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ABSTRACT. We study Voevodsky’s slice tower for S'-spectra, and
raise a number of questions regarding its properties. We show that
the Oth slice does not in general admit transfers, although it does for
a P!-loop-spectrum. We define a new tower for each of the higher
slices, and show that the layers in these towers have the structure of
Eilenberg-Maclane spectra on effective motives.
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394 MARC LEVINE

INTRODUCTION

Voevodsky [22] has defined an analog of the classical Postnikov tower in the
setting of motivic stable homotopy theory by replacing the simplicial suspension
Y, := — A S! with Pl-suspension ¥p1 := — A P!; we call this construction the
motivic Postnikov tower.

Let SH (k) denote the motivic stable homotopy category of Pl-spectra. One of
the main results on motivic Postnikov tower in this setting is

THEOREM 1. Let k be a field of characteristic zero. For E € SH(k), the slices
snE have the natural structure of an HZ-module, and hence determine objects
in the category of motives DM (k).

The statement is a bit imprecise, as the following expansion will make clear:
Rondigs-Ostveer [19, 20] have shown that the homotopy category of strict HZ-
modules is equivalent to the category of motives, DM (k). Additionally, Vo-
evodsky [22] and the author [11] have shown that the Oth slice of the sphere
spectrum S in SH(k) is isomorphic to HZ. Each E € SH(k) has a canonical
structure of a module over the sphere spectrum S, and thus the slices s, F
acquire an HZ-module structure, in SHgi (k). This has been refined to the
model category level by Pelaez [17], showing that the slices of a P!-spectrum
FE have a natural structure of a strict HZ-module, hence are motives.

Let Sptg: (k) denote the category of S'-spectra, with its homotopy category
(for the A! model structure) SHg: (k). The analog for motives is the cat-
egory complexes of presheaves with transfer and its A'-homotopy category
DM (k), the category of effective motives over k. We consider the motivic
Postnikov tower inSH g1 (k), and ask the questions:

(1) Is there a ring object in Sptgi(k), HZ/, such that the homotopy
category of HZ' modules is equivalent to the category of effective
motives DM/ (k)?

(2) What properties (if any) need an S'-spectrum FE have so that the
slices s, F have a natural structure of Eilenberg-Maclane spectra of a
homotopy invariant complex of presheaves with transfer?

Naturally, if #Z/7 exists as in (1), we are asking the slices in (2) to be (strict)
17T modules. Of course, a natural candidate for HZT would be the 0-S-
spectrum of HZ, Qpi'HZ, but as far as I know, this property has not yet been
investigated.

As we shall see, the 0-S'-spectrum of a P'-spectrum does have the property
that its (S1) slices are motives, while one can give examples of S'-spectra for
which the Oth slice does not have this property. This suggests a relation of the
question of the structure of the slices of an S'-spectrum with a motivic version
of the recognition problem:

(3) How can one tell if a given S!-spectrum is an n-fold P!-loop spectrum?

In this paper, we prove two main results about the “motivic” structure on the
slices of S'-spectra:
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THEOREM 2. Suppose chark = 0. Let E be an S'-spectrum. Then for each
n > 1, there is a tower

e = Pepr1SnE = pspsp B — o= 5, F

in SHs1 (k) with the following properties:
(1) the tower is natural in E.
(2) Let sp,E be the cofiber of p>pr15nE — p>pspE. Then there is a ho-
motopy invariant complex of presheaves with transfers ,((s, E)™)* €
DM (k) and a natural isomorphism in SHg (k).

EM 1 (7p((s0E)™)*) 2 5, , E,

where EM 1 : DM (k) — SHg1 (k) is the Eilenberg-Maclane spec-
trum functor.

This result is proven in section 9.

One can say a bit more about the tower appearing in theorem 2. For in-
stance, holim,, fib(p>,s, E — s, E) is weakly equivalent to zero, so the spectral
sequence associated to this tower is weakly convergent. If s,F is globally
N-connected (i.e., there is an N such that s,F(X) is N-connected for all
X € Sm/k) then the spectral sequence is strongly convergent. The “7r,” ap-
pears in the notation due to the construction of 7, ((s,E)™)*(X) arising from
a “Bloch cycle complex” of codimension n cycles on X x A* with coefficients
in m,(Q"s, E).

In other words, the higher slices of an arbitrary S'-spectrum have some sort of
transfers “up to filtration”. The situation for the Oth slice appears to be more
complicated, but for a P'-loop spectrum we have at least the following result:

THEOREM 3. Suppose chark = 0. Take E € SHpi(k). Then for all m, the
homotopy sheaf mm(soQpr E) has a natural structure of a homotopy invariant
sheaf with transfers.

We actually prove a more precise result (corollary 8.5) which states that the
Oth slice soQp: E' is itself a presheaf with transfers, with values in the stable
homotopy category SH, i.e., so{2p1 £ has “transfers up to homotopy”. This
raises the question:

(4) Is there an operad acting on sOQfP?lE which shows that SOQI&E admits
transfers up to homotopy and higher homotopies up to some level?

Part of the motivation for this paper came out of discussions with Hélene Es-
nault concerning the (admittedly vague) question: Given a smooth projective
variety X over some field k, that admits a 0-cycle of degree 1, are there “mo-
tivic” properties of X that lead to the existence of a k-point, or conversely, that
give obstructions to the existence of a k-point? The fact that the existence of
0-cycles of degree 1 has something to do with the transfer maps from 0-cycles
on X, to O-cycles on X, as L runs over finite field extensions of k, while the
lack of a transfer map in general appears to be closely related to the subtlety
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396 MARC LEVINE

of the existence of k-points led to our inquiry into the “motivic” nature of the
spaces {1g, X5, X, or rather, their associated S L_spectra.

NOTATION AND CONVENTIONS. Throughout this paper the base-field k will
be a field of characteristic zero. Sm/k is the category of smooth finite type
k-schemes. We let Spc, denote the category of pointed space, i.e., pointed
simplicial sets, and H, the homotopy category of Spc,, the unstable homo-
topy category. Similarly, we let Spt denote the category of spectra and SH
its homotopy category, the stable homotopy category. We let Spc, (k) denote
the category of pointed spaces over k, that is, the category of Spc,-valued
presheaves on Sm/k, and Sptg: (k) the category of S'-spectra over k, that
is, the category of Spt-valued presheaves on Sm/k. We let Sptp:(k) de-
note the category of P!-spectra over k, which we take to mean the category
of Ypi-spectrum objects over Sptgi(k). Concretely, an object is a sequence
(Eo, E1,...), E, € Sptgi (k), together with bonding maps €, : Xp1 B, — Epiq.
Regarding the categories Sptg:(k), SHgs1 (k) and SH(k), we will use the no-
tation spelled out in [11]. In addition to this source, we refer the reader to
[8, 14, 15, 20, 22]. Relying on these sources for details, we remind the reader
that He(k) is the homotopy category of the category of Spe,(k), for the so-
called Al-model structure. Similarly SHg: (k) and Sptp: (k) have model struc-
tures, which we call the Al-model structures, and SHg1(k), SH(k) are the
respective homotopy categories. For details on the category DM/ (k), we
refer the reader to [3, 5].

We will be passing from the unstable motivic (pointed) homotopy category over
k, He(k), to the motivic homotopy category of Sl-spectra over k, SH g1 (k), via
the infinite (simplicial) suspension functor

5% Ha(k) = SHaer (k)

For a smooth k-scheme X € Sm/k and a subscheme Y of X (sometimes closed,
sometimes open), we let (X,Y") denote the homotopy push-out in the diagram

Y —X

J

Speck

and as usual write X for (X II Spec k, Spec k). We often denote Speck by .
For an object S of He(k), we often use S to denote £°S € SHg1(k) when the
context makes the meaning clear; we also use this convention when passing to
various localizations of SHg1 (k).

We let [n] denote the set {0,...,n} with the standard total order, and
let Ord denote the category with objects [n], n = 0,1,... and morphisms
the order-preserving maps of sets. Let A™ denote the algebraic n-simplex
Speck[to, ..., tn]/ > ;t: — 1, with vertices v{,..., v}, where v} is defined by

t; = 0 for j # i. As is well-known, sending g : [n] — [m] to the affine-linear
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m

extension A(g) : A™ — A™ of the map on the set of vertices, vj' — v,

the cosimplicial k-scheme n — A™.

We recall that, for a category C, the category of pro-objects in C, pro-C, has as
objects functors f : I — C, i € I, where I is a small left-filtering category, a
morphism (f: I —-C) = (¢g:J = C)isapair (p: I — J,0: f — gop), with
the evident composition, and we invert morphisms of the form

) defines

(p:I— Jjid: f:=gop—gop)

if p: I — J has image a left co-final subcategory of J. In this paper we use
categories of pro-objects to allow us to use various localizations of smooth finite
type k-schemes. This is a convenience rather than a necessity, as all maps and
relations lift to the level of finite type k-schemes.

I am very grateful to the referee for making a number of perceptive and useful
comments, which led to the correction of some errors and an improvement of
the exposition.

Dedication. This paper is warmly dedicated to Andrei Suslin, who has given
me more inspiration than I can hope to tell.

1. INFINITE P'-LOOP SPECTRA

We first consider the case of the 0-S'-spectrum of a Pl-spectrum. We recall
some constructions and results from [20]. We let

25t SH(k) = SHgs: (k)
25 mot 1 DM (k) — DM/ (k)
be the (derived) 0-spectrum (resp. 0-complex) functor, let
EM 1 : DM (k) — SH(k)
EMS DM (k) — SHe (k)

the respective Eilenberg-Maclane spectrum functors. The functors 037, Qg7
are right adjoints to the respective infinite suspension functors

N SHer (k) — SH(k)
2% DM (k) — DM (k)

,mot

,mot

and the functors EM 1, EM Z’If are similarly right adjoints to the “lineariza-
tion” functors

7' SH(k) — DM (k)

7 SHgi (k) — DM (k)
induced by the functor Z!" from simplicial presheaves on Sm/k to presheaves
with transfer on Sm/k sending the representable presheaf Homgpm, /1 (—, X)
to the free presheaf with transfers Z% := Homgy,cor(k)(—X), and taking the
Kan extension. The discussion in [20, §2.2.1] show that both these adjoint pairs

arise from Quillen adjunctions on suitable model categories (followed by a chain
of Quillen equivalences), where on the model categories, the functors EM a1,
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398 MARC LEVINE

EM z{f are just forgetful functors and the functors 2°° just take a sequence
FEy, Eq, ... to Ey. Thus one has

(1.1) EMG 0085 0 2 Q5 0 EM
as one has an identity of the two functors on the model categories.
THEOREM 1.1. Fix an integer n > 0. Then there is a functor
Mot® 1 (s,) : SH(k) — DM (k)

and a natural isomorphism

©On EMZ{f o Mot (s,) — s¢/7 0 Q%
of functors from SH(k) to SHge1 (k).
In other words, for € € SH(k), there is a canonical lifting of the slice s&// (Q5€)
to a motive Mot/ (s,)(&).

Proof. By Pelaez [18, theorem 3.3], there is a functor
Mot(sy,) : SH(k) — DM (k)
and a natural isomorphism
G, : EM 1 0 Mot(sy,) — sp

i.e., the slice s,& lifts canonically to a motive Mot(s,)(E). Now apply the
0-complex functor to define

Mot (s,) == Qg% o Mot(sy).

,mot

We have canonical isomorphisms

EMS o QBE ot © Mot(sn) = QF 0o EM 1 0 Mot(sy)
=05 osy,

>~ 547 0 055,

Indeed, the first isomorphism is (1.1) and the second is Pelaez’s isomorphism
®,,. For the third, we have given in [11] an explicit model for s, in terms of
the functors s&// as follows: given a P!-spectrum F, represented as a sequence
of Sl-spectra Ey, E1,... together with bonding maps ¥p1 E,, — E,, 11, suppose
that E is fibrant. In particular, the adjoints E,, — Qp1 F,, 1 of the bonding
maps are weak equivalences and Ey = Q2 E. It follows from [11, theorem 9.0.3]
that s, F is represented by the sequence (sflfon,szJ:_flEl, .. .,sflgm )
with certain bonding maps (defined in [11, §8.3]). In addition, by [11, theorem
4.1.1] this new sequence is termwise weakly equivalent to its fibrant model.
This defines the natural isomorphism €23%s, E = st By = ¢/ Om E. ]

In other words, the slices of an infinite P!-loop spectrum are effective motives.
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2. AN EXAMPLE

We now show that the Oth slice of an S!-spectrum is not always a motive. In
fact, we will give an example of an Eilenberg-Maclane spectrum whose Oth slice
does not admit transfers.

For this, note the following:

LEMMA 2.1. Let p : Y — X be a finite Galois cover in Sm/k, with Galois
group G. Let F be a presheaf with transfers on Sm/k. Then the composition

prop.: F(Y)— F(Y)

s given by

prop.(x) =Y g(x)
geG
Proof. Letting I'y C Y x X be the graph of p, and I'y C Y x Y the graph of
g:Y =Y for g € G, one computes that

TLol, =) T,

geG

whence the result. O

Now let C' be a smooth projective curve over k, having no k-rational points.
We assume that C has genus g > 0, so every map AL — Cp over a field F D k
is constant (C is Al-rigid).

Let Z¢ be the representable presheaf:

Zc(Y) := Z[Homgy, /1 (Y, C)].

Zc is automatically a Nisnevich sheaf; since C is Al-rigid, Z¢ is also homotopy
invariant. Furthermore Z¢ is a birational sheaf, that is, for each dense open
immersion U — Y in Sm/k, the restriction map Z¢a(Y) — Z¢(U) is an isomor-
phism. To see this, it suffices to show that Homgm (Y, C) — Homgm /1 (U, C)
is an isomorphism, and for this, take a morphism f : U — C. Then the projec-
tion to Y of the closure I of the graph of f in Y x C is proper and birational.
But since Y is regular, each fiber of I' — Y is rationally connected, hence maps
to a point of C, and thus I' — Y is birational and 1-1. By Zariski’s main
theorem, I' — Y is an isomorphism, hence f extends to f : Y — C, as claimed.
Next, Z¢ satisfies Nisnevich excision. This is just a general property of bira-

tional sheaves. In fact, let
Vv Y
wl o]
U

— X
Ju
be an elementary Nisnevich square, i.e., the square is cartesian, f is étale, jy
and jy are open immersions, and f induces an isomorphism Y \ V — X \ U.

Jjv
—
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400 MARC LEVINE

We may assume that U and V are dense in X and Y. Let F be a birational
sheaf on Sm/k, and apply F to this diagram. This gives us the square

*

FX) 27 Fu)

. l ity

(V) —— F(V)

Kﬁ%

As the horizontal arrows are isomorphisms, we have the exact sequence
0->F(X)»FU)aFY)— F(V)—o0.

Thus, F transforms elementary Nisnevich squares to distinguished triangles in
D(AD); by definition, F therefore satisfies Nisnevich excision.

Let EMs(Z¢) denote presheaf of Eilenberg-Maclane spectra on Sm/k asso-
ciated to Z¢, that is, for U € Sm/k, EM (Z¢)(U) € Spt is the Eilenberg-
Maclane spectrum associated to the abelian group Z¢(U). Since Z¢ is homo-
topy invariant and satisfies Nisnevich excision, EM ¢(Z¢) is weakly equivalent
as a presheaf on Sm/k to its fibrant model in SHgi (k) (EM4(Z¢) is quasi-
fibrant)?. In addition, the canonical map

EM(Z¢c) — so(EM4(Zc))

is an isomorphism in SHg:(k). Indeed, since EM(Z¢) is quasi-fibrant, a
quasi-fibrant model for so(EM s(Z¢)) may be computed by the method of [11,
§5] as follows: Take Y € Sm/k and let F' = k(Y). Let A% be the semi-local
algebraic n-simplex over F', that is,
Ao = Spec((’)A}ﬂ,); v={vg,...,Upn}.
The assignment n — A% forms a cosimplicial subscheme of n — A% and for
a quasi-fibrant S'-spectrum E, there is a natural isomorphism in SH
so(E)(Y) = E(Aby),

where E(A}’O) denotes the total spectrum of the simplicial spectrum n
E(A% ). If now E happens to be a birational Sl-spectrum, meaning that j* :
E(Y) — E(U) is a weak equivalence for each dense open immersion j : U — Y
in Sm/k, then the restriction map

7 E(Ay) = E(ARg) = so(E)(Y)

is a weak equivalence. Thus, as F is quasi-fibrant and hence homotopy invari-
ant, we have the sequence of isomorphisms in SH

E(Y) — E(AY) = E(ARg) = so(E)(Y),
and hence E — so(F) is an isomorphism in SHg1 (k). Taking £ = EM(Z¢)

verifies our claim.

2The referee has pointed out that, using the standard model (Z¢, BZ¢,...,B"Zc,...)
for EMs(Z¢), EMs(Z¢) is actually fibrant in the projective model structure.
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Finally, Z¢c does not admit transfers. Indeed, suppose Z¢c has transfers. Let
k — L be a Galois extension such that C(L) # (); let G be the Galois group.
Since Z¢ (k) = {0} (as we have assumed that C(k) = 0), the push-forward map

Px : Zo(L) = Zo(k)

is the zero map, hence p* o p, = 0. But for each L-point = of C', lemma 2.1
tells us that
P op.(a) = 3o £0,
geG
a contradiction.
Thus the homotopy sheaf

To(soEM(Z¢)) = mo(EM(Z¢)) = Ze

does not admit transfers, giving us the example we were seeking.

Even if we ask for transfers in a weaker sense, namely, that there is a functorial
separated filtration F*Z¢ admitting transfers on the associated graded griZc,
a slight extension of the above argument shows that this is not possible as long
as the filtration on Zc(L) is finite. Indeed, p*p. would send F"Zq (L) to
F"1Za(L), so (p*ps)N = 0 for some N > 1, and hence N - dgect? =0, a
contradiction.

3. CO-TRANSFER

In this section, k will be an arbitrary perfect field. We recall how one uses the
deformation to the normal bundle to define the “co-transfer”

(Pk.1r) = (Pp(2), 1r)

for a closed point z € AL C PL, with chosen generator f € m,/m?2. For later
use, we work in a somewhat more general setting: Let S be a smooth finite
type k-scheme and x a regular closed subscheme of P§\ {1} C P§, such that the
projection x — S is finite. Let m, C O]P)é be the ideal sheaf of x. We assume
that the invertible sheaf m,/m?2 on x is isomorphic to the trivial invertible
sheaf O,, and we choose a generator f € I'(x, m,/m?2) over O,.

We will eventually replace S with a semi-local affine scheme, S = Spec R, for
R a smooth semi-local k-algebra, essentially of finite type over k, for instance,
R = F a finitely generated separable field extension of k. Although this will
take us out of the category H(k), this will not be a problem: when we work with
a smooth scheme Y which is essentially of finite type over k, we will consider
Y as a pro-object in H(k), and we will be interested in functors on H(k) of
the form Homy, (Y, —), which will then be a well-defined filtered colimit of
co-representable functors.

Let (Xo : X1) be the standard homogeneous coordinates on P'. We let s :=
X1/Xo be the standard parameter on P!, and as usual, write 0 = (1 : 0),
co=(0:1),1=(1:1). We often write 0,1, co for the subschemes Ox, 1x,c0x
of P%.
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Let p : W, — P4 x A! be the blow-up of Py x Al along (x,0) with exceptional
divisor E. Let s,, Co be the proper transforms s, = pu~ ‘[z x Al], Cy =
=[Pt x 0]. Let t be the standard parameter on A! and let f be a local lifting
of f to a section of my; the rational function f /t restricts to a well-defined
rational parameter on F, independent of the choice of lifting, and thus defines
a globally defined isomorphism

f/t: E—PL

We identify E with PL by sending s, N E to 0, Co N E to 1 and the section on
E defined by f/t =1 to co. Denote this isomorphism by

apf:Pi—>E;

we write (0,1, 00) for (s, NE,CoNE, f/t = 1), when the context makes it clear
we are referring to subschemes of F.
We let W), O, (P1)© be following homotopy push-outs

W) = (W, Wa \ s2),
E© = (E,E\0),
(P5)© := (P, P5\ 0).
Since (AL,0) = % in H4(k), the respective identity maps induce isomorphisms
(B,1) — E©,
(Ps,1) = (P5).

Composing with the isomorphism ¢y : (PL,1) — (E, 1), the inclusion E — W,
induces the map

io.f (P, 1) — Wis=),
The proof of the homotopy purity theorem of Morel-Voevodsky [15, theorem
2.23] yields as a special case that ig s is an isomorphism in H,(k). This enables
us to define the “co-transfer map” as follows:

DEFINITION 3.1. Let  C P \ 15 be a closed subscheme, smooth over k and
finite over S, and suppose that m,/m2 is a free O,-module with generator f.
The map

co-try s (P§,1) — (PL, 1)
in He(k) is defined to be the composition

(PL, 1) 25 Wis) fot, (PL,1).
Let X € Ho(k) be a Pl-loop space, i.e., X = Q]}DJ) := Mapse(P!,)) for some
Y € Ho(k). For z C P and f as above, one has the transfer map
X(z) — X(9)
in H,o defined by pre-composing with the co-transfer map

co-try s ¢ (Pg, 1) — (PL, 1).
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We will find modification of this construction useful in the sequel, namely, in
the proof of lemma 5.9 and lemma 5.11. Let s; := 1g x Al C IPls x Al: as
Wy — ]P’g x A! is an isomorphism over a neighborhood of s;, we view s; as a
closed subscheme of W,. We write W for W,, etc., when the context makes
the meaning clear.

LEMMA 3.2. Let x C Pé \ 1g be a closed subscheme, smooth over k. Suppose
that x — S is finite and étale. Then the identity on W induces an isomorphism

(VV, CoU 81) — W(%)
in He(k).

Proof. As s1 = A}g, with Cy N's; = 0g, the inclusion Cy — Cp U s1 is an
isomorphism in #(k). Thus, we need to show that (W,Cp) — W) is an
isomorphism in He(k). As W) = (W, W \ s,), we need to show that Cy —
W\ s, is an isomorphism in #H(k). To aid in the proof, we will prove a more
general result, namely, let U C P§ be a open subscheme containing z. We
consider W as a scheme over P} via the composition

WL Py x Ay 25 Py
and for a subscheme Z of W, let Zy denote the pull-back Z xpi U. Then we

will show that
COU — WU \ Sz

is an isomorphism in H (k).

We first reduce to the case in which £ — S is an isomorphism (in Sm/k). For
this, we have the étale map ¢ : PL — P% and the canonical 2-point of P., which
we write as Z. Let U(z) C PL be a Zariski open neighborhood of # such that
¢ Y(x) NU(z) = {&}. This gives us the elementary Nisnevich square

Ul)\z——U(x)

w- |

PL\z ——PL;

for each IE”IS—SCheme Z — P}g we thus have the elementary Nisnevich square
U(x) xpy Z, giving a Nisnevich cover of Z.

Let V C PL be an open subscheme with z NV = (. Then Wy — V xg A}
is an isomorphism and Wy N s, = @. Similarly Coyy — V is an isomorphism,
and thus Copy — Wy is an isomorphism in H (k). Replacing S with z, and
considering the map of elementary Nisnevich squares

U(.T) X]P:ls COU —>Z/I(x) X]P’}g (WU \ Sw)

induced by Cy — W \ s;, we achieve the desired reduction. A similar Mayer-
Vietoris argument allows us to replace S with a Zariski open cover of S, so,
changing notation, we may assume that z is the point 0 := (1: 0) of P}.
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Using the open cover of Pig by the affine open subsets Uy := ]P’}g \1, Uy := IP’EQ \ O
and arguing as above, we may assume that U is a subset of Uy, which we
identify with A§ by sending (0, o) to (0,1). We may also assume that 0g C U.
Using coordinates (t1,t2) for A% (t1,ta,t3) for A3, the scheme Wy, \ so is
isomorphic to the closed subscheme of A% defined by ty = tyt3, with p being
the projection (ti1,t2,%3) — (t1,%2). Cou, is the subscheme of Wy, \ so defined
by t3 = 0. The projection pi3 : Wy, \ so — A% is thus an isomorphism, sending
Co to A}g x 0.

Let y = U \ Uy, so y is a closed subset disjoint from Og. Then

pis(p ' (y x A")) =y x A" C AL,

hence p13 : Wy \ so — A% identifies Wy \ so with U x A! and identifies Coys
with U x 0. Thus Coy — Wy \ sp is an isomorphism in H(k), completing the
proof. O

LEMMA 3.3. With hypotheses as in lemma 3.2, the inclusion E — W and
isomorphism ¢ : P — E induces an isomorphism

io,s + (P, 1) = (Wa, Co U s1)
in He(k).

Proof. We have the commutative diagram

(PL,1) — (W, Co U s1)
iO,f l
Wsa),

The diagonal arrow is an isomorphism in He(k) by Morel-Voevodsky; the ver-
tical arrow is an isomorphism by lemma 3.2. |

DEFINITION 3.4. Let  C P§ \ 15 be a closed subscheme, smooth over k and

finite and étale over S. Suppose that m, /m? is a free O,-module with generator
f- The map

co-try s (P§, 1) — (P, 1)

in He(k) is defined to be the composition

. 1*1
Remark 3.5. Given S, z, f as in definition 3.4, we have
co-try p = co-try ;.
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This follows directly from the commutative diagram

(PL,1) —2s (W, Co U'sy) 2l (L, 1)

|

Py, 1) ——— Wlss) «— (P, 1).

1 to,f

We examine some properties of co-tr, ;. For any ordering (a, b, c) of {0,1, oo},
we let 7. denote the automorphism of P! that fixes a and exchanges b and c.

For u € kX, we let p(u) be the automorphism of P! that fixes 0 and oo and
sends 1 to u. We first prove the following elementary result

LEMMA 3.6. The automorphism p := 17  opu(—=1) o7 o7y o of (P!, 1) is the
identity in He(k).

Proof. 77 ,pT{ o is the automorphism of (P!, 00) given by the matrix

(_11 (1)) € GLy(k).

Noting that elementary matrices of the form

()

all fix co and thus define automorphisms of (P!, 00) that are A'-homotopic to
the identity, we see that 77 p77 o, = id on (P',00) in He(k), and thus p = id
on (P, 1) in He(k). O

LEMMA 3.7. 1. The map co-tro.—s : (P',1) — (P, 1) is the identity.

2. The map co-tro g1 : (P1,1) — (P',1) is the map in He(k) induced
by the automorphism 73 .

3. The map co-try, -1 : (P*,1) — (P, 1) is the identity.

Proof. Since 5%, (—s) = —s~', (2) follows from (1) by applying 7¢ .. Next,
we show that (2) implies (3). It follows directly from the definition of co-tr. .

that
CO-tT g g1 = TROO opu(—1)o Tﬁoo 0 CO-IT o0, _s—1.
Thus, assuming (2), we have

Co_t”dcx;,s*1 = T?,oo © /,L(—l) © T{),oo © Tol,oo

in He(k); (3) then follows from lemma 3.6.

We now prove (1). Identify A' with P!\ {1} sending 0 to 0 and 1 to oco. The
blow-up W := W, is thus identified with an open subscheme of the blow-up
i W — PLx P of P! x P! at (0,0).
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The curve Cy on W has self-intersection -1, and can thus be blown down via a
morphism - -

p:W —Ww.
Letting ¢ : W — P! be the composition

WL Pt x Pt 22 P

the fact that ¢(Cy) = 0 implies that ¢ descends to a morphism

7 W — P
As the complement W, := W \ W is disjoint from Cp and p is proper, we
have the open subscheme W’ := W'\ p(W,) of W’ and the proper birational
morphism

p: W =W,
with p(Cp) = Speck and with the restriction W\ Cy — W'\ p(Cp) an isomor-
phism. In addition, ¢’ restricts to the proper morphism

¢ W =P\ 1.
In addition, ¢’ is a smooth and projective morphism with geometric fibers
isomorphic to P!. Finally, we have

q71(0) = p(E).
Let A C P! x P!\ {1} be the restriction of the diagonal in P! x P!, giving
us the proper transform p~[A] on W and the image A’ = p(u~*[A]) on W'.
Similarly, let s; = p(so), sj = p(s1); note that p(Cp) C si. It is easy to check
that s), A’ and s} give disjoint sections of ¢/ : W’ — P\ 1, hence there is a
unique isomorphism (over P!\ 1) of W’ with P! x P!\ 1 sending (s}, s}, A’) to
(0,1,00) x P\ 1. We have in addition the commutative diagram

90, —s i1

(3.1) (P 1) —— (W, W \ so) +—— (P, 1)

(W7, W7\ sp)

where i, is the canonical identification of P! with the fiber of W’ over 0, sending
(0,1, 00) into (sg, s}, A’), and 4] is defined similarly.

We claim that the isomorphism p : E — ¢'~1(0) is a pointed isomorphism
p:(B,0,1,00) = (¢71(0),¢'7(0) Nsp, ¢ (0) N5y, ¢ 7H(0) N A).
Indeed, by definition 0 = E N sy and 1 = E N Cy. Since p(sg) = s and
p(Co) C s}, we need only show that p(oco) C A’. To distinguish the two factors

of P!, we write

z1 = pi(s),z2 = p3(s)
where s is the standard parameter on P!. Using this notation, oo is the sub-
scheme of E defined by the equation —x1/t = 1, where ¢ is the standard
parameter on AL = PL \ 1s. As our identification of P! \ 1g with A! sends
0c Al to 0 € P!, 1 € A! to oo in P!, the standard parameter ¢ goes over to
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the rational function x/(x9 — 1) on PL. As the image of x5/(w2 — 1) in mg/m3
is the same as the image of —x5 in mo/m%7 oo is defined by z1/22 =1 on E,
which is clearly the subscheme defined by £ N A. Via the isomorphism p, this
goes over to ¢'~1(0) N A/, as desired.

It follows from the proof of [15, theorem 2.2.3] that all the morphisms in the
diagram (3.1) are isomorphisms in He(k); as ij ' o4} is clearly the identity, the
lemma is proved. O

The proof of the next result is easy and is left to the reader.

LEMMA 3.8. Let S’ — S be a morphism of smooth finite type k-schemes. Let
x be a closed subscheme of Py \ {1}, finite over S. Let 2’ = x xg S" C Py,.
We suppose we have a generator f for my/m2, and let f' be the extension to
myr /m2,. If either S — S is smooth, or S — S’ is flat and x — S is étale,
then the diagram

co-tr s N

(P, 1) ——— (P}, 1)
(P, 1) (P;,1)

co-try, f

is defined and commutes.

4. CO-GROUP STRUCTURE ON P!

In this section, k will be an arbitrary perfect field. Let G,,, = A\ {0}, which we
consider as a pointed scheme with base-point 1. We recall the Mayer-Vietoris
square for the standard cover of P':

Gth}Al

l ljw

Al —— PL.
Jo

Here jo, joo,to,teo are defined by jo(t) = (1 : 1), joo(t) = (¢ : 1), to(t) =t and
too(t) = t=1. This gives us the isomorphism in He(k) of P! with the homotopy
push-out in the diagram

(4.1) Gy —=— Al
tol
Al

the contractibility of A! gives us the canonical isomorphism

(4.2) a:S'AG,, = (PH1).
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This, together with the standard co-group structure on S, o : S — St v St
makes (P!, 1) a co-group object in He(k); let

op =0 Aidg,, : (P*,1) — (P!, 1) v (P!, 1)

be the co-multiplication. In this section, we discuss a more algebraic description
of this structure.
Let f := (fo, f) be a pair of generators for mg/m3, me/m?2,. giving us the
collapse map

Co-tr{0,00},f (P, 1) — (P, 1) v (PL, 1).

LEMMA 4.1. Let s be the standard parameter X1/Xo onPt. For f = (—s,s71),
we have op1 = co-tr{g o0}, f N He(k).

Proof. We first unwind the definition of op: in some detail. As above, we

identify P! with the push-out in the diagram (4.1) and thus (P!, 1) is isomorphic
to the push-out in the diagram

(G, 1) V (G, 1) 22

(to Vitoo )J

(A1, 1)V (AL, 1).

(Gm, 1)

Let I denote a simplicial model of the interval admitting a “mid-point” 1/2, for
example, we can take I = AlyVy Al. The isomorphism « : S A G,,, — (P!, 1)
in He(k) arises via a sequence of comparison maps between push-outs in the
following diagrams (we point P!, Al and G,,, with 1):

(id,id) (to,t1)

G V Gy —— Gy, 04 AG V1p AGr —25 1, AGyy
(tovtm)l — towo{
Al v Al 04 AAL VI AAL
(4.3) d

(to0,e1)

0+/\Gm\/1+/\Gm*)I+/\Gm

|

*

the first map is induced by the evident projections and the second by contract-
ing A! to . Thus, the open immersion G,, — P!, t — (1 : t), goes over to the
map
{1/, AGp, = I AGyy, = ST AG,y,
the second map given by the bottom diagram in (4.3). This gives us the
isomorphism
p:(PYG,) = S'AG,, VS'AG,,
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in He(k), yielding the commutative diagram
(P, 1) ——=——— S A G,
wl Ja/\id
(PY,Gm) —— ST AGy, V ST A G,

where 7 is the canonical quotient map and « is the isomorphism (4.2).
If we consider the middle diagram in (4.3), we find a similarly defined isomor-
phism (in He(k))

e: (P, Gp) = (A, Gm)i, V (AL, G i

where the subscripts tg, too refer to the morphism G,, — A! used.
The map from the middle diagram to the last diagram in (4.3) furnishes the
commutative diagram of isomorphisms in H,(k):

(A1, Gp)ig V (AL, Grn)o —2—3 ST A G V ST A G

I

(P 1) v (P, 1).
Putting this all together gives us the commutative diagram in He(k):

(4.4) (B, 1) e

(P, Gp) ———— 5" AGp V S' AGyp

{N / JM

(AL, Gy V (AL, Gy —=— (B, 1) V (P, 1).

Letting 6 := ¥ o ¢, we thus need to show that the map § o~y : (P}, 1) —
(P*,1) v (P, 1) is given by co-tr(g.1}. -

Write (Al,G,,) := (A}, G,,)s,. Letting n be the inverse on G,,, n(t) = t71,
we identify (A, G,,) with (A, G,,);.. via the isomorphism (id,7). The maps
jo: At = P jo : A — P! induce the isomorphisms in He (k)

jo: (AN, Gm) = (P!, jso(A))
Joo : (AN, Gp) = (P, jo(AY))

giving together the isomorphism 7 : (P!, 1) v (P}, 1) — (A!,G,,) V (A}, G,,),
defined as the composition:

idvid

B, VP, 1) D B AV jo(A) 2= (A1 G,V (AL, ).
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By comparing with the push-out diagrams in (4.3), we see that 7 is the inverse
to ¥. As T&OO exchanges jo and j, this gives the identity

(45) 19:190\/’7'01700 07.90,
where ¥y is the composition
(A, Gp) —22 (P1 ju (A1) 2 (P, 1).

Let W — P! x A! be the blow-up at ({0,00},0) with exceptional divisor E.
Let g be the trivialization g := (—s, —s™1) of mg/m3 x ms/m?2,. We have the
composition of isomorphisms in He (k)

(4.6)  (P1,Gp) 2 (W, W\ 500.00}) €% (E,Co N E) <2 (P, 1) v (P, 1).

The open cover (jo,joo) : A* I A — P! of P! gives rise to an open cover of
W: Let i/ : W' — Al x Al be the blow-up at (0,0), then we have the lifting of
(Jo, joo) to the open cover

(Jo, ) = W TW' — W.
The cover (jo, joo) induces the excision isomorphism in He (k)
(jOajoo) : (AlaGm) \ (Alma) — (PlaGm)§

it is easy to see that (o, jeo) is inverse to the isomorphism e in diagram (4.4).
Similarly, letting s’ C W’ be the proper transform of 0 x A to W', the cover
(46, 75,) induces the excision isomorphism in He (k)

(5673{)0) : (WI7 w’ \ S/) v (W/a w’ \ 5/) - (VVa w \ S{(),oo})~

This extends to a commutative diagram of isomorphisms in H, (k)

(4.7) (AL, Gm) V (AL, Gp) — 2L (L G,)
11 Viy 11
(W, W\ ')V (W, W7 s) —220D s (W g )
20Vig i0

(JE0JE00)

(B',E'NCY) V (B, E' N Cl) —2202= s (B B0 Cy)

p—sVp—s Pg

(P!, 1) V (P!, 1) =———— (P, 1) V (P, 1).

Indeed, the commutativity is obvious, except on the bottom square. On the
first summand (P!, 1), the commutativity is also obvious, since both ¢_ ¢ and Pg
are defined on this factor using the generator —s for mg/m3, and on the second
factor, the map joo sends —s to —s~!, which gives the desired commutativity.
Examining the push-out diagram (4.3), we see that the map

(Jos Joo) : (AY,Gpn) V (AL, Gr) = (P, Gypy)
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is inverse to the map € in diagram (4.4).
Let Wy — P! x Al be the blow-up along (0,0), E° the exceptional divisor,
C§ the proper transform of P* x 0. The inclusion jo induces the excision
isomorphism in H, (k)

71 (AL Gm) = (P!, joo (A1)

and gives us the commutative diagram

%
—

(A1, Gp) V (A1, G, U9, (B, oo (AY)) V (P, juo (A1)
1 Viy i1 Viy

(W, W s') v (W, W s) — 22 (W, W \ s0) v (Wo, W \ o)

(P 1) v (P 1)

10 Vig 10 Vig
(B, E'nCy) Vv (B, B nCh) L= (50 B0 a9 v (B2, B0 1 CY)
p—sVp_s p—sVp_s
(P',1) v (P',1) (P',1) v (P',1).

By lemma 3.7 the composition along the right-hand side of this diagram is the
identity on (P*, 1)V (P!, 1), and thus the composition along the left-hand side is
Jo Vg : (AL, G,,)V (AL, G,) — (P, 1)V (P, 1). Referring to diagram (4.4), as
€ = (Jo, joo) ", it follows from (4.5) that the composition along the right-hand
side of (4.7) is the map (id V 7§ .,) 0 8. As the right-hand side of (4.7) is the
deformation diagram used to define co-tryg o}, 4, We see that

Co-tr{0,00},9g = (id v Tol’oo) oopr.

1

Noting that f and g differ only by the trivialization at oo, changing s™ to
—s~ 1, we thus have
co-tr{0,00},f = (id V Tﬂoo ou(—=1)o T?,oo) 0 CO-tT{0,00},4-
By lemma 3.6, we have
co-t1{0,00},f = (id V 7'01700) 0 CO-tT{0,00},g = OPp1-
O

5. SLICE LOCALIZATIONS AND CO-TRANSFER

In general, the co-transfer maps do not have the properties necessary to give
a loop-spectrum Qp:1 E an action by correspondences. However, if we pass to
a certain localization of SHg1(k) defined by the slice filtration, the co-transfer
maps both extend to arbitrary correspondences and respect the composition
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of correspondences. This will lead to the action of correspondences on sop1 E
we wish to construct. In this section, k will be an arbitrary perfect field.

We have the localizing subcategory ¥ SHg1 (k), generated (as a localizing sub-
category) by objects of the form ¥, F, for E € SHg1 (k). We let SHg1(k)/ fn
denote the localization of SHg1 (k) with respect to X, SH g1 (k):

SHs1(k)/ fn = SHs1(k)/Zpi SHsr (k).

Remark 5.1. Pelaez [17, corollary 3.2.40] has shown that there is a model
structure on Sptg: (k) with homotopy category equivalent to SHg1(k)/ frn; in
particular, this localization of SHg:1 (k) does exist.

Remark 5.2. In the proofs of some of the next few results we will use the
following fact, which relies on our ground field k& being perfect: Let V C U
be a Zariski open subset of some U € Sm/k. Then we can filter U by open
subschemes
V=UNTtcUuNc..cU’=U

such that Ul = U?\ C;, with C; C U’ smooth and having trivial normal
bundle in U? for i = 0,...,N. Indeed, let C = U \ V, with reduced scheme
structure. As k is perfect, there is a dense open subscheme C,, of C' which is
smooth over k, and there is a non-empty open subscheme Cy C Cl,, such that
the restriction of Z¢ /IC to C1 is a free sheaf of rank equal to the codimension
of C; in U. We let U' = U \ C4, and then proceed by noetherian induction.

LEMMA 5.3. Let V — U be a dense open immersion in Sm/k, n > 1 an integer.
Then the induced map

E$1 VJr — EE] U+
is an isomorphism in SHgi(k)/ frni1-

Proof. Filter U by open subschemes
V=UNt'cUuNc..cU’=U

as in remark 5.2. Write U'*! = U?\ C;, with C; having trivial normal bundle
in U;, of rank say r;, for i =0,..., N.

By the Morel-Voevodsky purity theorem [15, theorem 2.23], the cofiber of
Ul — U? is isomorphic in He(k) to E;ﬁ C;y, and thus the cofiber of
Ih Uj_“ — Xk Uj_ is isomorphic to Z]’P;ﬁ"CH. Since V is dense in U, we
have r; > 1 for all 4, proving the lemma. O

Take W € Sm/k. By excision and homotopy invariance, we have a canonical
isomorphism

¢W,’I‘ : A;V/A;V \ Ow — Eﬁm W+
in He (k). The action of the group-scheme GL,/k on A" gives an action of the
group of sections GL, (W) on Af, /A}, \ Ow, giving us for each g € GL,(W)
the isomorphism

’ll}gvﬂ‘. ’IZJWTOg AT, /A \OW—>Z£1W+
LEMMA 5.4. For each g € GL,(W), we have ¢7y,,. = Yw, in SHs1/ fri1.
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Proof. The action GL, x A" — A" composed with ¥, gives us the morphism
in Ha(k)

Uy - (W X GLT)+ N (AT/AT \ O) — ZEAW_H
for each section g € GL, (W), composing with the corresponding section s, :
W — W x GL, gives the map

Uy o8y : Wi A(AT/A"\0) —» Ep Wy
which is clearly equal to ¥, ..
The open immersion j : W ><’ GL, = W x A is by lemma 5.3 an isomorphism
in SHgi(k)/f1; as (A"/A"\ 0) = Xf, Spec k., we see that the induced map
GAId: (W x GL,) 4 A (AT/AT\ 0) = (W x A )4 A (A"/A™\ 0)
is an isomorphism in SHg:(k)/fr+1, and thus the projection
(W x GL )+ A (A"/A"\ 0) = W, A (A"/A"\ 0)
is also an isomorphism in SH g1 (k)/ fr41. From this it follows that the maps
sg ANid, siq Add : W A (A"/A"\ 0) = (W x GL, )4+ A (A"/A"\ 0)
are equal in SHg1(k)/ fri1, hence ¥y, . = w,, in SHg1/ fria- O
As application we have the following result

PROPOSITION 5.5. 1. Let S be in Sm/k. Let v C P5\1g be a closed subscheme,
smooth over k and finite over S, such that the co-normal bundle m,/m? is
trivial. Then the maps

co-try s : (P, 1) — (PL,1)

in SHg1(k)/f2 are independent of the choice of generator f for my,/m?2. If
S = SpecOx , for z a finite set of points on some X € Sm/k, the analogous
independence holds, this time as morphisms in pro-SHgi(k)/ fa.

2. Let g : P — P! be a k-automorphism, with g(1) = 1. Then
g: (P 1) — (P, 1) is the identity in SHei(k)/fa-

3. Take a,b € PY(k), with a # b and a,b # 1. The canonical iso-
morphism a 11 b — Speck II Speck gives the canonical identification
(P} 4, 1) = (P, 1)V (P, 1). Then for each choice of generator f for map/m? ,,
the map

co-trap (P 1) — (IF’,ILJ,, 1) = (P 1) v (]P’l, 1)
is equal in SHg1(k)/ f2 to the co-multiplication op:.

Proof. (1) Suppose that we have generators f, f’ for m,/m2. There is thus a
unit a € OF with f' = af. Note that co-tr, s = goco-tr, s, where g : PL — P!
is the automorphism 77 _p(a)7{ .. By lemma 5.4, the map

,LL(CL) = ¢§peck,1 © wS_pleck,l : (Pl’oo) - (P
is the identity in SHg1(k)/ f2, whence (1).

!, 00)
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For (2), we may replace 1 with co. The affine group of isomorphisms g : P! —
P! with g(00) = oo is generated by the matrices of the form

6269

with v € k* and A € k. Clearly the automorphisms of the second type act as
the identity on (P!, 00) in He(k); the automorphisms of the first type act by
the identity on (P!, 00) in SHg1(k)/f2 by lemma 5.4.

(3). Let g : P! — P! be the automorphism sending (0, 1, 00) to (a, 1,b). Choose
a generator f for ma’b/mi,b, then g* f gives a generator for mo,oo/m%’oo. The
automorphism g extends to an isomorphism g : Wy oo — Wy, giving us a
commutative diagram

(PL, 1) — (W00, Wo,o0 \ 50,00) il (B o, 1)

|

(IP17 1) 141) (Wa,ba Wa,b \ Sa,b) T (P}z,lﬂ 1)

where 3 : P§ . — IP’}Lb is canonical isomorphism over (0,00) — (a,b). This

gives us the identity in He(k):
co-trap, 0 g = B0 co-troco,g«f-

By (1), the maps co-trq p ¢« and co-tro ¢ are independent (in SHg1(k)/ f2)
of the choice of f and by (2), g is the identity in SHg1(k)/f2. For suitable f,
lemma 4.1 tells us co-trg oo,y = opr, completing the proof of (3). O

As the map
co-try s (P§,1) — (PL, 1)
in SHg1 (k)/ f2 is independent of the choice of generator f € m,/m2; we denote
this map by co-tr,.
We have one additional application of lemma 5.4.

LEMMA 5.6. Let W C U be a codimension > r closed subscheme of U € Sm/k,
let wy, ..., w, be the generic points of W of codimension = r in U. Then there
is a canonical isomorphism of pro-objects in in SHg1/ fri1

(U, U\ W)= &™ 55w, .

Specifically, letting m; C Oy, be the mazimal ideal, this isomorphism is in-
dependent of any choice of isomorphism m;/m? = k(w;)".

Proof. Let w = {wy,....wn,} and let Oy, denote the semi-local ring of w in
U. Consider the projective system V := {V,} consisting of open subschemes
of U of the form V,, = U\ C,, where C,, is a closed subset of W containing no
generic point w; of W.
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Take V,, € V. By applying remark 5.2, and noting that U \ V,, has codimension
> r+ 1 in U, the argument used in the proof of lemma 5.3 shows that the
cofiber of
(Va, Va \ W) = (U, U\ W)

is in £ SHg1 (k). On the other hand, the collection of V,, € V such that
Vo N W is smooth and has on each connected component a trivial normal
bundle in V,, forms a cofinal subsystem }’ in V. For each V,, € V', we have
Vo NW =12, W, with w; the unique generic point of W, and we have the
isomorphism

m
(Var Va \ W) 22 \/ SR

i=1
in He(k). Since w; is equal to the projective limit of the W, we have the
desired isomorphism of pro-objects in SHs1(k)/ fri1-
We need only verify that the resulting isomorphism (U, U \ W) = @72 X5, w; 4
is independent of any choices. Let V' = SpecOpy,w, and let O denote the
henselization of w in V. We have the canonical excision isomorphism (of pro-
objects in He(k))

(V,VA\V NW) = (Spec O, Spec O \ w).
A choice of isomorphism m,, /m2, = k(w)" gives the isomorphism in pro-He (k)
Ypiwy = (Spec O, Spec O \ w);

this choice of isomorphism is thus the only choice involved in constructing our
isomorphism (U,U \ W) = @2, 3F, w;4. Explicitly, the choice of isomorphism
My, /m2 = k(w)" is reflected in the isomorphism (Spec O, Spec O\ w) & X, w,
through the identification of the exceptional divisor of the blow-up of V' x A!
along wx0 with P; . The desired independence now follows from lemma 5.4. [

w*

The computation which is crucial for enabling us to introduce transfers on the
higher slices of S'-spectra is the following:

LEMMA 5.7. Let ji,, : (P1,00) — (P!, 00) be the map jun(to : t1) = (5 : 7).
Assume the characteristic of k is prime to nl. Then in SHgi(k)/f2, pn is
multiplication by n.

Proof. The proof goes by induction on n, starting with n = 1,2. The case
n = 1 is trivial. For n = 2, lemma 5.6 gives us the canonical isomorphisms in

SHgi(k)/ f2
(P, P1\ {£1}) =5 (P! 00) V (P!, 00); (P, P'\ {1}) = (P, 00).
In addition, we have the commutative diagram

(HM’ OO) — (Plvpl \ {:I:l})

(P!, 00) —— (P1,P'\ {1})
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The bottom horizontal arrow is an isomorphism in H(k). We claim the dia-
gram

(PL, P\ {£1}) — (P, 00) V (P!, 00)

J{Mz J((id,id)

(PP {1}) ——— (P, 00)

a1

commutes in SHg1(k)/f2. Indeed, the isomorphism a4 arises from the Morel-
Voevodsky homotopy purity isomorphism identifying (P!, P!\ {#£1}) canonically
with the Thom space of the tangent space T(P!)1; of P! at +1, followed by
the isomorphism

Th(T(P')+1) = Spi (£14) = (P, 00) V (P!, 00)

induced by a choice of basis for T'(P!)+; (which plays no role in SHg1 (k)/ f2).
Similarly the map «; arises from a canonical isomorphism of (P, P\ {1}) with
Th(T(P');) followed by the isomorphism

Th(T(PY);) — (P, 00)
induced by a choice of basis. As the map us is étale over 1, the differential

dpg : T(PY) 1y — T(PY),
is isomorphic to the sum map

Al@ Al - AL

As this sum map induces (id,id) on the Thom spaces, we have verified our
claim.
Using proposition 5.5 and we see that this diagram together with the isomor-
phisms a1 and a; gives us the factorization of ps (in SHe1(k)/f2) as

(id,id)
—5

(}P’l,oo) 1>(]P’l,oo)v(]P’l,oo) (]P’l,oo).

Here o is the co-multiplication (using oo instead of 1 as base-point). Since
(id, id) o o is multiplication by 2, this takes care of the case n = 2.

In general, we consider the map p, : (P!,00) — (P!, 0) sending (to : t1) to
(wo = wy) = (7 : £} — tot? ™t +2). We may form the family of morphisms

pn(s) 1 (P! x Al oo x A) = (P! x A, 00 x A1)

sending (to : t1,s) to (t§ : t} — stot? ™" + st8). By homotopy invariance, we
have p,(0) = p,(1), and thus p, = p, in He(k).

As above, we localize around w := w; /wy = 1. Note that p,1(1) = {0,1}. We
replace the target P* with the henselization O at w = 1, and see that P! x, O
breaks up into two components via the factorization w — 1 = t(t"~! — 1),
t = t1/tp. On the component containing 1, the map p, is isomorphic to a
hensel local version of u,_1, and on the component containing 0, the map p,
is isomorphic to the identity.
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Using Nisnevich excision and proposition 5.5(1), we thus have the following
commutative diagram (in SHg1(k)/ f2)

(P!, 00) —— (PL, P\ {0,1}) —— (P!, 00) V (P!, 0)

pnl PnJ/ lp‘nl vid

(P! 00) —— (PL, P\ {1}) ———— (P}, 00)

~

By proposition 5.5(2), the upper row is the co-multiplication (in SHg1(k)/ f2),
and thus

Pn = pn—1 +id
in SHgi(k)/fa- As pn = pn in He(k), our induction hypothesis gives p,, = n-id,
and the induction goes through. O

While we are on the subject, we might as well note that

Remark 5.8. The co-group ((P!,1),0p1) in SHg1(k)/f2 is co-commutative.

As pointed out by the referee, every object in SHg1(k)/ f2 is a co-commutative
co-group, since SHg1(k)/f2 is a triangulated category and hence each object
is a double suspension. In addition, the co-group structure ((P!,1),0p1) is
isomorphic in He(k) to the co-group structure on S!' A G,, induced by the
co-group structure on S', so the “triangulated” co-group structure on P!
agrees with the one we have given.

One should, however, be able to reproduce our entire theory “modulo Eﬂ%l ” in
the unstable category. We have not done this here, as we do not at present have
available a theory of the motivic Postnikov tower in the Hq (k). We expect that,
given such a theory, the results of this section would hold in the unstable setting
and in particular, that the co-group ((P',1),0p1) would be co-commutative
“modulo X2,”.

We now return to our study of properties of the co-transfer map in SHg:(k)/ fa.
We will find it convenient to work in the setting of smooth schemes essentially
of finite type over k; as mentioned at the beginning of §3, we consider schemes
Y essentially of finite type over k as pro-objects in H(k), SHg1(k), etc. In the
end, we use scheme essentially of finite type over k only as a tool to construct
maps in pro-SHg: (k)/ fn+1 between objects of SHg1(k)/ fr11; this will in the
end give us morphisms in SHgi(k)/fnt1, as the functor SHei(k)/frnt1 —
pro-SHgi (k) / fr41 is fully faithful,

Suppose we have a semi-local smooth k-algebra A, essentially of finite type,
and a finite extension A — B, with B smooth over k. Suppose further that B
is generated as an A-algebra by a single element x € B:

B = Alz].

We say in this case that B is a simply generated A-algebra.
Let f € A[T] be the monic minimal polynomial of x, giving us the point &’ of

Ay = Spec A[T] with ideal (f). We identify Al with P! \ {1} as usual, giving
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us the subscheme x of P4 \ {1}, smooth over k and finite over Spec 4, in fact,

canonically isomorphic to Spec B over Spec A via the choice of generator z. Let
Yz x — Spec B

be this isomorphism. We let f be the generator of m,/m?2 determined by f.
Via the composition

(P4, 1)

we have the morphism

co-try ¢ @Yz Xid
—_—

(P;.1) (P, 1)

co-try : (P4,1) — (Pk, 1)
in pro-He (k).

LEMMA 5.9. Suppose that Spec B — Spec A is étale over each generic point
of Spec A. Then the map co-tr, : (P4,1) — (PL,1) in pro-SHs:(k)/f2 is
independent of the choice of generator x for B over A.

Via this result, we may write co-trp/4 for co-tr,.

Proof. We use a deformation argument; we first localize to reduce to the case
of an étale extension A — B. For this, let a € A be a non-zero divisor, and let
x be a generator for B as an A-algebra. Then x is a generator for Bla™!] as
an A[a~!]-algebra and by lemma 3.8 we have the commutative diagram

]P)Ilé;[afl] E— IP}4

co—trxJ( J{co—trw

I[‘DIB[(JL_l] ? Ple

with horizontal arrows isomorphisms in pro-SHg1(k)/ f2. Thus, we may assume
that A — B is étale.

Suppose we have generators x # z’ for B over A; let d = [B : A]. Let s be
an indeterminate, let z(s) = sz + (1 — s)a’ € B[s], and consider the extension
B, := A[s][z(s)] of A[s], considered as a subalgebra of B[s]. Clearly B, is finite
over Als].

Let ma C A be the Jacobson radical, and let A(s) be the localization of Als]
at the ideal (maA[s] + s(s — 1)). In other words, A(s) is the semi-local ring of
the set of closed points {(0,a),(1,a)} in A x Spec A, as a runs over the closed
points of Spec A. Define B(s) := B®4 A(s) and By := B,®4 A(s) C B(s). Let
y = (1,a) be a closed point of A(s), with maximal ideal m,, and let x, be the
image of = in B(s)/m,B(s). Clearly x, is in the image of B, — B(s)/m,B(s),
hence B, — B(s)/myB(s) is surjective. Similarly, B, — B(s)/m,B(s) is
surjective for all y of the form (0, a); by Nakayama’s lemma B; = B(s). Also,
B(s) and A(s) are regular and B(s) is finite over A(s), hence B(s) is flat over
A(s) and thus B(s) is a free A(s)-module of rank d. Finally, B(s) is clearly
unramified over A(s), hence A(s) — B(s) is étale.
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Using Nakayama’s lemma again, we see that B(s) is generated as an A(s)
module by 1,z(s),z(s)?,...,2(s)?"!. It follows that x(s) satisfies a monic
polynomial equation of degree d over A(s), thus z(s) admits a monic minimal
polynomial f, of degree d over A(s). Sending T to z(s) defines an isomorphism

s 2 A(S)[T]/(fs) = B(s)-
We let z5 C A,lq(s) = ]P)}4(s) \ {1} be the closed subscheme of P,lq(s) corresponding
to fs; the isomorphism ¢, gives us the isomorphism
s : x5 — Spec B(s).
Thus, we may define the map
CO-1T4(s) (IF’IIL‘(S), 1) — (IF’}B(S), 1)

giving us the commutative diagram

(]P),l4a 1) L) (Pi(sy 1) # (P}47 1)

co—trm/J/ co—trz(s)l Jco_trz

(PlB7 1) T) (PIB(5)7 1) <T (PlBa 1)

By lemma 5.3, the map (]Pi(s), 1) — (IE”}L‘[S]7 1) is an isomorphism in
pro-SHsi(k)/f2. By homotopy invariance, it follows that the maps ig,i; are
isomorphisms in pro-SHs: (k)/ f2, inverse to the map (P}, 1) — (P}, 1) in-
duced by the projection Spec A(s) — Spec A. Therefore co-tr,, = co-tr,, as
desired. 0

LEMMA 5.10. CO—tT‘A/A = id(IP’}A,l)'

Proof. We may choose 0 as the generator for A over A, which gives us the point
x =0 € PL. The result now follows from lemma 3.7. O

LEMMA 5.11. Let A — C be a finite simply generated extension and A C B C C
a sub-extension, with B also simply generated over A. We suppose that A, B
and C are smooth over k, that A — B and A — C' are étale over each generic
point of Spec A, and B — C' is étale over each generic point of Spec B. Then

co-trgya = cotrg g © cO-trp .

Proof. This is another deformation argument. As in the proof of lemma 5.9,
we may assume that A — B, B — C and A — C are étale extensions; we
retain the notation from the proof of lemma 5.9. Let y be a generator for C'
over A, x a generator for B over A. These generators give us corresponding
closed subschemes y,z C P and yg C PL. Let y(s) = sy + (1 — s)z, giving
y(s) C PZ(S). Note that y(1) = y, Y(0)rea = @

As in the proof of lemma 5.9, the element y(s) of C(s) is a generator over A(s)
after localizing at the points of Spec A(s) lying over s = 1. The subscheme y(s)
in a neighborhood of s = 0 is not in general regular, hence y(s) is not a generator
of C(s) over A(s). However, let p: W := W, — P! x A! be the blow-up along
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{(x,0)}, and let § C W) be the proper transform ! [y]. An elementary local
computation shows that this blow-up resolves the singularities of y(s), and that
g is étale over A(s); the argument used in the proof of lemma 5.9 goes through
to show that A(s)() = C(s). In addition, let Cy be the proper transform
to Wa(s) of P! x 0 and E the exceptional divisor, then §(0) is disjoint from
Co. Finally, after identifying F with ]P’}A[I] = PL (using the monic minimal
polynomial of x as a generator for m,), we may consider 7(0) as a closed
subscheme of PL; the isomorphism A(s)(g) = C(s) leads us to conclude that
A(g(1)) = B(g(0)) = C. By lemma 5.9, we may use %(0) to define co-tr¢, .
The map co-trg,a in pro-SHg1(k)/ f2 is defined via the diagram

(Ph,1) = (Pa, Py \y) = (Pe, 1)
where the various choices involved lead to equal maps. By lemma 5.3,
Waes)y — Wayys is an isomorphism in pro-SHgi(k)/ f2; by homotopy invari-
ance, the projection Wy(,) — W is also an isomorphism pro-SH g1 (k)/ f.
The inclusions i1 : Py — Wa), io Pi‘[ — W(s) induce isomorphisms (in
pro-SHgi(k)/ f2)
(P4, Ph\y) = (P4, Pu\y(1) = (Wags), Wags) \ 9(s)) = (Pl Phpy \ 9(0)).
As in the proof of lemma 5.9, we can use homotopy invariance to see that
co-trgy 4 is also equal to the composition

a]

i_l

= (Phpys Plapg \ 9(0)) = (PG, 1).
Now let s4(5) be the transform to W4 () of the 1-section. By lemma 3.3, the
inclusion 1 : (P}L‘[w], 1) = (Wa(s), Co U s14(s)) is an isomorphism in pro-He (k).
The above factorization of co-trc 4 shows that co-trg,4 is also equal to the
composition

(P4, 1) 2 (Wags), Co U siage)) —— (P 1) = (Pl \ 9(0) = (P, 1).

Using remark 3.5, this latter composition is co-trg,p o (co-trp /A), as desired.
O

Remark 5.12. 1. Suppose we have simply generated finite generically étale
extensions A; — Bj, As — By, with A; smooth, semi-local and essentially of
finite type over k. Then

CO-UT B x By /Ay x Ay = CO-UT B jA, V CO-UT R, /A,
where we make the evident identification (P, , p,,1) = (Pj,,1) V (Pg,,1) and
similarly for Ay, As.

2. Let Bi, B be simply generated finite generically étale A algebras and
let B = By x By. As a special case of lemma 5.11, we have

co-trgsa = (co-trp, ja V co-trp,/a) o opL
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Indeed, we may factor the extension A —+ B as A L Ax A By x B, = B.
We then use (1) and note that Op1 = COITAxA/A by lemma 4.1.

Next, we make a local calculation. Let (A, m) be a local ring of essentially finite
type and smooth over k. Let s € m be a parameter, let B = A[T]/T™—s and let
t € B be the image of T. Set Y = Spec B, X = Spec A, Z = Spec A/(s), W =
Spec B/(t); the extension A — B induces an isomorphism « : W = Z. We
write co-try,x for co-trp,a, etc. This gives us the diagram in pro-SHg1 (k)/ f2

1tz 1
Py »Px

O[T lco—try/x

1 1
Pl —— P}

LEMMA 5.13. Suppose that n! is prime to chark. In pro-SHge:(k)/fo we have
co-try x otz o =mn X iy.

Proof. First, suppose we have a Nisnevich neighborhood f : X’ — X of Z in
X, giving us the Nisnevich neighborhood g : Y :=Y xx X' =Y of W in Y.
As

CO—t’I"Y/X [©) f =go CO—tTy//X/
we may replace X with X’ Y with Y’. Similarly, we reduce to the case of A
a hensel DVR, i.e., the henselization of 0 € Al for some field F, Z = W = 0,
with s the image in A of the canonical coordinate on Al.
The map co-try,x is defined by the closed immersion

Y 2 AL =Py \ 1x C P
where iy is the closed subscheme of Al = Spec A[T] defined by T™ — s, together
with the isomorphism
(Px, Px \Y) =Py
furnished by the blow-up u : Wy — Al x A of AL x Al along (V,0). The
composition co-try,x oiz o a is given by the composition

(P%/[N 1) = (P%/[NPII/V\OW) i> (]PIZ?PlZ\OZ)
2y Py, Py \ Ox) €& (P, 1) = (PY,PY \ Y) = (P}, 1).

In both cases, the isomorphisms (in pro-SHgs:(k)/f2) are independent of a
choice of trivialization of the various normal bundles. Let U — P be the
hensel local neighborhood of 0z in P, Spec OI}P}&,Oz' Let p: U — X be the
map induced by the projection px : P% — X and let Uz = p~!(Z), with
inclusion iz : Uz — U. We may use excision to rewrite the above description
of co-try,x oiz o« as a composition as

(Ply, 1) = (P4, 1) = (Uz,Uz \ 0z) 25 (U, U\ Y) = (P}, 1).
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Similarly, letting i : X — X x P! be the 0-section, the map iy may be given
by the composition

(Piy,1) = (X, X\ Z) = (U.U\Y) = (P}, 1);
again, the isomorphisms in pro-SHg:(k)/ f2 are independent of choice of trivi-
alizations of the various normal bundles.
We write (s,t) for the parameters on U induced by the functions s, 7 on Al.
We change coordinates in U by the isomorphism (s,t) — (s — t",¢). This
transforms Y to the subscheme s = 0, is the identity on the 0-section, and
transforms s = 0 to t" + s = 0. Replacing s with —s, we have just switched
the roles of Y and Ugz. Let
p:Uz = U

be the map ¢(t) = (t",t). After making our change of coordinates, the map
co-try,x oiz o« is identified with

(Piy.1) = (Uz,Uz \ 0z) % (U, U\ Uz) = (P}, 1)
while the description of iy becomes

(Bly. 1) = (X, X\ 2) % (U.U\ Uz) = (B}, 1)

here we are using lemma 5.4 to conclude that the automorphism (xq : x1) —
(—xo : x1) of P}y, induces the identity on (P}, 00) in pro-SHg1(k)/ fa.
We now construct an Al-family of maps (Uz,Uz \ 0z) — (U, U \ Uz). Let

®:UzxA' U
be the map ®(¢,v) = (t",vt). Note that ® defines a map of pairs
®: (Uz,Uz\0z) x A" = (U, U\ Uz).
Clearly ®(—,1) = ¢ while ®(—,0) factors as
Uy U, S x oy

where g, is the map ¢t — ¢" and § is the isomorphism 3(t) = s. Thus, we can
rewrite co-try,x oiz o as

(Ph 1) = (X, X\ Z) 25 (X, X\ 2) % (U, U\ Uyz) = (PY, 1)

We identify X with the hensel neighborhood of 0z in PL,. Using excision again,
we have the commutative diagram in pro-He (k)

(X, X\ Z2)—"— (X,X\ 2)

| |

fin

I ]

(PL, 00) —"— (P}, o0)
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where the vertical arrows are all isomorphisms. By lemma 5.7 the bottom map
is multiplication by n, which completes the proof. (|

LEMMA 5.14. Let A — B be a finite simple étale extension, A as above. Let
X = SpecA, Y = SpecB, let i, : © — X be the closed point of X and
iy 1y = Y the inclusion of y :=x xx Y. Then

CO-Ery x Oy = Iy O CO-ETy/g.

Proof. Take an embedding of Y in AL =PL \ 1x C P%; the fiber of Y — AL
over z — X is thus an embedding y — AL = PL\ 1, C PL. The result follows
easily from the commutativity of the diagram

P, \y——P,

L]

PL\Y — P
O

PRrROPOSITION 5.15. Let A — B be a finite generically étale extension, with A
a DVR and B a semi-local principal ideal ring. Let X = Spec A, Y = Spec B,
let iy : x — X be the closed point of X and iy, : y — Y the inclusion of
y:=xxx Y. Writey = {y1,...,Yr}, with each y; irreducible. Let n; denote
the ramification index of y;; suppose that n;! is prime to char k for eachi. Then

T
Co-try x Oty = Z N« Gy, O CO-LTy, /g
i=1
Proof. We note that every such extension is simple. By passing to the henseliza-
tion A — A" we may assume A is hensel. By remark 5.12(2), we may assume
that » = 1. Let A — By C B be the maximal unramified subextension. As
co-trgsa = co-trg g, o co-trg, /g, we reduce to the two cases A = By, B = By.
We note that a finite separable extension of hensel DVRs A — B with trivial
residue field extension degree and ramification index prime to the characteristic
is isomorphic to an extension of the form " = s for some s € m4 \ m%. Thus,
the first case is lemma 5.13, the second is lemma 5.14. O

Consider the functor
(P}, 1) : Sm/k — SHa (k)/fo

sending X to (P4, 1) € SHgs1(k)/ f2, which we consider as a SHg1 (k)/ fo-valued
presheaf on Sm/k°P (we could also write this functor as X — 327X ,). We
proceed to extend (P3,1) to a presheaf on SmCor(k)°P; we will assume that
char k = 0, so we do not need to worry about inseparability.

We first define the action on the generators of Homg,,cor(X,Y), ie., on irre-
ducible W C X x Y such that W — X is finite and surjective over some com-
ponent of X. As SHgi(k)/ f2 is an additive category, it suffices to consider the
case of irreducible X. Let U C X be a dense open subscheme. Then the map
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(P}, 1) — (P%, 1) induced by the inclusion is an isomorphism in SH g1 (k)/ fa.
We may therefore define the morphism

(B3, (W) : (Px, 1) = (P, 1)
in SHg1(k)/f2 as the composition (in pro-SHg1(k)/ f2)

(Px,1) 2= (Py(x), 1)

We extend linearly to define (P4, 1) on Homg,cor(X,Y).

Suppose that I'y C X x Y is the graph of a morphism f : X — Y. It follows
from lemma 5.10 that co-tri(r,)/k(x) is the inverse to the isomorphism p; :
(IP’}C(Ff), 1) = (P} (x),1). Thus, the composition

COIT(W) /k(X)
_

(Prawys 1) 25 (Py, 1).

(Pl ) T
is the map induced by the restriction of f to Speck(X). Since (IP’,IC(X), 1) —
(P4, 1) is an isomorphism in pro-SHg1(k)/ fa, it follows that (P3,1)(T'f) = f,
i.e., our definition of (P}, 1) on Homgcor(X,Y) really is an extension of its
definition on Homgy, /1 (X,Y).

The main point is to check functoriality.

(Pllc(r‘f)> 1) P_2> (P%ﬁ 1)

LEMMA 5.16. Suppose chark = 0. For a € Homgmeoo (X,Y), B €
Homgmcor (Y, Z), we have

(P7,1)(Boa) = (Py,1)(B) o (P7,1)(a)

Proof. Tt suffices to consider the case of irreducible finite correspondences W C
XxY, W CY x Z. If W is the graph of a flat morphism, the result follows
from lemma 3.8.

As the action of correspondences is defined at the generic point, we may re-
place X with n := Speck(X). Then W becomes a closed point of Y,, and the
correspondence Wy, : 1 — Y factors as pp o iy, o pY, where py : W, — n and
p2 : Y, = Y are the projections.

Let W) C Y, x Z be the pull-back of W’. As we have already established
naturality with respect to pull-back by flat maps, we reduce to showing

(B3, 1)(Wy oiw,) = (B3, 1)(Wy) o (P4, 1)(iw, ).
Since Y is quasi-projective, we can find a sequence of closed subschemes of Y,
Wy=WoCWiC...CWyg_1 CWy=Y,

such that W) is smooth of codimension d—i on Y;,. Using again the fact the co-tr
is defined at the generic point, and that we have already proven functoriality
with respect to composition of morphisms, we reduce to the case of Y = Spec O
for some DVR O, and i, the inclusion of the closed point 7 of Y.

Let W” — W' be the normalization of W’. Using functoriality with respect to
morphisms in Sm/k once more, we may replace Z with W” and W’ with the
transpose of the graph of the projection W"” — Y. Changing notation, we may
assume that W’ is the transpose of the graph of a finite morphism Z — Y.
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This reduces us to the case considered in proposition 5.15; this latter result
completes the proof. O

We will collect the results of this section, generalized to higher loops, in theo-
rem 6.1 of the next section.

6. HIGHER LOOPS

The results of these last sections carry over immediately to statements about
the n-fold smash product (P!, 1)"" for n > 1. For clarity and completeness, we
list these explicitly in an omnibus theorem.

Let R be a semi-local k-algebra, smooth and essentially of finite type over k,
and let z C P} and f be as in section 3. For n > 1, define

co-try ;: Xpi Spec Ry — Ypixy

to be the map X3 ' (co-try, ;) (in pro-Ha(k)).

Similarly, let A be a semi-local k-algebra, smooth and essentially of finite type
over k. Let B = Alz] be a simply generated finite generically étale A-algebra.
For n > 1, define

co-try : Xp Spec Ay — X1 Spec B4
to be the map £ ' (co-tr,) (in pro-SHgi (k)/fat1).

THEOREM 6.1. 1. co-trg _, =id.

2. Let R — R’ be a flat extension of smooth semi-local k-algebras, es-
sentially of finite type over k. Let x be a smooth closed subscheme of P} \ {1},
finite and generically étale over R. Let 2’ = x xg R’ C PL,. Let f be a
generator for m,/m?2, and let f' be the extension to my /m?2,. Suppose that
either R — R’ is smooth or that x — Spec R is étale. Then the diagram

co-tr?, 41

Y Spec R, ————— ¥, 2!,

| |

E]’gl Spec R+ 4’L> E]’gl T4
co-ir, f
is well-defined and commutes.

8. The co-group structure ngl(apl) on (P, 1)"" is given by the map
Co_tr?o,oo},(fs,sfl) . (]P)17 1)/\11 — (]Pl7 1)/\11, V (]P)l, 1)/\77,

4. The co-group ((PY,1)"", S0 (op1)) in SHa1(k)/ fas1 is co-commutative.

5. For an extension A — B as above, the map co-try : Xf, Spec A, —
g1 Spec By is independent of the choice of x, and is denoted co-tr%/A.
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6. Suppose that chark = 0. The SHs1(k)/ fni1-valued presheaf on Sm/k°P
E]’;l?-‘,- : Sm/k — SHSl (k)/fn+1

extends to an SHg1(k)/ fnr1-valued presheaf on SmCor(k)°P, by sending a
generator W C X x Y of Homgpmcor(X,Y) to the morphism X5, X4 — S5 Y
in SHg1(k)/ fny1 determined by the diagram

Y Speck(X)y —— X5 Xy

CO'tTZ(W)/k(X)J(

X Spec k(W) 4

|

um Yy
in pro-SHg1(k)/fnt1. The assertion that
E]gfl Spec k(X)+ — E$1X+

is an isomorphism in pro-SHgi(k)/ fn+1 is part of the statement. We write the
map in SHg1(k)/ fnt1 associated to « € Homgpcoor(X,Y) as

CO-t'I"n(OZ) . 251 X+ — E§1 Y+.
7. SUPPORTS AND CO-TRANSFERS

In this section, we assume that char k = 0. We consider the following situation.
Let i : Y — X be a codimension one closed immersion in Sm/k, and let Z C X
be a pure codimension n closed subset of X such that i7*(Z) C Y also has
pure codimension n. We let T =i~(2), X% = (X, X\ 2), YT) = (Y, Y'\T),
so that ¢ induces the map of pointed spaces

i: Y™ 5 x@),

Let z be the set of generic points of Z, Ox ., the semi-local ring of z in X,
X, = SpecOx, and Xéz) = (X, X, \ 2). We let t be the set of generic points
of T, and let Ox; be the semi-local ring of ¢t in X, X; = SpecOx . Set
Y, = X, xx Y and let v, = (v;, Y3\ 8.
LEMMA 7.1. There are canonical isomorphisms in pro-SHg1 (k)/ frn+1

XA x@oyp . vyOoyDosmy,
Proof. This follows from lemma 5.6. |
Thus, the map i : YT — X (%) gives us the map in pro-SHg1 (k)/ fri1:
(71) 7 E$1t+ — E$12+.
On the other hand, we can define a map

(72) ico—t'r' : E[glt-‘,- — Egl 24
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as follows: Let Z; = Z N X; C X;. Since Y has codimension one in X and
intersects Z properly, t is a collection of codimension one points of Z, and thus
Z,; is a semi-local reduced scheme of dimension one. Let p : Zt — Z; be the
normalization, and let  C Z; be the set of points lying over ¢t C Z,. Write 7 as
a union of closed points, ¢ = I1;Z;. For each j, we let n; denote the multiplicity
at t; of the pull-back Cartier divisor Y; x x, Z, and let t; = p(f;). This gives
us the commutative diagram

t4>Z

Note that j is an isomorphism in pro-SHg1(k)/f1. We define i.o.+ to be the
composition

I, njco-tr;.”_/t ~ oy " j -1
Z$1t+ J—]> @]Z§1t]+ - E$1t+ ]P—1> DT)IHZ+ L) Z]?lzur

in pro-SHs: (k) fus1.
LEMMA 7.2. The morphisms (7.1) and (7.2)are equal in pro-SHgr(k)/ frns1-

Proof. Using Nisnevich excision, we may replace X with the henselization of
X along t; we may also assume that ¢ is a single point. Via a limit argument,
we may then replace X with a smooth affine scheme of dimension n + 1 over
k(t); Z is thus a reduced closed subscheme of X of pure dimension one over
k(t). We may also assume that Y is the fiber over 0 of a morphism X — Ak(t)
for which the restriction to Z is finite.
As we are working in pro-SHg1(k)/ frnt1, we may replace (X, Z) with (X', Z’)
if there is a morphism f : X — X’ over A,lc(t) which makes (X,t) a hensel
neighborhood of (X', f(¢)) and such that the restriction of f to fz : Z — Z' is
birational. Using Gabber’s presentation lemma [6, lemma 3.1], we may assume
that X = AZ(';;, that ¢ is the origin 0 and that Y is the coordinate hyperplane
Xnt+1 = 0. We write F' for k(t) and write simply 0 for t.
After a suitable linear change of coordinates in A}ffl, we may assume that each
coordinate projection

q: AT — AL
(Z(«le .- >xn+1) = ($i17. .- 7xi,.)7

r =1,...,n, restricts to a finite morphism on Z, and that Z — ¢(Z) is bira-
tional if r > 2.
We now reduce to the case in which Z is contained in the coordinate subspace

X" = AZ defined by X; = ... = X,,_; = 0. For this, consider the map
Al +1 1 +1
m: AT x AT — AT x AR
m(t, 1, Tpa1) = (G 21, .o tTp—1, Ty Tyt1)
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Let Z = m(A! x Z) C A! x A%"'. By our finiteness assumptions, Z is a
(reduced) closed subscheme of A' x A% and each fiber 2, C t x A% is
birationally isomorphic to Z x g F(t). Consider the inclusion map

(Al x Y)A X0 5 (AT x X)(®)
The maps
d0,i1 1 YO 5 (Al x V)@ x0)
are clearly isomorphisms in pro-H,(k), and the maps
i1 XP) 5 (A x X)(B)
ig : X(B0) 5 (Al x X)(®)

are easily seen to be isomorphisms in pro-SHg1 (k)/ fn+1. Combining this with
the commutative diagram

v — 5 x(2)

| |

i1
(Al x Y)(Alxo) — s x(®
Lo

y(0) ——— x(20)

shows that we can replace Z with Zy C X'.
Having done this, we see that the map Y (© — X(%) ig just the n — 1-fold P!
suspension of the map

Y nxHO 5 (xH®
This reduces us to the case n = 1.
Since pp : Z — AL is finite, we may take X = P* x AL instead of A! x AlL.
Then the map Y — X is isomorphic to (P! x 0,00 x 0) — X(%). We
extend this to the isomorphic map

(P' x AL 0o x AL) = X&) = (P! x AL P! x AL\ 2).
Let s be the generic point of AL, Z, the fiber of ps over s. Then the inclusions
(P! x 0,00 x 0) 25 (P! x AL, 00 x AL) <= (P! x 5,00 x 5)
(P! x AL, P! x AL\ Z) &= (P! x 5, P!\ Z,)
are isomorphisms in pro-SHg1(k)/ f2, and thus the map
io: YO = (P! x 0,00 x 0) = X&) = (P! x AL, P! x AL\ 2)
is isomorphic in pro-SHg1(k)/ f2 to the collapse map
(P! x 5,00 x 5) = (P! x 5,PL\ Z,).
Therefore, the map

7 Ep10+ — E]P”Z-i-
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we need to consider is equal to the co-transfer map
Co-lTy st Np1Sy — Yp12sy

composed with the (canonical) isomorphisms
Zplo_;,_ 7’—0> ZHMA}’_ = E]p15+, E]p1223+ = ZP12+;

the latter isomorphism arising by noting that z, is a generic point of Z over F.
The result now follows directly from proposition 5.15. O

DEFINITION 7.3. 1. Take X, X’ € Sm/k, and let Z C X, Z/ C X’ be pure
codimension n closed subsets. Take a generator A € Homg,cor (X, X’), A C
X x X'. Let g : AN — A be the normalization of A. Let z be the set of generic
points of Z, let a be the set of generic points of ANX x Z’ and let a’ = ¢~ *(a).
Suppose that

(1) AN — X is étale on a neighborhood of a’
(2) px(a) is contained in Z.
Let O 4n , be the semi-local ring of @’ in AV, and let AY = Spec O~ ,/; define
X, similarly. Define
co-tr*(W) : X9 — x'(%")
to be the map in SHg1(k)/ frnt1 given by the following composition:
co—trz,/z

X(Z) = ng) = EIng_A,_ _— Z]’rp}la/_;'_ = Ai\{(al) pi) X/(Z,).

2. Let Homgmeor (X, X') 2,z C Homgmeoor (X, X') be the subgroup generated
by A satisfying (a) and (b). We extend the definition of the morphism co-tr™(A)
to Homgmcor (X, X') 2,z by linearity.

Note that we implicitly invoke lemma 7.1 to ensure that the isomorphisms used
in the definition of co-tr™(A) exist and are canonical; condition (1) implies in
particular that AN is smooth in a neighborhood of a’, so we may use lemma 7.1

for the isomorphism X, a/, = Ai\f(a ).

LEMMA 7.4. Take X, X', X" € Sm/k, andlet Z C X, Z' C X' and Z" C X"
be pure codimension n closed subsets. Take o € Homgmcor(X, X')z 2,
S Homsmcm.(X/,X”)Z/7Z//. Then

1. &' o is in Homgmeor (X, X") 2,2

2. co-tr™(a’) o co-tr™(a) = co-tr™(a’ o ).

Proof. For (1), we may assume that o and o’ are generators A and A’. We
may replace X, X’ and X" with the respective strict henselizations along z, 2’
and 2”. Write z = {z1,...,2.}, 2/ = {#],..., 2L}, 2" = {#{,...,2}. Then the
normalizations AV and A’ break up as a disjoint union of graphs of morphisms

. /. . v/ "
f]k? : sz —>ng7 glj N XZ; _>XZ,2/
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and A’o A is thus the sum of the graphs of the compositions g;;o f;i. Therefore,
each irreducible component of the normalization of the support of A’o A is étale
over X. This verifies condition (1) of definition 7.3; the condition (2) is easy
and is left to the reader.

(2) follows directly from theorem 6.1(6). O

PrOPOSITION 7.5. Let i : Ay — A be a closed immersion of quasi-projective
schemes in Sm/k, take X, X" € Sm/k and a € Homgmcor (X, X'). Let Z C
X x A, Z C X' x A be closed codimension n subsets. Suppose that

(1) Zy :=ZNX x Ay and Z5 := Z' N X' x Ay have codimension n in
X x Ay, X' x Ay, respectively.

(2) axida is in Homgmcor(X X A, X" X A)z 2/

(3) axida, is in Homgmeor (X X A1, X' X A1)z, 2z

’
1

Then the diagram in SHg1(k)/ fri1

co-tr™ (axid)

(X x Ay)#0) (X' x Ap)ZD

idx zl lidxi

(X x AP (X' x A)Z)

co-tr™ (axid)

commutes.

Proof. Since A is by assumption quasi-projective, we may factor A; — A as a
sequence of closed codimension 1 immersions

A=A 5 AT 5 S AT S A=A

such that each closed immersion A — A satisfies the conditions of the propo-
sition. This reduces us to the case of a codimension one closed immersion.
We may replace X x A, X’ x A, etc., with the respective semi-local schemes
about the generic points of Z; and Z]. As A; has codimension one on A,
it follows that the normalizations ZV, Z'V of Z and Z' are smooth over k.
Let i : 2 — ZN, 7 : 2 — Z'N be the points of ZV, Z'N lying over 7, Z},
respectively, which we write as a disjoint union of closed points

P LS. 5 — -~
z=1I;z; z =1,z
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By lemma 7.1 and lemma 7.2, we may rewrite the diagram in the statement of
the proposition as

co-tr™ (axid ,N)

i
E]gl Zl+ B Eigl Z:/[Jr

n ’ n
> m]-co—trzj/21J lzj mjco—tr% /2
n 3 n 3/
E]P’l 24 Epl Ean

e SR
co-tr™ (axid,N)

A

where a x idz~, a X idz, denote the correspondences induced by a x ida

and a X ida,, and the m;, m;- are the relevant intersection multiplicities. The

commutativity of this diagram follows from theorem 6.1(6). O

8. SLICES OF LOOP SPECTRA

Take E € SHgs1(k). Following Voevodsky’s remarks in [22], Neeman’s version
of Brown representability [16] gives us the motivic Postnikov tower

i > foiBE = foE— ... — foE=F,

where f,EE — E is universal for morphisms from an object of X} SHg1 (k)
to E. The layer s, F is the nth slice of E, and is characterized up to unique
isomorphism by the distinguished triangle

(81) fn+1E — an — Sp B — Esfn+1E.

The fact that this distinguished triangle determines s, F up to unique isomor-
phism rather than just up to isomorphism follows from

(82) Homgsyq, (o) (Spi ' SHs1 (k), snE) = 0

To see this, just use the universal property of f,+1E — E and the long exact
sequence of Homs associated to the distinguished triangle (8.1). In particular,
using the description of Homgq.[sl(k)/fn+l(—, —) via right fractions we have

LEMMA 8.1. For all F,E € SHgs1(k) and n > 0, the natural map
}IOIIISHS1 (k) (F, SnE) — Homsq_[sl (k)/fni1 (F, SnE)
is an isomorphism.

See also [21, proposition 5-3]
We recall the de-looping formula [11, theorem 7.4.2]

Sn(Q]pl E) = Q]pl (Sn+1E)

for n > 0.

Take F € Spc, (k). For E € Sptg (k), we have Hom™ (F, E) € SH, which for
F = X isjust E(X), and in general is formed as the homotopy limit associated
to the description of F' as a homotopy colimit of representable objects.
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This gives us the “internal Hom” functor
Homsy k) (F, =) : SHs1(k) = SHs1(k)
and more generally
Homisa gy (k)/ fopr (s =) : SHe1(k)/ fapr — SHer (),
with natural transformation
Homisy g, (k) (F, =) = Homsyy (k) / f0 (F; =)

These have value on E € Sptgi (k) defined by taking a fibrant model Eof E
(in SHg1(k) or SHg1(k)/fnt1, as the case may be) and forming the presheaf
on Sm/k

X = Hom™ (F A X4, E).
Putting the de-looping formula together with lemma 8.1 gives us
PROPOSITION 8.2. For E € SHg1(k) we have natural isomorphisms
S0 (Qﬁ;ﬁ E) =~ le SnE =~ 'Homgg_[sl (k)/fn+1 ((Pl, 1)/\717 SnE)

Proof. Indeed, the first isomorphism is just the de-looping isomorphism re-
peated n times. For the second, we have

Qs B = Homgysl(k)((Pl, D s, E)
=~ ;L[O’ITLS',L[S1 (k)/ Frs1 ((]P17 1)/\n7 SnE)
the second isomorphism following from lemma 8.1. ]

DEFINITION 8.3. Suppose that chark = 0. Take E € SHgi(k), take a €
Homgmcor(X,Y) and let n > 1 be an integer. The transfer

Try/x(a) : (QpsnE)(Y) = (s, E)(X)
is the map in SH defined as follows:
(Qp1sn E)(Y) = Homsgyy, (k) (Ve , Qprsn E)
= Homsw g, (k) (Ep1 Vi, sp )
>~ ”Homsg.[sl (k)/ frin (Zgl Yy, SnE)

co-tr™ ()™

Homsysl(k)/fnﬂ(Z]}}lXJr, snE)
= Homsy, ) (X1, Qprsp E)
=~ (QpsnE)(X).
THEOREM 8.4. Suppose that chark = 0. For E € SHgi(k), the maps Tr(«a)
extend the presheaf
Qp1sp B : Sm/k°P — SH
to an SH-valued presheaf with transfers

QpispE : SmCor(k)°® — SH
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Proof. This follows from the definition of the maps Tr(a) and theorem 6.1,
the main point being that the maps Tr(«) factor through the internal Hom in
SHsi(k)/ frt1- O

COROLLARY 8.5. Suppose that chark = 0. For E € SHgs:1(k), there is an
extension of the presheaf

$0Qp E : Sm/kP — SH
to an SH-valued presheaf with transfers
s$0Qpr E - SmCor(k)°? — SH.

Proof. This is just the case n = 1 of theorem 8.4, together with the de-looping
isomorphism
SoQ]plE = QPIS]_E.
|

Remark 8.6. The corollary is actually the main result, in that one can deduce
theorem 8.4 from corollary 8.5 (applied to Qp; lE) and the de-looping formula

Qi sp B 2 soQf E = 500 (U ' E).

As the maps co-tr™(a) are defined by smashing co-tr'(a) with an identity map,
this procedure does indeed give back the maps

Tr(a) : Qpsp E(Y) = Qpsp E(X)
as defined above.

proof of theorem 3. The weak transfers defined above give rise to homotopy
invariant sheaves with transfers in the usual sense by taking the sheaves of
homotopy groups of the motivic spectrum in question. (]

For instance, corollary 8.5 gives the sheaf 7, (soQp: E) the structure of a homo-
topy invariant sheaf with transfers, in particular, an effective motive. In fact,
these are birational motives in the sense of Kahn-Huber-Sujatha [7, 10], as soF
is a birational S'-spectrum for each S'-spectrum F. The classical Postnikov
tower thus gives us a spectral sequence

E? = H P (Xnis, mq(50p1 E)) = Tpyq(50Q2p E(X))

with E? term a “generalized motivic cohomology” of X. As the sheaves
7q(s0Qdp1 E) are motives, we may replace Nisnevich cohomology with Zariski
cohomology; as the sheaves 7, (soQp1 ) are birational, i.e., Zariski locally con-
stant, the higher Zariski cohomology vanishes, giving us

Tn(50Qp1 B(X)) 2 H(Xzar, T (500 E)) = mp (5021 E(k(X)).
In short, we have shown that the Oth slice of a P'-loop spectrum has transfers
in the weak sense. We have already seen in section 2 that this does not hold for
an arbitrary object of SHg1(k); in the next section we will see that the higher

slices of an arbitrary S'-spectrum do have transfers, albeit in an even weaker
sense than the one used above.
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9. TRANSFERS ON THE GENERALIZED CYCLE COMPLEX

We begin by recalling from [11, theorem 7.1.1] models for f, E(X) and s, F(X)
that are reminiscent of Bloch’s higher cycle complex [1]. To simplify the nota-
tion, we will always assume that we have taken a model E € Sptg: (k) which is
quasi-fibrant. For W a closed subset of some Y € Sm/k, EM)(Y) will denote
the homotopy fiber of the restriction map E(Y) — E(Y \ W).

We make use of the cosimplicial scheme n — A™ := Speck[to, ..., tn]/ >, ti—1.
A face F of A™ is a subscheme defined by ¢;, = ... =1¢; =0.

For a scheme X of finite type and locally equi-dimensional over k, let Sgy) (m)
be the set of closed subsets W of X x A™ of codimension > n, such that, for
each face F' of A™, W N X x F has codimension > n on X x F (or is empty).

We order Sg(n) (m) by inclusion.
For X € Sm/k, we let
EM(X,m):= lim EM(X xA™).
wes{ (m)
Similarly, for 0 < n < n/, we define
EC/™) (X m) = lim EWAWI(X x A™\ W)
wes( (m),wes{" (m)
The conditions on the intersections of W with X x F' for faces F' means that
m Sg}l) (m) form a cosimplicial set, denoted Sg?), for each n and that S;? )
is a cosimplicial subset of SE?) for n < n’. Thus the restriction maps for E
make m +— E(X,m) and m — E("/”')(X, m) simplicial spectra, denoted
EM(X,—) and E™/")(X —). We denote the associated total spectra by
|EM (X, —)| and [E®/)(X, ).
The inclusion Sg? )(m) — ng) (m) for n < n’ and the evident restriction maps
give the sequence
[ECO (X, )] = [BOUX, )| = [EC/)(X, )|

which is easily seen to be a weak homotopy fiber sequence.
We note that |E)(X,—)| = E(X x A*); as F is homotopy invariant, the
canonical map

E(X) = [EO(X,-)]
is thus a weak equivalence. We therefore have the tower in SH
9.1) ... = |[ECTY(X, )| = [EM(X,-)| = ... = |[EO(X,-)| =2 E(X)

with nth layer isomorphic to | E/"+1) (X, —)|. We call this tower the homotopy
coniveau tower for E(X). In this regard, one of the main results from [11] states

THEOREM 9.1 ([11, theorem 7.1.1]). There is a canonical isomorphism of the
tower (9.1) with the motivic Postnikov tower evaluated at X :
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giving a canonical isomorphism
snB(X) = [EC/"TD (X, -)).

We can further modify this description of s,E(X) as follows: Since s, is an
idempotent functor, we have

$nB(X) 2 5y (s0E)(X) 2 | (s, B) /"D (X, ).
Note that |(s, )™/t (X, —)| fits into a weak homotopy fiber sequence
(52 B) "X, =) = (50 B) ™ (X, =) = (s, B) "D (X, ).
Using theorem 9.1 in reverse, we have the isomorphism in SH
(52 B) " (X, =) & frga (s B)(X).
But as fri10 fn & foi1, we see that fr,11(spF) 20 in SHsi (k) and thus
(52 E) " (X, =) = [(s0 B) "D (X, =) = 5, B(X).

We may therefore use the simplicial model |(s,, )™ (X, )| for s, E(X).
We will need a refinement of this construction, which takes into account the
interaction of the support conditions with a given correspondence.

DEFINITION 9.2. Let A C Y x X be a generator in Homg,,cor (Y, X); for each
m, we let A(m) € Homgmcor(Y X A™, X x A™) denote the correspondence

A X idam. Let Sgg(m) be the subset of SE?) (m) consisting of those W' €
S;L) m) such that

(
(1) Wi=pyxam(AX A™NY x W) is in S}(,n)(m).
(2) A(m) is in Homgmcor(Y X A™, X X A™) .

For an arbitrary o € Homg,,cor (Y, X), write

-
o = Z ’rl,114z
i=1
with the A; generators and the n; non-zero integers and define
S (m) = N8, (m).

If we have in addition to « a finite correspondence 8 € Homgmcor(Z,Y), we let
S%Lﬁ(m) C Sg?l{(m) be the set of W C X x A™ such that W is in 8§§‘>a(m)
and pl XX XA (Y x W N |a] x A™) is in SS(,né(m)

For f:Y — X a flat morphism, one has
ST, (m) = 8¢ (m)
and for g : Z — Y a flat morphism, and o € Homg,cor (Y, X), one has

8¢ (m) =8¢ (m)
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Note that m +— Sggl)a(m) and m — Sgl’)aﬁ(m) define cosimplicial subsets of
m Sggl)(m). We define the simplicial spectra B (X, —), and E™ (X, —),.5
using the support conditions SE?L (m) and Sggn,)a”@ (m) instead of S;")(m):

EM(X,m)a:= lim  EW(XxA™)
wes{, (m)
EM(X,m)ap = lim  EW(X xA™),
wes{) ,(m)

giving us the sequence of simplicial spectra
EM(X,)ap — E™(X,-) — EM(X,-).
The main “moving lemma” [12, theorem 2.6.2(2)] yields

PROPOSITION 9.3. For X € Sm/k affine, and E € Sptgi (k) quasi-fibrant, the
maps

|EM(X, =)o s = [E™(X,=)a| = [ET™(X,-)]
are weak equivalences.

We proceed to the main construction of this section. Consider the simplicial
model |(s, E)™ (X, —)| for s, E(X). For each m, we may consider the classical
Postnikov tower (or rather, its dual version) for the spectrum (s, E)™ (X, m),
which we write as

A TZerl(SnE)(n)(X, m) — sz(snE)(”) (X,m)—...— (snE)(”) (X,m),

where
Topt1(sn B) (X, m) = (s,E)™ (X, m)

is the p-connected cover of (s,E)™(X,m). The pth layer in this tower
is of course the pth suspension of the Eilenberg-Maclane spectrum on
(5, E)™ (X, m)). Taking a functorial model for the p-connected cover, we
have for each p the simplicial spectrum

m = Tspi1 (5, E)™ (X, m)
giving us the tower of total spectra

(9.2)
o= T2 (50 B) ™ (X, =) = [72p (50 B) ™ (X, )| = = (50 B) ™ (X, )

The pth layer in this tower are then (up to suspension) the Eilenberg-Maclane
spectrum on the chain complex 7, (s, F)™ (X, %), with differential as usual the
alternating sum of the face maps.

The chain complexes 7, (s, F)™ (X, *) are evidently functorial for smooth maps
and inherit the homotopy invariance property from (s, E)™ (X, ) (see [12,
theorem 3.3.5]). Somewhat more surprising is

LEMMA 9.4. The compleves m,(s, )™ (X, %) satisfy Nisnevich excision.
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Proof. Let W C X x A™ be a closed subset in Sgg) (m), and let w be the set
of generic points of W having codimension exactly n on X x A™. Then

sn EV)(X x A™) = 5, B(SEwy) = QO (s, ) (w) = so(Q E) (w).
This gives us the following description of m,((s,E)™ (X, m)):
(30 E) ™ (X, m)) = @y (s0(Qfs B) (w))

where the direct sum is over the set T, };’) (m) of generic points of the irreducible

W e Sg?) (m) having codimension exactly n in X x A™.
Now let ¢ : Z — X be a closed subset with open complement j : U — X. For
each m, we thus have the exact sequence

0= B, e a7 oy T (S0 E) (1)) = o T(50(2 B) ()

— @ (s0(Qp E)(w)) = 0

weT{ (m)nUxAm TP
Define the subcomplex 7,(s,F)™ (X, %)z of m,(s,E)™(X,*) and quotient
complex 7, (s, E)™ (Ux, *) of (s, E)™ (X, ) by taking supports in

(W e8P (m) | W cZxA™}, resp. {IWNU x A™ | W € 8P (m)}.
We thus have the term-wise exact sequence of complexes

0 = mp(8,B) (X, %) z = (5, B) ™ (X, %) = (s, E) ™ (Ux, %) = 0
CLAIM. The inclusion

Tp (52 B) ™ (Ux, %) 2 mp(sn B)™ (U, %)

is a quasi-isomorphism.

Proof of the claim. This follows using the localization technique [13, theorem
8.10] (for details, see [11, theorem 3.2.1]). In a few words, one takes an integer

N and a W € S[(,")(N). We assume that (idy x A(o))(W) = W for each

permutation o of the vertices of AN, where A(s) : AN — A¥ is the affine-
linear extension of 0. For m < N, let T4 (m)w € T (m) be the set of points
w such that w € (idy x A(g))*(W) for some injective g : [m] — [INV], and set

Tp (80 B) ™ (U, m)w = @weT;{m(m)Wwp(snE)(”)(U, m) C (8, B) ™ (U, m).

For m > N set m,(s,E)™ (U,m)w = 0. This gives us the subcomplex
Tp (50 B) ™ (U, #)w C mp(s, E)™ (U, %);

clearly 7, (s, E)™ (U, %) is the colimit of the subcomplexes 7, (s, E)™ (U, *)w .
Similarly, we have the subcomplex 7, (s, E)™ (Ux, *)w of m,(s,E)™ (Ux, %)
and the inclusion

o = (5, B) ™ (Ux, #)w — (s, E) ™ (U, ) w,

with 7, (s, )™ (Ux, *) the colimit of the 7, (s, E)™ (Ux, *)w.
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In [11, theorem 3.2.1], we have the formal sums of maps of simplices
Yw(m) = Zni¢w(m)i; Yy (m); : A™ — A™
i

Uy (m) = Zmi\IlW(m)i; Uy (m); AL A™

for m =0,..., N, such that the pull-back by the maps ¥y (m) define a map of
complexes

Uiy (s B) (U 9w = (5, E) " (Ux, %).
Additionally, the pull-back by the ¥y, (m) define homotopies of the map ¢ o
Yw with the inclusion 7, (s, E)™ (U, *)w — 7, (s, E)™ (U, *) and similarly of
Yw ot with the inclusion 7, (s, E)™ (Ux,*)w — (50 E)™ (Ux,*). The
claim follows easily from this. O

We therefore have the quasi-isomorphism
(9.3)

Wp(snE)(”) (X, *)z — cone (ﬂp(snE)(") (X, %) j—> Wp(snE)(")(U, *)) [—1].

Now let
U/ N X/

L)

U——X
be an elementary Nisnevich square, i.e., the square is cartesian, p is étale and
induces an isomorphism p : Z' := X'\ U’ — Z. Clearly p induces an isomor-
phism
P (5 E) (X, %) 7 — (s, E) (X7 %) 205
using the localization quasi-isomorphism (9.3), it follows that p* induces a
quasi-isomorphism

cone (Wp(snE)(”)(X, *) EAN wp(SnE)(”)(U, *)) (1]
2, cone (my (50 B)™ (X', %) L my(5,B) (U7, ) ) [1],

proving the lemma. O

We will use the results of section 7 to give X ~ 7, (s,F)™ (X, ) the structure
of a complex of homotopy invariant presheaves with transfer on Sm/k, i.e. a
motive.

For this, we consider the complexes m,(5,E)™ (X, *)a, Tp(s,E) ™ (X, %) 0.
constructed above. The refined support condition are constructed so that, for
each W € S;L(m), a x idam is in Homg,cor(Y x A™, X X A™)ys w, where

W = pysan (Y x A™ x W N |a x idan)).
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We may therefore use the morphism co-tr™(a x idam) to define the map
Try/x (@)(m) : mp((52 )™ (X,m))a = mp(52 )™ (Y, m).
By proposition 7.5, the maps Try,x (m) define a map of complexes
Try/x () : Tp(52. )™ (X, %) = Tp(52 E) ™M (Y, %).
Similarly, given 8 € Homgmcor(Z,Y), we have the map of complexes
Try)x (@)s : (52 E) " (X, ¥)as = mp(sn B) ™ (Y, %) 5.

Note that, due to possible cancellations occurring when one takes the compo-
sition a o 3, we have only an inclusion

SQL,B(W) c Sgg)aog(m)
giving us a natural comparison map
I Wp(snE)(") (X, %)a,8 = ﬂ'p(snE)(")(X, *)aof-

Using our moving lemma again, we see that ¢, g is a quasi-isomorphism in case
.

X is affine.

LEMMA 9.5. Suppose chark = 0. For
a € Homgmcor(Z,Y), 8 € Homgmeor(Z,Y),
we have
Trz/y (B) o Try x(a)p = Trz/x (a0 B) 0 La,p-
Proof. This follows from lemma 7.4. |

We have already noted that complexes 7, (s, FE)™ (X, ) are functorial in X
for flat morphisms in Sm/k, in particular for smooth morphisms in Sm/k.
Let §Tn/ k denote the subcategory of Sm/k with the same objects and with
morphisms the smooth morphisms. The transfer maps we have defined on
the refined complexes, together with the moving lemma 7.4 yield the following
result:

THEOREM 9.6. Suppose char k = 0. Consider the presheaf
(50 )™ (=, %)) : Sm/k°P — C~(Ab)
on é\II/l/kOp. Let -
t:Sm/k — SmCor(k)
be the evident inclusion and let
Q@ :C (Ab) —» D™ (ADb)
be the evident additive functor. There is a complex of presheaves with transfers
Tp((sn E)™M)* : SmCor(k)°P — C~(Ab)
and an isomorphism of functors from é;/n/kOP to D~ (Ab)

Qo my(s2B) ™ (=, %)) 2 Q o (52 E)™) 01
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Proof. We give a rough sketch of the construction here; for details we refer the
reader to [9, proposition 2.2.3], which in turn is an elaboration of [12, theorem
7.4.1]. The construction of 7, ((s,E)(™)* is accomplished by first taking a ho-
motopy limit over the complexes 7, (s, )™ (X, *),. These are then functorial
on SmCor(k)°P, up to homotopy equivalences arising from the replacement
of the index category for the homotopy limit with a certain cofinal subcate-
gory. One then forms a regularizing homotopy colimit that is strictly functorial
on SmCor(k)°P, and finally, one replaces this presheaf with a fibrant model.
The moving lemma for affine schemes (proposition 9.3) implies that the homo-
topy limit construction yields for each affine X € Sm/k a complex canonically
quasi-isomorphic to Wp(snE)(”) (X, *); this property is inherited by the regular-
izing homotopy colimit. As the complexes Wp(snE)(”)(X , %) satisfy Nisnevich
excision (lemma 9.4) and are homotopy invariant for all X, this implies that
(8, E)(™)*(X) is canonically isomorphic to 7, (s, E)™ (X, *) in D~ (Ab) for
all X € Sm/k. By construction, this isomorphism is natural with respect to
smooth morphisms in Sm/k. |

COROLLARY 9.7. Suppose chark = 0. 7,((s,E)™)* is a homotopy invariant
complex of presheaves with transfer.

Proof. By theorem 9.6, we have the isomorphism in D~ (Ab)
p (52 B) ™) (X) 2 7y (50, )™ (X, %).

for all X € Sm/k, natural with respect to smooth morphisms. As the presheaf
(5, E)™ (=, %) is homotopy invariant, so is 7, ((s, E)™)*. O

proof of theorem 2. As in the proof of theorem 9.6, the method of [12, theorem
7.4.1], shows that the tower (9.2) extends to a tower

(9.4) coe = Popr1SnE = pepspnE — .= sy B

in SHg1 (k) with value (9.2) at X € Sm/k, and with the cofiber of p>,115,E —
p>psnE naturally isomorphic to EMZ{f(ﬁp((snE)("))*). By lemma 9.4 and
corollary 9.7, the presheaves 7, ((s,E)(™)* define objects in DM (k). Thus,
we have shown that the layers in the tower (9.4) have a motivic structure,
proving theorem 2. O

10. THE FRIEDLANDER-SUSLIN TOWER

As the reader has surely noticed, the lack of functoriality for the simplicial
spectra E(") (X, —) creates annoying technical problems when we wish to extend
the construction of the homotopy coniveau tower to a tower in SHg1 (k). In
their work on the spectral sequence from motivic cohomology to K-theory,
Friedlander and Suslin [4] have constructed a completely functorial version of
the homotopy coniveau tower, using “quasi-finite supports”. Unfortunately, the
comparison between the Friedlander-Suslin version and E( (X, —) is proven in
[4] only for K-theory and motivic cohomology. In this last section, we recall the
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Friedlander-Suslin construction and form the conjecture that the Friedlander-
Suslin tower is naturally isomorphic to the homotopy coniveau tower.

Let Qg?)(m) be the set of closed subsets W of A™ x X x A™ such that, for each
irreducible component W’ of W, the projection W’ — X x A™ is quasi-finite.
For E € Sptg:(k), we let

EYg(X,m) = lim  EM(A" x X x A™)
wea (m)
As the condition defining Qg?) (m) are preserved under maps
idan xfxg:A"xX'xA’”/—HM><X><Am,

where f : X' — X is an arbitrary map in Sm/k, and g : A™ — A™ is

a structure map in A*, the spectra E}”g (X, m) define a simplicial spectrum

E}"S) (X, —) and these simplicial spectra, for X € Sm/k, extend to a presheaf
of simplicial spectra on Sm/k:

EU(7,-) : Sm/k° — A°Spt.

Similarly, if we take the linear embedding 4, : A" — A"T! = A" x Al, x —

(z,0), the pull-back by i,, x id preserves the support conditions, and thus gives
a well-defined map of simplicial spectra

- n+1 n

i s By (X, ) = ERg(X, -),
forming the tower of presheaves on Sm/k
(10.1) o BV ) S EWe o)

We may compare El(wns)v (X, —) and E(™) (X, —) using the method of [4] as follows:
The simplicial spectra E(™ (X, —) are functorial for flat maps in Sm/k, in the
evident manner. They satisfy homotopy invariance, in that the pull-back map

p* EM(X, ) = EMA x X, -)

induces a weak equivalence on the total spectra. We have the evident inclusion
of simplicial sets

O (-) = S x ()
inducing the map
oxm: BU(X, =) = EM(A™ x X, ).

Together with the weak equivalence p* : |[E(™ (X, —)| — |[E(™ (A" x X, —)|, the
maps ¢x,, induce a map of towers of total spectra in SH

(10.2) ox i [ESHX, 2 = |EX (X, ).

CONJECTURE 10.1. For each X € Sm/k and each quasi-fibrant E € Sptg: (k),
the map (10.2) induces an isomorphism in SH of the towers of total spectra.
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Combined with the weak equivalence given by homotopy invariance and the
results of [11], this would give us an isomorphism in SHg1(k):

FE = ER(2,-)|.

As transfers in some form or other are used in the arguments relating the
Friedlander-Suslin complex to the Bloch-type complexes in the known cases, a
weaker form of the conjecture might be more reasonable:

CONJECTURE 10.2. For each X € Sm/k and each quasi-fibrant E € Sptgi (k)
with soF =2 0 in SHe:1(k), the map (10.2) induces an isomorphism in SH of
the towers of total spectra.
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