)p~*)~!
p#l

converges in Res > (k+1)/2 and extends to a meromorphic function on
the entire complex plane which satisfies a functional equation

(2m)~*T(s)L(ip, ) = WN(p)*/>~*(2m)* " (k — s)L(i(p" @ " 1),k — s),

where € denotes the cyclotomic character, where N(p) denotes the con-
ductor of p (which is prime tol), and where W is a complex number. (W
is given in terms of local e-factors in the natural way. See section 6 for

details.)

4. If k = 2 further assume that for some prime p # | we have

€ *
plG"N<8< x)'

Then p occurs in the l-adic cohomology (with coefficients in some Tate
twist of the constant sheaf) of some variety over Q.

Again we actually show that L(ip, s) is a ratio of products of the L-functions
associated to Hilbert modular forms over different subfields of F. (See section
6 for more details.)

For further discussion of the background to these results and for a sketch of
the arguments we use we refer the reader to the introduction of [Tay4].

The first three sections of this paper are taken up generalising results of Wiles
[W2] and of Wiles and the author [TW] to totally real fields. Previous work
along these lines has been undertaken by Fujiwara [Fu] (unpublished) and Skin-
ner and Wiles [SW2]. However the generalisation we need is not available in
the literature, so we give the necessary arguments here. We claim no great
originality, this is mostly a technical exercise. We hope, however, that other
authors may find theorems 2.6, 3.2 and 3.3 of some use.

In the fourth and fifth sections we generalise some of our results from [Tay4]
about a potential version of Serre’s conjecture. This is the most original part of
this paper. The main result is theorem 5.7. Finally in section six we combine
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theorems 3.3 and 5.7 to deduce the main results of this paper which we have
summarised above.

We would like to apologise for the long delay in submitting this paper (initially
made available on the web in 2001) for publication. We would also like to
thank the referee for reading the paper very carefully and making several useful
suggestions.

NOTATION

Throughout this paper [ will denote a rational prime, usually assumed to be
odd and often assumed to be > 3.

If K is a perfect field we will let K denote its algebraic closure and Gg
denote its absolute Galois group Gal (K*¢/K). If moreover p is a prime number
different from the characteristic of K then we will let €, : Gx — Z; denote
the p-adic cyclotomic character and w,, the Teichmiiller lift of €, mod p. In the
case p = [ we will drop the subscripts and write simply € = ¢, and w = w;. We
will let ¢ denote complex conjugation on C.

If K is an [-adic field we will let | |k denote the absolute value on K normalised
to take uniformisers to the inverse of the cardinality of the residue field of K.
We will let I denote the inertia subgroup of G, Wk denote the Weil group of
K and Frobg € Wi /I denote an arithmetic Frobenius element. We will also
let Art : K* 5 W2P denote the Artin map normalised to take uniformisers
to arithmetic Frobenius elements. Please note these unfotunate conventions.
We apologise for making them. (They are inherited from [CDT].) By an n-
dimensional Weil-Deligne representation of Wx over a field M we shall mean
a pair (r, N) where r : Wi — GL, (M) is a homomorphism with open kernel
and where N € M,, (M) satisfies

r(o)Nr(o)™t = |Art o] ' N

for all 0 € Wg. We call (r, N) Frobenius semi-simple if r is semi-simple. For
n € Zso we define a character wg ,, : [x — (K*)* by

wi (o) =o(" V1)) "V

We will often write wy, for wg, ». Note that wi,1 = w.

Now suppose that K/Q is a finite unramified extension, that O is the ring of
integers of a finite extension of K with maximal ideal A\ and that 2 < k <
I —1. Let MFg o, denote the abelian category whose objects are finite
length Ok ®z, O-modules D together with a distinguished submodule D° and
Frobg ® 1-semilinear maps p1_ : D — D and ¢q : D° — D such that

® o1 k|po =1F "1y, and

e Imp;_j+Impyg=D.
Also let MF g 0/an 1 denote the full subcategory of objects D with A" D = (0).
If D is an object of MFk o we define D*[1 — k| by
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734 RICHARD TAYLOR
e D*[1 — k] = Hom (D, Q;/Z;);
® D*[l*/{]o :Hom(D/DO,Ql/Zl);

p1-k()(2) = fUF 2 +y), where z = p1_(z) + o (y);
©0o(f)(2) = f(x mod D), where z = ¢1_j(x) mod (poD°).

There is a fully faithful, O-length preserving, exact, O-additive, covariant func-
tor M from MF g 0k to the category of continuous O[Gk]-modules with es-
sential image closed under the formation of sub-objects. (See [FL], especially
section 9. In the notation of that paper M(D) = U ¢(D*), where D* is D*[1—k]
with its filtration shifted by & — 1. The reader could also consult section 2.5 of
[DDT], where the case k = 2 and K = Qy is discussed.)

If K is a number field and z is a finite place of K we will write K, for the
completion of K at x, k(z) for the residue field of z, w, for a uniformiser in
K., G, for a decomposition group above z, I, for the inertia subgroup of G,
and Frob, for an arithmetic Frobenius element in G, /I,. We will also let O
denote the integers of K and 0g the different of K. If S is a finite set of
places of K we will write K for the subgroup of K* consisting of elements
which are units outside S. We will write Ax for the adeles of K and || ||
for [T, ] |r : Ax — R*. We also use Art to denote the global Artin map,
normalised compatibly with our local normalisations.

We will write pn for the group scheme of N** roots of unity. We will write
W (k) for the Witt vectors of k. If G is a group, H a normal subgroup of G and p
a representation of G, then we will let p (resp. pg) denote the representation
of G/H on the H-invariants (resp. H-coinvariants) of p. We will also let p*
denote the semisimplification of p, ad p denote the adjoint representation and
ad “p denote the kernel of the trace map from ad p to the trivial representation.
Suppose that A/K is an abelian variety over a perfect field K with an action of
O\ defined over K, for some number field M. Suppose also that X is a finite
torsion free Op-submodule. The functor on K-schemes S — A(S) ®0,, X is
represented by an abelian variety A ®p,, X. (If X is free with basis ey, ..., e,
then we can take A ®p,, X = A". Note that for any ideal a of Oy we then
have a canonical isomorphism

(A®o,, X)la] = Ald] ®0,, X.

In general if Y D X D aY with Y free and a a non-zero principal ideal of Oy,
prime to the characteristic of K then we can take

(A DO X) = (A Ko ClY)/(A[Cl] Ko X/CIY))
Again we get an identification
(A®o, X)[a] = Ala] ®0,, X.

If X has an action of some O, algebra then A ®p,, X canonically inherits
such an action. We also get a canonical identification (A ®p,, X)¥ = AY ®0o,,
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Hom (X, Opy). Suppose that pu: A — AV is a polarisation which induces an
involution ¢ on M. Note that ¢ equals complex conjugation for every embedding
M — C. Suppose also that f : X — Hom o,, (X, Oy) is c-semilinear. If for all
x € X — {0}, the totally real number f(x)(z) is totally strictly positive then
p® f: Ao, X = (A®e, X)V is again a polarisation which induces ¢ on
M.

If A 'is an ideal of Oy prime to the characteristic of K we will write p, , for
the representation of G on A[A](K°). If X is prime we will write T\ A for the
A-adic Tate module of A, V) A for Th A ®z Q and pa » for the representation of
G on VyA. We have a canonical isomorphism T) (A®e,, X) = (ThA)®o,, X.
Suppose that M is a totally real field. By an ordered invertible Oy;-module
we shall mean an invertible O;-module X together with a choice of connected
component X of (X ® M,) — {0} for each infinite place z of M. If ais a
fractional ideal in M then we will denote by at the invertible ordered Oj;-
module (a, {(M)°}), where (M)® denotes the connected component of 1 in
M. By an M-HBAV (‘Hilbert-Blumenthal abelian variety’) over a field K we
shall mean a triple (4,1, j) where

e A/K is an abelian variety of dimension [M : Q),
o i: Oy < End (A/K)

e and j : (0;/)t 5 P(A,4) is an isomorphism of ordered invertible Op/-
modules.

Here P(A, 1) is the invertible Oy module of symmetric (i.e. f¥ = f) homomor-
phisms f : (4,7) — (AY,4Y) which is ordered by taking the unique connected
component of (P(A4,i) ® M,) which contains the class of a polarisation. (See
section 1 of [Rap].)
If A is a prime of M and if z € DX/} then j(z) : A — AV gives rise to an
alternating pairing

€j,z,0 * T)\A X T,\A — Zl(l).

This corresponds to a unique Oz x-bilinear alternating pairing

€jx - ThWAxThA— DX/II,/\(IL

which are related by e; ;0 = tr oe;,. The pairing :z,‘*lej,ac is independent of x
and gives a perfect O y-bilinear alternating pairing

ej: ThA x ThA — Ona(1),

which we will call the j-Weil pairing. (See section 1 of [Rap].) Again using the
trace, we can think of e; as an Oj y-linear isomorphism

gj : T)\A ® DX; — Hom VA (T)\A, Zl(1>)
More precisely

€i(a®y)(b) = tr(ye;(a, b)) = ejyx,o(xflya, b).
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736 RICHARD TAYLOR

The same formula (for z € DX} —abX/}) gives rise to an Oy x-linear isomorphism
¢; : Ald] ®o,, 93 — Ala]Y,

which is independent of x and which we will refer to as the j-Weil pairing on
Ala].

Suppose that F' is a totally real number field and that 7 is an algebraic (see
for instance [Cl]) cuspidal automorphic representation of GLs(Ar) with field
of definition (or coefficients) M C C. (That is M is the fixed field of the
group of automorphisms ¢ of C with on™ = 7. By the strong multiplicity
one theorem this is the same as the fixed field of the group of automorphisms
o of C with om, = 7, for all but finitely many places = of F.) We will
say that mo has weight (k,@) € Zggm(F’R) x ZHom (FR) if for each infinite
place 7 : F < R the representation , is the (k, — 1)t lowest discrete series
representation of GLo(F,) = GLy(R) (or in the case k, = 1 the limit of discrete
series representation) with central character a ~ a?~% ~2%r_ Note that w =
kr 4+ 2w, must be independent of 7. If 7o, has weight ((k, ..., k), (0,...,0)) we
will simply say that it has weight k. In some cases, including the cases that 7,
is regular (i.e. k. > 1 for all 7) and the case 7o, has weight 1, it is known that
M is a CM number field and that for each rational prime [ and each embedding
A M — Qf¢ there is a continuous irreducible representation

pr: Gp — GLao(M))

canonically associated to . For any prime = of F' not dividing [ the restriction
pr.alc, depends up to Frobenius semi-simplification only on 7, (and X). (See
[Tayl] for details. To see that M is a CM field one uses the Peterssen inner
product

(F1:f2) = / F1(9)°(f2(9))| det g||“~*dg.
GLQ(F)(R;O)Hom (F,R)

For all 0 € Aut (C) the representation 7> extends to an algebraic automor-
phic representation w(c) of GLy(Ap) with the same value for w. The pairing

(', ) gives an isomorphism °7(c) = 7(0)¥||det |[>~%. Thus ° <7 is in-
dependent of o and M is a CM field.) We will write pra|jp, = WDx(m),
where WD) () is a semi-simple two-dimensional representation of Wg, . If
7y is unramified then WDy (7;) is also unramified and WD (7, ) (Frob,) has

characteristic polynomial
X2 —t,X + (Nz)s,

where t, (resp. s;) is the eigenvalue of
wy 0
[GL2(OF1~) ( 0 1 )GL2(OF,£)}
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(resp. of
« 0
na0n) (2 ) GLaon))
on 7r§ L2(Or) - Aq explicit description of some other instances of WD (7,,) may

be found in section 4 of [CDT].

We may always conjugate p,r x so that it is valued in GLy(Op,5) and then
reduce it to get a continuous representation Gp — GLo(IF7°). If for one such
choice of conjugate the resulting representation is irreducible then it is inde-
pendent of the choice of conjugate and we will denote it p, .

1 [-ADIC MODULAR FORMS ON DEFINITE QUATERNION ALGEBRAS

In this section we will establish some notation and recall some facts about I-adic
modular forms on some definite quaternion algebras.

To this end, fix a prime [ > 3 and a totally real field F' of even degree in which
[ is unramified. Let D denote the division algebra with centre F' which ramifies
exactly at the set of infinite places of F'. Fix a maximal order Op in D and
isomorphisms Op , = M(Op,;) for all finite places  of F'. These choices allow
us to identify GL2(A%) with (D ®g A>)*. For each finite place z of F also
fix a uniformiser w, of Op,. Also let A be a topological Z;-algebra which is
either an algebraic extension of QQ;, the ring of integers in such an extension or
a quotient of such a ring of integers.

Let U = [],U. be an open compact subgroup of GL3(AY¥) and let v :
(A®)*/F* — A* be a continuous character. Also let 7 : Uy — Aut (W;)
be a continuous representation of U; on a finite A-module W, such that

-1
T‘UlﬁO;yl = 17[J|Ulmo;<\l.

We will write W ,, for W, when we want to think of it as a U(A¥)*-module
with U acting via 7 and (A%)* by ¢~1.
We define S- ,(U) to be the space of continuous functions

J D\GLo(AF) — W,
such that
o f(gu) =7(u) 1 f(g) for all g € GLa(A¥) and all u € U, and
o f(gz) =¢(2)f(g) for all g € GL2(A%) and all z € (AP)*.
If
GLy(AF) = [[ D*tU(AF)"
then Z
Sea(U) < @ WINPT
[ (f{t)):

The index set over which 7 runs is finite.
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LEMMA 1.1 Each group (U(A®)* Nt;'D*t;)/F* is finite and, as we are as-
suming | > 3 and | is unramified in F, the order of (U(A®)* Nt; *D*t;)/F*
s not divisible by .

Proof: Set V =[] Joo (9;57 .- Then we have exact sequences
(0) — (UV Nt; 'DIt=1e) {1} — (UAR)* Nt ' D*t) /F* —
((AF))?V N FX)/(F)?
and
(0) — O5/(05)* — ((AF))?V N F*)/(F*)* — H[2] — (0),

where H denotes the class group of Op. We see that (((A)*)2VNEX)/(F*)?
is finite of 2-power order. Moreover UV Nt; ' Dt=1¢, is finite. For [ > 3 and [
unramified in F', D* and hence UV Nt; ! pdet=1¢, contain no elements of order
exactly [. The lemma follows. O

COROLLARY 1.2 If B is an A-algebra then
S‘mp(U) ®aB - ST®AB,1ZJ(U)-

If 2 /l, or if x|l but 7|y, = 1, then the Hecke algebra A[U,\GLy(F,)/U,] acts
on S; 4 (U). Explicitly, if

UhUy = [ [ hiUs

then

Let Up denote [ [, GL2(OF,). Now suppose that n is an ideal of O and that,
for each finite place z of F' diving n, H, is a quotient of (Op,/n;)*. Then
we will write H for [],, H, and we will let Uy (n) = [[, Un(n), denote the
open subgroup of GL2(A%) defined by setting Uy (n), to be the subgroup of
GL3(OF,) consisting of elements

(t4)

with ¢ € n, and, in the case x|n, with ad~! mapping to 1 in H,.
If z fIn then we will let T}, denote the Hecke operator

|:UH(T1) < wO’” (1) )UH(ﬂ)]

and S, the Hecke operator
w, 0
|:UH(11) ( 0 o ) UH(n)] .
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If z|n and, either x fI or x|l but 7|y, m) = 1, then we will set

o= [ouw (3 ) vuto)

for h € H, and h a lift of h to OF,; and

U.. - {UH(n)(? ! UH(n)];
" Vo = |vu) (g 2 )i
and

S, = {UH(n) ( fff

For z|n we note the decompositions

w, 0 we a
ack(x
and
1 0 w, 0
UH(n)I(O o, )UH(n)z: k()(ﬁya I)UH('ﬂ)m
ack(x
and

Up(n), < wo“’ 0 >UH(11)13 = ( Uém 0 >UH(n)mv

Wy Wy

where @ is some lift of a to Op .

We will let b, 4 4(Ug(n)) denote the A-subalgebra of End 4(Sr.4(Ug(n))) gen-
erated by T, for x fin and by Uy, for z|n but z JI. It is commutative. We will
call a maximal ideal m of h; 4 4(Un(n)) Pisenstein if it contains T, — 2 and
Sz — 1 for all but finitely many primes x of F' which split completely in some
finite abelian extension of F. (The following remark may help explain the form
of this definition. If 5 : Gp — GLy(F;) is a continuous reducible representa-
tion, then there is a finite abelian extension L/F such that tr p(Gr) = {2} and
(e L detp)(Gr) = {1}.)

For k € Z>5 and we will let Symm *~2(A2?) denote the space of homogeneous
polynomials of degree k — 2 in two variables X and Y over A with a GLs(A)-
action via

<< Ccl Z )f) (X7Y)=f<(X7Y) ( Z Z )) = f(aX + cY,bX +dY).

Let A be an Op, algebra for some extension L/Q; containing the images of all
embeddings F — Q. Suppose that (k, &) € Zzim (F.Q1%)  zHom (F.Q{°) ig such
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that k, + 2w, is independent of 0. We will write T, 4 for the representation
of GLQ(OFJ) on W,

(k
(E,li)’),A = ®cr:F~>(@§1C Symm 7 Q(AQ) via

k. —

9+ @oirosgpe (Symm ™ (o) @ det™” (0g)).

We will also write Sz 5 4 ,(U) for S . - 4 (U). Let SZ}ZW*) B w(U) denote (0)

unless (k, @) = ((2,...,2), (w, ...,w)), in which case let it denote the subspace of
Sk A ,(U) consisting of functions f which factor through the reduced norm.
Set

S

ap(U) = hm S (U x Uy).

(ks k@), A,

It has a smooth action of GLQ(A}O’) (by right translation). If (k,&) =
((k, ..., k), (0,...,0)) then we will often write k in place of (K, @). Set

So.4.9 = 1_1>HUI Sa.4,4(U)

and
Strlvw = hm S;rj;:w(U).

They have smooth actions of GL2(A%).

LEMMA 1.3 Suppose that (k, &) € ZHom (FQI) o ZHom (FQI) gnd w = ky —

1 + 2w, is independent of o. Also suppose that v : Af/F* — (Qf¢)*

a continuous character satisfying 1 (a) = (Na)'=% for all a in a non-empty
open subgroup of F;*. Choose an isomorphism i : Qf° 5 C. Define Z(E, W) =
(ik, D) € ZHom(FC) ZHom (FC) by (ik), = ki1, and (i®),; = W-1,. Also
define 1; AX/FX — C* by ¥;(2) = i((Nz)U19(2))(N2oo )1 7%, Then we

have the following assertions.

(1) is a semi—simple admissible representation of GLq (A%O’l)

(Ul XUl).

LS e Q%< 1)

and S5 0500 (U0 = Sk a0

2. There is an isomorphism
(S k9,050 (UD/SIE) e o (U0) Bggei €= P rt @ "

where  runs over reqular algebraic cuspidal automorphic representations
of GL2(AF) such that me has weight (k, W) and such that © has central
character ;.

8. S2.qpe.y s a semi-simple admissible representation of GL2(AF) and

U
‘5‘27@;1c71/) = S21Q?C,w(U)'
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4. There is an isomorphism

Sy ®gpei C = P QI () @ P>
X T

where ™ runs over reqular algebraic cuspidal automorphic representations
of GLa(A ) such that mo, has weight 2 and such that © has central char-

acter 1;, and where x runs over characters (A¥)* /FZ. o — (Qf€)* with

X2 =1.

Proof: We will explain the first two parts. The other two are similar. Let
C*®(D*\(D ®g A)* /U, 19 ) denote the space of smooth functions

D*\(D ®qgA)* /U, — C

which transform under Ay by ¥o. Let 7o denote the representation of DX

on W, = W(E,w),(@;w ®; C via

9 ®g:p e (Symm ** 2 (iog) @ det" (iog)).
Then there is an isomorphism

S U1) 5 Hom ) (WY_, C®(D"\(D ®g A)* /Ui, o))

(Fam), 0.0
which sends f to the map

Y (9 Y(Too (900) ™ 77 ) pe (90) £ (9%)))-
Everything now follows from the Jacquet-Langlands theorem. O
There is a pairing
Symm *~%(A?) x Symm *72(A4%) — A

defined by
(f1, f2) = (/1(0/0Y, =0/0X) f2(X,Y))| x=v =0-
By looking at the pairing of monomials we see that

(f1, f2) = (=1)*(f2, f1)
and that if 2 < k <[+ 1 then this pairing is perfect. Moreover if

u=<i Z)eGLg(A)

then

<uf1,uf2>

(F1(ad)Y — cd/OX,b0/OY — dD/OX) f(aX + cV,bX + dY))|x—y o
(f1((detw)0/OW, —(det u)9/0Z) f2(Z, W))| z=w =0

(det uw)*=2(f1, fa),
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where Z = aX + ¢Y and W = bX + dY. This extends to a perfect pairing

W(;;@)’A X W(,;w)’A — A such that

(uzx, uy) = (Ndetu)"*z,vy)

for all z,y € W(E,u?),A and all u € GL2(Op;). Here w = ky 4+ 2w, — 1, which

is independent of o.
We can define a perfect pairing Sk .4 (U (n)) X Sk, 4,4 (U (n)) — A by setting

(f1, f2) equal to

Y (fi(@), fa(@))(det 2) " (#(Un(n)(AF)* Na™ D*a) /F*) 7,
[«]

where [z] ranges over D*\(D ®qg A>)* /Up(n)(A¥)*. (We are using the fact
that #(Ug(n)(A)* N z~tD*x)/F* is prime to [.) The usual calculation
shows that

(U (0)gUs ()] f1, f2) vy (wry = (det g) (f1, [Un (0)g ™ U (0)] f2) 00 (n) -

Now specialise to the case that A = O is the ring on integers of a finite extension
of Q;. We will write simply h(E,w),qp(UH(n)) for h(g’ﬁ)yoﬂ/}(UH(n)). It follows
from lemma 1.3 and the main theorem in [Tayl] that there is a continuous
representation

p:Gr— GLa(h 5 (Un(n)) @0 Q)
such that
e if x /ul then p is unramified at « and tr p(Frob,) = T,; and
o detp=e(poArt ™).

From the theory of pseudo-representations (or otherwise, see [Ca2]) we deduce
that if m is a non-Eisenstein maximal ideal of A »(Um(n)) then p gives rise
to a continuous representation

ot G — GLah g gy o (Ust (1))

such that
e if x /nl then py, is unramified at « and tr py, (Frob, ) = T,; and
o det py = e(v o Art 7).

From the Cebotarev density theorem we see that A . » (U (n))m is generated
by Uy, for z|n but z /l and by T, for all but finitely many z fin. (For let h
denote the O-subalgebra of A »(Un(n))m generated by Ug, for z[n but
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x /l and by T, for all but finitely many z JIn. The Cebotarev densitry theorem
implies that tr py, is valued in h and hence

T, = tr pm(Frob,) € h

for all x ful. Thus h = h(E,w),zp(UH(n))m')

We will write g, for (pm mod m). If ¢ : h(E,ﬁ)7¢(UH(n))m — R is a map of
local O-algebras then we will write pg for ¢pm. If R is a field of characteristic
I we will sometimes write p,, instead of pg.

LEMMA 1.4 Let (/g, W) be as above. Suppose that x fn is a split place of F
above | such that 2 < k, <1 —1. If m is a non-Eisenstein mazimal ideal of
h(E,w),w(UH(n)) and if I is an open ideal of h(E,w),w(UH(n))m (for the l-adic
topology) then ((pm ® € *=) mod I)|q, is of the form M(D) for some object D
Of Msz,O,kz with D 75 DO 75 (0)

Proof: Combining the construction of p,, with the basic properties of M listed
in the section of notation, we see that it suffices to prove the following.
Suppose that  is a cuspidal automorphic representation of GLy(AF) such that
Too 18 Tegqular algebraic of weight (E’ w). Let M denote the field of definition
of w. Suppose that x is a split place of F' above | with m, unramified. Let M¢
denote the algebraic closure of M in C and fix an embedding X : M — Qf°.
Let 7 : FF — M be the embedding so that A o T gives rise to x. Suppose
that 2 < k; <1 —1. If I is a power of the prime of Oy induced by A, then
(Pr A ®€7"7)|q, mod I is of the form M(D) for some object D of MF F, 0., 5.k
with D # D° = (0).

By the construction of pr  in [Tayl], our assumption that (pr x mod X) is
irreducible, and the basic properties of M, we see that it suffices to treat the
case that m, is discrete series for some finite place y (cf [Tay2]). Because
2 <k, <1-1, it follows from [FL] that we need only show that p,  is
crystalline with Hodge-Tate numbers —w, and 1 — k; — w;,. In the case m is
discrete series for some finite place y this presumably follows from Carayol’s
construction of p, » [Cal] and Faltings theory [Fa], but for a definite reference
we refer the reader to theorem VII.1.9 of [HT] (but note the different, more
sensible, conventions in force in that paper). O

-

COROLLARY 1.5 Suppose that z Jn is a split place of F. Suppose that (I;, w) is
as above and that 2 < k, <1 —1. If m is a non-Fisenstein mazximal ideal of

iy (U (0)) then P, ~ wpe ™D g e g

wkm +w,—1 *
0 wW= ]

Proof: This follows easilly from the above lemma together with theorem 5.3,
proposition 7.8 and theorem 8.4 of [FL]. O

The following lemma is well known.
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LEMMA 1.6 Suppose that x is a finite place of F' and that 7 is an irreducible
admissible representation of GLa(F). If x1 and x2 are two characters of F*,
let w(x1,x2) denote the induced representation consisting of locally constant
functions GLy(F) — C such that

(6 0)9) = a@aelanso)

(with GLo(F)-action by right translation). Let Uy (resp. Us) denote the sub-
group of elements in GL2(Op ) which are congruent to a matriz of the form

(o1 )mod (@)

(5 1) mod (=2

1. If 7Y # (0) then 7 is a subquotient of some 7(x1, x2) where the conduc-
tors of x1 and x2 are < 1.

(resp.

2. If the conductors of x1 and x2 are <1 then

7T(X17 X2)U1
s two dimensional with a basis ey, es such that
Ug, e = (Nx)l/QXi(wx)e,;

and
(h)ei = xi(h)e;
for h € (Opg/x)*.

3. If 7V2 £ (0) then  is either cuspidal or a subquotient of some (X1, X2)

where the conductors of x1 and x2 are equal and < 1.
4. If 7 is cuspidal then dim Y2 < 1 and Uy, acts as zero on V2.

5. If x1 and x2 have conductor 1 then 7(x1,x2)Y? is one dimensional and
U, acts on it as 0.

6. If x1 and x2 have conductor 0 then m(x1, x2)"? is three dimensional and
Uy, acts on it with characteristic polynomial

X(X = (Na)2x1 (@) (X = (Na)' 2 xa ().

As a consequence we have the following lemma.

LEMMA 1.7 Suppose that & : hy o (Ug(n))m — Q¢ and that = JI.
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1. If x(n) = 1 and if & is any extension of & to the subalgebra of
End (Sk,0,4(Ug(n))m) generated by hi.(Ug(n))m and (h) for h € H,

then
comle.~ (5 )

where x (At w,) = {(Us,) and, for u € Of ., we have x,(Artu) =
§'((u).

2. If x(n) = 2 and H, = {1} then either {(Uy,) = 0 or {(Uy,) is an
eigenvalue of &(pm)|a, (o) for any o € G, lifting Frob,,.

We also get the following corollary.
COROLLARY 1.8 1. Ifx fl, x(n) =1 and UZ_— (Nz)ip(w,) € m then

| * *
Pm |G, 0 Xa

where X, (Art w,) = Ug, and x(Artu) = (u) for u € Of . In particu-
lar (h) € hip(Ug(n))m for all h € H,.

2. Ife fl, x(n) =2, Hy = {1} and Uy, € m then Uy, = 0 in hy o (Ug(n))m.

3. If 1 is coprime to n and for all z|n we have x(n) = 2, H, = {1} and
Uy, € m, then the algebra hy (Ug(n))m is reduced.

Proof: The first part follows from the previous lemma via a Hensel’s lemma
argument. For the second part one observes that by the last lemma &(U,) =0
for all £ : Ay, (U (n))m — Qf°. Hence by lemma 1.6 we have that Uy, = 0 on
Sk.pew (Un (n))m. The third part follows from the second (because the algebra
hi.y (U (1)) is generated by commuting semi-simple elements). O

2 DEFORMATION RINGS AND HECKE ALGEBRAS I

In this section we extend the method of [TW] to totally real fields. This relies
crucially on the improvement to the argument of [TW] found independently by
Diamond [Dia] and Fujiwara (see [Fu], unpublished). Following this advance
it has been clear to experts that some extension to totally real fields would be
possible, the only question was the exact extent of the generalisation. Fujiwara
has circulated some unpublished notes [Fu]. Then Skinner and Wiles made a
rather complete analysis of the ordinary case (see [SW2]). We will treat the
low weight, crystalline case. As will be clear to the reader, we have not tried
to work in maximal generality, rather we treat the case of importance for this
paper. We apologise for this. It would be very helpful to have these results
documented in the greatest possible generality.

In this section and the next let F' denote a totally real field of even degree in
which a prime [ > 3 splits completely. (As the reader will be able to check
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without undue difficulty it would suffice to assume that [ is unramified in
F.) Let D denote the quaternion algebra with centre F' which is ramified
at exactly the infinite places, let Op denote a maximal order in D and fix
isomorphisms Op ; = M3(Op,;) for all finite places z of F. Let 2 <k <[ —1.
Let ¢ : AL /F* — (Qf€)* be a continuous character such that

e if 2}l is a prime of F then 1/)|O; =1,

o Yloy, (u) = (Nup~*.

For each finite place x of F' choose a uniformiser w, of Of,. Suppose that
¢ : hgpee (Ug) — Fi© is a homomorphism with non-Eisenstein kernel, which
we will denote m. Let O denote the ring of integers of a finite extension K/Q;
with maximal ideal A such that

e K contains the image of every embedding F' — Qf°,

¥ is valued in O*,

there is a homomorphism 5: hie,0,5(Uo)m — O lifting ¢, and

all the eigenvalues of all elements of the image of p, are rational over

O/A.

For any finite set ¥ of finite places of F not dividing [ we will consider the
functor Ds; from complete noetherian local O-algebras with residue firld O/\
to sets which sends R to the set of 15 + My (mp)-conjugacy classes of liftings
p: Gr — GLa(R) of py such that

e p is unramified outside | and X,
o detp=e(po Art 1), and

e for each place x of F' above [ and for each finite length (as an O-module)
quotient R/I of R the O[G,]-module (R/I)? is isomorphic to M(D) for
some object D of MFr, o k-

This functor is represented by a universal deformation
ps 1 Gp — GLy(Rx).

(This is now very standard, see for instance appendix A of [CDT].)
Now let X be a finite set of finite places of F' not dividing [ such that if x €
then

e Nz =1modl,

® D, is unramified at = and p,(Frob,) has distinct eigenvalues o, # 3.
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By Hensel’s lemma the polynomial X2 — T, X + (Nz)y(cw,) splits as (X —
A)(X — By) in hg,0,4(Uo)m, where A, mod m = o, and B, mod m = §3,. For
x € ¥ we will let A, denote the maximal I-power quotient of (Op/x)*. We
will let ny; = HzeE T; Ay = HzeZ JAV UO,Z = U{l}(ng); and Ul,Z =Uay (nz).
We will let ms; denote the ideal of either hy (Up x) or hi (Ur 5) generated by

o [
e T, —trp,(Frob,) for z finy; and
e U, —oa,forzel.
LEMMA 2.1 Let ¥ satisfy the assumptions of the last paragraph.

1. If x € ¥ then pslc, ~ Xaz P Xa,x Where Xq, mod mpy is unramified
and takes Frob, to ay.

2. Xaz © Art|0; factors through A, and these maps make Ry into a
O[Ax]-module.

3. The universal property of Ry, gives rise to a surjection of O[Ax]-algebras
Ry = iy (Ur,2)my
under which ps; pushes forward to pms; .

Proof: The first part is proved in exactly the same manner as lemma 2.44 of
[DDT]. The second part is then clear. The third part is clear because for z fnx!
we have tr ps(Frob,) — T, while for x € ¥ we have X 5(w;) = Ug,. O

LEMMA 2.2 The map

n: 80w Uos—(a})me_ oy — k0,4 U05)my
1 0
[ o— Agf - ( ) f

0 o,
s an 1somorphism which induces an isomorphism

0 e (Uo,s)ms — Ty (Uo s (2} ) ms_ 0 -

Proof: The map n is well defined because Uy, on = no A,. It is injective
with torsion free cokernel because the composition of 1 with the adjoint of the
natural inclusion Sy 0,4 (Ups—{z}) = Sk,0,¢(Uox) is (Nz)A, — B, ¢ my. As
oz /Bz # (Nz)*!, no lift of p; with determinant e(¢) o Art ~1) has conductor at
x exactly x. Thus

1 0
Sk,0,6 (V0.2 )ms = (Sk,0.0(Vos—{a}) + ( 0 >5k,o,w(Uo,z:{x}))mz~
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As
0

T

Vel (g )= @i+ (0ut@i) - (o o )

W
and the matrix

-1 0

has eigenvalues A, and B, which are distinct mod m, the lemma follows. O

< T, (Na)y(ow,) >

We remark that Sy 0.4 (U1,x) is a Ag-module via h — (h).
LEMMA 2.3 1. 32, ca (h) 2 Skou(Uns)as = Sko.4(Uos).
2. Sk,0.4(Uiyx) is a free O[As]-module.
Proof: The second assertion follows from the first as we can compute that
dim Sk,0,4(U1,x) ®0 K = [Up,x : Ur,x]dim S, 0,4(Uo x) ®0 K.

(We use the fact that [Upx : Uy ] is coprime to #(Up s (A¥)* Na~tD*z)/F*

for all z € (D ®g A™>)*.)

Using the duality introduced above it suffices to check that the natural map
Sk,0.4Uos) ®0 K/O — (Sk0,4(Urs) ®o K/O)*>

is an isomorphism. This is immediate from the definitions and the fact that
LJ#(Up 2 (AR)* Nz~ 1D*z)/F* for all z € (D ®g A®)*. O

As S04 (U1 5)my is a direct summand of Si 0.4(U15), we deduce the follow-
ing corollary.

COROLLARY 2.4 1. Sk,@,w(Ul,E)mg,Ag 5 Sk,(’),z/;(UO)m compatibly with a
map hi.»(U1,5)ms — Pk,p(Uo)m sending Ty, to T, for  fins, (h) to 1 for
h € Ay and Uy, to A, forx € X.

2. 550,46 (U1,5)my 05 a free O[Ax]|-module.

Suppose that p : G — GL2(O/A\") is a lifting of p, corresponding to some
map Ry — O/A\". If x is a place of F above [ and if (O/\")? = M(D) as a
Gz-module, then we set

H}(Gyyad’p) =H' (G, ad "p)NIm (Bxt iz, o 10 (D, D) — H'(Gy,ad p)).
Exactly as in section 2.5 of [DDT] we see that
Im (Ext iz, o a0, (Ds D) — H' (Ggyad p)) = (O/X")? ® HY(Gy,ad  p).

If two continuous O[G;]-modules have the same restriction to I, then one is
in the image of M if and only if the other is. We conclude that the image of
the composite

Ext \izopn (D D) — H'(Gyyad p) = H' (G, O/A")
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is at least one dimensional (coming from unramified twists) and hence that
#H}(Gm, ad Oﬁ¢)|#(0/)‘n)#HO(Gmad 054;)'
We will let Hy(Gr,adp) denote the kernel of the map

H'(Gp,ad’p) — @ H'(I,,ad%) & @ H' (Gy,ad p)/H}(Ga,ad  p).
aj/{/ﬂzl xll

The trace pairing (a,b) — trab gives a perfect duality on ad Oﬁ¢. For x|l
we will let H}(Gw,ad Oﬁ¢(1)) denote the annihilator in H'(G,,ad 0ﬁ¢(1)) of
H}(Gy,ad %5,) under Tate local duality. We will also let H(Gp,adp,(1))
denote the kernel of the restriction map from H'(Gp,ad Oﬁ¢(1)) to

D, fus: HY(I,,ad "5,y (1)) ® @, ey H (Garad “py(1))®
D, H (G, ad py)/H} (G, ad°py(1)))

so that

Hy(Gp,ad py(1)) = ker(Hy (Gp,ad °py(1)) — @) H' (G2 /1., ad °py(1))).
TEN

A standard calculation (see for instance section 2.7 of [DDT]) shows that
Hy,(Gr,adp,) = Hom o (mg,, /m%_, O/N),
so that Ry can be topologically generated by dim Hy (G, ad Oﬁ¢) elements as
an O-algebra. A formula of Wiles (see theorem 2.19 of [DDT]) then tells us
that Ry can be topologically generated as an O-algebra by
#3 + dim H, (G, ad °p, (1))

elements.

LEMMA 2.5 Suppose that the restriction of p, to F(\/(=1)(=1/21) is irre-
ducible. Then for any m € Z~q we can find a set ¥, of primes such that

1. #%, = dim Hj (Gp,ad °p4(1)),

2. Ry, can be topologically generated by dim Hj (G, ad Oﬁ¢(1)) elements as
an O-algebra,

3. if x € Xy, then Nz = 1 mod I and py(Frob,) has distinct eigenvalues
oz and By.
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Proof: By the above calculation we may replace the second requirement by the
requirement that Hy, (Gp,ad Oﬁ¢(1)) = (0) (for then Ry, is generated by
#X,, = dim Hj(Gp,ad Oﬁ¢(1)) elements). Then we may suppress the first re-
quirement, because any set satisfying the modified second requirement and the
third requirement can be shrunk to one which also satisfies the first require-
ment. (Note that for z satisfying the third requirement H(G, /I,,ad 0ﬁ¢(1))
is one dimensional.) Next, by the Cebotarev density theorem, it suffices to
show that for [y] € Hj(Gp,ad Oﬁ¢(1)) we can find o € Gp such that

hd O—|F(Clm) =1,

e p,(0) has distinct eigenvalues, and

e 1(0) & (o — 1)ad 7,

Let F,, denote the extension of F((;m) cut out by ad 9. Finally it will suffice
to show that

1. H'(Gal(F,,/F),ad (1)) = (0); and

2. for any non-trivial irreducible Gal (F,,,/F')-submodule V of ad Oﬁ¢ we can

find o € Gal(F,,/F({;~)) such that ad Oﬁ¢(0) has an eigenvalue other
than 1 but o does have an eigenvalue 1 on V.

(Given [y] € Hj(Gp,ad Oﬁ¢(1)) the first assertion tells us that the O/A-span
of vGF, contains some non-trivial irreducible Gal (Fy,/F)-submodule V' of
ad Oﬁ¢. Let o be as in the second assertion for this V. Then for some ¢’ € G,
we will have
2(0'0) = 1(0) +7(0) & (o — 1)ad5,.)

Because [ > 3 is unramified in F, we see that [F((;) : F| > 2 and so, by the
argument of the penultimate paragraph of the proof of theorem 2.49 of [DDT],
HY (Gal (Fn/F),ad"3(1)) = (0).

Suppose that V is an irreducible Gal (F,,/F)-submodule of ad 0% and write
ad 0@, =VaeoW. fW = (0) any 0 € Gal(F,,,/F({;m)) with an eigenvalue
other than 1 on ad Oﬁ¢ will suffice to prove the second assertion. Thus suppose
that W # (0). If dimW = 1 then p, is induced from a character of some
quadratic extension E/F and any o ¢ Gp will suffice to prove the second
assertion (as E is not a subfield of F((m)). If dimW = 2 then GF acts
on V via a quadratic character corresponding to some quadratic extension
E/F and p, is induced from some character x of Gg. Let X' denote the
Gal (E/F)-conjugate of x. Then any o € Gg(c,..) with x/x'(0) # 1 will suffice
to prove the second assertion. (Such a o will exist unless the restriction of
ad°p,, to E(y/(—=1)0=1D/21) is trivial in which case p, becomes reducible over

F(/(—=1)@=1/2]) which we are assuming is not the case.) O

Combining lemma 2.5, corollary 2.4 and theorem 2.1 of [Dia] we obtain the
following theorem.
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THEOREM 2.6 Keep the notation and assumptions of the second and fourth
paragraphs of this section and suppose that the restriction of p, to the absolute

Galois group of F(+/(—=1)(=1/2]) is irreducible. Then the natural map
Ry — hkﬂl’(UO)m

is an isomorphism of complete intersections and Sk,0,4(Uo)m is finite free as
a hi (Up)m-module.

3 DEFORMATION RINGS AND HECKE ALGEBRAS II

In this section we use analogues of Wiles’ arguments from [W2] to extend the
isomorphism of theorem 2.6 from () to any X.

We will keep the notation and assumptions of the last section. (¥ will again
be any finite set of finite places of F" not dividing I.) Let pg : G — GL2(0)

denote the Galois representation corresponding to ¢ (a chosen lift of ¢). The
universal property of Ry gives maps

Ry — Ry -2 0.

We will denote the kernel by gs. A standard calculation (see section 2.7 of
[DDT]) shows that

Hom o (px/p3, K/O) =2 HL(Gr, (ad°p) @ K/O),
where

Hy(GFr, (ad°p) © K/O) = lim Hy(Gr, (ad °p) © A" /O).

In particular we see that

#ker(ps /0% — o/ 05) = #(Hs(Gr, (ad *p) 0 K/O) /Hy (Gp, (ad°p) 2 K/ O))
divides
[loes #H' (L, (ad °p) @ K/O)%

= Tles #H%(G,, (adp) ® K/O(-1))
= [l.ex #0/(1 = Nz)((1 + Nz)? det p(Frob, ) — (Nz)(tr pFrob,))O.

Let n% denote the product of the squares of the primes in ¥ and set Uy =
U{l}(n’z). Let hy = hk,d)(UZ)m’E and Sy, = Sk,o,¢(Uz)m/Z, where m’z is the
maximal ideal of kg (Us) generated by

o )\

e T, —trp,(Frob,) for z fin;, and
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e U, forzel.

The Galois representation py; induces a homomorphism Rys; — hy, which takes
tr px (Frob,) to T, for all = fn§;l. Corollary 1.8 tells us that for z € ¥ we have
Ug, = 0 in Ay and that Ay is reduced. In particular the map Ry, — hy is
surjective.

From lemma 1.3, lemma 1.6 and the strong multiplicity one theorem for
GLy(AR) we see that dim(Sy ®o K)[ps] = 1.

We can write

Sy ®o K = (Sy ®o K)[ps] @ (Sz ®o K)[Ann py (pshs)].

We set
Q. = Sx/(Ss(ps] © Se[Ann hg (pshs)])-

By theorem 2.4 of [Dia] and theorem 2.6 above, we see that
#Q = #o0/ 95

Let wy, € GL2(A%) be defined by wy , = 12 if * ¢ ¥ and

0 1
Wee =\ 52 o

if x € ¥. Then wy, normalises Us;. We define a new pairing on Sy 0,4(Us) by

(f1, £2) = (I ] ¢(@a) " (Fr, ws fo).

z€EX

Because ( , ) is a perfect pairing so is ( , )’. Moreover the action of any
element of hy, (Us) is self adjoint with respect to ( , )’, so that ( , )’ restricts
to a perfect pairing on Syx. Choose a perfect O-bilinear pairing on Sx[px], let
Jx denote the natural inclusion

» : Selps] — Sy,

and let jg denote the adjoint of jy, with respect to ( , )’ on Sy, and the chosen
pairing on Sx[px]. Then one sees that

& Qs = Ssps]/iLSslps].
If 2 finf, then define
izt Sk,0,6(Us) — Sk,0,0(Usu(ay)
by
il =mapwte)s (o 0 ) (o )7

x
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It is easy to check that i, commutes with T}, for y/ﬂn’zu{x} and with Uy, for
y € ¥. Moreover U7, =0 and so
iz 1 Sy — SEU{x}~

Moreover i, Sx[px] C Ssu(ay[Psufey]. We will let if, denote the adjoint of i,
with respect to the pairings ( , )’ on Sy and Sy(;3. (We warn the reader
that the former is not simply the restriction of the latter.) An easy calculation
shows that i} equals

2
BNl (T ) sl +10s () ) Usual

and hence that

it 0iy = ¢(oo,) (Na) (1 — Na)(T; — (1 + Na)*y(w,)).
The following key lemma is often referred to as Ihara’s lemma.
LEMMA 3.1 Sxys}/i2Ss is [-torsion free.
Proof: 1t suffices to check that

iz Sk,o/ap(Us)my, — Sko/ae(Usufz))m

BU{a)
is injective, or even that the localisation at m§; of the kernel of
SkopmpUs)® — Sko/ay(Usugay)
1 0 1 0
(f1,f2, f3) — f1+<0 = sz-f—( z)fg

" 0 w;

vanishes.
Let V' denote the subgroup of elements v € Uy with

o x %
uz:(o *>modww.
1 0 1 o0\ '
Vn 0 w, Vv 0 w, = UEU{z}
and that Uy, is the subgroup of GL2(A%) generated by V' and

—1
(1 o) V(l 0)'
0 w, 0 w,

0) = SkomeUs) = Skome(V)®Sko/mg(V) = Skosae(Usuiay)

We see that

Thus the sequence

s (g e )reD
1 0
(f1, f2) '—>f1+< 0 o, )fz
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is exact.
Hence it suffices to show that the localisation at m§; of the kernel of

SeomeUs)? — Skome(V)
(fisfa) — f1+(1 0 )f2

0 o,

vanishes. However if (f1, f2) is in the kernel then f; is invariant by the subgroup
of GLy(AY) generated by Us; and

-1
1 0 1 0
(o =)o m)
i.e. by UsSLa(Fy).

First suppose that k = 2. Then, by the strong approximation theorem, we
see that f1 is invariant by right translation by any element of SLy(A%), so
tha.t f1 € S,tafio"/A’w(UU). Any maximal ideal of hs 4 (Us) in the support of
Spes/aw(Us) is Eisenstein.

Now suppose that 3 < k < [ — 1. By the strong approximation theorem,
given any g € GL2(A¥) and any u € GLy(Op,), we can find a 6 € D* N
gUsSLy(F,)g~! such that

gflégl = u mod [.

Then
filg) = f1(69) = fi(g(g™"69)) = fi(gu) = u™ f1(g),
so that
el @  Symm**((0/)?)7"=Or0) = (0).
Op1—O/X
Thus f; =0. O

In particular we see that i, Sx[ps] = Sxu(az}[Psu{e}]. Thus

Sslps]/iLit Ss[ps]

QZU{x}
Sslps]/i5(1 — Na)(Nz)(T2 — (1 + Na)*9(w,))Ss[ps],

1R

and so
#Qs0(2y = #Qs# (0/(1 — Nz)((Na)tr p(Frob,)? — (1 + Nz)? det p(Frob,))) .

We conclude that
#(0s/ %) |[#0s

for all ¥ (which contains no prime above [). Combining this with theorem 2.4
of [Dia] we see obtain the following theorem.

DOCUMENTA MATHEMATICA + EXTRA VOLUME COATES (2006) 729-779



755

THEOREM 3.2 Keep the notation and assumptions of the second and fourth
paragraphs of section 2 and suppose that the restriction of p, to the absolute

Galois group of F(+/(—=1)U=1/2]) is irreducible. If 3 is a finite set of finite
places of F not dividing I then the natural map

Ry — hy
is an isomorphism of complete intersections and Sy, is a free hy-module.
As an immediate consequence we have the following theorem.

THEOREM 3.3 Let I > 3 be a prime and let 2 < k < [ — 1 be an integer.
Let F be a totally real field of even degree in which [ splits completely. Let
p: Gr — GL(Ogee) be a continuous irreducible representation unramified
outside finitely many primes and such that for each place x of F' above | the
restriction p|g, is crystalline with Hodge-Tate numbers 0 and 1 — k. Let p
denote the reduction of p modulo the mazimal ideal of Ogge. Assume that the

restriction of p to F(+/(—=1)=1/2]) is irreducible and that there is a regular
algebraic cuspidal automorphic representation m of GLa(Afr) and an embedding
A My — QF€¢ such that

hd ﬁ‘n’,)\ ~ P,

e 7, is unramified for every finite place x of F, and

e T, has weight k.

Then there is a regqular algebraic cuspidal automorphic representation @ of
GLy(Afp) and an embedding X' : My — Q¢ such that p ~ pr x and 7l has
weight k.

Proof: We need only remark that det p/ det p » has finite [-power order and so
by twisting m we may suppose that det p = detpr » (as{ >2). O

4 A POTENTIAL VERSION OF SERRE’S CONJECTURE

In this section we will prove the following result, which we will improve some-
what in section 5.

PROPOSITION 4.1 Let ! > 2 be a prime. Suppose that p : Gg — GLo(F7°) is
a continuous odd representation with pl;, ~ Wil @ wlz(k_l) for some integer
2 < k < 1. (In particular p|lg, is absolutely irreducible.) Then there is a
Galois totally real field F' of even degree in which | splits completely, a regular
algebraic cuspidal automorphic representation m of GLa(AFp) and an embedding
At My — QFf° such that

1. ﬁ‘GF ~ ﬁ‘/r,)\;
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2. Moo has weight 2; and

3. for each place x of F above |, WD () is tamely ramified and
WD (7)1, = wg_(l—H) & wék_(Hl).

We remark that the key improvement of this over results in [Tay4] is the con-
dition that [ split completely in F'. This may seem minor but it will be crucial
for the arguments in section 5 and the proof of theorem 5.7. We now turn to
the proof of the proposition.

Suppose that p is valued in GLy(k') for some finite field ¥ C F{¢ and let
k denote the unique quadratic extension of k' in F{¢. We must have that

Pla, = Ind%jﬁ, where 0|7, = whi ! with 2 < k <1 and so 6 is not equal to its

Gal (Q2/Q;)-conjugate. Set i = ¢! det p, let N denote the minimum splitting
field for @ and f, its conductor. Thus IV is a cyclic totally real extension
of Q. Choose an imaginary quadratic field M in which [ remains prime and
which contains only two roots of unity. Let d5; denote the unique non-trivial
character of A*/Q*NAY, and let fa; denote the conductor of dp;. Choose a
Galois totally real field E” such that E” M contains a primitive root of unity
¢ of order 2#k*. Note that the degree over F; of every residue field of a prime
of E" above [ is even.

Choose a continuous character xo : M* (M <[], Oy ) — M* which extends
the canonical inclusion on M* (use the fact that M has a prime z 2 with
—1 ¢ (k(z)*)?) and let §o denote the conductor of xo. Also choose two distinct
odd primes p; and py such that for both i = 1,2

® Y is unramified above p;;

°pi #1;

e 7 is unramified at p;;

o p(Frob,,) has distinct eigenvalues; and
e p; splits in the Hilbert class field of M.

(We explain why this is possible. Let M’ denote the extension of M cut out

by M and by the Hilbert class field H of M. By the Cebotarev density
theorem it suffices to find o € Gal (M’/H) so that p(c) has distinct eigenvalues.
A fortiori it suffices to find o € I; so that p(o) has distinct eigenvalues. This
is possible because (I + 1) fk — 1.) Set w = 2wgrM#(Onm/Frfufof§Om) >,
where wg s denotes the number of roots of unity in E” M. Let S; denote set
of rational primes dividing fasf.fof§, let S2 be a finite set of rational primes
disjoint from S; which split in M and such that the primes of M above Sy
generate the class group of M, and set Sy = S1US2U{l,p1,p2}. As in the proof
of lemma 1.1 of [Tay4] we can find an open subgroup Wy of [[ g Ox . /2

such that Wy N Mg /Qg C (Mg /Qg,)". Let w' denote the index of Wy in
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[l 25, Orrqg/Z;- Then we can choose a Galois (over Q) totally real field £’
such that

o« 'O E;
e FE’ contains a primitive root of 1 of order ww’; and
e Xo extends to a continuous character xo : Ay, — (E'M)*.

(If Xo : A}, — C* is any extension of xo then Xoc(Xo) [, Joo | | has finite order
and is valued in RX and so is identically 1. Hence ¢(Yo) = X | I1, foo | |- and

Xo is valued in a CM field.)

Let E denote the maximal totally real extension of E’ which is unramified
outside [p1ps and tamely ramified at these primes. Choose primes g1 and @9
of EM above p; and ps respectively. Also choose a prime A of EM above [
and an embedding k — Opgpr /A such that the composite of the Artin map
Iy — Op;, with the natural map Oy, — (Ognm/A)* coincides with wyl
I = k* C (Opm/N)*. Let p: Gal(N/Q) — (EM)* be the unique character
reducing modulo A to . For i = 1,2 we can find «; € (p; N M)Oprpy which
reduces modulo A to an eigenvalue of p(Frob,,) and which satisfies o;af = p;.
(First choose o € M N gp; satisfying o/ ()¢ = p; and then multiply o by a
suitable root of unity in E”M.)

LEMMA 4.2 Let o’ denote the product of all primes of E above lp1ps and factor
'Oy g = aa®, where ip2X|a (which is possible as p1 and py split in M and
as the degree over By of the residue field of every prime of E above l is even).
There is a unit n € O with n = ¢ mod a.

Proof: Let ¢ denote the image of ¢ in Op//(a’ N Og/) = Opipr/(an Opiag).
Let H denote the maximal totally real abelian extension of E which is un-
ramified outside [p;ps and which is tamely ramified above each of these three
primes. Thus H/E' is Galois and Gal (H/FE) is the commutator subgroup of
Gal (H/E’). In particular the transfer map Gal (E/E’) — Gal(H/E) van-
ishes. By class field theory we can identify (Og//a’)*/OF, as a subgroup of
Gal (E/E') and (Og/a)* /O as a subgroup of Gal (H/FE) in such a way that
the natural map
(Op:/d')*/OF, — (Op/a)* /O

corresponds to the transfer map on Galois groups and so is trivial. The lemma
follows. O

LEMMA 4.3 There is a continuous character x : Ay, — (EM)* such that

e X|arx is the canonical inclusion;
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° X|O§“ is the unique character of order prime to l with
— l+1-k
X|O§M(x) =z mod A

forallx € O]TM and all primes A of EM above l (and where Oy — Oppy
via the natural map);

e fori=1,2, x is non-ramified above p; and x|m,, (pi) = a;; and

o X|ax = udrygll || ioo where dar/q is the unique non-trivial character of
A*JQ*NAY,, || || is the product of the usual absolute values and ioo is

the projection onto R*.

Proof: Note that xo|ax = v6ar/g|| || ico, where v is a finite order character of
A* /JQ*R* with conductor dividing fof§far. We look for x = xox1. Thus we are
required to find a finite order continuous character x; : Ay, /M* — (EM)*
such that

1

® Xilax =pr~", and

e x1 has prescribed, finite order restriction to M/, M and O]T/[,l, the

latter compatible with ,ul/’1|le (because E|le takes = to (x mod 1)27%).

Note that pv~! has conductor dividing farf.fofs. Also note that for i = 1,2
the unit a; = aix()(wm)_l satisfies a;a$ = 1 for all complex conjugations ¢ and
so is a root of unity. Thus the specified restrictions have orders dividing wg ar
in the first two cases and #(On/arffofGOn ) in the third case.

We can find a character

Xuso: ] My — (EM)*
q€So

M><

with the desired restrictions to ]| 4€So qX, o

dividing w. As

(T My = ] Org) /Mg — Ay /MM,
q€So q¢So

M, and OF; ;, and with order

it suffices to find a character
X 1 Oxa/Zi — (EM)
q¢€So

which coincides with Xf}?o on M SXO /Q§O. One can choose such a character
which is trivial on Wy and so has order dividing w’. O

We remark that as x(co x)|| ||(icc ©Nas/g) ™" has finite image contained in the
totally positive elements of E* we must have x(co x) = || ||7 (i © Nas/q).
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If z is a place of EM above a place x’ of M, let y, denote the character

Ay /M* —  (EM)]
a — x(a)ay)

where a, denotes the =’ component of a embedded in (EM)X via the natural
map My — (EM),.

Set b = A\p1p2 and by = bNE, so that O /by = Opn/AXOpn /o1 X Opn /2.
Let We, 0/Q denote the finite free group scheme with Og-action which has

Wo,0(Q*) = Op/bo(1) © Op/by.

By the standard pairing on Wy, ¢ we shall mean the map Wy, o ®o, DEl —
WQ{J (o which corresponds to the pairing

(Op/bo(1) © Op/by) x (Op/bo(l)® Or/by) —  Og/b(1)
(71,91) X (w2,y2) > Y2T1 — Y1T2.

We will let X/Q denote the moduli space for quadruples (A4,1i,7,a), where
(A,i,j) is an E-HBAV and o : Wy, o — A[bg] takes the standard pairing
on Wy,,0 to the j-Weil pairing on Afbg]. As by is divisible by two primes
with coprime residue characteristic we see that X is a fine moduli space. As
in section 1 of [Rap] we see that X is smooth and geometrically connected
(because of the analytic uniformization of its complex points by a product of
copies of the upper half complex plane).

Let I" denote the set of pairs

(7.) € GLa(Op/b0) X OF 50/ (OF —y (o))

such that
edety =1 mod bg.
Here OF; 5, denotes the set of totally positive elements of O, and O _, (60)

denotes the set of elements of O which are congruent to 1 modulo by. The
group I' acts faithfully on X via

(776)(147/1/7]7 a) = (A’IL7] 06717a0771)

The action of Gg on the group of automorphisms of X preserves I' and we have

st = (0 ) (0 1))

The set H'(Gg,I') is in bijection with the set of pairs (R,%) where
R : Gp — GL3(Og/by) is a continuous representation and ¢ : Ggp —
0% 50/(Of —, (bo))Q is a continuous homomorphism with

e tdet R =1~ mod by.
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This pair corresponds to the cocycle

o) = (r) (7 T ) ).

Thus to any such pair we can associated a twist Xz ,/Q of X/Q.

Next we will give a description of the F-rational points of Xg , for any number
field F. Let N’ denote the splitting field of ¢). Let Wgr/Q denote the finite free
group scheme with an action of Og such that

WR(@GC) = OE/E)() (&5) OE/bo

with Galois action via R. By the standard pairing on Wr /N’ we shall mean the
map Wgr Qo 0;11 — Wy (defined over N') which corresponds to the pairing

(Op/bp® Op/by) x (Op/bp® Or/by) — Og/bg
(1,91) X (w2, 92) = Y2T1 — Y1Z2.

Then F-rational points of Xpg , correspond to quadruples (A,¢,j,3), where
(A,i,7)/N'F is an E-HBAV and where 8 : Wr = A[bg] such that

e under 3 the standard pairing on Wg and the j-Weil pairing on A[b]
correspond, and

e for all ¢ € Gal (N'F/F) there is an isomorphism
Ko 0(A,1) = (A1)

such that o(j) = k% o jot(0)™ for some lifting ¢ (o)™~ € O of ¥(0) and
such that for some lifting o™~ € G of o

commutes, where the left vertical arrow is ¢™ o 8 and the right one is .

We will be particularly interested in two pairs (R, ) defined as follows. For
o € Gal(N/Q) we can write u(c) = (2™ for some integer m,. Define

e = (n¢~1)" € OEMEl (b) and ¥(0) = Ngar/gne = n?me . As
n2#k = (_n#k )2 c (02751 ({1()))27

we see that
¥ : Gal(N/Q) — OE,>>0/(01§51 (bo))2

is a homomorphism. Let
_ G G
R; =p®Ind &} Xp, ©Ind 55 X,
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and
Go G G
Rpin = Ind ;] x» © Ind Gﬁl Xp: @ Ind G?V[Xma

so that e 'det R, = e 'det Rp;, = p. Then (Rgz,v) and (Rpin, ) define
elements of H'(Gg, ") and we will denote the corresponding twists of X by X5
and Xp;, respectively. Note that Xz and Xp;, become isomorphic over Q,

Qp,, Qp, and R.

LEMMA 4.4 Suppose that F' is a number field. If X; has an F-rational point

then there exists an abelian variety B/F of dimension [EM : Q], an embedding
i' : Oy — End (B/F), and an isomorphism ' between B[b](F*“) and Rj.

Proof: Suppose that (A,i,7,8)/FN is a quadruple corresponding to an F-
rational point of X5 as above. Also, for 0 € Gal (NF/F) let k, : 0A 5 A
be the maps of the last but one paragraph. Set B = A @, Opn and let @’
denote the natural map Ogy — End (B). Let 8/ denote the composite

WR; L Albg] — Albo] ®0, Orr/b = B[b).

Define fo : Opy — Hom o, (Opm, Or) by fo(a)(b) = tr paypab® and set
f=37(1)® fo a polarisation of B. Also set

n;:m,@nc,:oBHB.

We see that . commutes with the action of Oy, that of = (k)Y fx. and
that for any lifting ™~ € G of &

oBlb] -  B[b
T )
Re(o™

We, %) W,
commutes, where the left vertical arrow is 0~ o 8’ and the right one is 3’. As
the quadruple (B,4, f, ') has no non-trivial automorphisms (because any au-
tomorphism of (B, ', f) has finite order and because b is divisible by two primes
with distinct residual characteristic), we see that x/ o(x.) = . _. Thus we can
descend (B,#’) to F in such a way that 8’ also descends to an isomorphism
B : Wg, = B[b] over F. O

LEMMA 4.5 Xp;n has a Q-rational point and hence Xz has rational points over
Qi, Qp,, Qp, and over R.

Proof: Fix an embedding 7 : M — C and let ® denote the CM-type for EM
consisting of all embeddings EM < C which restrict to 7 on M. Let (d53,)”
denote the ordered Op-module {d € 05}, : tr par/pd = 0} with (05,,®p,-R)*
the subset with positive imaginary part under c®7. From the theory of complex
multiplication (see [Lang], particularly theorem 5.1 of chapter 5) we see that
there is
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e an abelian variety A/M of dimension [E : QJ;
e an embedding i : Ogp — End (A/M);
e an isomorphism j : 051,)” = P(4,ilo,); and

e for each prime q of E a Galois invariant isomorphism aq : Ogas,q(Xq) —
T4A

such that

e the action of EM on LietA is @, 4 05 and

e for any d € (05},)” which is totally positive the j(d)-Weil pairing on T, A
is given by
T Xy >t pa/pdry©.

(For the existence of j note that if f is a polarisation of 7A/C such that
the f-Rosati involution stabilises and acts trivially on E, then the f-Rosati
involution also stabilises EM and acts on it via complex conjugation. This
follows from the fact that EM is the centraliser of E in End (7A4/C).) As
x(cox) = (|| |7 ) © Nasr/g, we see that for o € Gy we have

tr par/mdag(ox)og(oy)® = eq(o)tr parymdog(x)oq(y)©.

Thus the quadruple (A, i|o,, 7, (Hq aq) mod bg) defines a point in X p;p(M).
As x(xoc) = (|| [|7"ioop) © Nagyq, we see that coxoNyar/ar = xocoNyay/u
and so over NM there is an isomorphism between (A, 1,7, {aq}) and (cA,co
ioc,coj,{coagoc}). Thus the point in Xp;n(M) C Xpin(INM) defined by
(Ailog, 7, (Hq aq) mod by) is invariant under ¢ and so lies in Xp;,(Q). O

Combining the last two lemmas with a theorem of Moret-Bailly (see theorem
G of [Tay4]) we see that we can find a Galois totally real field F of even degree
in which I, p; and ps split completely, an abelian variety B/F of dimension
[EM : M] and an embedding ¢ : Oy < End (B/F) such that B[A] realises
p and, for i = 1,2, B[gp;] realises Ind gi{ (Xp;, mod ;). As B[)] is unramified
at any prime above p; we see that the action of inertia at such a prime on
T)\B has l-power order. As Blpo] is unramified at any prime above p; we see
that the action of inertia at such a prime on T|,, B has py-power order. Hence
the action of inertia at a prime above p; on T) B has both [-power order and
po-power order. We conclude that T)\ B is unramified at primes above p; and
hence B has semi-stable reduction at such primes. As p; splits completely in
F and as B[p1] is reducible as a representation of the decomposition group of
any prime of F' above p;, we see that T, B is an ordinary representation of
the decomposition group at any prime of F' above p;. If = is a prime of F
above [ then I, acts on both Blp;] and B[ps] via Qg_(l“) P @ék_(lﬂ) where
wy i I, — OEM is tamely ramified and reduces mod A to ws. Thus I, acts on

Ty, B by &5‘”*1) @ &ék_(lﬂ). Because Ind g;M (Xgy) is modular, theorem 5.1
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of [SW2] tells us that there is a algebraic, cuspidal automorphic representation
7 of GLy(AF) of weight 2 and an embedding M, — EM such that p,,
is equivalent to Ty, B. (Alternatively one may appeal to the main theorem
of [SW1], theorem 3.3 of this paper and a standard descent argument.) It
follows that in addition p,  is equivalent to Ty B. This completes the proof of
proposition 4.1.

Using Langlands base change [Langl] we immediately obtain the following corol-
lary.

COROLLARY 4.6 Let ! > 2 be a prime. Suppose that p : Gg — GL2(F7°) is

a continuous odd representation with p|y, ~ wéfl &) wé(kfl) for some integer
2 <k <I. Then there is a Galois totally real field F of even degree in which [
splits completely, a reqular algebraic cuspidal automorphic representation w of
GLy(Ap) and an embedding A : M — Qf° such that

1. ﬁ‘GF Nﬁ‘/r,)\;
Too has weight 2;

the central character of T is unramified; and

e

for each place x of F' above |, WD (m,) is tamely ramified and

WD)\(T%)‘IE _ w’;—(l+1) & wék—(l-&-l)'

5 CHANGE OF WEIGHT

In this section we will prove various refinements of proposition 4.1, but first we
shall discuss some results about congruences between modular forms.

Let F be a totally real field of even degree in which a prime [ > 3 splits
completely. Let n denote an ideal of Op coprime to I. Let ¢ : (AF¥)*/F* —
(Qf“)* be a continuous character trivial on OF , if # /l and on (1 +10F) if
z|l. Suppose further that there exists i € (Z/(l — 1)Z) such that for a € OF,
¥(a) is congruent to (Na)~* modulo the maximal ideal of Oggc.

Let D denote the division algebra with centre F' ramified at exactly the infinite
places of F'. Let Op be a maximal order in D and fix an isomorphism Op , =
M5(Op ) for each finite place z of F. We will write

e Up(n,l) for Usyy(nl), and
o Ul(ml) for U(OF/ZOF)X (nl)

(See section 1, in particular the paragraph after corollary 1.2, for this notation.)
We will let " denote the character Uy(n,1)/Us(n,1) — (F#€)* which sends u,

with
%k
ul:(* d)’
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to (Nd mod 1)*. We will also let i° denote the Teichmiiller lift of 7. For any
Oqge-algebra R, there is a natural embedding

Spior.y(Uo(n, 1)) = Spigry(Ur(n, 1)) = Sz r,y (Ui (n, 1)),

which is equivariant for the action of T, and S, for all z fln, and for U,
for z|n. The image is the subset of S3 g (U1(n,1)) where (h) = 1 for all
h € (Op/lOp)*. If ¢ : hyi g, (Uo(n, 1)) — F° has non-Eisenstein kernel then
for x|l we have
det pylr, = wl e,

The operators Uy, and Vg, on Sppee ,(Ur(n,1)) commute with the action
of (h) for h € (Op/lOF)* and hence preserve Szi ,,(Uo(n,l)). We will let
i w0 (Uo(n, 1)) (vesp. hgi g, o, (Uo(n,1))") denote the commutative subalgebra
of the endomorphisms of Sz ,(Uo(n,1)) generated by hzi g, ,,(Uo(n, 1)) and U,
(resp. Vg, ) for all z|l. If ¢ : hgi g, ,(Uo(n, 1)) — F¢ and ¢(Ug, ) # 0 then

— X1 *
Pole. ( 0 Xz)

where X is unramified and y2(Frob,) = ¢(Uy,_ ) (see [W1]).

x

If f1 € Sﬁz‘,w(Uo(n, l)) and fy € Sﬁ—i)wfl(Uo(n, l)) then define (fl, fQ) to be

fr(@) fo(aw) (#(Uo(n, (AF ) N2~ D*a) /F*) 71,

[2]€ DX \(D®aA) /o (n,1) (AF)*
0 1
Yo = ot g

if z fl and w, = 15 if z|l. This is easily seen to be a perfect pairing. Moreover
a standard calculation shows that the adjoint of S, is S; !, the adjoint of 7T
is S;'T,, the adjoint of U, for z|n is S;'Ug, and the adjoint of U, for
x|l is SV, . Thus if ¢ : hyi g, ,(Uo(n, 1)) — Fy© then there is also a homo-
morphism ¢* : hy—i g, ;-1 (Ug(n,1)) — F{¢ satisfying ¢*(T,) = ¢(Sz) " o(Ty)
and ¢*(S;) = ¢(S,)~'. Moreover if ¢ extends to hgi x, »(Uo(n,1))” so that
#(Vw,) # 0then ¢* extends to hg—i g, -1 (Uo(n, 1))’ with ¢* (U, ) # 0. We de-
duce that gy = pg(1). Hence if ¢ : hyi 5, 4, (Uo(n,1))" — Fi¢ and ¢(Ve,) # 0

then
— €X1 *
Py ‘ Gy ( 0 wiXQ )

where x1 and x2 are unramified.
We will denote by I* the induced representation from Up(n,l) to Ug(n) of
n'. It is a tesnor product ®r\l I where I! is the induction from Up(n,l), to

where

GLy(OF) of '. We can realise I concretely as the space of functions

6 : k(z)* — {(0,0)} — Fge
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such that 0(a(z,y)) = a'0(x,y) for all a € k(z)*. The action of GLy(OF) is
via (uf)(z,y) = 0((x,y)u). We have an isomorphism

Sgi (Uo(n, 1)) = Spi y(Un(n))
under which f € Sz ,(Up(n, 1)) corresponds to I € Spi ,(Ug(n)) if
flg) = F(g)((0,1))

and
F(g)(az,b.) = f(guil)

ok
umod z = < 4 by >
for all z|l.

Now suppose that 0 < ¢ <[ — 2. If z is a prime of F' above [ then we have an
exact sequence

where u € GL2(Op,;) and

(0) — Symm *((F¢°)?) — I! — Symm '™~ ((F$€)?) ® det’ — (0).

The first map is just the natural inclusion of homogeneous polynomials of
degree 7 into the space of homogeneous functions of degree i. The second map
sends a homogeneous function 6 onto the polynomial

0(s,t)(tX — sY)I 7170
(s,t) P! (k(2))
Thus for any subset T' of the set of places of F' above | we have a submodule
IL C I* with

I 2 ) Symm *((F{°)*) @ X) L.

zgT zeT

These give rise to subspaces
Sﬁi7w7T(U0<n, l)) C Sﬁi,w<Uo<ﬂ, l))

with
Sﬁiww,@(UO (II, l)) = Si+2,]ch,'(/)(UH ('ﬂ))

as a module for the Hecke operators T, and S, for all = Jin and for U, for all
x|n.
The following lemma is a variant of an unpublished result of Buzzard (see [Bu]).

LEMMA 5.1 For any set T of places of F' above | and for any place x & T of
F above [ there is an injection

K+ Sy 702y (Uo(0,1)) /g p 2 (Uo(n, 1)) = Syi 10wy (Uo(n,1))
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which is equivariant for the actions of T, and Sy for all y /l and for Uy, for
x|n, and such that the composite

Syt . rugey Uo(,1) == Sz g 2 (Uo(n, 1)) = Sy 100} (Uo(n,1))
coincides with V 5.

Proof: Define Uy(T) C Uy(n) by Up(T), = Uo(n,1), if y € T and Uy(T), =
Ug (n), otherwise. Let 7 denote the representation

(@ 7)) @ (X Symm >+ ((F)?)
yeT y&T

of Up(T);. If © ¢ T is a place of F' above [, let 7p , denote the representation

Q7)o ( R Symm*2((Ff)?) @ (Symm ™~ ((Ff)?) @ det’)

yeT ygTU{z}
of Up(T');. Then the exact sequence

(0) — Sgi 7 (Uo(n, 1)) — Sgi 70} (Uo(n, 1)) —
— Sﬁi,w,Tu{w}(Uo(“al))/Sﬁi,w,T(Uo(ﬂ,l) — (0)

is identified to the exact sequence

(0) — Srr p(Un(T)) > Sy, oy w(Un(T U {2}) =5 Sy (Up(T)) — (0),

where

a(f)(g) = f(9)(0,1)a

and

BH@XY)e= Y flouls,t) )X —sY)' 71

(s:t)ePL(k(x))

with u(s,t) € GLa(OF) congruent to

modulo x.
Now define
K2 Srpp(Uo(T)) — Sy 0 (Uo(TU{}))
by
£(f)(g) = f(g7)(1,0)s
where

v ( (1) £ ) € GLy(F)).

x
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To see this is well defined the only slightly subtle point is that if u € Up(n,1),

then
w(f)lgu) = flgv(y uy))(1,0),
= (detu)"f(g7)((1,0)x(y'u""y))
= (det u) F(g7v)(nz(w)/ detu,0),
= n2(u) " f(g7)(L,0)s
= ﬁx( )~ w(f)(9)-

Moreover « is clearly injective and equivariant for the action of T, and Sy if
y fin and for U, for x|n. Finally we have

(ko B)(f)lg) = Z(Sit)epl(k(gj))f(g’yu(57t)_l)tl_1_i
= e I (gruls, nH=h
= (Vo f)(9)

u(s,l):(i ?)

COROLLARY 5.2 There is a natural surjection

as we can take

O

hagi e (Uo (0, 1)) = higo pee o (Un (1))

which takes T, to T, and Sy to S, for all y fin and which takes Uy, to Uy, for
all z|n. If m is a mazimal ideal of hyi gac 4, (Uo(n,1)) such that for any x|l and
any mazimal ideal my of hyi gac ,(Uo(n,1))" extending m one has V5, € m7,
then hi+27F7c,w(UH(n))m # (0). This assumption will be verified if m is non-
Eisenstein and the kernel of a homomorphism ¢ : hg:i ,,(Uo(n,1)) — FF¢ such

that for all x|l
_ ex1 *
p¢|Gw '76 ( 0 wiXZ ) ’

with x1 and x2 unramified.

Proof: Choose a minimal T' such that Sgi ,, 7(Uo(n,1))m # (0). If T = then
Skpee (U (n))m # (0) and the corollary follows. Thus suppose that z € T
and set 7" =T — {z}. By our minimality assumption we see that

St (U (0, 1)) (S .7 (Uo(10,1)) /S (Uo (1,1 <3 S (U (1))

and the composite coincides with V_ . Thus V_ is an isomorphism on
the space Sgi y, 7(Uo(n,1))m and Vg does not lie in some maximal ideal of
hai gae 4 (Uo(n, 1)) above m, a contradiction. 0

We also have the following lemma, which generalises results of Ash and Stevens

[AS]. We write Uy for [[, GL2(OFy).
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LEMMA 5.3 Ifk € Z>2 and if ¢ : hypoe 4 (Uo) — F7¢ is a homomorphism, then
there is a homomorphism (D) : hy. 41 rec y(coart —1)(Uo) = F¢ such that for

all places y Jl we have (D¢)(Ty,) = ¢(Ty)(Ny) and (D¢)(Sy) = ¢(S,)(Ny)?.

Proof:1f f € Sk pee 4 (Up) then the function

(Df)(g) = f(g)(IIN det g[|(N det g:)) ",

where || || : (A®)* — QX denotes the product of the usual p-adic absolute
values, lies in S‘rk)[gizc®(Ndet),¢(eoArt _1)(U0). Moreover if Ty f = af (resp. Syf =

bf) then T,,(Df) = a(Ny)(Df) (resp. Sy(Df) = b(Ny)(Df)). Thus it suffices
to exhibit an embedding

S‘%,F?C@(N det),1p(eoArt —1) (UO) — SkJrlJrl,]FfC,W(COArt _1)(U0)

compatible with the action of T, and S, for all y /. By lemma 1.1 it suffices
to exhibit a GLy(Op,;)-equivariant embedding

®(Symm F=2(k(2)?) @ det) — ® Symm 1 (k(2)?),

or simply GL3(Op )-equivariant embeddings
Symm "2 (k(x)?) ® det < Symm "1 (k(z)?)

for all x|l. Because [ splits completely in F' such an embedding simply results
from multiplication by X'Y — XY!, as we see from the following calculation.
For a, b, c,d € F; we have

(aX + V) (bX 4+ dY) — (aX + cY)(bX + dY)!
(aX'+cYH)(bX +dY) — (aX + cY)(bX! + dY?)
(ad — be)(X'Y — XY1).

O

We now turn to our improvements to proposition 4.1. First we have the fol-
lowing lemma.

LEMMA 5.4 Let I > 3 be a prime. Suppose that p : Gg — GL2(F§°) is a

. . I - I(k—1 .
continuous odd representation with ply, ~ wg lg wQ( ) for some integer

2 <k <. Then there is a Galois totally real field F in which l splits completely,
a regular algebraic cuspidal automorphic representation © of GLa(Ar) and an
embedding X : M, — Q¢ such that

L mGF ~ ﬁw,)\;

2. T has weight 2; and
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3. for each place x of F' above l, m, has conductor dividing x.

Proof: Let F', m, X be as provided by corollary 4.6. Let ¢ : (A®)*/F* —
(Qf€)* be the character such that (v o Art ~') equals the determinant of
Pr. Thus vy is unramified away from [. Let ny denote the prime to I part
of the conductor of m. Let D be the division algebra with centre F' which is
ramified at exactly the infinite places of F'. Let Op be a maximal order in D
and fix an isomorphism Op , = M3(OF ) for each finite place z of F. Let O
denote the ring of integers of Q.

Let x denote the character ]leg — O which sends a to the Teichmiiller lift of
a*=!=1, Let ©(xx) denote a model over O of the representation of GLy(Z;) —
— G Ly(F;) denoted the same way in section 3.1 of [CDT]. Let Oy denote the
representation ), ©(xx) of GL2(Op,). From proposition 4.1, lemma 1.3 and
lemma 4.2.4 of [CDT] we see that there is a homomorphism

¢1: h@kyo,wo (UHO (ﬂo)) — ]F?C

such that ker ¢; is non-Eisenstein and 5, ~ plc,-
By lemma 3.1.1 of [CDT] we see that ©) ® F° has a Jordan-Holder sequence
with subquotients

Ry = Q) Symm *2((F{)*) @ Q) (Symm '~ ((F{)?) @ det* ")
x¢T zeT

where T' runs over sets of places of F' above [, and where, if £ = [, we only
have one subquotient namely T" = (. Thus for some T, ¢; factors through
hry e 4o (U, (no)). It then follows from corollary 1.5 that for x € T' we must

kl—1
1 *
0 wk:—l .

have |7, ~ W' @ wh'™! or
Thus in fact ¢1 must factor through hry ree 4, (U, (n0)) = hi pae 4, (Un, (no))-
It follows from the first part of corollary 5.2 that ¢; gives rise to a map

(,250 : h"?k72,07¢0(UH0 (no)) — F?C

such that ker ¢y is non-Eisenstein and py  ~ plg,. The proposition follows. O

Combining the lemma 5.4 with the main theorem of [SW1], we immediately
obtain the following corollary.

COROLLARY 5.5 Let I > 3 be a prime. Suppose that p : Gg — GL2(F7°) is

a continuous odd representation with pl;, ~ W™t @ wé(k_l) for some integer
2 <k <. Then there is a Galois totally real field F' in which [ splits completely,
a regqular algebraic cuspidal automorphic representation © of GL2(AFr) and an
embedding A\ : M, — Qf¢ such that
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L ﬁ\GF Nﬁw,)\f'
Too has weight 2;

for each finite place x of F' not dividing [, w, is unramified; and

e

for each place x of F' above [, the conductor of m, divides x.
Now we can use corollary 5.2 to obtain a further refinement of proposition 4.1.

LEMMA 5.6 Let I > 3 be a prime. Suppose that p : Gg — GL2(Ff°) is a

continuous odd representation with pl;, ~ wh ™' @ wlz(k_l) for some integer
2 <k <I. Then there is a Galois totally real field F of even degree in which [
splits completely, a reqular algebraic cuspidal automorphic representation w of
GLy(Ap) and an embedding A : M — Qf° such that

1. ﬁ\GF Nﬁ‘/r,)\f'
2. T has weight k; and

3. m; is unramified at every finite place x of F.

Proof: Now let F', w, A be as provided by corollary 5.5. Also denote by g :
(A®)*/F* — (Qf°)* be the character such that (v o Art ~') equals the
determinant of p. . Thus vy is unramified away from [. Note also that if
a € Of, then ¢y(a) is the Teichmiiller lift of (Na)?>~* mod I. Let D be the
division algebra with centre F' which is ramified at exactly the infinite places of
F'. Let Op be a maximal order in D and fix an isomorphism Op , = M3(OF )
for each finite place z of F. Let Uy = [[, GL2(OF,). There is a homomorphism

(bo : hﬁk72,ﬂ*‘fcy¢o (Uo(OF, l)) — F?c
with ker ¢g non-Eisenstein and p, ~ plg.. By corollary 5.2 this factors
through Ay, rae v, (Uo) and the proposition follows. O

Finally we have the following version of our potential version of Serre’s conjec-
ture.

THEOREM 5.7 Let | > 3 be a prime. Suppose that p : Gg — GL2(F{°) is a
continuous irreducible odd representation with p|g, irreducible. Then there is a
Galois totally real field F' of even degree in which 1 splits completely, a reqular
algebraic cuspidal automorphic representation m of GLa2(Afr) and an embedding
A My — Qf¢ such that

1. mGF ~ pﬂ',)\;

2. Too has weight ks, where k5 is the weight associated to p|g, by Serre in
[S2]; and

3. m, is unramified for every finite place x of F.
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Proof: From the definition of k5 we see that there is an integer 0 < c <l -1
such that 2 < kz—c(l+1) <!l and (p®e )|, ~ wgﬁ_l_c(lﬂ) @wé(kﬁ_l)_c(lﬂ).
By lemma 5.6 we can find a Galois totally real field F' of even degree in which [

splits completely and a regular algebraic cuspidal automorphic representation
7 of GLa(AF) such that

L. (p®e °)|ay is equivalent to p,  for some prime A|l and some embedding
k(X\) < F¢e;

2. T has weight k5 — ¢(l 4+ 1); and
3. 7, is unramified at every finite place z of F.

By lemma 1.3 we can find, for some character 1, a homomorphism
¢t hiy—ci1) Foe 4 (Uo) — FI°

with non-Eisenstein kernel such that py = (p ® € ¢)|g,. The theorem now
follows from lemma 5.3. O

6 APPLICATIONS

Combining theorem 2.1 of [Tay4], theorem 5.7, theorem 3.3 and a standard
descent argument (see for example the proof of theorem 2.4 of [Tay3]) we obtain
our main theorem.

THEOREM 6.1 Letl > 3 be a prime and let 2 < k <1 —1 be an integer. Let
p:Gg — GL2(Oggee) be a continuous irreducible representation such that

e p is ramifies at only finitely many primes,
e detp(c) = —1,
e plg, is crystalline with Hodge-Tate numbers 0 and 1 — k.

Let p denote the reduction of p modulo the mazimal ideal of Ogge. If Pla, is

irreducible assume that p restricted to Q(+/(—1)E=1/2]) is irreducible. (This
will be the case if, for instance, 2k # 1+ 3.) Then there is a Galois totally real
field F' in which 1 is unramified with the following property. For each subfield
E C F with Gal (F/E) soluble there is a reqular algebraic cuspidal automorphic
representation 7y of GLa(Ag) and an embedding \ of the feild of coefficients
of mg into Q¢ such that

® Prg, A ™ p‘GEf
o T, is unramified for all places x of E above l, and

® Tp.oo has weight k.
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(We explain the parenthetical comment. In the case discussed in that comment
k=1 Wk=1) 1d so _ ( \2(k—1) 12U(k=1) wh /s
Pl = ws ~ D wy and so p|1@l(m) = (w5) @ (wh) where w} is
the fundamental character of level 2 of Iy, (/7). The assumption k # (I +3)/2
tells us that (I + 1) f2(k — 1) so that 5|G@,(m> is absolutely irreducible.)
Combining this with the main theorem of [Bl] we deduce the following corollary.

COROLLARY 6.2 Keep the assumptions of theorem 6.1. If p is unramified at
a prime p and if « is an eigenvalue of p(Frob,) then o € Q% and for any
isomorphism i : Q¢ = C we have

‘iOz|2 < p(k—l)/2.

(We remark that we can deduce this corollary for all but finitely many primes
p by appealing to theorem 3.4.6 of [BL] instead of the main theorem of [B]].)
Continue to assume that p satisfies the hypotheses of theorem 6.1. If p # [ and
if i : Q¢¢ = C then we define

Ly(ip, X) = idet(1 — py, (Frob,)X) € C[X].
Corollary 6.2 tells us that
L(ip,s) = HLp(iP7P75)71
p#l

defines a meromorphic function in Res > (k +1)/2.

Choose a non-trivial additive character ¥ = [[ ¥, : A/Q — C* with ker ¥; =
Z; and o (z) = 2™V~ Also choose a Haar measure dz = [[dz, on Ap
with dzo the usual measure on R, with dz;(Z;) = 1 and with dx(Ap/F) = 1.
If p # I we will let WD(p|¢g, ) denote the Weil-Deligne representation associated
to plg,. Then we define

e(ip,s) = V=1 [[eGWD(p"|g,) ® [Art 1|, %, Wy, da).
p#l

(See [Tat].) Note that €(ip,s) = WN*/2=% where W is independent of s, and
where N is the (prime to [) conductor of p. The proof of corollary 2.2 of [Tay4]
then gives the following corollary.

COROLLARY 6.3 Keep the assumptions of theorem 6.1 and let i : Q¢ = C.
There is a rational function Li(p, X) such that if we set

L(ip,s) = L' (ip, s) Ly (ip,17%) 71

then L(ip,s) has meromorphic extension to the entire complex plane and sat-
isfies the functional equation

(27) T(s)Llip, s) = e(ip, s)(2m)**T(k — )L(i(p" @ 1),k — s).
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The proof of corollary 2.4 of [Tay4] also gives us the following result.

COROLLARY 6.4 Keep the assumptions of theorem 6.1 and if k = 2 further
assume that for some prime p # | we have

€ *
p|g,,~<8< x)'

Then p occurs in the l-adic cohomology (with coefficients in some Tate twist of
the constant sheaf) of some variety over Q.

By a rank d weakly compatible system of l-adic representations R over Q we
shall mean a 5-tuple (M, S,{Qp(X)},{pr},{n1,....nq}) where

e M is a number field;
e S is a finite set of rational primes;

o for each prime p ¢ S of Q, Q,(X) is a monic degree d polynomial in
M[X];

e for each prime \ of M (with residue characteristic I say)
P - GQ — GLd(M)\)

is a continuous representation such that, if I € S then p,|g, is crystalline,
if p ¢ SU{l} then p, is unramified at p and py(Frob,) has characteristic
polynomial Q,(X); and

e {ni,..,ng4} is a multiset (i.e. set with multiplicities) of integers such that
for all primes A\ of M (lying above a rational prime 1) the representation
pale, is Hodge-Tate with numbers {ny,...,nq}.

We will call {nq,...,nqs} the Hodge numbers of R. We will call R strongly
compatible if for each rational prime p there is a Weil-Deligne representation
WD, (R) of Wy, such that for primes X of M not dividing p, WD, (R) is equiv-
alent to the Frobenius semi-simplification of the Weil-Deligne representation
associated to px|g,. We will call a rank 2 weakly compatible system R regular
if the Hodge numbers are distinct and for one, and hence all, primes A of M
we have det py(c) = —1.

We remark that whatever is meant by a “motive”, the l-adic realisations of a
“motive” would give rise to weakly compatible systems of [-adic representations
which are generally expected to be strongly compatible. Moreover one can use
the Hodge realisation to see that if the Hodge numbers of a rank 2 “motive”
are distinct then the associated system of [-adic representations is regular in
the above sense. This explains the perhaps somewhat unnatural definition of
regularity given above.

The following lemma is an easy consequence of the characterisation of one
dimensional Hodge-Tate representations of Gg.
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LEMMA 6.5 If R/Q is a rank 2 weakly compatible system of l-adic representa-
tions and if px is absolutely reducible for one X\, then p)y is absolutely reducible
for all \.

We will call a rank 2 weakly compatible system of [-adic representations re-
ducible if the hypothesis (and hence the conclusion) of the previous lemma
holds. Otherwise we call it irreducible.

THEOREM 6.6 Suppose that R = (M, S,{Q.(X)}, {pr}, {n1,n2})/Q is a regu-
lar, irreducible, rank 2 weakly compatible system of l-adic representations with
ny > ng.

1. There is a Galois totally real field such that for any i : M — C there is
a reqular algebraic cuspidal automorphic representation of GLa(Af) with
L(iR|gp,s) = L(m,s).

2. For all rational primes p ¢ S and for alli : M — C the roots of i(Q,(X))
have absolute value p=("1+72)/2

3. R is strongly compatible.
4. Fizi: M — C. If we define

L(iR, s) = [ [ Lp(iWD,(R)",5)~"

and

e(iR,s) = i' T "2 [ [ eGWD,(R)Y @ |Art ~*|, %, Wy, dary)

p

then the product defining L(iR,s) converges to a meromorphic function
inRes>1—(n1+n2)/2 and L(iR, s) has meromorphic continuation to
the entire complex plane and satisfies a functional equation

(2m)"CTID(s 4+ ny ) L(IR, s) = €(iR, s)(27) T2 7T (1 — ny — s)L(iRY,1 — s).

Proof: We may assume that n; = 0. For all but finitely many primes A of M
the representation py satisfies the hypotheses of theorem 6.1. The first part
follows immediately from that theorem and the second part from corollary 6.2.
Choose one such prime A and fix an embedding My C Qf°. Let F' be as in
theorem 6.1 and write

Gal (F/Q)
1= ZmJI dGal (F/EHXI

where m; € Z, Gal (F//Ej;) is soluble and x; is a character of Gal (F/Ej). For
each j we have a regular algebraic cuspidal automorphic representation m; of
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GLy(Ag;) with field of coefficients M; and an embedding \; : M; — Q¢ such
that

Prmjn; ™ p)\|GEj .

We see in particular that A\; : M; < M. Thus any embedding X' : M — Qf°
gives rise to an embedding X : M; — Qf°. From the Cebotarev density
theorem we see that

pﬂ'j,)\;- ~ PN |GE]»
and hence that Gal (0% /0)
PN = Z m;Ind GZI (@ac/By) PN, & X

As the py, N are strongly compatible (see [Tayl]), the same is true for the

px- (To check compatibility of the nilpotent operators in the Weil-Deligne
representations one notices that it suffices to check that they are equal after
any finite base change.) Moreover we see that

L(iR,s) HL T @ (xj o Art o det), s)"

and that
€(iR, s) He m; ® (xj o Art o det), s)™

and the fourth part of the theorem follows. O

As an example suppose that X/Q is a rigid Calabi-Yau 3-fold. Let X' /Z denote
a model for X. Also let {x(s) denote the zeta function of X, so that

) =T exante)

where (x ,(7T') is a rational function of 7" and for all but finitely many p we

have
(xp(T) = [J(1 = TR

x

where = runs over closed points of X x F,,. If we set

ZX(S) — ((S _ 1)(3 _ 3))71(27r>7sdimH2(X(<C),R)F(S _ l)dier"(X((C),]R)C:1
F(s _ 2)dim HQ(X((C),R)“=’1<X(S)7

then we have that
Zx(s) = AB*2Zx(4 —s)

where B is a non-zero rational number and where A = +1. (To see this note
that

e HY(X x Q*, Q) =Q and H(X x Q*,Q;) = Q(-3);
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o H'(X xQ,Q) = H(X x Q®, Q) = (0);

e H?9(X(C),C) = H*?(X(C),C) = (0) and so by Lefschetz’s theorem
there is finite dimensional Q-vector space W with a continuous action of
Gq such that

H?(X x Q%, Q) =W &g Qi(—1)

and
HY(X x Q% Q) = WY ®q Qi(—2)

for all rational primes [; and

o {H3(X x Q*,Q)} forms a regular, rank two weakly compatible system
in the above sense.

Thus it suffices to combine the above theorem with the functional equation for
Artin L-series.)

CORRECTIONS TO [TAY4].

We are extremely grateful to Laurent Clozel for raising the following points.
All the references below are to [Tay4].

e The third bulleted point on page 130 should read detp = e. (Without
this change the choice of ay at the top of page 136 becomes impossible.)

e It would be clearer if the parenthetical comment “(as 8, — B¢ is coprime
to p)” read “(as B,85 = ¥(dy ) (@) = p and B, — BS is coprime to p)”.

e Before the “i.e.” in the middle of page 135 it would be clearer to add
a parenthetical explanation “(note that End o,, (A1) is the centraliser of
O in M[N!Q(Bv)](OQ(Bv))7 which is just ON)”.

e The superscript Gal (L/K) in the fourth displayed formula on page 135
should read Gal (F,/F,).

o After the fourth displayed formula on page 135 it would be clearer to add
the parenthetical comment: “(N.B. Because [F), : Fy,]|#x0. (L) |#k™ and
because Ny contains a primitive #&* root of one, N contains a primitive
[F, : Fy] root of one.)”.

e The proof of lemma 1.4 is wrong. A correct proof can be given as follows.
“Choose z € (iRso)"om(MRB) - Tet M act on CHom(ME) by acting via
7 on the 7-component. Set A = CHom(ME) /(711 + Oyr2) (where 1
denotes the vector (1,...,1)). This complex torus is an abelian variety
with an action of Oy, which is actually defined over R (in such a way
that complex conjugation on A(C) corresponds to complex conjugation
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on CHom (MR)) Moreover P(A,i) = OF;, where ae € Oy corresponds to
the alternating Riemannian form

E(x +yz,u+vz) = tr yrpa(yu — av)
for z,y,u,v € M ®gR.”

At the end of the second sentence of the paragraph before theorem 1.6
add “and detp = €’ after “the case that p has insoluble image”.

With the above changes, specifically adding detp = € in two places,
theorem 1.6 requires some further proof. The following will suffice: “We
may assume that p has insoluble image. Choose a totally real quadratic
extension F’/F in which all primes above [ split and a finite extension
k'/k and a character £ : Gpr — (k') such that detp|g,, = e£?. (This is
possible as the obstruction to taking the square root of a character lies in
the two part of the Brauer group.) Now work with o/ =p®¢71: Gpr —
GLsy(K'), and find p, N, M, A, p, L, ¢, E'/F’ and A’ as above. Let E be
the normal closure of E’/F. Then [ and p split completely in E/F. Take
A= A" xg E and argue as above.”
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