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ABSTRACT. In this paper, we present a conjecture concerning the
classicality of a genus two overconvergent Siegel cusp eigenform whose
associated Galois representation happens to be geometric, and more
precisely, given by the Tate module of an abelian surface. This con-
jecture is inspired by the Fontaine-Mazur conjecture. It generalizes
known results in the genus one case, due to Kisin, Buzzard-Taylor
and Buzzard. The main difference in the genus two case is the com-
plexity of the arithmetic geometry involved. This is why most of the
paper consists in recalling (mostly with proofs) old and new results
on the bad reduction of parahoric type Siegel varieties, with some
consequences on their rigid geometry. Our conjecture would imply,
in certain cases, a conjecture posed by H. Yoshida in 1980 on the
modularity of abelian surfaces defined over the rationals.
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In a previous paper, we showed under certain assumptions (Theorem 4 of [26])
that a degree four symplectic Galois representation p with singular Hodge-
Tate weights which is congruent to a cohomological modular Galois represen-
tation (we say then that p is residually cohomologically modular) is p-adically
modular. The precise definitions of the expressions above can be found in
[26] Sect.2 and 4. As a corollary, we obtain that certain abelian surfaces
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Ajq do correspond, if they are residually cohomologically modular, to over-
convergent Siegel cusp forms of weight (2,2) (see Theorem 8 of [26]), in the
sense that their Galois representations coincide. This result fits a Generalized
Shimura-Taniyama Conjecture due to H. Yoshida ([30], Section 8.2) according
to which for any irreducible abelian surface A defined over Q, there should ex-
ist a genus two holomorphic Siegel cusp eigenform g of weight (2,2) such that
L(h'(A),s) = Lepin(g,s), where L(h'(A),s) is the Grothendieck L function
associated to the motive h'(A) and Lgpin(g, s) is the degree four automorphic
L function associated to g (with Euler factors defined via Hecke parameters
rather than Langlands parameters, for rationality purposes). One should no-
tice that this conjecture presents a new feature compared to the genus one
analogue. Namely, contrary to the genus one case, the weight (2,2) occuring
here is not cohomological; in other words, the Hecke eigensystem of g does not
occur in the singular cohomology of the Siegel threefold (it occurs however in
the coherent cohomology of this threefold). In particular, the only way to de-
fine the Galois representation p, , associated to such a form g, either classical
or overconvergent, is to use a p-adic limit process, instead of cutting a piece
in the étale cohomology with coefficients of a Siegel threefold. This can be
achieved in our case because g fits into a two-variable Hida family of p-nearly
ordinary cusp eigenforms. Note that, more generally, for a classical cusp eigen-
form g of weight (2,2) with (finite) positive slopes for its Hecke eigenvalues at
p, one believes that two-variable Coleman families of cusp eigenforms passing
through g in weight (2,2) could also be constructed, and this would allow a
similar construction of pg .

For our p-nearly ordinary overconvergent g, Theorem 8 of [26] states that the
associated Galois representation p,, does coincide with the p-adic realization
of a motive h'(A). Therefore, p, , is geometric; several results in the analogue
situation for genus 1 (see [18], [6] and [7]) lead us to conjecture that this g is
actually classical.

The goal of the present paper is to generalize slightly and state precisely this
conjecture (Sect.4.2). We also take this opportunity to gather geometric facts
about Siegel threefolds with parahoric level p, which seem necessary for the
study of the analytic continuation of such overconvergent cusp eigenforms to
the whole (compactified) Siegel threefold; the rigid GAGA principle would
then imply the classicity of such g. We are still far from fulfilling this program.
However, we feel that the geometric tools presented here, although some of them
can actually be found in the literature, may be useful for various arithmetic
applications besides this one, for instance to establish the compatibility between
global and local Langlands correspondence for cusp forms of parahoric level for
GSp(4,Q).

As a final remark, we should point out that there exist other Generalized
Shimura-Taniyama Conjectures for submotives of rank 3 resp.4 of the motive
hl(A) for certain abelian threefolds resp. fourfolds A (see [3]). For those, The-
orem 8 of [26] seems transposable; the question of classicity for the resulting
overconvergent cusp eigenforms for unitary groups U(2,1) resp. U(2,2) could
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then be posed in a similar way. It would then require a similar study of the
(rigid) geometry of Shimura varieties of parahoric type for the corresponding
groups.

Part of this paper has been written during visits at NCTS (Taiwan) and CRM
(Montreal). The excellent working conditions in these institutions were appre-
ciated. The author wishes to express his thanks to Professors Jing Yu and A.
Tovita for their invitations, as well as the Clay Institute which financed part
of the stay in Montreal. Discussions with H. Hida, A. Iovita, C.-F. Yu and
especially A. Genestier were very useful to remove several falsities and add
truths to an earlier draft (but the author alone is responsible for the remaining
erTors).
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1 NOTATIONS

Let
G =GSp(4) ={X € GLy;'XJX =v-J}

be the split reductive group scheme over Z of symplectic simitudes for the anti-

s 0
where s is the 2 x 2 antidiagonal matrix whose non zero entries are 1. This
group comes with a canonical character v : X — v(X) € G, called the simili-
tude factor. The center of G is denoted by Z, the standard (diagonal) maximal
torus by T and the standard (upper triangular) Borel by B; Up denotes its
unipotent radical, so that B = TUg. Let yp = t1/t3 resp. g = V‘ltg be
the short, resp. the long simple root associated to the triple (G, B,T). The
standard maximal parabolic P = MU, associated to ~p, is called the Klingen
parabolic, while the standard maximal parabolic @ = M'U’, associated to ¢,
is the Siegel parabolic. The Weyl group of G is denoted Wg. It is generated

symmetric matrix J, given by its 2 x 2 block decomposition: J = 0 —s >

by the two reflexions sp and sg induced by conjugation on 1" by < 8 2 >

1
resp. s . Let us fix a pair of integers (a,b) € Z%, a > b > 0; we
1
identify it with a dominant weight for (G, B, T'), namely the character

T >t = diag(ty, to, v o, v 1) > 1985
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Let Vg, be a generically irreducible algebraic representation of G associated to
(a,b) over Z.

Let A = Af x Q be the ring of rational adeles. Fix a compact open subgroup
K of Gy = G(Ag); let N > 1 be an integer such that K = KV x Ky with
KV = G(Z") maximal compact and Ky = [T K¢ for local components K
to be specified later.

Let HY be the unramified Hecke algebra outside N (that is, the tensor prod-
uct algebra of the unramified local Hecke algebras at all prime-to-IN rational
primes); for each rational prime ¢ prime to N, one defines the abstract Hecke
polynomial P, € HY[X] as the monic degree four polynomial which is the min-
imal polynomial of the Hecke Frobenius at ¢ (see Remarks following 3.1.5 in
12]).

Let C be the subgroup of G, = G(Q) generated by the standard maximal
compact connected subgroup K, and by the center Z.

For any neat compact open subgroup L of G(Ay), the adelic Siegel variety of
level L is defined as: S, = G(Q)\G(A)/LC; it is a smooth quasi-projective
complex 3-fold. If L C L' are neat compact open subgroups of G, we have a
finite etale transition morphism ¢y, - : S, — Sp/.

2 INTEGRAL MODELS AND LOCAL MODELS

Let K be a compact open subgroup of G(z) such that K(N) C K. For any
integer M > 1, we write K resp. KM for the product of the local components
of K at places dividing M, resp. prime to M.

Let p be a prime not dividing N we denote by I, IIp resp. Ilg the Iwahori
subgroup, Klingen parahoric, resp. Siegel parahoric subgroup of G(Z,). We
consider Kg(p) = KNIxK?, Kp(p) = KNIlp x K? and Kg(p) = KNIlg x K?
and the corresponding Shimura varieties Sg(p), Sp(p) resp. So(p).

Let us consider the moduli problems

1
Fo: Z[N]—Sch — Sets, S —={A,\7)/s}/ ~,

FB: Z[%]—Sch — Sets, S~ {A,\,7,Hy C Hy C Alp])/s}/ ~,

1
Fp: Z[N]fSch — Sets, S {A,\7,H1 C Alp])/s}/ ~

and
Fo :Z[%]—Sch — Sets, S {A,\7,Hy C Alp|)/s}t/ ~

where A/S is an abelian scheme, A is a principal polarisation on A, 77 is a K-
level structure (see end of Sect.6.1.1 of [12]), H; is a rank p’ finite flat subgroup
scheme of A[p] with Hs totally isotropic for the A\-Weil pairing.

As in Th.6.2.1 of [12] or [16] Prop.1.2, one shows
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THEOREM 1 If K is neat, the functors above are representable by quasipro-
jective Z[~:]-schemes Xy, Xp(p), Xp(p) and Xq(p). The first one is smooth
over Z[%] while the others are smooth away from p; the functors of forgetful-
ness of the level p structure provide proper morphisms wpg @ Xp(p) = Xp,
py : Xp(p) = Xy, and 7o 9 : Xqo(p) — Xy which are finite etale in generic
fiber.

We’ll see that these morphisms are not necessarily finite hence not necessarily
flat.

We'll also consider a moduli problem of level I'1 (p). Let Up be the unipotent
radical of the Borel B of G. Let Fy, be the functor on Q—Sch sending S to
{A, N\, 7, Py, Py) s}/ ~ where P is a generator of a rank p finite flat subgroup
scheme H; of A[p] while P; is a generator of the rank p finite flat group scheme
H,/H, for Hy a lagrangian of A[p]. Over Q, it is not difficult to show that it
is representable by a scheme Xy, (p)g.

Following [14] and [12] Sect.6.2.2, we define the Z[+-]-scheme Xy, (p) as the
normalisation of Xp(p) in Xy, (p)g; it comes therefore with a morphism
TUp.B * Xug(p) = Xp(p) which is generically finite Galois of group T(Z/pZ).

REMARK: All schemes above have geometrically connected generic fibers if and
only if v(K) = Z*. However, in general, the morphisms 7, g induce bijections
between the sets of geometric connected components of X, (p) and Xy; therefore
the descriptions of irreducible components of the special fiber at p given below
should be interpreted as relative to an arbitrary given connected component of
the special fiber at p of Xj.

We still denote by X, (p) the base change to Z, of X*@)/Z%} (x=10,B,P,Q).
The results that we will explain below are essentially due to de Jong [16],
Genestier [11], Ngo-Genestier [22], Chai-Norman [9], C.-F. Yu [29]. As most
of these authors, we make first use of the theory of local models [23], which
allows to determine the local structure of X, (p); then, one globalizes using the
surjectivity of the monodromy action due to [10]. This argument is sketched in
[16] for g = 2 and developed for any genus and for any parahoric level structure
in [29].

The determination of the local model and of its singularities has been done in
case * = B by de Jong [16], in case * = P in [12] Sect.6.3 (inspired by [14])
and in case * = @ in [12] Appendix. Let us recall the results.

2.1 THE CASE x =B

We first recall the definition of the local model Mp of Xg(p) over Z,.

Let Sty = Zj with its canonical basis (e, e1, €2, e3), endowed with the standard
unimodular symplectic form : (z,y) = *xJy. We consider the standard
diagram Sty 33 St; 5 Sty where a;41 sends e; to pe; and ej to e; (j # 1).
We endow Sty resp. Sty with the unimodular standard symplectic form ),
which we prefer to denote 1 resp. 9. Let a? = a; o ap; then we have

bo(a?(z),a®(y)) = pa(@, y).
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Then, Mp is the scheme representing the functor from Z,—Sch to Sets sending a
scheme S to the set of triples (w;)i=0,1,2, where w; is a direct factor of St; ® Og,
wo and ws are totally isotropic, and oy (w;y1) C w; for i =0, 1.

It is a closed subscheme of the flag variety over Z, G(Sta,2) x G(St1,2) x
G(Sto,2). Let £ = (w2,w1,w0) € Mp(F,) be the point given by wa = (e, €1),
w1 = {(eg,e3) and Wy = (ea,e3). Consider the affine neighborhood U of & in
Mp given by wy = (eg + c11€2 + c12€3, €1 + ca1€2 + Caze3), w1 = (eo + brrer +
bizea, 3 + barey + bagea) and wy = (e2 + ar1eo + aizer, es + ag1eg + azer).
We’ll see below that it is enough to study the geometry of U because this open
set is “saturating” in Mp (i.e. its saturation GgU for the action of the group
G p of automorphisms of Mg is Mp). Let us first study the geometry of U.
The equations of U are C11 = C22, Q11 = 422,

pe1 + cor€ + cages = caa(es + barer + bages),

eo + cr1e2 + cr2e3 = eg + birer + biaez + cia(es + bajer + bazez),

and similarly

peo + biier + bizea = bia(ea + arreo + aizer),

e3 + barer + bagea = e3 + aziep + ageer + baa(ea + arieg + arzer).

Equating the coordinates of the two members, one gets the set of equations (2)
of [16] Sect.5.

Putting x = a11, y = bi2, a = c12, b = a12 and ¢ = byy, an easy calculation
shows that U = specZp[z,y, a,b,c|/(zy — p,ax + by + abc). The special fiber
Uy C Mp ®F, of U is an affine threefold given by the equations zy = 0 and
ax + by + abc = 0; it is the union of its four smooth irreducible components
Zoo = V(x,b), Zo1 = V(x,y + ac), Z1o = V(y,a) and Z1; = V(y,z + be).

Let R = Z3"[z,y,a,b,c]/(xy — p,ax + by + abc); then &, has coordinates
(0,0,0,0,0) in Uy(F,). Let ¢, = (To,¥o,a0,bo,c) be an arbitrary point of
Uo(F,). Note that Zpg, = 0 and @oTo+bo (Yo +aoCo) = boY,+ao(To+boco) = 0.
Let mo be the maximal ideal of R corresponding to (,. The completion of R
at mg is given by the following easy lemma ([16] Section 5).

LEMMA 2.1 o IfTg+ Doty # 0, then if o # 0, Ry = Z27[[u, B,7]],
b IfEO + BOEO # 0 and Yo = 0, then ﬁmo = ZZTH%% b7 C]]/(.’L’y - p);

o Ifao # 0, if o = by = 0 then R, = Z;7[[y,b,,d]]/(ybt — p). and if
To 70 or by # 0, if Yobo = 0 then Emo is Zy" [y, b,t, c]]/(yt — p), or it is
smooth if Fobo # 0,

~

o IfTy # 0 and Tp = by = ap = Yo = 0, if moreover ¢y # 0, then ﬁmo o
Zy [z, y, u, v, w]]/(zy — p,uv — p),

o IfTg=by =1y =7, = co = 0, that is, if so = zo (defined above), then
Emo =7y [z,y,a,b,c]]/(xy — p,azx + by + abc),
The other cases are brought back to those by permuting the variables x and y
resp. a and b.
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PRrROOF: If Ty + byco # 0, and Yo # 0, we choose liftings x¢, ao, bo, co € Z,," and
Yo € Z“If” and introduce new variables u, «, 5,7 by putting y = yo + v and
a=apg+a,b="by+ 8, c=co+~ (in case bo = 0 for instance, we choose by = 0
so that S = b, and similarly for ). Then, the relation az + by + abc = 0 in ﬁmo
reads a(z + bc) 4+ by = 0, so that the image of the variable o can be expressed
as a series of the images of the variables u, 3,v; similarly, the relation zy = p
allows to express z as a series of u; in conclusion, we have Ry, = Z,"[[u, 3,7]].
If T # 0 = 3, = 0, this reasoning shows that Ry, = Zy" ([, y, B,/ (xy — p).
If @y # 0, let us omit the centering at 0 of variables as above (needed for
instance if by # 0 or g, # 0). Let us write the relation ax + by + abc = 0 as
x = —a"tby —bc = b(—a"'y — ¢). We introduce a new variable t = —a"1y — c.
Then we have p = xy = bty so that ﬁmo = Zy"[[y,b,t,c]]/(ybt — p) unless, as
mentioned, by # 0 or 7, # 0 where things become simpler.

If To = by = @ = Yo = 0 but & # 0, then (z+bc)(y+ac) = p+c(ax+by+abc) =
p; hence, putting © = x + bc and v = y + ac, one defines a change of variables
from the set of variables (z,y,a,b,c) to (z,y,u,v,c) (actually, as above, one
should use v = ¢ — ¢y instead of ¢) and the conclusion follows.

The last case is clear.QED.

By the theory of local models, we have a diagram

Wpg
T NS
Xg(p) Mp

where Wg classifies quintuples (A, A\, H1, Ha; ¢ : St. ® Og = D(A.)) over a
scheme S (see Sect.3 of [16], especially Prop.3.6, for the definition of ¢). One
sees easily that it is representable by a Xp(p)-scheme 7 : Wy — Xp(p). The
morphism f consists in transporting the Hodge filtration from the Dieudonné
modules to St. by ¢ and 7 consists in forgetting ¢. Recall that those morphisms
are smooth and surjective.

Given a point z = (Ag = A1 — Az, Ao, A2; @) of Wg(F,), the degree p isogenies
Ayg — A1 — As (defined by quotienting A = Ay by Hy and Hs) give rise to
morphisms of filtered Dieudonné modules (writing M; for D(A;)s): Ms —
M1 — My, sending w;41 into w;. Let us consider the rank p finite flat group
schemes Gg = Hy; = Ker (A9 — A1) and Gy = Hy/H; : Ker (41 — Aj). Then,
we have a canonical isomorphism

1) wi/a(wit1) 2 wg,.

Recall that wav = w) = M;/w;, hence by Th.1, Sect.15 of [20]), if G} denotes
the Cartier dual of GG;, we have

2) way = M;i/(wi + a(Mit1)).

For z € Wg(F,) as above, let © = 7(z) = (49 — A1 — Az, Ao, N2) and
s = f(z) = (w2, wiwp).

We define 0;(s) = dimw;/a(w;4+1) and 7;(s) = dim M; /(w; + a(M;41)).

Then,
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o if G;is fip, 0i(s) =1 and 7;(s) =0
o if G;is Z/pZ, 0;(s) =0 and 7;(s) =1
o if G;is ap, 05(s) =1 and 7;(s) =1

We define Mp(F,)™d as the set of points s such that (oi(s),7:(s)) €
{(1,0),(0,1)} for i = 1,2.
One determines its four connected components and we check their Zariski clo-

sures are the irreducible components of Mp(F,) as follows. The calculations of

the lemma above show that Mp(F,) N U is the union of the loci

e (1)z=b=0,
e 2)x=y+ac=0,
e 3)y=a=0,
e () y=x+bc=0,

Then, let us check that the component = b = 0 is the Zariski closure of the
locus (m, m) where Hy and Hy/H; are multiplicative. This component consists
in triples (ws,w1,wp) such that the generators of wy satisfy a;; = a12 = 0, that
is, by equations (1) of Uy in Sect.6 of [16], such that wy = (ea,e3). Then one
sees that a(wy1) = (bigea, e3 + bages) has codimension 1 in wy if b1s = 0, and
codimension 0 otherwise, while a(wz) = (eg + c11€2 + c12€3, Ca1€2 + ca2e3) has
codimension 1 if ¢;; = 0 and 0 otherwise.

On the other hand, a(M7) is generated by (eq, ea, e3) so My/a (M) is generated
by the image of eg; since wy = (e, e3), we see that 79(s) = 1 for any s € Zyo,
while (M) is generated by (eq, ea, e3) so that M;/a(Ms) is generated by the
image of eq; since wy = (eg+bioea, e3+bases), we see that 71(s) = 1 also on Zyo.
Hence the open dense locus defined by b12 # 0 and ¢q1 # 0 is the ordinary locus
of this component (that is, the set of points s such that (o;(s), 7 (s)) = (0,1)
(i=1,2).

One can do similar calculations for the other components; to obtain the table
at bottom of page 20 of [16] (note however that our labeling of the components
is different).

This calculation proves the density of the ordinary locus in each irreducible
component in Uy and provides at the same time the irreducible components of
the non-ordinary locus and of the supersingular locus. We find

LEMMA 2.2 The open subset Uy of Mp ® F), is an affine scheme with four
irreducible components

o (1) x =b=0, Zariski closure of the locus (m,m) where Hy and Hs/H,
are multiplicative

e (2) x = y+ac = 0, Zariski closure of the locus (m,e) where Hy is
multiplicative and Ho/Hy is étale
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e (8)y =a=0, Zariski closure of the locus (e,e) where Hy and Hs/H
are étale

e (/) y=x+bc=0, Zariski closure of the locus (e,m) where Hy is étale
and Hs/Hy is multiplicative.

The singular locus Uging can be viewed as the union of two loci: “Hy bicon-
nected”, whose equation is v = y = 0, and “Hy/H, biconnected”, whose equa-
tion is y +ac = x + bc = 0. The intersection of those two is the supersingular
locus Uy™"®.

The locus “Hy biconnected” is the union of Ugsmg and two 2-dimensional irre-

ducible components

o (14) the locus x = b =y = 0,equation of the Zariski closure of the locus
where Hy is biconnected and Ho/Hy is multiplicative,

e (23) the locus y = x = a = 0, equation of the Zariski closure of the locus
where Hy is biconnected and Ho/H; is étale,

where the label (ij) denotes the irreducible 2-dimensional intersection of (i) and
(4)- .

The supersingular locus US™™® coincides with the intersection (2) N (4) which is
the union of one 2-dimensional component x =y = ¢ = 0, which we denote by
(24) and one 1-dimensional component a =b =z =y =0.

The locus “Ho/Hy biconnected” is the union of USSing and of two irreducible
components

e (12) x =b=y+ac =0, equation of the Zariski closure of the locus where
Hy is multiplicative and Ho/Hy is biconnected,

e (34)y=a=xz+bc =0, equation of the Zariski closure of the locus where
H; is étale and Ho/H; is biconnected .

with the same convention (ij) = (i) N (j) (here, those are irreducible 2-
dimensional components);

Finally, the three irreducible components of the one-dimensional stratum asso-
ciated to the four irreducible components of Uy"® are

.x:y:a:b:o,
.gj:y:a:c:();
.x:y:b:c:o}

They are all contained in USSing. More precisely, the second and third are
contained in (24), and U™ is the union of the first and of (24).

Thus, the supersingular locus of Mg is not equidimensional, it is union of a two-
dimensional irreducible component, namely the Zariski closure of the locus (24),
and a one-dimensional irreducible component, closure of t =y=a=5b=0.
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Let us consider the Iwahori group scheme Gp; it is a smooth group scheme
over Z, representing the functor S — Autg(St. ® Og). Its generic fiber is the
symplectic group G while its special fiber is extension of the upper triangular
Borel B by the opposite unipotent radical.

The complete list of the G'g-orbits in Mp ®F,, follows from the analysis above.
There are thirteen such orbits. There are four 3-dimensional orbits (whose
Zariski closures are the irreducible components), five 2-dimensional orbits, three
1-dimensional orbits, and one 0-dimensional orbit, intersection of all the clo-
sures of the other orbits. These orbits can be detected from the irreducible
components as complement in an irreducible component of the union of the
other components of smaller dimension. In [13] p.594, they are described in
terms of thirteen alcoves in an apartment of the Bruhat-Tits building.

Let us explain now the property of saturation of U: Gp-U = Mpg. To prove
this, we note that Uy meets all the orbits of G because it contains the smallest
orbit, namely the point £, defined above and that this point is in the closure
of all the other orbits. (cf. the remark of [11] above Lemma 3.1.1). This
observation, together with the previous lemma implies [16], [22]

PRrROPOSITION 2.3 The scheme Mp is flat, locally complete intersection over
Z,. Its special fiber is the union of four smooth irreducible components. Its or-
dinary locus coincides with the reqular locus and is dense; the singular locus has
5 2-dimensional irreducible components, all smooth, and two one-dimensional
irreducible components, also smooth; the p-rank zero locus has 3 irreducible
components, all smooth; one is 2-dimensional and two are 1-dimensional.

The local and global geometry of Xp(p) is mostly contained in the following:

THEOREM 2 The scheme Xp(p) is flat, locally complete intersection over Z,.
The ordinary locus in the special fiber coincides with the regular locus; it is
therefore dense in the special fiber Xp(p) @ F),; this scheme is the union of four
smooth irreducible components X™™, X™¢ X X°. They are the Zariski
closures of their ordinary loci, which are given respectively by the following
conditions on the filtration 0 C Hy C Hy C Alp|: Hs is multiplicative, Hy is
multiplicative and Ho/Hy étale, Hy is étale and Ho/Hy is multiplicative, Hy is
étale. The singular locus of Xp(p) @ F, is therefore the locus where either Hq
or Hy/Hy is étale-locally isomorphic to a,.

There exists a semistable model )zB(p) of Xg(p) over Z, with a proper mor-
phism h : Xp (p) = Xp(p) whose generic fiber h ® Q, is an isomorphism and
whose special fiber h @ Iy, is an isomorphism over the ordinary locus.

REMARK:

The stratification of the special fiber of Mp by the Gp-orbits (called the
Kottwitz-Rapoport stratification) defines also a stratification of the special
fiber of Xp(p); the stratum Xg associated to the (irreducible) stratum S of
Mg is defined as 7(f~1(S)). The four orbits corresponding to the irreducible
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components are connected because of the monodromy theorem of [10] (due to
C.-F. Yu [29]). It has been pointed out to the author by A.Genestier that for
the 2-dimensional orbits, no such connexity result is available yet by a p-adic
monodromy argument. However, C.F. Yu explained to us how to prove that the
p-rank one stratum does consist of four 2-dimensional irrreducible components
as listed above for M3"®. Indeed, for any p-rank one geometric closed point z
of Xp(p) ® Fp, we have A, [p] = G1,1[p] X pp X Z/pZ where G1 1 denotes the
p-divisible group of a supersingular elliptic curve; hence the possibilities for the
pairs (Hq, Ha/Hq) are (o, ftp), (0p, Z/PZL), (tp,0p), (Z/pZ,cy,). This shows
that the p-rank one stratum has exactly four connected components, so that
the components of each type are irreducible.

For the supersingular locus Xp(p)®, it is known by Li-Oort that the number
of irreducible components is in general strictly greater than 3 (which is the
number of irreducible components of M3).

ProoF: By [16] Sect.4, the morphisms 7 : W — Xp(p) and f : W; — Mp
are smooth and surjective and for any geometric point = of Xpg(p), there exists
a geometric point s € f(77'({z}) of Mp and a local ring isomorphism

OXB(p),:E = OMB,S

The description of the strictly henselian local rings 0 Xp(p),« 18 therefore given
by the list of Lemma 2.2. They are flat, complete intersection over Z,".

The ordinary subcheme Xp(p)°™d of the special fiber Xg(p) ® F, is the locus
where the connected component of A[p] is of multiplicative type. By total
isotropy of Hj it follows easily that Xp(p)°*4(F,) = 7(f~(MZ)). Therefore,
Xp(p)°rd is the disjoint union of four open subsets X™m.ord | xmeord - xem,ord
Xeeord defined by the conditions: “the type of the pair (Hy, Ho/H;) is (m,m)
resp. (m,e), resp. (e,m), resp. (e,e), where m means multiplicative and e
means étale”. Let us denote by X™" X™e Xem  X™™ their Zariski closures
in Xp(p) ® Fy. By density of the ordinary locus, one has Xgp(p) @ F, =
Xmmy Xmey Xemuy X™m. Let us show that these four subschemes are
smooth irreducible. For i,57 € {0, 1}, let Mgﬁ ( « and B in {m,e}) be the
irreducible components of Mp ®[F,, such that MgBﬂUO is the component («, )
in Lemma 2.2; then we have W(f’l(MgB)) = X8, Thus, the smoothness of
the components Mgﬂ of Mp ®IF, yields the smoothness of X*P Ny for all o
and 3 in {m, e}. The connectedness of X*? follows from a simple argument due
to C.-F. Yu [29] which we repeat briefly, with a small correction (of the wrong
statement (2.2) p.2595). let A — Xj be the universal abelian variety; let X§ be
the ordinary locus of Xy ®IF,; then for any closed geometric point z, by Sect.V.7
of [10] the monodromy representation m1(X§,Z) — GL4(Z,) is surjective; this
is equivalent to saying that the finite étale X§j-cover Ig(p) = Isom Xg (“12)’ Alp]°)
is connected. Consider the scheme Ig;(p) = Isomx; ((u2 % (Z/pZ)?, Alp]) where
the second member consists in symplectic isometries between the standard
symplectic space (for the pairing given by the matrix J) and A[p] endowed
with the Weil pairing.
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By extension of isomorphisms between lagrangians to symplectic isometries,
we see that Igy(p) is a purely inseparable torsor above Ig(p) under the group
scheme p, ® U(Z/pZ) where U denotes the unipotent radical of the Siegel
parabolic. Hence Ig,(p) is connected. Now, for each connected component
XoBord of Xp(p)*d, one can define a finite surjective morphism Igy(p) —
X8 For instance for X™¢°™ we define a filtration inside /112) x (Z/pZ)?* by
H" = pup, x1x0x0C HJ = p, x 1 x Z/pZ x 0, and we define f™¢ as
sending (A, \,€) € Ig(p) to (A, \,0 C &(HI™) C E(H®) C Alp]) € Xmeord,
This shows the connectedness of X' A similar argument applies to the
other components. .

The construction of the G g-equivariant semistable model Mg of Mg has been
done first by de Jong [16] by blowing-up Mp along either of the irreducible
components (m,m) or (e,e), while Genestier constructs a semistable scheme
L by three consecutive blowing-ups of the lagrangian grassmannian £ in such
a way that the resulting scheme has an action of G'g; then he shows that the
isomorphism from the generic fiber of £ to that of Mp extends to a proper
morphism £ — Mp. He also shows [11] Construction 2.4.1 that the two con-
structions coincide: M, B = C: .

Then, both authors define Xg(p) as Wp Xn, Mp)/Gp (for its diagonal ac-
tion). QED

REMARK: The previous calculations show also that the proper morphism 75 g
is not finite over the supersingular locus C of Xy, for instance the inverse image
77;0(055) of the (zero dimensional) superspecial locus CSS C C coincides
with the locus where the lagrangian Hy coincides with the lagrangian o), x oy,
of G1,1[p] X G1,1[p], and Hy C Ha; thus by [20] Sect.15, Th.2, the fiber of 75 ¢
at each superspecial point of X¢(p) is a projective line.

On the other hand, the morphism 7g ¢ : X¢(p) — X is finite.

2.1.1 THE CASE * = Up

Recall that Up denotes the unipotent radical of B. The study of Xy, (p)
can be deduced from that of Xp(p) following the lines of [14] Sect.6, using
Oort-Tate theory. More precisely, let VW be the G p-torsor considered above
and Wy = f~1(U) the inverse image of the affine open subset U of Mp (see
beginning of 2.1). The locus where H; and Hs/H; are connected has equa-
tion £ = b = 0. This locus can also be described by oort-Tate theory as
follows. There exist two line bundles £, £2 on Xp(p) and two global sections
u; € HO(XB(p),EZ@(pfl), 1 = 1,2, together with scheme isomorphisms H; =
Spec (Ox ) [T]/(T? — u1T)), resp. Ha/Hy = Spec (Ox, ) [T]/(TP — u2T))
such that the neutral sections correspond to T' = 0; then the locus where H;
and Hy/H; are connected is given by u; = ug = 0 in Xg(p). Moreover, the
(ramified) covering Xy, (p) — Xp(p) is defined by p — 1st roots ¢; of u;. More
precisely, when L is a line bundle on a scheme X and w is a global section of L,
one defines the scheme X[u'/"] as the closed subscheme of Spec «(Symm*® L)
given by the (well-defined) equation t" = w; it is finite flat over X.
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Hereafter, we pull back the line bundles and sections w; to Wy . The divisor
x = 0 has two irreducible components: x = b =0 and z = y + ac = 0 along
which u; has a simple zero. Moreover, uy/x is well defined and does not vanish
on Wy. Similarly, uz/(x + be) is defined everywhere and does not vanish on
Wy . By extracting p— 1st roots of these nowhere vanishing sections, one defines
an etale covering Z — Wy. Define Zy, = Xy, Xx,(p) 2. On this scheme,
the functions = and x + bc admit p — 1st roots. Moreover, one has a diagram
analogue to the local model theory:

Xun(p)  Zup, = U =Ulfr, f2) /(ST =2, fF — (2 + be))

LEMMA 2.4 The two morphisms of the diagram above are smooth and surjec-
tive. The scheme U’ is a local model of Xy, (p).

Proor: The morphism Z — Xpg(p) is smooth since it is the composition of
an étale and a smooth morphism; the same holds therefore for its base change
2y — Xy, (p). The smoothness of the other morphism is proved in a similar
way, noticing that one also has Zy, = Z xy U'.

The surjectivity of Wy — Xp(p) (hence of Zy, — Xy, (p)) follows because U
is Gp-saturating. The surjectivity of Zy,, — U’ comes from the surjectivity of
W — Mp.

COROLLARY 2.5 The singular locus of the reduced irreducible components of
Xug(p) is either empty or zero-dimensional.

Let T” be the diagonal torus of the derived group G’ of G.

PROPOSITION 2.6 The morphism my, g @ Xuy(p) — Xp(p) is finite flat,
generically étale of Galois group T'(Z/pZ). The special fiber Xy, (p) @ F, of
Xuv, (p) has four irreducible components mapped by my,. g onto the respective ir-
reducible components of Xp(p)®F,; each irreducible component of Xy, (p)@F,
has prime to p multiplicities and the singular locus of the underlying reduced
subscheme of each component is at most zero dimensional.

One can also describe a local model of the quasisemistable scheme )?UB (p) =
Xvus(P) Xxp50p) Xp(p). Namely, recall that the map Mp — Mp restricted to
the affine subscheme U C Mp as before, is described (in de Jong’s approach)
as the blowing-up of U along x = b = 0. It is the union of two charts V :
(b, [z/b]) and V' : (x, [b/x]); the first is more interesting as it is G g-saturating
in the blowing-up. In V, one has y = —([z/b] + ¢), hence after eliminating
y, one finds a single equation for V' in the affine space of a, b, ¢, [x/b], namely:
p = —ablz/b]([x/b] + ¢). Therefore the inverse image Vi, of V in Xy, (p) has
equations

p=—able/b)([x/b) + o), FI =bleftl, 5 =b- (/b + o)
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This scheme is not regular, but has toric, hence mild, singularities. The re-
striction of Zy, above V provides again a diagram

)?UB (p) A 2UB7V - VUB

with smooth and surjective arrows (for the left one, the surjectivity comes from
the Gp-saturating character of V'). Therefore, Viy, is a local model of Xy, (p).

2.2 THE CASE x = P

We follow the same method (see [12] Sect.6 for a slightly different proof). We
keep the same notations (so p is prime to the level N of the neat group K). In
order to study Xp(p) over Z,, we consider the diagram of morphisms

Wp

Xp(p) Mp

Wp is the Z,-scheme which classifies isomorphism classes of (A4, \,7, Hy, )
where ¢ : St. ® Og — M.(A) is an isomorphism between two diagrams.

The first is St. ® Og, 1Yy where St; = Zg (i =0,1) and the diagram St. consists
in the inclusion oy : St; — Sto, a1(eg) = pep and ai(e;) = e; (i # 0), and as
before, v is the standard unimodular symplectic pairing on Sty given by J.
The second is given by the inclusion of Dieudonné modules D(A;) — D(Ay)
associated to the p-isogeny Ag — Ay where Ag = A and A; = A/H;.

Let Gp be the group scheme representing the functor S — Autg (St. ® Og);
is is a smooth group scheme of dimension 11 over Z, whose generic fiber is G
and the special fiber is an extension of the Klingen parahoric P by the opposite
unipotent radical. Then 7 : cWp — Xp(p) is a Gp-torsor .

The local model Mp is the projective Z,-scheme classifying isomorphism classes
of pairs (wy,wp) of rank 2 direct factors w; C St; (i = 0, 1) such that a;(w;) C
wp and wy is totally isotropic for 1)g. The map f send a point of Wp to the pair
obtained by transporting the Hodge filtrations to St. ® Og via the isomorphism
¢

We introduce again an open neighborhood U of the point & = (wy,wp) in Mp
with @y = (eg, e3) and Wy = (eq, e3). Its importance, as in the Iwahori case,
stems from the fact that it is G p-saturating GpU = Mp (same proof as above).
It consists in the points (w1, wp) where w; = {eg+b11e1+b12e2, e3+barer +bages)
and wo = (e2 + a11e0 + ai2e1, €3 + az1eg + agzer).

The condition aj(w;) C wy yields the relations p = bizai1, b11 = bizaia,
0 = a21 + ba2a11 and ba; = aga + bosays. The isotropy relation yields a1 = ags.
By putting x = a11, y = b12, 2 = a12, t = bag, we find that U = spec R where
R = Zy[z,y, 2,t]/(xy — p), so that for any maximal ideal my corresponding
to (Zo,Yg, Zo, to) of U(F,), the completion Emo is Zy"[[x,y, 2, t]]/(xy — p), if
ToYy = 0, and smooth otherwise. In any case, the local rings are Z,-regular.
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Via transitive action of Gp we conclude that Mp is semistable, with special
fiber a union of two smooth irreducible components Zj (locally: = 0) and Z;
(locally: y = 0).

In this situation, it is natural to consider only the maps

o0 : s~ dimwy(s)/aq(wi(s)) and7:s— dim My/wo(s) + a1 (M)

as above; the regular locus Mp of Mp ® F,, coincides with the locus where

(00(8)7 7—0(8)) € {(07 1)7 (1, 0)}

As for x = B, we conclude that

THEOREM 3 The scheme Xp(p) is flat, semistable over Z,. The ordinary locus
in the special fiber is dense, strictly contained in the reqular locus. The special
fiber Xp(p) @ Fy, is the union of two smooth irreducible components X™ and
X¢ where X™ — X°€ is the locus where Hy is multiplicative, and X€— X™ is the
locus where Hy is étale. The singular locus of Xp(p) ®F,, is a smooth surface;
it 1s the locus where Hy is étale-locally isomorphic to oy,.

The proof of the density of the ordinary locus is as follows. The forgetful
morphism Xp(p) — Xp(p) sends the ordinary locus of Xp(p) onto the one
of Xp(p); hence the density of the first implies that of of the second. The
singular locus is the intersection of the two components; it is the locus where
H; is étale-locally isomorphic to a,.

REMARK: We give an ad hoc proof of the density of the ordinary locus of
Xp(p) ® F, in[12] Prop.6.4.2.

2.3 THE CASE *x =(Q

Again, the same method applies; however, in order to study Xqg(p) over Z,
and find a semistable model )?Q (p) = Xo(p), we'll first perform calculations
in the flavor of de Jong’s method [16], as a motivation for Genestier’s approach
([11] Sect.3.3.0 and 3.3.3 and [12] Appendix) which we will follow and further
a little.

We consider the diagram of morphisms

where mg : Wg — Xg(p) is the X¢g(p)-scheme classifying isomorphism classes
of (A, \,7, Ha, ¢) where ¢ : St. ® Og — M.(A) is a symplectic isomorphism
between two diagrams.

The first is St. ® Og, g, 2 where St; = Z?) (i = 0,2) and the diagram St.
consists in the inclusion a? : Sty — Sty, a®(e;) = pe; (i = 0,1) and ay(e;) =
e; (i > 1), and as before, ¥y and 1o both denote the standard unimodular
symplectic pairing on Z; given by .J. Note that a? is a symplectic similitude
of similitude factor p: 1o (a?(z),a?(y)) = p - Yo(z,y).
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Let G be the Z,-group scheme of automorphisms of Mg. It acts on Wy as
well and 7g is a Gg-torsor.

Let £ be the grassmannian of lagrangian direct factors in Sty over Z,. Fol-
lowing [11] and [12] Appendix, we shall construct a Gg-equivariant birational
proper morphism £2) — £ over Z,,, composition of two blowing-up morphisms
along closed subschemes of the special fiber such that £(?) is semistable and
is endowed with a canonical Gg-equivariant proper morphism h : £ — Mg
(an isomorphism in generic fiber). We shall call h the Genestier morphism for
(GSp4, Q). For the casiest case (GSpay, P), see Prop.6.3.4. of [12].

As a motivation for the detailed construction below by two blowing-ups, we
introduce the open subset U of Mg consisting of pairs (wa,wp) € Mg where
wo is spanned by ez + as1eg + ajre; and es + aszeg + ajze; (with ajs = as)
and wy = (e1 + ca1e2 + cr1€3, aeg + cazea + c12e3) (with 12 = co1), such that
a?(wy) C wp; it is therefore isomorphic to the affine set of Agp consisting of
pairs (A, C) of 2 x 2 symmetric matrices such that AC' = pls by the map

woe(2) ()

Its special fiber has three irreducible components, given by A =0, B = 0 and
the Zariski closure of the locally closed set: tk A = rk B = 1. One then defines
U in Mg as the quotient by G, of the affine open set of triples (A, A’, i) such
that A’ # 0 is symmetric and Audet A’ = p, the action of G,, being given by
t-(\ A ) = ((EN YA ty). The map (A, A', ) — (A, C) given by A = \A’,
C = ptecom(A’) is the blowing-up of U along the component A = 0.

REMARK: One checks easily that U is also the blowing-up of U along C' = 0.
Hence the projection is invariant under the symmetry (A, C) — (C, A). This
allows the definition of an involution W on U. This involution will extend to
Mp. See after Prop. below. Note however that the following construction
is dyssymmetrical, and does not make explicit use of the open set U defined
above.

The first blowing-up £(!) of the lagrangian grassmannian £ over Z,, along the
closure of @) - Wa3 where Was is the F,-lagrangian spanned by e; and es.

Note that by functoriality of the blowing-up, £(1) is endowed with a natural
action of G¢ (which acts on £ through the canonical morphism Gg — G and
leaves the center of blowing-up stable).

Namely, let us consider the affine open subset Qg of £ consisting of the la-
grangian planes wy = (e3 + ai1eg + a12€1, €2 + ag1eg + ager) (with a1z = ag),
the blowing-up £(1)|Q is the closed Z,-subscheme of A% x P3 of points
(a11, a12,022; [An, Alg, A22, S]) such that

anAiz — a2 = 0, a11Ag — axpAi = 0, a12A429 — 0221412, =0

and
pA11 = an1S, pAia = @125, pAass = azS.
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The scheme £M[Q can be described as the quotient by G, of the locally closed
Zy-subscheme Ty of the affine space A5 defined in terms of the coordinates
(Mo, Po, A11, A12, Aaz) as the intersection of the closed subscheme APy = p
with the complement of the closed subscheme Py = Ay; = Ao = Ao = 0. The
action of G,, is given by multiplication by A~! on the first variable and by X
on the rest.

Indeed, the quotient map 17 — £(1)|Qo is

()\07 P07A11, A12, A22) — (011,6112, a22; [Allv A12, Aga, S])

where ail = )\01411, aljp = )\()14127 ago = )\0A22, S = Po.

To take care of equation (1), following [11] Theorem, one forms the blow-
up L3 of £ along the strict transform ZS’Q(I) of the Zariski closure Z§, of
Zoo = @ - Wo2 where gy is the lagrangian spanned by ey and es.

The equations of £(Q)|Qo can be determined as follows. First, one notes that
Zgé(l) |2 is given as a Z,-subscheme of LM]Qq by the equations A13 Agy— A2, =
Py = 0. Tts inverse image in 77 is given by the same equations (this time, viewed
in an affine space). Let § = A;3 Ay — A2,

Then, the blowing-up T2 of T} along this inverse image is the subscheme of
Ty x P! with coordinates (Ao, Py, A11, A2, A2z, [P1,01]) given by the equation
(5P1 = (51P0 (With (P1,<51) 75 (0,0))

Introducing A\; such that Py = APy, and § = A\1d1, one can rewrite 7
as the quotient by G,, of the affine locally closed subscheme Ty of A7 with
affine coordinates (Mg, A1, P1, A11, A12, Aaa,01) and equations A\gA1 Py = p and
A61 = AjjAge — A2, in the open subset of A7 intersection of the locus
(A P1, Aq1, Ara, A22) # (0,0,0,0) with (61, Py) # (0,0); the action of p € G,
being the trivial one on Ag and A;;, the multiplication by p~' on A; and the
multiplication by g on Py and 6.

The quotient map is

(A07)‘17P17A11;A123A22751) = (>\03P07A117A12;A223 [Pla(sl])

with PO = >\1P1.

We can thus write £(2)|Qg as a quotient T5/G?2,, for the action of (\, ) € G2,
on (\g, A1, Pr, A11, A2, Aga, 81) € Ty by multiplication by A=! on Ao, p~! on
A1, by Auon Py, by A on A;; and A2 on 6.

The Z,-scheme T is clearly semistable. It implies by Lemme 3.2.1 of [11] that
LP)|Qy is also semistable. Since Gg - L) Qg = L?)] the same holds for £(2).
Let us consider the forgetful morphism m : Mg — £, (w2, wp) — wo; the open
subset U” = 771(Q9) C Mg. This open set is not affine, it is dyssymmetrical,
it contains the affine open set U defined above.

We can now define the Genestier morphism h on £2)[Qq. It is given by the
G?2,-invariant map

Ty = U",  (Noy A1, Pr, Avr, Ava, Asa, 61) — (w2, wp)
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where wq is given by a;; = AoAi; and wo is given in terms of its Pliicker
coordinates on the basis (eg A e1,eq A ea,eq A e3,€e1 A ea,e1 A ez, ea A e3):
[61,P1A11, —P1A12, P1A12, PlAQQ, )\1P12] This point of P5 is well defined be-
cause if ;1 = 0, we have P; # 0 and if A\; = 0, one of the A;; # 0. It is invariant
by the action of G2, hence factors through £()|Qy. Moreover it corresponds
to an isotropic plane because the third and fourth coordinates are opposite.
By [11] Sect.3 before Lemme3.1.1, the saturation of £y under G¢ is £, hence
by G¢ equivariance, it is defined everywhere on L£® . One sees easily the
surjectivity of h restricted to £2|Qy onto U” (which consists of points in P
[ug, u1, ug, —uz, uz, usg] such that upus = ujuz —u3), hence by Gg-equivariance,
to the whole of Mg.

DEFINITION 2.7 We put ]TJ/Q = L3 it is a semistable Zyp-scheme; its special
fiber has three smooth irreducible components. We define )?Q(p) = (Wg x
MQ)/GQ,' it is a semistable model of Xq(p) over Z, with smooth irreducible
components; their number is at least three. It comes with a proper birational
morphism hx : Xq(p) = Xq(p) which we call the Genestier morphism which
is an isomorphism on the generic fiber.

What precedes is a developed version of [12] Appendix, which may be useful
to non expert algebraic geometers. We give now some new information on h
and hx.

For any geometric point s = (wo,wp) of the special fiber of Mg, let k = k(s)
be the residue field; we define

o(s) = dirn(,uo/ozz((,uQ)7 7(s) = dimMo/(OéQ(Mg) + wp)

Let x = (A, A\, H2) be a geometric point of X¢(p) corresponding to s. Note
that o(s) is the p-rank of the connected component HY of the group scheme
H,, while 7(s) is the p-rank of the connected component of the Cartier dual
HY of Hy. Tt can be identified by the Weil pairing to A[p]/H,. From this it is
easy to verify that the condition

(Ord)  (a(s),7(s)) €{(0,2),(2,0), (1,1)}
is equivalent to the ordinarity of the point x. Let Mgd be the locus where
(Ord) is satisfied. Then the ordinary locus of X¢(p)°*® of Xq(p) x F,, is equal
to w(f~H(MZ9).
We have a partition Mgd = Mzge’ord Ly ppmserd I_IMgm’Ord. corresponding to the
conditions (o (s), 7(s)) € {(0,2), resp. (o(s),7(s)) € {(2,0), resp. (c(s),7(s)) €
{(1,1). N
Similarly, by taking the inverse images in Mg by h, we can define a similar
partition of Mgd:

Frord __ 7 ree,ord 3 ymm,ord 7 rem,ord
Mg = Mo L g L drgmer,

DOCUMENTA MATHEMATICA - EXTRA VOLUME COATES (2006) 781-817



800 J. TILOUINE

Let Méeg resp. M, M2 he the regular locus resp. singular locus of the special
fiber of MQ.
Let us determine the locus Mge’ord N U" where (o(s),7(s)) = (0,2) in U”,

together with its inverse image Mg’ordmo by h. The condition 7(s) = 2
translates as a11 = a12 = age = 0; this implies Ay = 0. On the other hand,
o(s) = 0 implies, using Pliicker coordinates, that A\ P; # 0. One checks easily
that actually ( (s),7(s)) = (0,2) if and only if \g =0 and A\ P; # 0.

7 ree,ord

In particular, M5 """[€ coincides with the (smooth) irreducible component

Ao = 0 deprived from Mgng; moreover, h induces an isomorphism between
Mge’ordmo and Mge’ord nu”.

Similarly for the locus MZ™ N U" where (o(s),7(s)) = (2,0) in U"; the
condition 7(s) = 0 is given by the equation ajjass — a3, # 0, that is,
A3A107 # 0; while o(s) = 2 implies P; = 0. Conversely, one sees easily that
(o(s),7(s)) = (2,0) if and only if P; = 0 and Ao\ # 0.

Therefore, M. 5‘ IIl’Ord|Qo coincides with the smooth irreducible component P; = 0
minus ngng.

Finally, we consider the locus Mg"NU" where (o(s),7(s)) € {(1,1)} in U"”. We
see that 7(s) = 1 is equivalent to ariage —aiy = 0 and (ay1, a1z, az2) # (0,0,0),
that is, A2A\16; = 0 and (A\oAi; # (0,0,0). While o(s) = 1 implies A\; PZ = 0.
Conversely, one sees easily that

(o(s),7(s)) € {(1,1)} if and only if \; = 0 and A\gP; # 0. In other words

Mgm’ordmo coincides with the smooth irreducible component A\; = 0 minus

Msing.

Q
In the three cases, one deduces also from the previous calculations that h
induces an isomorphism between Mgﬁ 14100 and Mgﬁ ord g,

We define then the Zariski closures Mgﬁ of MSB’Ord and Msﬂ of Mgﬁ’ord. Using
G g-equivariance, we define X8 as (Weg x Mgﬁ)/GQ for all i, B € {e, m} (with
the convention that em = me )

We can then conclude

THEOREM 4 The scheme Xq(p) is flat, locally complete intersection over Z,.
The ordinary locus in the special fiber is dense in every irreducible component;
it is contained in the reqular locus. The special fiber Xq(p) ® F, is the union
of three irreducible components X™™ and X™¢ and X¢™ which are the Zariski
closures respectively of the locus where Ho is of multiplicative type, the locus
where, locally for the étale topology, Ho = p, X Z/pZ and the locus where Ho
is étale. The singular locus of Xq(p) ® F,, is the locus where Hy étale-locally
contains cup.

There is a semistable model together with a blowing-up morphism hx
Xo(p) — Xo(p) whose center is in the special ﬁber the speczal ﬁber of

Xq(p) consists of three smooth irreducible components Xmm  Xme gnd Xem
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crossing transversally. The ordinary locus )N(Q(p)ord coincides with the regu-
lar locus )?Q (p)re8.The restriction of hx induces proper surjective morphisms
X8 — X9 (o, 8 € {e,m}) which are isomorphisms between, the respective
ordinary loci.

The irreducibility of the components X*# follows from [29] as explained above.
This implies the irreducibility of the three components X8 because hy is an
isomorphism between the two dense open subsets X %0t and Xford  the
latter being irreducible.

REMARK: Note that we have thus recovered part of the results of [9]; how-
ever, this paper contains extra informations: the singular locus of Xq(p) ® I,
coincides with the finite set of superspecial abelian surfaces (that is, the carte-
sian products of supersingular elliptic curves); these isolated singularities are
Cohen-Macaulay. The description of the intersections two by two and of the
three components is given in Sect.6.2 there.

Finally, we introduce an involution W of the Z,-schemes X¢(p) and X g(p)
compatible with hx. The automorphism of the functor Fg given by
(A, \,n, Hy) — (A, N\, 7, Hy) where A = A/H,, )\, resp. 7 is the quotient polar-
ization resp. I-level structure on A deduced from A resp. n and Ho = Alp]/Ho,
induces an involution of the Z[1/N]-scheme X¢(p), hence of its pull-back to
Z,. If one writes the test objects as (o : Ay — Aa,n0,7m2) where A;’s are
principally polarized abelian varieties, « is an isogeny with lagrangian ker-
nel in A[p] respecting the polarizations and the T'-level structures n; on A;,
we see that the involution W can be written as the duality a — ‘a followed
by the identifications of the dual abelian varieties *A; to A;; hence W maps
(O[ : AO — A2»7707772) to (ta : AQ — A077]2,T]0).

This involution W therefore extends to the torsor Wy by replacing the diagram
M.(A) = (M(a) : M(A2) — M(Ap)) by its dual M(*A) = (M (*a) : M(Ap) —
M(A,)) and by interchanging the two isomorphisms ¢g and ¢y in the isomor-
phism of diagrams ¢ : St. ® Og — M.(A) to obtain ¢’ : St. ® Og — M.(A).
The involution W on Wy, is compatible with the forgetful morphism Wg — Mg
where W on Mg, is given by taking the dual of a? : Sty — Sto with respect to
the standard symplectic pairings 1y and ¥, and exchanging wy and ws.
Hence, the involution acts on the diagram Xq(p) + Wg — Mg.

REMARK: By taking symplectic bases, its matricial interpretation is
( p(-)s _OS ; note that this matrix normalizes the automorphism group
G of the diagram St..

The involution W exchanges the two extreme irreducible components X ¢ and
X of Xg(p) ® F, and it leaves the intermediate component X ™ stable.
REMARKS: .

1) There is another construction of the morphism h : Mg — Mg by noticing
that the restriction of h above the open subset U introduced at the beginning
of the present section coincides with the map U — U defined above and is
Go-equivariant. Since U, U and h|U is symmetric under (4,C) — (C, A); W
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extends by Gg-action to an involution of MQ—still denoted W, compatible to h.
We thus obtain an involution W of the Z,-scheme X¢(p) = (Wo x Mg)/Gq
compatible to hy : )Z'Q (p) = Xq(p); it exchanges the irreducible components
Xe and X™ of X¢(p) ® F, and leaves X™ stable.

2) Genestier’s construction [11] of the semistable model Mp of the local model
Mp of Xp(p) in a way similar to that of MQ implies that the forgetful mor-
phism Mp — Mg, (w2,w1,wo) — (w2, wp) extends to the semistable models
M B — MQ; an easy argument provides then a canonical morphism between
the Genestier models Xp(p) — X¢(p). However, it should be noted that the
morphism Mp — Mg is NOT a local model of the morphism Xg(p) — Xo(p).
This is already false for the case of the classical modular curve Xy (p) and the
classical modular curve X of level prime to p.

Finally, note that as explained in the case * = @, there is a Fricke-Weil in-
volution W on Xp(p); it extends to the semistable models and the forgetful
morphism 7p ¢ is compatible with W.

2.4 RIGID GEOMETRY OF SIEGEL VARIETIES

We gather here some informations concerning the rigid geometry of the Siegel
varieties X = Xy and Xqg(p). Some (Prop.2.6, 2) are used in the formulation
of the conjecture of Sect.4.3. We hope to develop them in another paper for
studying analytic continuation of overconvergent Siegel cusp eigenforms.

Let Xi& X *rig regp. X" be the rigid analytic space associated to the p-adic
completion of its corresponding Z,-scheme (for the toroidal compactification,
we assume throughout this section that we fixed a fine I'-admissible polyedral
cone decomposition X).

Choosing a I'g(p)-admissible refinement ¥’ of 3, one can define a smooth
toroidal compactification X (p),q, of the Q,-scheme X¢(p) ® Q, (actually,
by [10], it exists as a proper smooth scheme over Z[Nip]) Because of the
compatibility of ¥ and X', we see that the forgetful morphism 7 = mgg :
Xq(p) — X extends uniquely as a morphism 7 : Xo(p) = X.

Let X o(p)"'® be the rigid space over Q, corresponding to the scheme X ()10,
(cf. Chapter 9, Ex.2 of [5]). Let X be the formal completion of X along the

. . d . _
special fiber. The ordinary locus X" is an open formal subscheme of X
—rig,ord

let X be the corresponding admissible rigid open subset of X" Let
X¢(p)e°™d be the inverse image of xeord by 7.

We want to describe the connected components of this admissible rigid open
set and strict neighborhoods thereof, in terms of a suitable model of X g (p)™&.
For this purpose, we write simply X for the semistable model )?Q (p) of X (p)
over Zj,. We briefly explain the construction of a “toroidal compactifcation of
X" associated to X', by which we mean a proper regular Z,-scheme X g
together with a toroidal open immersion Xg <+ X such that X¢ ® Q, is
the (smooth) toroidal compactification X ¢(p),q, associated to ¥’ mentioned
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above. Details on this construction, specific to the genus 2 case, should appear
in the thesis of a student of A. Genestier. The model of X (p)"'¢ that we are
looking for is then defined as the formal completion X ¢ of X ¢ along the special
fiber.

The construction is as follows. One first takes the normalization of the Z,-
toroidal compactification X associated to ¥, in the finite étale morphism
XoW) e, = X, Let Xq (p)* be this normalization. The morphism
Xe — Xg(p) is an isomorphism outside the supersingular locus X¢q(p)® and
this locus is proper (because we are in genus 2). We can therefore glue the
schemes X g(p)* and X¢ along their common open subscheme X (p)\ X (p)*.

We obtain a Z,-scheme denoted Yg Let Z(X') /g, be the closed subscheme of
Xo (p)/EQp which is the center of the blowing-up morphism

Xa) 0, =X, = XoP)7y,
We consider the Zariski closure Z(X%') of Z(¥') /q, in the Z,-scheme Y?; The

blowing-up of Yg along Z(¥') is the desired scheme. It is denoted X g; by
restricting the construction to the local charts of Faltings-Chai, it can be proven
that X ¢ is regular over Z, and that X < X is toroidal, although the divisor
at infinity doesn’t have good reduction.

REMARK: For the sake of completion, let us mention another abstract con-
struction. Let X be the formal completion of X along the special fiber. One
can apply the notion of normalization studied in[4] to define the “normaliza-
tion” X (G ) of X along X o(p)™8 associated to an admissible affinoid cover of
Xg(p)"® (we denote by U; the formal scheme associated to the affinoid U;).
—U;) . . . .
The Z,-formal scheme X (G ) is endowed with an open immersion of formal
schemes Xg — ?(CZ;{ 'i). However, this construction does depend on the choice
of the covering. This is why the specific construction described above is better
suited for our purpose.

We still denote by 7 the morphism X — X as well as its p-adic completion
- v . —5ord . . ]
Xa — X. We define the ordinary locus X ‘2; as the inverse image in X ¢ of the

. —ord -
ordinary locus X of X.

—ord —ord
We observe that X OGr is smooth. Its underlying IF-scheme is denoted by X OGr .
Let X@A:rd (o, B € {e,m}) be the three connected components of Xg®F,. We
— d = —ord

denote by X ?f"" the Zariski closure of X0 in X g . We have a partition
into three smooth open subschemes

—ord —mm,ord —me,ord —ee,ord

Therefore, by taking the inverse image by the specialization map associated to
the model X', we obtain three connected components of the open admissible
subset X g (p)rieord:
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- rig.or —mm,ord —me,ord —ee,ord
Xo(p)eo! =X U Xq WXe [

We need to extend this to admissible quasi-compact neighborhoods of

XQ(p)rig’Ord. First we fix a lifting E of the Hasse invariant (see [15] Sect.3,

or see next section below). Let G& — X" be the rigid analytification of the
semi-abelian scheme G — X (as in Chap.9, ex.2 of [5]). By a Theorem of
Abbes and Mokrane [1] Prop.8.2.3 (and [2] for an improved radius of conver-

gence), the open subdomain leg(p*a) of X® defined as the locus where the

lifting E of the Hasse invariant satisfies |E|, > p~® (a = ﬁ for [1], and
e

a = 2;)7711 for [2]) is endowed with a finite flat group scheme C.q, of rank p?
whose restriction to the ordinary locus is canonically isomorphic to G[p]°. For

each r €]p~*, 1[Np?, we define
X{r} = {z e X*(L); Bl > 1}

These domains are admissible, quasi-compact relatively compact neighbor-
hoods of XQ(p)rig’ord (cf.[19] Sect.3.1.6). Let Xg(p){r} be the inverse image
of X{r} by 7.

PROPOSITION 2.8 1) For any r sufficiently close to 1, the neighborhood
Xo(p){r} has still three connected components denoted Ygﬁ{r} (a, B €
{e,m}); Ygﬁ{r} is defined as the largest connected subset of X¢(p){r} con-

taining [ X ¢ [

. . e ,ord —rig,ord .
2) For any r €)p~®,1[, the isomorphism | X [~ X" induced by the
forgetful morphism extends to an isomorphism X o{r} = X{r} (the inverse

morphism being given by the canonical subgroup).

PROOF: Since we won’t need the first part of the proposition, we won’t prove
it in this paper. For the second statement, which is crucial to our conjecture,
we notice that by definition, the morphism 7 sends X s {r} into X {r} while
the inverse map is provided by the canonical subgroup as in [1] Prop.8.2.3.
Finally, we note that the involution W extends to the toroidal compactifica-
tions hence defines an involution of X g(p)™® which exchanges ]ng’ord[ and
]—ee,ord

X[ resp. Xg {r} and X {r} and leaves stable the middle component

- d
] em,or

Xa [resp. X g {r}.

Finally, we can consider in a similar way the extension to compatible toroidal
compactifications Xy, (p) and X g(p) of the morphisms 7y, g and 7p,o. We
shall consider the inverse image by

TB.QoTuLB  Xuy ()™ = Xo(p)™®
of X¢' {r}.
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3 SIEGEL MODULAR FORMS

3.1 ARITHMETIC SIEGEL MODULAR FORMS AND g-EXPANSION

In [26], care has been taken to define the arithmetic Siegel varieties and modular
forms adelically. However, here for simplicity, we restrict our attention to one
connected component X corresponding to a discrete subgroup I' C Sp4(Z).
We assume that X has a geometrically connected model over Z[1/N]. We also
assume that I' is neat, so that the problem of classifying principally polarized
abelian surfaces with I-level structure is a fine moduli problem (if it is not the
case, see [26] Section 3 where X is only a coarse moduli problem).

Let f: A — X be the universal principally polarized abelian surface with I'-
level structure n over Z[1/N]. We put w = e*Q4,x, where e denotes the unit
section.

For any pair of integers k = (k,¢) (k > ¢), we consider the rational represen-
tation of GL(2): W,.(Q) = Sym*~* ® det® St,. Here, Sty denotes the standard
two-dimensional representation of GL(2); the standard Levi M of the Siegel
parabolic of Spy is identified to GL(2) by

(4.1.1) U ~ diag(U, s'U~1s)

The twist by s occurs because our choice of the symplectic matrix J defining
G involves the matrix s instead of 15. We use (4.1.1) to identify M to GL(2).
Let Bys = TNy be the Levi decomposition of the standard Borel of M (cor-
responding to the group of upper triangular matrices in GL(2)). In order to
define integral structures on the space of Siegel modular forms, it will be use-
ful to consider an integral structure of W,(Q). Since there is in general an
ambiguity for such an integral structure, we need to make our choice explicit:
following [15] Sect.3, we take it to be the induced Z-module W, = Ind%IMIi.
For any ring R, we put W, (R) = W, ® R.

Let 7 = Isomx(O%,w) be the right GL(2)-torsor over X of isomorphisms
¢ : O% — w. By putting w1 = ¢((1,0)) and w; = ¢((0,1)), it can also be
viewed as the moduli scheme classifying quintuples (A, A, 7, w1, ws) where A, \
is a principally polarized abelian varieties with a I' level structure n over a
base S, endowed with a basis (w1,ws) of wy,g. One writes 7 : T — X for the
structural map. Note that 7m,O7 carries a left action (by right translation) of
GL(2).

Then, for any x = (k,f) € Z?, one defines the locally free sheaf w" over
X as (m.O7)M[k71]. Tts sections are functions on 7 such that for any
¢ € Isomx(O%,w), for any t € T and any n € Ny, f(A,\n,¢0tn) =
k()1 (AN n, ).

One sees easily that 7*w" = W, (Or), so that w" is a locally free sheaf which
is non zero if and only if &k > £.

We briefly recall some notations concerning toroidal compactifications, canon-
ical extensions of sheaves and g-expansions. It will allow us in particular to
define the cuspidal subsheaf w, of the canonical extension of w”.

For any ring R, let S3(R) be the module of symmetric 2 x 2-matrices with
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entries in R. Recall that the bilinear form Tr : S3(R) x S3(R) — R identifies
1
the dual of S3(Z) to the module S of matrices ( fb 2cb )7 a,b,c €.
2

Let S5(R)* be the cone of definite positive matrices in So(R) and S5 the cone
of semi-definite positive matrices whose kernel is Q-rational.

A standard rational boundary component of level N is a pair (Z, ¢ : %Z /Z —
(Z/NZ)") where Z is a free non zero quotient of Z? (of rank r) and ¢ is an
isomorphism. Let us view Z? as the standard lagrangian (e;, e2) of Z* endowed
with the symplectic pairing txzJy, Then, a general rational boundary component
of level N is the image of a standard one by the action of Spys(Z) on the space
of lagrangians and on the projective space of Z*.

We denote by RBC1, RBCy, resp. SRBCY, SRBCy, the set of rational
boundary components, resp. the set of standard rational boundary compo-
nents. We can partition S N S2(Z) as Uzesrpe, S(Z)1 where S(Z)" denotes
the set of semidefinite symmetric matrices of S3(Z) which induce a positive
definite quadratic form on Z.

Let ¥ = {¥z}zerpc, be an Spy(Z)-admissible family of rational polyhedral
cone decompositions Xz of S(Z)T (see [8] Chapt.I Def.5.8.2). As explained in
[10] p.126, this decomposition can be used for any level N congruence subgroup
I, since it is a fortiori I'-admissible. To X, one can associate a toroidal com-
pactification X over Z[+] of X as in [10] IV.6.7; it is smooth if ¥ is sufficiently
fine; this is assumed in the sequel.

The compactification X carries a degenerating semi-abelian scheme G extending
A (see [10] Th.IV.5.7 and IV.6.7). One still denotes by w the sheaf Qg%

where e is the unit section of G — X.

Recall that X is a projective smooth, geometrically connected scheme over
Z[%] It is endowed with a projection map b to the minimal compactification
Xg[%]. Let D = X\X = b~}(0X*); it is a relative Cartier divisor with normal
crossings; its irreducible components are smooth.

The rank two vector bundle w over X does not descend as a vector bundle on
X*; however its determinant w = det w descends as an ample line bundle.
The GL(2)-torsor T = Isomy(O%, w) (with structural map 7 : 7 — X) allows
to define “the canonical extension” of the vector bundles w” to X: one can
either define this extension as

w" = (T.07) M [™]

(k > £). Or one can also use the Z-structure W,, = Ind]gMﬁ of the rational
representation Wy (Q) of GL(2) in order to give an equivalent definition of

w® as the sections of the X-vector bundle T X W.; here, as usual, the
contraction product is the quotient of the product by the equivalence relation
(pog,w) ~ (¢,9-w) for any ¢ € T, g € GLy and w € W,,. For details see [10]
Chapter 4 and 6, [21] Sect.4 and [15] Sect.3.
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Let w, = w"(—D) the sub-vector bundle of w* on X whose sections vanish
along D. Recall the Koecher principle: H(X @ C,w") = H°(X ® C,w"). We
define

DEFINITION 3.1 For any Z[1/N]-algebra R one defines the R-module of arith-
metic Siegel modular forms resp.  cusp forms, as H(X ® R,w") resp.
H°(X ® R,w,,) which we write also H(X ® R,w,) by convention.

For R = C, these vector spaces canonically identify to the corresponding spaces
of classical Siegel modular forms of level I' and weight x (see [15] Th.3.1).
The arithmetic g-expansion (at the oo cusp) is defined as follows.

Let n = (Z,¢) € SRBCy with Z = Z? and with ¢ the canonical identification
~7Z2]7* = Z/NZ? (it is called the infinity cusp).

Consider the rational polyhedral cone decomposition (RPCD) X, of Sy(R)™
corresponding to 1. Let D, = D N b *({n}). By definition, the com-
pletion of X along D, admits an open cover by affine formal schemes U,
(o0 € X,) with a canonical surjective finite etale cover ¢, : S; — U, where
S, = Spf Z[1/N][[¢7; T € SNcV]]. The morphism ¢, is Galois; its group is the
stabilizer T, of o in the image T of I' N Q by the projection Q@ — Q/U = M.
Recall that M(Z) = GL(2,Z) acts on So(Z)* by g-S = gS*g. Moreover, ¢, is
uniquely determined by the property that the pull-back by ¢, of the restriction
of G to U, is the canonical Mumford family

fo:Go = 8o

deduced by Mumford’s construction (see [10] p.54) from the canonical de-
generescence data in DD,yple on the global torus G’U = G,zn over S,, together
with the standard level N structure p3; x (Z/N7Z)* — G,[NJ;

Given f € H°(X,w"), for any rational polyedral cone o, we restrict f to U,
and pull it back to S, by ¢,. The bundle wg s —of the Mumford family is
trivial, hence the pull-back of the torsor T to S, is trivial too; it is isomorphic
to Sy x GL(2). In consequence, ¢ w" is the trivial bundle W,, ® S,. Hence
¢% f yields a series in Wy[[¢T;T € SN o] which is invariant by T' where
the action of v € T is given by v- (X rarg?) = > p pe(7)(ar)q? ™. These
series are compatible when one varies the cone o either by restricting to its
faces of by letting T' act (this action permutes the cones in ¥,); recall that
ﬂaex,, oV = Sy; this implies that there exists one well-defined series which

belongs to the intersection W, [[¢"; T € SNS,]] of the rings W, [[¢T; T € SNaV|]
and which is fixed by I". It is called the g-expansion or Fourier expansion (at
the infinity cusp) of f:

FE(f) e W, [[¢";T € SN S)|"

For any Z[1/N]-algebra R and any form f € H°(X x R,w") defined over R,
one defines an analogue series FEg(f) with coefficients in W,,(R) = W,, ® R.
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PROPOSITION 3.2 1) (g-expansion principle) If f is any form defined over R,
if the coefficients of its q-expansion vanish in Wi (R), then f =0.

2) The map FE sends the submodule of cusp forms over any ring R to the
submodule of W (R)[[¢7;T € SNS,)|T of series whose coefficients ap € Wy (R)
vanish unless T € SN Sa(R)T.

The first point follows from the irreducibility of the modular scheme; the second
from the examination of ¢%(f) along ¢%D.

REMARK: By comparing the two definitions of w" given above, one sees that
Woll¢";T e SnaV]l = (70" ®oy, Z[l¢";T € SNoY]|

We shall use this when comparing g-expansion of classical forms to g-expansion
of p-adic forms.

3.2 p-ADIC SIEGEL MODULAR FORMS AND g-EXPANSION

Let X as in the previous subsection. We fix a fine I'-admissible family of rational
polyedral cone decompositions ¥¢; we denote by For any integer m > 1, let X,
be the pull-back of X to Z/p™Z. Let S,, be the ordinary locus and for each
n > 1, consider Ty, n, = Isomg, (2, A[p"]°) = Isomsg,, (A[p"]**, (Z/p"Z)?); for
any n > 1, T, ,, is a connected Galois cover of S,, of Galois group GLo(Z/p"Z)
(see [10] Prop.7.2).

Let Vi = H(Tpn, Or1,.)s Voo = Up>1 Vinn- One can define the X-

"toroidal compactification” S, of Sy, as the locus of X, over which G[p]° is
of multiplicative type; similarly, define 7', ,, as

ISOHIY®Z/me (M?ﬂ’ ) g [pn]0>

We still denote by D the pull-back to Tm,n of the divisor at co. We can
now define Vi, ,, = HO(TW“,OTW n(—D)) and Vim.oo = U, Vi,m,n. We also
consider the corresponding p-adic limits: S, = ligsm, Teoo = ling,007
V =lim V,, o and Vi = lim V ;,, o. These last two spaces are respectively the
space of generalized p-adic modular forms resp. cusp forms.

Let M resp. Ny be the group of Z,-points of M = G Ly resp. Nj; the unipo-
tent radical of the standard Borel By of M. Then, To oo — Soc is a right
M étale torsor, hence M acts on the left (by right translations) on V' (and
W) by m - f(¢) = f( om). Let LC(M/Nwm,Z/p™Z) resp. C(M/Nwm,Z,)
be the ring of Z/p™Z-valued locally constant, resp. Z,-valued continous func-
tions on M/Ny, viewed as a left M-module via the left translation action.
In particular, these modules are I'-modules. Note that C(M/Npp,7Z,) =
projlim LC(M /N, Z/p™Z).

Let us define now the p-adic g-expansion map. It is a ring homomorphism

FE:VNM (C(M/NM, Zp)lla";T e SN 52]})F
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given as follows.

For the infinity cusp n defined above, and for any ¢ € %,, we consider the
base change ¢, m, of the morphism ¢, : So — U, to Z/p™Z. As noticed above,
the canonical Mumford family f, : G, — S, admits a canonical rigidification
Vean : uf,oc =~ G, [p>]° induced from the tautological rigidification of G, = G2..
This provides a canonical lifting ®, ,, : Sy — Tm,oo of ¢o,m. These liftings are
compatible when m grows, this gives rise to a lifting ®, : SU(/J) — TDQ,DO of
b0 : So(p) — Us(p) (the hat means p-adic completion).

For f € V, one can therefore take the pull-back of f mod p™ by @, (resp. of f
by ®,). The resulting series belongs to Os, ®Z/p™Z = Z/p™Z[[q*; T € SNaV]|
resp. Os, ® Zyp = Zp[lg";T € SN oV]]. It is however useful for further use
to view it as belonging to Os, ® LO(M,Z/p™Z) resp. to Os, &C(M,Z,) =
C(M, Zy)[[¢";T € SNcV]] in the following way: the map x € M — &} (- f)
is an Os, ® Z/p™Z-valued locally constant map on M. The evaluation of
this function at 1 € M gives the Z/p™Z[[¢T;T € S N ¢"]]-valued g-expansion
mentioned above. By taking the inverse limit over m, one gets the desired
g-expansion with coefficients in C(M, Z,,). Both Z,-coefficient and C(M, Z,)-
coefficient g-expansions are compatible to restriction to faces; however, only
the C(M, Z,)-coefficient expansion is compatible to the action of T'; we con-
clude that the functions x € M — ®%(z - f) for all o’s give rise to an ele-
ment of the submodule HO(T,C(M, Z,)[[¢";T € SN S,]]) of T- invariants of
C(M,Z,)[[¢7; T € SN Sy])]. We finally restrict our attention to f € VNM; thus
we obtain a ¢g-expansion in

C(M/Nut, Z,)[[d"3 T € S 5]
We list below some well-known facts for which we refer to [15].

PROPOSITION 3.3 1) (p-adic g-expansion principle) For any o € ¥, for any
m > 1, V/p"V C Voo < Z/p"Z[[¢";T € SN aV]] is injective with flat
cokernel. In particular, the ring homomorphism FE is injective.

2) The restriction of FE to the ideal Vi of cusp forms takes values in the ideal
generated by g7 for T € SN So(R)*. and the q-expansion principle holds for
cusp forms for any cone o and any m > 1 as above.

We simply recall that the first point results from the irreducibility of T, o0
(Igusa irreducibility theorem, [10] V.7.2) and the second from direct examina-
tion of ®%(f).

It remains to compare the classical and p-adic modular forms resp. g¢-
expansions. The embedding of classical forms into V' comes from the canon-
ical morphism ¢ : Too,0o — T|Ss given by the fact that for an abelian vari-
ety A (of dimension 2) over a base S where p is nilpotent, any rigidification
(U pf,oo =~ A[p>]° gives rise to an isomorphism (9?9 = wy/g- One checks easily
that o* : HO(X,w") — VNM[x] and o* : HO(X,w,.) — V;"™Mx].
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Thus given a classical form, we first view it as a section of (7,O7)¥™ | then one
restricts it to the ordinary locus and one takes its pull-back by the morphism
L

The comparison of the two definitions of w" provides a commutative square
expressing the compatibility of classical and p-adic g-expansions:

VNMo 5 HOT,C(M/Np, Z)[¢7: T € SN Sy)])
) T
HO(X,w") — HO(T, W, (Z,)[[q7; T € S0 Sy))

In the case where « is diagonal so that W (Z,) is free of rank one, one can
formulate more simply the diagram by composing both horizontal maps by the
evaluation of functions on M /Ny at 1, sending f : M/Ny — Zy, to f(1). We
thus get a commutative square

yNmo Z,[[q";T € SN S,)))
T T
HO(X,w") — HOT,Wa(Zy)[[q";T € SN S,]))

Let H € HO(Xl,detpflg) be the Hasse invariant on X;. We fix an integer
t > 1 sufficiently large such that H* lifts to X over Z,. This can be achieved
because det w is ample. We denote by E such a lifting. Recall that FE(E) =1
(mod p); this is because FE(H) = 1 in Z/pZ[[¢T;T € SN S]].

By [15] Sect.3.6, the Hecke operators U,; = [Nwmdiag(l,1,p,p)Nm| and
Uy 2 = p~3[Nmdiag(1, p,p, p?>)Nm] do act on V,NM. Let e = lim (U, U, 2)™
be the corresponding idempotent of Endz, V,NM. The module eVlNM is called
the module of ordinary p-adic cusp forms (with strict Twahori p-level). Hida’s
control theorem [15] Th.1.1 says that for any weight # (not necessarily coho-
mological), the cokernel of the inclusion e H(Sa,w,.) C eV;NM|x] is finite.
COMMENT: Actually, Th.1.1 of [15] also contains a “classicity statement”,
but only for very regular weights. Since we need in [26] an analogue of this
statement including all cohomological weights (including those such that k = ¢),
we prove it there for all cohomological weights after localisation to a non-
Fisenstein maximal ideal of the Hecke algebra.

This theorem is crucial for us in [26] in order to produce overconvergent cusp
forms g satisfying

(LIM) The g-expansion of g is the p-adic limit of g-expansions of cusp eigen-
forms of cohomological weight.

This condition provides the framework for the conjecture stated in the present
paper. On the other hand, it would be very interesting to generalize Hida
theorem to p-adic forms with finite slope for U, ; different from 0. Such a
generalization would produce new overconvergent forms satisfying (LIM).
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3.3 OVERCONVERGENCE

We endow C,, with the p-adic norm such that ||, = p~!. For any extension L of
Q,, contained in C, and for any real number r €]0, 1, we consider the L-vector
space of r-overconvergent Siegel modular forms

S.(T;r) = HO(X{r} x L,w,)

If ris in [L*|p, this is a Banach space for the norm |f| = sup,cx (41 |f(2)]p
by [5] Th.4.1.6. In particular, for any » < 7’ in |p~%, 1[N|L*|,, the inclusions

resy 0 Se(K;r) — Sk(K; ')

are completely continuous by [19] 2.4.1.

It should be noted that the above fact does not require the assumption that
the weight x be cohomological (that is k1 > k2 > 3). In [26], we indeed apply
this to k = (2,2).

Let a be either the Abbes-Mokrane bound (a = ﬁ) or the Andreatta-
Gasbarri’s bound (a = 2’;)__11). By [1] Lemma 8.2.1 and [2], for any r €]p~%, 1],

the canonical lifting Fi, of the Frobenius endomorphism is defined as a rigid
morphism X {r} — X .
The following two results are contained in [26] Sect.4.5

PROPOSITION 3.4 There ezists r €]p~2%, 1["p< such that Feq,, maps X{r} into
X{rP} and is finite flat of degree p®. It yields a continous homomorphism of
Banach spaces ¢ = FZ, + Su(T;1P) — S (K;7) and a trace homomorphism
Tre: Se(I;r) = Se(I';rP).

COROLLARY 3.5 There exists v €|p~%/P 1[N|L*|,, the composition 1 =
resy» »01'ry defines a completely continuous endomorphism of the Banach space

S, (Lsr).

The evaluation on the rigid Mumford families g;;ig — S, (for all polyedral
cones o in ¥, as above) defines a L-linear homomorphism

FE: S.(K;r) = L[[¢";T € SN S,(R)™]].

The overconvergent g-expansion principle says that FE is injective. It follows
directly from the connectedness of X,

We define U, 1 as p~31) the operator corresponding to the weight £ = (2,2).
We denote by So(T'; ) the L-Banach space of r-overconvergent forms of weight
(2,2). Then it follows immediately from Cor.3.3 that

COROLLARY 3.6 There exists r €|p~/? 1]N|L*|, such that the operator U,  is
completely continuous on the Banach space Sa(I';r) of weight 2 overconvergent
p-adic cusp forms.
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Recall that by [24] Prop.7, one can define a Fredholm determinant P(t) =
det(1 — tUp1) which is a p-adic entire function of ¢ and such that A € @p
is a non-zero eigenvalue of U, if and only if P(A~!') = 0; so that the non-
zero eigenvalues of U, ; form a sequence decreasing to 0. By Prop.12 and
Remark 3 following this proposition in [24], each spectral subspace associated
to a non-zero eigenvalue is finite dimensional (its dimension being equal to the
multiplicity of the root A™1 of P) and there is a direct sum decomposition of
the Banach space as the sum of the (finite dimensional) spectral subspace and
the largest closed subspace on which U, ; — A is invertible.

In particular, for any positive number «, the set of eigenvalues \; € @p of Up1
such that ord,(\;) < « is finite. Moreover one has a direct sum decomposition
of the Banach space So(T',7) as So(I', 7)< @ Sy(I',7)>%, where the first space
is finite dimensional, defined as the direct sum of the spectral subspaces for
all eigenvalues A; with ord,()\;) < «, and the second is the (closed) largest
subspace on which all the operators U, 1 — A; are invertible.

4 GALOIS REPRESENTATIONS OF LOW WEIGHT AND OVERCONVERGENT
MODULAR FORMS

4.1 EICHLER-SHIMURA MAPS

Let k = (k,£) be a cohomological weight, that is, a pair of integers such that
k>¢>3 Let k=a+3,¢=0b+3. Then, (a,b), a > b > 0 is a dominant
weight for (G, B, T); let V,  be the local system on the Siegel variety associated
to the irreducible representation of G of highest weight (a,b); recall that the
central character of this representation is z — 2%+, For any (neat) compact
open subgroup L of Gy, for ' > ¥ >0 and k' =a' + 3, ¢/ =V + 3, there is a
canonical Hecke-equivariant linear injection

H°(Sp,w,) < H3(SL, V,s(C))

See Section 3.8 of [15] where it is explained how to make it canonical, and
where it is called the Eichler-Shimura map. Actually the image is contained in
HP =Im(H2 — H?). It follows for instance from Th.5.5, Chapter VI of [10].

4.2  GALOIS REPRESENTATION ASSOCIATED TO A COHOMOLOGICAL CUSP
EIGENFORM

Let f be a cusp eigenform of cohomological weight k = (k,¢). Let k = a + 3,
{ = b+ 3. By the Elchler-Shimura injection, the Hecke eigensystem associated
to f occurs in H3(X(C), Vq,4(C)). For any prime g prime to N, let Py, € C[X]
be the degree four Hecke polynomial at g for the eigensystem of f (see [26]).
Let E be the number field generated by the eigenvalues of the Hecke operators
outside N. We fix a p-adic embedding ¢, of Q; let F C @p be a p-adic field
containing ¢,(E) ( big enough but of finite degree).
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The Galois representation Wy = H3(Sg, Vau(F)))s (largest subspace where
Hecke acts as on f) is E-rational and pure of Deligne weight w =3 + a + b.
Let S be the set of prime divisors of N, and I" be the Galois group of the
maximal algebraic extension of Q unramified outside S and p. By a series of
papers (due to R. Taylor, Laumon and Weissauer) there exists a degree four
Galois representation Ry, : I' — GL4(Q,) such that for any ¢ ¢ S U {p},
det(X 14 — Rf p(FTg)) = Pﬂ- /(X)

Its relation to Wy is: W = R}, where m = dim Wy.

We take F' big enough for R; , to be defined over it.

REMARK: Let € : I' — Z; be the p-adic cyclotomic character. With the
convention above7 we have v o pr, = €% -wy, where wy is a finite order
character modulo NV, given as the Galois avatar of the companion character
of f (this can viewed using Poincaré duality for Wy, see for instance [25],
beginning of Sect.2).

REMARK: Given a classical cusp eigenform g € H°(X, W(z,2)), there is no geo-
metric construction of an associated Galois representation (there is no Eichler-
Shimura map to transport the eigensystem to the étale cohomology). See below
for a p-adic construction, if the g-expansion of g is a p-adic limit of g-expansions
of cohomological weight cusp eigenforms.

4.3 A CONJECTURE

Let g € H*(X{r},w(2,2)) be an overconvergent cusp eigenform of weight (2, 2)
and auxiliary level group K (unramified at p). By Prop.2.6, 2, since X{r} is
canonically identified to X gm{r} C Xo(p)Ue, one can view g as an element

mm <Fmm

of H'(X¢ {r},w,2)), where X "{r} is a strict neighborhood of | X s [ in
Xo(p)Te. We shall actually need to consider the pull-back of g by 75.gomy, B
as a section of w, 5 over the quasi-compact relatively compact rigid open

(B omwsB) (Xa {r})

in Xg7,(p)ie.
Assume that

(LIM-EIG) there exists a sequence (g;) of classical cusp eigenforms g; €
H°(Xy,(p),ws,) with cohomological weights x; = (k;, ;) and level K (that
is, prime to p, equal to the auxiliary level of g) such that the g-expansions of
the g;’s converge p-adically to that of g.

Let IIyy, be the subgroup of matrices in G(Z,) whose reduction modulo p
belongs to Up(Z/pZ).

COMMENTS: 1) Note that the key-point in this assumption is that the forms
g; are eigenforms. If we insist that the sequence of p-adic weights satisfies
ki = (2,2) (mod p — 1)p?, we cannot assume in general that the level of the
g;’s is prime to p; then we simply need to replace K, = G(Z,) by Iy, as
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p-component of the level group in (LIM-EIG). We can motivate the choice of
the p-level group Iy, by recalling that both in the proof of the main theorem
of [6] and in the Control Theorem for the Iwahori levels for GSp(4) of [27], it
has been natural to consider the pull-back of g by mp g o Ty, B as a section of
ws o over the strict neighborhood

(tB.@omusB) (X {r})

in Xt (p)'ie. This is the analogue of Hida’s p-stabilization for p-adic modular
forms.

2) Note also that it is a well-known theorem [15] that any p-adic cusp form is
the p-adic limit (in the sense of g-expansions) of prime-to-p level classical cusp
forms of weights k; satisfying k; = (2,2) (mod p — 1), where however, the
forms g;’s are not necessarily eigen even if g is.

Recall then that for any weight s, there is a g-expansion map (always at the
infinity cusp)

H((rp.qomu,s) " (Xe {r}),w,) = We(@)ll¢":T € SN ST

These maps are compatible with the p-adic g-expansion map via the canonical
injection of HO((rp.q o mvy.8) (X {r}),w,) into the space of p-adic cusp
forms.

We give below a conjectural criterion for the analytic continuation of g to
Xu, ()5, B

Let pgp : Gal(Q/Q) — GL4(Q,) be the Galois representation associated to the
limit of the pseudo-representations of the g;’s. We call it the Galois represen-
tation associated to g. Note that by Sen theory (Bull. Soc. Math. de France
1999), if the k; converge to (2,2) in Z/(p—1)Zx Z,, and if p, ;, is Hodge-Tate, its
p-adic Hodge-Tate weights should be 0,0, 1, 1. Our conjecture reads as follows.

CONJECTURE: Let g € S29(K,r) be an overconvergent cusp eigenform satis-
fying (LIM-EIG); assume that there exists an abelian surface A defined over
Q such that pg,, is isomorphic to the contragredient p} , of the representa-
tion on the p-adic Tate module of A. Then, g extends to a global section
g€ H( Xy, (p)e, W(z,2)) thus defining by the rigid GAGA principle a classical
cusp form of weight (2,2) and level KP x .

If the abelian variety has good reduction at p, the cusp eigenform has level
prime to p.

REMARK: The minimal level group I, , at p of the classical cusp eigenform
g satisfies Iy, C Iy, C G(Zp); the compatibility between gobal and local
Langlands correspondences predicts that the (local) Weil-Deligne representa-
tion associated to Dpsi(pg,p) determines Il .

The main result (Theorem 4) of [26] provides under certain assumptions (pri-
marily the assumption of near ordinarity) such pairs of an overconvergent cusp
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eigenform g with a converging sequence (g;) of cusp eigenforms, together with
an abelian surface A defined over Q with potential good ordinary reduction at
p.

Actually one starts there from an abelian surface satisfying certain condition,
the most stringent being that the Galois representation px)p must be congruent
modulo p to the representation py , associated to a cusp eigenform of level K
prime to p, ordinary at p with cohomological weight. Then Hida theory ([26]
Lemma 4.2) yields a sequence (g;) converging to a limit g which is overconver-
gent of weight (2,2) and auxiliary level K.

Note that once a generalization of Coleman Families Theory to the Siegel case
is available, there might be new examples of such forms g.

In the situation treated in [26], the representation p,, = p} , is potentially
crystalline but not crystalline, which implies that the eigenforms g; are indeed
p-new of p-level Iy, hence the presence of Ily, as conjectural p-level group
of g.

The conjecture above would imply that the L function of the motive h'(A)
is automorphic: L(h'(A),s) = Lspin(g,s), hence, by a classical theorem of
Piatetskii-Shapiro, it would have analytic continuation and functional equation.
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