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ABSTRACT. The u-invariant and the Hasse number u of a field F' of
characteristic not 2 are classical and important field invariants per-
taining to quadratic forms. They measure the suprema of dimensions
of anisotropic forms over F' that satisfy certain additional properties.
We prove new relations between these invariants and a new charac-
terization of fields with finite Hasse number (resp. finite u-invariant
for nonreal fields), the first one of its kind that uses intrinsic proper-
ties of quadratic forms and which, conjecturally, allows an ‘algebro-
geometric’ characterization of fields with finite Hasse number.
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1. INTRODUCTION

Throughout this paper, fields are assumed to be of characteristic different from
2 and quadratic forms over a field are always assumed to be finite-dimensional
and nondegenerate. The u-invariant of a field F' is one of the most important
field invariants pertaining to quadratic forms. The definition as introduced by
Elman and Lam [EL1] is as follows:

u(F) := sup{dim ¢ | ¢ is an anisotropic torsion form over F'} |

where ‘torsion’ means torsion when considered as an element in the Witt ring
W F. Note that over a formally real field (or real field for short) torsion forms
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are exactly the forms of total signature zero, whereas over a nonreal field, all
forms are torsion.

If F' is a real field, for a form ¢ over F' to be isotropic, it is clearly necessary for
© to be indefinite at each ordering of F', i.e., for ¢ to be totally indefinite or t.i.
for short. This leads to another field invariant, the Hasse number u defined as

u(F) := sup{dim ¢ | ¢ is an anisotropic t.i. form} .

One puts @(F) = 0 if there are no anisotropic t.i. forms over F. Clearly,
u(F) < @(F), with equality in the case of nonreal fields since being totally
indefinite is then an empty condition.

In the present paper, we focus on finiteness criteria for v and u and on upper
bounds on u in terms of u for fields with finite w. To formulate these results,
we need to introduce further properties. We refer to [L3] for all undefined
terminology and basic facts about quadratic forms.

Recall that a quadratic form of type (1, —a1)®...® (1, —ay,) (a; € F*) is called
an n-fold Pfister form, and we write (a1, ..., ay)) for short. P,F (resp. GP,F)
denotes the set of all isometry classes of n-fold Pfister forms (resp. of forms
similar to n-fold Pfister forms). A form ¢ is a Pfister neighbor if there exists
a Pfister form 7 and a € F* such that ¢ C a7 and dim¢ > %dim w. Pfister
forms are either hyperbolic or anisotropic, and if ¢ is a Pfister neighbor of a
Pfister form 7 then ¢ is anisotropic iff 7 is anisotropic. Recall that the n-fold
Pfister forms generate additively I"™F', the n-th power of the fundamental ideal
IF of classes of even-dimensional forms in the Witt ring W F. The Arason-
Pfister Hauptsatz [AP], APH for short, states that if ¢ € I"F, then dim ¢ < 2"
implies that ¢ is hyperbolic, and dim ¢ = 2™ implies ¢ € GP, F.

Let F be a real field and let X denote its space of orderings. X is a compact
totally disconnected Hausdorff space with a subbasis of the topology given by
the clopen sets H(a) = {P € Xp|a >p 0}, a € F*. ¢ is called positive (resp.
negative) definite at P € Xp if sgnp(p) = dimp (resp. sgnp(p) = —dim ),
and indefinite at P if it is not definite at P. A totally positive definite (t.p.d.)
form is a form that is positive definite at each P € Xp.

If ¢ is a form over F', we denote by D () those elements in F™* represented by
@, by Dp(n) (n € N) those elements in F* that can be written as a sum of n
squares, and we write Dp(00) = |, ey Dr(n) for the nonzero sums of squares
in F. If F is nonreal then F* = Dp(00), and if F is real then Dp(c0) is the
set of all totally positive elements in F'.

The Pythagoras number p(F') of a field F is the smallest n such that Dp(n) =
Dp(o0) if such an n exists, otherwise p(F) = oc.

If F' is real, then x € Dp(y) clearly implies that  >p 0 (resp. = <p 0) if ¢ is
positive (resp. negative) definite at P. If the converse also holds, i.e. if

Dp(p) = {ze€F*| x>p0(resp. x <p0)if pis
positive (resp. negative) definite at P}

then ¢ is called signature-universal (sgn-universal for short). Over a real field,
a form is universal (in the usual sense) if and only if it is t.i. and sgn-universal.
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One readily sees that if w(F) < oo then any form ¢ with dime > u(F) is
sgn-universal.
The following properties of fields will be used repeatedly.

DEFINITION 1.1. (i) F is said to satisfy the strong approzimation property
SAP if given any disjoint closed subsets U, V' of X there exists a € F*
such that U C H(a) and V C H(—a).

(ii) A form ¢ over a real field F' is said to have effective diagonalization
ED if it has a diagonalization (as,...,a,) such that H(a;) C H(a;+1)
for 1 <i<n-—1. F is said to be ED if each form over F' has ED.

(iii) F is said to have property S; if for every binary torsion form S over F'
one has Dp(8) N Dp(o0) # 0.

(iv) F is said to have property PN(n) for some n € N if each form of
dimension 2" + 1 over F' is a Pfister neighbor.

Note that if F' is a nonreal field, i.e., F' has no orderings, then F* = Dg(00)
and all forms over F' are torsion, so F' is SAP, ED and 5.

The paper is structured as follows. In §2 we give a new proof of the fact that
ED is equivalent to SAP plus 57, a result originally due to Prestel-Ware [PW].
In §3 we prove that for a field, having finite Hasse number is equivalent to
having finite u-invariant plus having property ED. This result is originally due
to Elman-Prestel [EP], but we give a proof that also allows us to derive various
estimates for u in terms of u that are better than any previously known such
estimates. In §4, we prove that having finite Hasse number is equivalent to
having property PN (n) for some n > 2, in which case we give estimates on
@ in terms of n. Since property PN(2) is equivalent to F being linked (see
Lemma 4.3), we will thus also recover as corollary a famous result on the u-
invariant and the Hasse number of linked fields due to Elman-Lam [EL2|, [E]
(Corollary 4.12). We also explain how our results, conjecturally, provide an
‘algebro-geometric’ criterion for the finiteness of % (resp. u in case of nonreal
fields).

ACKNOWLEDGMENT. I am grateful to the referee for various suggestions that
helped to streamline the paper considerably. The revised version of this paper
has been completed during a stay at Emory University. I thank Skip Garibaldi
and Emory University for their hospitality during that stay.

2. ED EQuALSs SAP pLus S;

The following theorem is due to Prestel-Ware [PW]. We give a new proof based
mainly on the study of binary forms.

THEOREM 2.1. F has ED if and only if F' has SAP and S.
To prove this, we use alternative descriptions of the properties involved.

LEMMA 2.2. Let F be a real field.
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(i) F is SAP if and only if for all a,b € F* there exists ¢ € F* such that
H(c) = H(a) N H(b) (or, equivalently, there exists d € F* such that
H(d)=H(a) UH()).

(ii) F is ED if and only if for all a,b € F*, there exist ¢,d € F* such
that {a,b) = (c,d) and H(c) = H(a) N H(b) (or, equivalently, H(d) =
H(a) UH(D)).

(iii) F has property Sy if and only if, for all a € F*, s € Dp(0), and
x € Dp((1,as)), there exists t € Dp(o0) such that tx € Dp((1,a)).

Proof. (i) This is well known, see, e.g., [L1, Prop. 17.2].

(ii) The ‘only if’ is nothing else but ED for binary forms. As for the converse,
we use induction on the dimension n of forms. Forms of dimension < 2 have
ED by assumption. So let ¢ be a form of dimension n > 3. Then we can write
¢ ={(ai,...,a,) and we may assume that (as,...,a,) is already an ED. Write
(a1, a2) = (b1, be) with H(by) = H(a1)NH(az) (so (by,bs) is an ED of (a1, asz)).
Then ¢ 2 (by,bs, as,...,a,). Now let {(ca,...,c,) be an ED of (bg,as, ..., a,).
Then one readily checks that (b1, ca,...,c,) is an ED of ¢.

(iii) ‘if”: Let (u,v) = u(l,uv) be torsion. Then uv = —s with s € Dp(0c0). Put
a = —s. Then (1,—1) 2 (1,as) which is hyperbolic and hence represents w.
But then, by assumption, there exists ¢ € Dp(00) such that tu is represented
by (1,a) = (1, —s) and hence t is represented by u(l, —s) = (u,v).

‘only if”: x € Dp((1, sa)) implies that there exists y € F* such that (1, sa) =
(x,y). Now the torsion form za(s, —1) represents some v € Dp(co) by Si.
Hence (sa, —a) = (xu, —zus) and hence

(1, sa, —a) = (1, xu, —aus) = (—a, z,y)

Thus, (1,a) = (z,zus, —zu,y) in WF, so x(1,us, —u, zy) is isotropic and there
exists v € Dp((1,us)) N Dp({u, —zy)). Note that us € Dp(c0), so v € Dp(0).
Hence, (1,us) = (v,vus) and (—u,zy) = (—v,vuzy), and we get (1,a) =
x(vus, vuzy) = (xvus, vuy), thus zt € Dp((1,a)) with ¢t := vus € Dp(c0). O

Proof of Theorem 2.1. ‘only if’: Clearly, ED implies SAP. Now let (a,b) be
any binary torsion form. Then sgnp({a,b)) = 0, so H(a) N H(b) = 0, and by
ED, there exists ¢ € —Dp(o0) and d € Dp(o0) such that (a,b) = (c,d), in
particular, d is a totally positive element represented by (a,b) and we have
established S;.

‘if’: Let F' be SAP and S;. We will verify the alternative description of ED
from Lemma 2.2(ii). Let (a,b) be any binary form. By SAP, there exists
d' € F* such that H(a) U H(b) = H(d'). Then (a,b,—d'}) is t.i., thus the form
v 2 {a,b,—d',—d'ab) =2 —d'{(ad’,bd")) has total signature zero and is therefore
torsion. Hence, there exists some n € F such that for o, = (—1)®" = (1,1)",
we have that o, ® (a,b,—d',—d'ab) € GP, 2F is hyperbolic. But then
its Pfister neighbor o, ® (a,b) L (—d') is isotropic. It follows that there
exist u,v € Dpg(o,) C Dp(o0) such that d € Dp((ua,vb)), and hence
ad'v € Dp({1,abuv)). Now uv € Dp(c0), and by Lemma 2.2(iii), there ex-
ists w € Dp(o0) such that ad'uvw € Dp({1,ab)), i.e. d:= duw € Dr({a,b)).
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In particular, there exists ¢ € F* such that (a,b) = (¢, d). Since uw € Dp(c0),
we have H(d) = H(d') = H(a) U H(b) as required. O

3. RELATIONS BETWEEN THE HASSE NUMBER AND THE u-INVARIANT

In this section, we will only consider real fields since for nonreal fields v = w,
and most of the statements below are trivially true. It is quite possible for a
real field F that u(F) is finite but u(F) is infinite. Elman-Prestel [EP, Th. 2.5]
gave the following necessary and sufficient criterion for the finiteness of @ (F):

THEOREM 3.1. u(F) < oo if and only if u(F) < co and F has ED.

The main purpose of this section is to give a new and elementary proof of this
statement that in the case of ED-fields will allow us at the same time to derive
upper bounds for u in terms of u that considerably improve previous upper
bounds obtained by Elman-Prestel [EP, Prop. 2.7] and Hornix [Horl, Th. 3.9].
The following remark is well known and will be useful.

Remark 3.2. For any field F, if p(F) > 2" then u(F) > u(F) > 2"t In
particular, p(F) < u(F) < u(F).

ProroOSITION 3.3. Suppose that F' has ED and that there exists an n-
dimensional t.p.d. sgn-universal form p. Then

WF) < 5 (u(F)+2) .

Proof. We may clearly assume that u(F') (and hence p(F')) is finite. The form
p(F) x (1) is t.p.d. and sgn-universal, so we may assume that n < p(F'). If
n = 1 then F is obviously pythagorean and u(F') = 0. Since F has ED, any
t.i. form ¢ over F contains a binary torsion form [ as a subform. But then 3
is isotropic as u(F) = 0, hence ¢ is isotropic. It follows that @(F) = 0 and the
above inequality is clearly satisfied. So we may assume that 2 <n < p(F) =p
and we have @(F') > u(F) > p > n by Remark 3.2.

It suffices to consider the case u(F) > u(F). Let ¢ be any anisotropic t.i.
form with dim ¢ > u(F), and write dim g =m =rn + k + 1 with > 1 and
0 <k <n—1. Since F is ED and thus SAP, we may assume after scaling that
0 <sgnpyo <dimpg—2=rn+k—1 for all orderings P on F.

Let o1 = ao(po L —p)an, where ag is chosen such that 0 < sgnp p; for all
orderings P.

If iy denotes the Witt index, we have iy (p9 L —p) < n — 1, for otherwise
one could write ¢y = p L 7 for some form 7. Since ¢ is t.i. and since F' has
ED, this implies that there exists x € Dp(00) such that —x is represented by
7. But then the form ¢( contains the subform p 1 (—z) which is isotropic as
p is t.p.d. and sgn-universal, clearly a contradiction. This implies that

dimp; >dimypg+n—-2n—1)=@r—-1)n+(k+1)+2.

Note also that sgnp(¢o L —p) = sgnp ¢o — n for each ordering P. Hence, one
obtains
sgnp 1 <max{(r—1)n+k—1,n}
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for each ordering P. Note that if r > 2, then ¢, is again t.i. as 0 < sgnp 1 <
dim ¢ for all orderings P. Applying this procedure altogether r — 1 times, we
get a form ¢,_; which is anisotropic, t.i., and such that

dimep, 1 >n+(k+1)+2(r—1),
0 <sgnpp,—1 <max{n+k—1,n} for all orderings P.
We therefore have

dimp,—1 —sgnp @1 > min{2r, k +2r — 1} .

Since dim ¢, 1 —sgnp @1 is even, this yields dim ¢, _1 —sgnp @,—1 > 2r for all
orderings P. By ED, the anisotropic form ¢,_; contains a torsion subform ¢,
of dimension > 2r. Hence u(F') > 2r and thus u(F)+2 > 2(r+1). On the other
hand, by assumption m = rn+k+1 < n(r+1). These two inequalities together
imply m < Z(u(F) + 2). It follows readily that uw(F) < §(u(F) +2). O

Proof of Theorem 3.1. The ‘only if’ part is easy and left to the reader. As
for the ‘if” part, we have co > w(F) > p(F) by Lemma 3.2, and if we put
p = p(F) x (1), then Proposition 3.3 immediately yields @(F) < 2L (u(F) +
2) < o0. O

For a real field F, let m(F) be the smallest integer n > 1 such that there
exists an n-dimensional t.p.d. sgn-universal form, and m(F) = oo if there are
no t.p.d. sgn-universal forms (cf. [GV] where an analogous invariant m(F)
for anisotropic universal forms was introduced). If p(F) < oo, we have that
p(F) x (1) is sgn-universal. Hence m(F) < p(F). With this new invariant,
Proposition 3.3 immediately implies

COROLLARY 3.4. Suppose that u(F) < co. Then
< m(F)
-2

Next, we give another bound which will lead to further improvements.

u(F) (u(F)+2) .

PROPOSITION 3.5. Suppose that u(F) < co and that F' has ED (or, equivalently,
that u(F) < o). Let p={(1) L p’ be a t.p.d. m-fold Pfister form, m > 1, such
that its pure part p’ is sgn-universal. Then

u(F) < 2™ 2(u(F) +6) .
If m =2 then u(F) < u(F) + 4.

Proof. If m = 1, then dimp’ = 1 and the assumptions imply that F is
pythagorean, hence © = u = 0 and there is nothing to show. So we may assume
m > 2. Furthermore, if d is an integer such that 2¢ < p(F) = p < 29+1 —1, then
we may assume that m < d+1. For we have that (241 —1)x (1) is the pure part
of (—1,...,—1)) € Pyy1F and it is totally positive definite and sgn-universal.
We proceed similarly as before, but this time we put ©w = u(F) = r2™ + k + 1
withr>0and 0 < k <2™ —1.

If r = 0 then we have & < 2™. If 2¢ +1 < p < 29+ — 1 then u > 29+ > 2™
by Remark 3.2, and thus necessarily v = u and there is nothing to show.
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Suppose that p = 2% so that in particular v > 2¢. Our previous bound yields
<29 u+2). If m=d+ 1, then 2971 (u +2) < 2"~ 2(u + 6) and there is
nothing to show. If m < d, then we have u = k + 1 < 2™ < 2% < 4 and thus
u = u, again there is nothing to show. So we may assume that r > 1.
Let g be an anisotropic t.i. form of dimension u. As before, we may this time
assume that dimgg —2 =1r2""+k —1 > sgnp ¢y > 0 for all orderings P.
We claim that iy (w9 L —p) < 2™ — 2. Indeed, otherwise ¢y would contain
a subform p of dimension 2™ — 1 with p C p. Now it is well known that all
codimension 1 subforms of a Pfister form are similar to its pure part. Hence, ¢q
would contain a subform similar to p’, and since ¢ is t.i. and by ED, ¢y would
contain a subform similar to p’ L (—z) for some z € Dp(00). By assumption,
p' L (—z) is isotropic, a contradiction.
Thus, we obtain as in the proof of the previous lemma an anisotropic t.i. form
1 such that
dimp; > (r—1)2"+k+1+4,
0 <sgnpy; <max{(r—1)2"+k—1,2"},
and reiterating this construction r — 1 times, we get an anisotropic t.i. form
@r—1 such that
dimp, 1 >2"+k+14+4(r—1),
0 <sgnpyr—1 <max{2™ +k —1,2™} for all orderings P.
This yields dim ¢, 1 —sgnp @1 > 4r—2 for all orderings P, and thus, by ED,
the existence of an anisotropic torsion subform ¢; of ¢,_1 with dim ¢; > 4r—2.
In particular, v + 6 > 4(r + 1). On the other hand, u < 2™(r + 1) and thus
u < 2™ %(u 4+ 6).
Now if m = 2, we have dimy,_1 > 4r+k+ 1 =dimpg and 0 < sgnp p,_1 <
max{4 + k — 1,4}. In particular, since all the forms ¢, are anisotropic and
t.i., it follows readily from the construction and the fact that w = 4r + k + 1
that dim gy = dimp; = ... = ¢,_1 = u. Note also that 0 < k < 3, so that by
repeating our construction one more time, we obtain an anisotropic t.i. form ¢,
such that dim ¢, = u and sgnp ¢, < 4 for all orderings P. Thus, ¢, contains
a torsion subform of dimension > @ — 4 and therefore u < v + 4. O

PROPOSITION 3.6. Suppose that I}F = 0, and that u(F) < oo and F has ED
(or, equivalently, that u(F) < oc). If there exists a t.p.d. sgn-universal binary
form p over F, then u(F) = u(F).

Proof. By [ELP, Th. H], I} F = 0 implies that @ = u(F) is even. By Propo-
sition 3.3, © < u + 2. So let us assume that u # u, ie. uw = u + 2.
The proof of Proposition 3.3 then shows that there exists an anisotropic t.i.
form ¢ (which is nothing but the form ¢,_; in the proof) with dimp = @
and which contains a torsion subform ¢;, dimy;, = dimp — 2 = u. Af-
ter scaling, we may assume that ¢; L (1) C ¢. Let d = diy;. Then
@1 L (1,—d) € I?F, and since sgnp ¢, = 0 and sgnp @, L (1,—d) € 4Z, it
follows that ¢; L (1,—d) € I?F. As dimp; L (1,—d) = u + 2, this form
must be isotropic. Thus, ¢y L (1) =2 ¢ L (d). Comparing discriminants and
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signatures, it follows that 1 € I?F. So (1,—z) ® ¢ € I}F = 0 for all z € F*,
thus ¢ 2 x4 which implies that 1) is universal, hence the subform ¢ L (d) of
 is isotropic, a contradiction. (|

The following is an immediate consequence.

COROLLARY 3.7. Suppose that p(F) = 2 and u(F) < oo. If I}F = 0 then
u(F) =u(F). In particular, if w(F) <6 or u(F) <8, then u(F) = u(F).

Remark 3.8. Let F' be a real field with u(F') < co. Suppose that d is an integer
with 24 41 < p < 29+! — 1. The Pfister form (—1,...,—1)) € Py, F is t.p.d.
and its pure part is sgn-universal, so we can use Proposition 3.5 for m = d + 1.
For p=2%+1,d > 1, we get 297! (u + 6) — Blu+2)= 24+1 _ %u — 1. In this
case, Proposition 3.3 gives a better bound when u < 29+2 —4 (note that we will
have u > 29+1), the bounds are the same for v = 29%2 — 2 and for u > 2912
Proposition 3.5 gives a sharper bound.
Summarizing our best bounds in the various cases, we obtain
(i) p(F) =1 if and only if u(F) = u(F) = 0.
(i) If p(F) = 2 then @(F) < u(F) + 2. If in addition I}F = 0 then
u(F) = u(F) = 2n for some integer n > 1.
(iii) If p(F) = 3 then u(F) < u(F) + 4.
(iv) If p(F) = 2™ then u(F) < 2™ L (u(F) + 2).
(v) Ifp(F) =2m+1then u(F) < (2™ '+ 1) (u(F)+2) if u(F) < 2m+2 -2,
and u(F) < 2™ Y (w(F) + 6) if u(F) > 2m+2 — 2,
(vi) If 2™ +2 < p(F) < 2m*Tt — 1, then u(F) < 2™~ L (u(F) + 6).

Remark 3.9. Tt is difficult to say at this point how good our bounds really
are. In fact, we know extremely little about fields with w(F) < @(F) < oo.
The only values which could be realized so far are fields where u(F) = 2n and
u(F) = 2n+ 2 for any n > 2 (see [L2], [Hor2], [H3]), and fields with u(F') =8
and u(F) = 12, see [H2, Cor. 6.4].

For the balance of this section, we finish with stating results about all possible
pairs of values for (p(F'),u(F)) for real fields, in particular real fields satisfying
SAP but not S or vice versa (such fields will always have & = co). The con-
struction of such fields with prescribed values (p, ) uses Merkurjev’s method
of iterated function fields and is rather technical. We omit the proof and refer
the interested reader to [H4].

THEOREM 3.10. Let N’ be the set of pairs of integers (p,u) such that either
p=1landu =0 oru=2n>2™ > p > 2 for some integers m and n. Let
N =N"U{(p,00); p>2 orp=co}.

(i) If F is a real field, then (p(F),u(F)) € N.

(ii) Let E be a real field and let (p,u) € N. Then there exists a real
field extension F/E such that F is non-SAP, F' has property S1 and
(p(F),u(F)) = (p,u). In particular, u(F) = co.

(iii) If F is a real SAP field with u(F) = oo, then u(F) > 4 and
(p(F), u(F)) € V.
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(iv) Let E be a real field and let (p,u) € N with u > 4. Then there exists a
real field extension F/E such that F is SAP, F does not have property
St and (p(F),u(F)) = (p,u). In particular, u(F) = co.

4. LINKAGE OF FIELDS AND THE PFISTER NEIGHBOR PROPERTY

The purpose of this section is to derive a criterion for the finiteness of the
Hasse number. Real fields with finite Hasse number are relatively scarce but
interesting nonetheless. But our results are just as valid for nonreal fields, we
thus get also a criterion for the finiteness of u for nonreal fields.

Recall that the field F' is said to have the Pfister neighbor propery PN (n), n >
0, if every form of dimension 2" 41 over F is a Pfister neighbor. This property
is a somewhat stronger version of the notion of n-linkage whose definition we
now recall:

DEFINITION 4.1. Let n > 1 be an integer. A field F is called n-linked if to any
n-fold Pfister forms 7; and 7y over F there exist aj,as € F* and an (n — 1)-
fold Pfister form o such that m; & ((a;)) ® 0, i = 1,2. F is called linked if F is
2-linked.

Remark 4.2. (i) Trivially, every field is 1-linked and satisfies PN (0) and PN (1).
(ii) Let n > 2. Every isotropic form of dimension 2" +1 is a Pfister neighbor. In
fact, if dim ¢ = 2" +1 and ¢ is isotropic, then ¢ = H L ¢ with dim = 2" —1.
Then ¢ L —p 2 7 € P, 1 F, where 7 denotes the hyperbolic (n+1)-fold Pfister
form. So in particular, if F' is nonreal and w(F) < 2", then F has property
PN(n)

LEMMA 4.3. Let n > 2.

(i) If F is n-linked then F is m-linked for all m > n and I}""*F = 0.

(ii) F is n-linked iff to each form ¢ € I™F there exists a form m € P,F
such that ¢ = m mod It F iff to each anisotropic ¢ € I"F there exist
T € P,_1F and an even-dimensional form o such that p £ T ® 0.

(iii) F has property PN (n) if and only if there exists to every form ¢ over
F a form 1 such that dimy < 2" if dim ¢ even (resp. dimy < 2" —1
if dim ¢ odd) such that ¢ =1 mod I"T1F.

(iv) If F has property PN (n) then F is n-linked. In particular, I]™2F = 0.
Furthermore, F is ED.

(v) F has property PN (2) iff F is linked.

Proof. (i) and (ii) are well known, see [EL2, § 2], [H1].
(iii) ‘only if’: If dimp < 2™, then put ¢ = . So suppose dimp > 2™ + 1.
Write ¢ 2 ¢ | 7 with dimvy = 2™ + 1. By PN(n), ¢ is a Pfister neighbor and
there exists ¢’, dimy’ = 2™ — 1 such that ¢ 1L —¢' 27 € GP,1F. Then, in
WF, we have

po=p—m=1¢ L7rmod ["F .
Now dim %’ L 7 = dim ¢ — 2 and the result follows by an easy induction on the
dimension.
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‘if”: Let dim ¢ = 2™ 4+ 1. By assumption, there exists a form v, dimy = 2" — 1
(possibly after adding hyperbolic planes) such that ¢ L —¢ € I""1F. Then
dim(¢ L —1) = 27" and thus ¢ | —¢ € GP,41F by APH, which implies
that ¢ is a Pfister neighbor.

(iv) To show that F' is n-linked, let ¢ € I"F. By (iii), there exists ¢ such that
dim = 2" (possibly after adding hyperbolic planes) and ¢ = v mod I"T'F.
But clearly ¢ € I™F, and thus ¢ € GP,F by APH. Let z € F* be such that
) € P,F. We then have v = 1) mod I""'F, and n-linkage together with
I F = 0 follows from (i) and (ii).

Now n-linked fields, n > 2, are easily seen to be SAP. So to establish ED,
it suffices to establish property S; by Theorem 2.1. Let (a,b) be any torsion
form. Let v = (1,...,1). Then by PN(n), the form v L (—a, —b) is a t.i. Pfister
neighbor of a Pfister form 7 € P,;1F. Since m contains v which is a Pfister
neighbor (and in fact subform) of o, = (1,1)®", one necessarily has that o,
divides 7, so there exists ¢ € F* such that 7 = 0, ® (1,¢). Now 7 contains
a t.i. Pfister neighbor and is therefore also t.i. and hence torsion. But then
p=(1,1)®0, ®(1,¢) € PyoF is torsion as well and therefore hyperbolic by
(i). Now o,, L v L (—a,—b) is a Pfister neighbor of p. Since p is hyperbolic, its
neighbor o, L v L (—a,—b) is isotropic. Hence there exists x € Dr((a,b)) N
Dp (o, L 7). But clearly, Dp(o, L ) C Dp(co) which shows that the binary
torsion form (a, b) represents the totally positive element x.

(v) This follows immediately from the fact that a field is linked iff the classes
of quaternion algebras form a subgroup in Br(F') together with the character-
ization of 5-dimensional Pfister neighbors by their Clifford invariant (see [Kn,
p. 10]). O

The following observation is essentially due to Fitzgerald [F, Lemma 4.5(ii)].

LEMMA 4.4. Suppose that u(F) < 2"™. Let ¢ be a form over F of dimension
2" + 1. Then ¢ is a Pfister neighbor. In particular, F' has PN (n).

Proof. By Remark 4.2(ii) the result is clear if ¢ is isotropic. Thus, we may

assume @ anisotropic, so necessarily F' must be real. Since u(F') < oo implies

that F is SAP, we may assume that after scaling, sgnp(p) > 0 for all P € X,

and that there exists ¢ € F* such that H(c) = {P € Xr| sgnp(¢) = dimp}.

In particular, the Pfister form {(—1,...,—1,—¢)) € P,11F is positive definite
~—————

at all those P € Xy at which ¢ is positive definite, and it has signature zero
at all those P € X at which ¢ is indefinite. Let v & (7 L —p)an. It follows
that |sgnp(v)| < 2™ —1 for all P € Xp. But since u(F) < 2", the anisotropic
form v must therefore have dim < 2", so in particular,

iw(m L —p) = 3(dim(r L —p) — dimep) > (2" +1) ,

and therefore iy (7 L —p) > 2™ + 1 = dim ¢, which implies that ¢ C 7. In
particular, ¢ is a Pfister neighbor of 7. |
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THEOREM 4.5. If a field F has property PN(n), n > 2, then either u(F) <
a(F) <2m, or 2"t <wy(F) <a(F) <27t 42m — 2,

Proof. Let F be a field with property PN(n) for some n > 2. Suppose that
u(F) > 2", i.e. there exists an anisotropic t.i. ¢ with dimp = m > 2. By
Lemma 4.3(iv), F' has ED and so ¢ can be diagonalized as ¢ = {(a1,...,am)
with —aq, a,, € Dp(00). By removing some of the a;, 2 < i < m—1 if necessary,
we will retain a t.i. form, so we may assume that ¢ is t.i. and dim ¢ = 2™ + 1.
But then, by PN (n), ¢ is a Pfister neighbor of some 7 € P, ;1 F which in turn
is torsion and anisotropic as its Pfister neighbor ¢ is t.i. and anisotropic. This
shows that 27! < u(F) < a(F).

Now suppose that @(F) > 2"+ 4+ 27 — 2. By a similar argument as above, we
conclude that there exists an anisotropic t.i. form ¢ with dim ¢ = 27+ 427 —1,
By Lemma 4.3(iii), there exists an anisotropic form ¢ of dimension < 2" — 1
such that ¢ = ¥ mod I""'F. Let 7 = (¢ L —%)an € I"™F. Then by
dimension count and since ¢ is anisotropic, we have 2"t < dim 7 < 272 — 2.
Since F' is (n + 1)-linked, Lemma 4.3(ii) implies dim 7 = 27" and thus, by
APH, 7 € GP, 1 F. Also, by dimension count, we have ¢ = 7 1 1.

After scaling, we may assume that m € P,1F, so that sgnp(w) € {0,2"+1}.
Now ¢ is t.i., and since F has ED by Lemma 4.3(iv), we can write ¢ = (a, . ..)
with a <p 0 whenever sgnp(w) = 271, But then 7 L (a) is a t.i. subform
of ¢. On the other hand, m L (a) is also a Pfister neighbor of 7 ® (1,a) €
P, oF. Since w L (a) is t.i., this implies that 7 ® (1, a) is torsion and therefore
hyperbolic since I;'™2F = 0 by Lemma 4.3(ii). But then the Pfister neighbor
7 L {(a) is isotropic and therefore also ¢, a contradiction. |

Remark 4.6. (i) The above proof also shows that if F has PN(n), n > 2, then
the case u(F') < 2™ occurs iff there are no anisotropic torsion (n+1)-fold Pfister
forms iff 1" F = 0.

(ii) If we were only considering nonreal fields then the proofs could be shortened
by essentially deleting arguments referring to or making use of ED, signatures,
etc..

COROLLARY 4.7. u(F) < oo if and only if F has PN(n) for somen > 2. In
particular, if F is nonreal then u(F) < oo if and only if F has PN (n) for some
n>2

Proof. The ‘if’-part in the first statement follows from Theorem 4.5, the con-
verse from Lemma 4.4. The statement for nonreal fields is then clear because
in that case u = . O

Remark 4.8. If F is real, then we still get a sufficient criterion for the finiteness
of u(F) even if u(F) = oo. Indeed, for real F, one has that if u(F(v/—1))
is finite then u(F) is finite, more precisely, one has u(F) < 4u(F(v/—1)) (see
[EKM, Th.37.4]). Thus, we get the following: If F'(y/—1) has property PN (n)
for some n > 2, then u(F) < 273 4 27+2 g,
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Congecture 4.9. If a field F' has property PN (n), n > 2, then u(F) < u(F) <
2" or u(F) = u(F) = 2+,

COROLLARY 4.10. For m > 2, PN(n) implies PN(m) for all m > n + 2.
Furthermore, the following are equivalent:

(i) Conjecture 4.9 holds.
(ii) Forn > 2, PN(n) implies PN (n + 1).

Proof. If n > 2, then PN (n) implies that u(F) < 2"*2 and PN(m) for m >
n + 2 follows from Lemma 4.4.

Now suppose that F has PN (n) and that Conjecture 4.9 holds. Then PN (n+1)
follows from Lemma 4.4. Conversely, suppose that n > 2 and that PN(n)
implies PN (n + 1). Then we have u(F) < a(F) < 2" or 2"t < (F) <
u(F) < 27t 427 — 2 because of PN(n), and also u(F) < a(F) < 2"t or
2n2 < y(F) < (F) < 272 4 2nF1 — 2 because of PN(n + 1). Putting the
two together, we obtain u(F) < u(F) < 2" or u(F) = u(F) = 2"+1, O

The only evidence we have as to the veracity of Conjecture 4.9 is the following.

LEMMA 4.11. PN(2) implies PN(3). In particular, if F' has PN(2), then
u(F) <u(F) <4 oru(F)=u(F)=_8.

Proof. Suppose F' has PN(2) and let ¢ be any 9-dimensional form over F.
Write ¢ &2 « 1 8 with dima = 5. Since « is a Pfister neighbor, there exists
m € GPyF such that 7 C a C ¢ (see, e.g., [L3, Ch.X, Prop.4.19]). Write
@ =7 L ~. Then dim~v = 5 and + is also a Pfister neighbor, so there exists
p € GPyF such that p C . Hence, there exist a,b,c,d, e, f,g € F* such that
@ = allb,e) L dfle, f) L (g).

Since PN(2) implies that F is linked by Lemma 4.3(v), we may assume that
b = e, and after scaling (which doesn’t change the property of being a Pfister
neighbor), we may also assume a = 1, so

p = (b, c)) L d(d, f) L (g) < (b) @ ((e)) La(f) L(g))-

Now 6 = () L d{(f)) L {g) has dimension 5 and is therefore again a Pfister
neighbor, so as above there exist h, k,I,m € F* such that § = h{(k,1)) L (m).
We thus get that

@ C (b) ®6 = h(b,k,1) L m(b) C h{(b, k,l,~hm) € GPLF ,

which shows that ¢ is a Pfister neighbor.
The remaining statement now follows from Corollary 4.10. ]

Since linked fields are exactly the fields that have PN (2), one readily recovers
the following result due to Elman and Lam [EL2] and Elman [E, Th.4.7]. We
leave it as an exercise to the reader to fill in the details.

COROLLARY 4.12. Let F be a linked field. Then u(F) = u(F) € {0,1,2,4,8}.
In particular, I}F = 0. Furthermore, let n € {0,1,2}. Then u(F) < 2" iff
I'F=o.
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Note that w(F) = u(F) = 0 can only occur when F' is real, whereas u(F) =
u(F) = 1 implies that F is nonreal.

Remark 4.13. Tt is not difficult to see that the iterated power series field F' =
C(X1)(X2)) ... (Xn) is a (nonreal) field with property PN(n) and u(F) =
2ntL,

Using Merkurjev’s method of iterated function fields, it is also possible to con-
struct to any n > 2 a real field F' with property PN (n) and u(F) = 2"*!. For
details, see [H4].

Remark 4.14. Merkurjev [M] constructed to each positive integer n a field F’
with I3F = 0 and u(F) = 2n (resp. a field F with I3F = 0 and u(F) = o).
Trivially, such a (nonreal) field is 3-linked. So the n-linkage property, n > 3,
does not give any indication on how large u might be, whereas the stronger
property PN (n) does.

We finish this paper with some remarks on a possible geometric interpretation of
the property PN (n) which can be formulated in the language of Chow groups.
We refer to [Kar], [EKM, §80].

Let ¢ be a (nondegenerate) quadratic form of dimension n + 2 > 3, and let
X = X, be the smooth projective n-dimensional quadric {¢ = 0} over F'. We
call X (an)isotropic if ¢ is (an)isotropic. Let F denote the algebraic closure of
F and let X = X7. Let Iy be the class of a rational point in CH"(X), the Chow
group of O-dimensional cycles, and let 1 € CH°(X) be the class of X. A Rost
correspondence on X is an element p € CH"(X x X) which, over F, is equal
tolp x 1+ 1x 1y € CH"(X x X). A Rost projector is a Rost correspondence
that is also an idempotent in the ring of correspondences on X. It is known
that if a quadric has a Rost correspondence, then it has in fact also a Rost
projector (see [Kar, Rem. 1.4]). The study of Rost correspondences/projectors
has proven to be crucial in the motivic theory of quadrics.

It is known that if X is isotropic, then Iy X 1 + 1 X [y is actually the unique
Rost projector on X (see [Kar, Lem.5.1]). For anisotropic forms, the situation
is much more complicated.

The following is known:

THEOREM 4.15. Let ¢ be an anisotropic form over F of dimension > 3.
(i) If X, possesses a Rost projector, then dim ¢ = 2" + 1 for some n > 1
(see Karpenko [Kar, Prop. 6.2, 6.4] ).
(ii) If ¢ is a Pfister neighbor of dimension 2™ + 1 then X, has a unique
Rost projector (considered as element in CH" (X, x X,), r=2"—1)
(see Izhboldin-Vishik [IV, Th.1.12] for char(F) = 0, Elman-Karpenko-
Merkurjev [EKM, Cor. 80.11] in the general case).

In view of part (i), it is natural to ask whether or not the converse of part (ii)
also holds. This is still an open problem (see also [Kar, Conj. 1.6]):

Conjecture 4.16. If an anisotropic quadric X, possesses a Rost correspondence,
then ¢ is a Pfister neighbor of dimension 2" + 1 for some n > 1.
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Of course, by Theorem 4.15(ii), to prove the conjecture, one may assume that
dimy = 2™ + 1 for some n > 1. Since 3-dimensional forms are always Pfister
neighbors, trivially the conjecture holds in that case. The conjecture is also
true in the cases n = 2,3 as shown by Karpenko (see [Kar, Prop. 10.8, Th. 1.7]):

THEOREM 4.17. Let ¢ be an anisotropic form over F of dimension 2™ + 1,
n =2,3. If X, possesses a Rost correspondence, then ¢ is a Pfister neighbor.

It is now natural to introduce the property RP(n) for n > 1:

RP(n): F has the property RP(n) for n > 1 if every form ¢ over F of dimen-
ston 2™ + 1 has a Rost projector.

In view of the above, we immediately get

PRrROPOSITION 4.18. Letn > 1.
(i) PN(n) implies RP(n).
(ii) If n < 3, then RP(n) implies PN(n).
(iii) If Conjecture 4.16 holds, then RP(n) implies PN (n) for alln € N.

Conjecturally and in view of Theorem 4.5, we therefore get an ‘algebro-
geometric’ criterion for the finiteness of the Hasse number:

COROLLARY 4.19. If Conjecture 4.16 holds, then u(F) < oo (resp. u(F) < oo
for nonreal F) if and only if F has property RP(n) for some n > 2.
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