DOCUMENTA MATH. 525

A p-ADIC REGULATOR MAP AND FINITENESS RESULTS

FOR ARITHMETIC SCHEMES

DEDICATED TO ANDREI SUSLIN ON HIS 60TH BIRTHDAY

SHUJI SAITO'AND KANETOMO SATO?

Received: January 21, 2009
Revised: March 19, 2010

ABSTRACT. A main theme of the paper is a conjecture of Bloch-Kato on
the image of p-adic regulator maps for a proper smooth variety X over an
algebraic number field k. The conjecture for a regulator map of particular
degree and weight is related to finiteness of two arithmetic objects: One is
the p-primary torsion part of the Chow group in codimension 2 of X. An-
other is an unramified cohomology group of X. As an application, for a
regular model 2~ of X over the integer ring of k, we prove an injectivity
result on the torsion cycle class map of codimension 2 with values in a new
p-adic cohomology of 2 introduced by the second author, which is a can-
didate of the conjectural étale motivic cohomology with finite coefficients
of Beilinson-Lichtenbaum.
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1 INTRODUCTION

Let k be an algebraic number field and let G, be the absolute Galois group Gal(k /k),
where k denotes a fixed algebraic closure of k. Let X be a projective smooth variety
over k and put X := X ®;, k. Fix a prime p and integers r,m > 1. A main theme
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of this paper is a conjecture of Bloch and Kato concerning the image of the p-adic
regulator map

regr’m : CHT(X, ’m) & Qp — Hclont(kv Héirimil(yv @P(T)))

from Bloch’s higher Chow group to continuous Galois cohomology of G} ([BK2]
Conjecture 5.3). See §3 below for the definition of this map in the case (r, m) = (2, 1).
This conjecture affirms that its image agrees with the subspace

Hy(k, HY ™" H(X, Qp(r) © Hgn(k, HE(X,Qy(2)))

defined in loc. cit. (see §2.1 below), and plays a crucial role in the so-called Tama-
gawa number conjecture on special values of L-functions attached to X. In terms of
Galois representations, the conjecture means that a 1-extension of continuous p-adic
representations of Gy,

0— H ™ X,Qp(r) — FE—Q, —0
arises from a 1-extension of motives over k
0 — A2~ 1 (X)(r) — M — h(Spec(k)) — 0,

if and only if F is a de Rham representation of G;,. There has been only very few
known results on the conjecture. In this paper we consider the following condition,
which is the Bloch-Kato conjecture in the special case (r,m) = (2, 1):

H1: The image of the regulator map
reg := reg™" : CH*(X, 1) ® Qp — Hoon(k, HZ(X, Qp(2)))-

agrees with H} (k, H3(X, Q,(2))).
We also consider a variant:

H1sx: The image of the regulator map with Q, /Z,-coefficients
r°€0,/2, CH*(X,1) ® Qp/Zy — Hoa(k, HZ(X, Qp/Zy(2)))

agrees with H} (k, H3(X, Q,/Zy(2)))piv (see §2.1 for H}(k, —)). Here for an
abelian group M, Mp;, denotes its maximal divisible subgroup.

We will show that H1 always implies H1%, which is not straight-forward. On the
other hand the converse holds as well under some assumptions. See Remark 3.2.5
below for details.

Fact 1.1 The condition H1 holds in the following cases:
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p-ADIC REGULATOR AND FINITENESS 527

(1) H%(X, Ox) = 0 ([CTRI1], [CTR2], [Sal]).

(2) X is the self-product of an elliptic curve over k = Q with square-free conductor
and without complex multiplication, and p > 5 ([Md], [F1], [LS], [Lal]).

(3) X is the elliptic modular surface of level 4 over k = Q and p > 5 ([La2]).
(4) X is a Fermat quartic surface over k = Q or Q(~/—1) and p > 5 ([O]).

A main result of this paper relates the condition H1x to finiteness of two arithmetic
objects. One is the p-primary torsion part of the Chow group CH? (X) of algebraic cy-
cles of codimension two on X modulo rational equivalence. Another is an unramified
cohomology of X, which we are going to introduce in what follows.

Let o, be the integer ring of k, and put S := Spec(0y,). We assume the following:

ASSUMPTION 1.2 There exists a regular scheme 2 which is proper and flat over S
and whose generic fiber is X. Moreover, " has good or semistable reduction at each
closed point of S of characteristic p.

Let K = k(X) be the function field of X. For an integer ¢ > 0, let 27 be the
set of all points z € 2 of codimension ¢. Fix an integer n > 0. Roughly speak-
ing, the unramified cohomology group H"(K,Q,/Z,(n)) is defined as the sub-
group of Hj ! (Spec(K), Q,/Z,(n)) consisting of those elements that are “unrami-
fied” along all y € 2", For a precise definition, we need the p-adic étale Tate twist
T,(n) = T,(n) g introduced in [SH]. This object is defined in D®( 2%, Z/p"), the
derived category of bounded complexes of étale sheaves of Z/p"-modules on £, and
expected to coincide with I'(2)¢ ®@"Z/p". Here I'(2)¢ denotes the conjectural étale
motivic complex of Beilinson-Lichtenbaum [Be], [Lil]. We note that the restriction
of T,(n) to ' [p~'] := 2 ®z Z[p~"] is isomorphic to ;5", where 11~ denotes the
étale sheaf of p”-th roots of unity.Then H»™ (K, Q,/Z,(n)) is defined as the kernel
of the boundary map of étale cohomology groups

Hi 1 (Spec(K),Qy/Zy(n)) — @ Hy(Spec(Gz), Too(n)),
zeX !

where T (n) denotes lim >1 T, (n). There are natural isomorphisms
Hulr(K7 QZD/ZP(O)) = Hgt(‘%; QP/ZP) and Hu2r(K7 QZD/ZP(l)) = Br(%)p-torsa

where Br(.2") denotes the Grothendieck-Brauer group HZ (2", Gy ), and for an abelian
group M, M, s denotes its p-primary torsion part. An intriguing question is as to
whether the group H"! (K, Q,/Z,(n)) is finite, which is related to several signifi-
cant theorems and conjectures in arithmetic geometry (see Remark 4.3.1 below). In
this paper we are concerned with the case n = 2. A crucial role will be played by the
following subgroup of H3.(K,Q,/Z,(2)):

HL?r(Kv X Qp/ZP(Z))
= Im(HA(X, Q/Z(2)) > HE(Spec(K), Qp/Z(2)) ) N HA(K, Qp/Z,(2).
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It will turn out that CH?(X),.ors and H3 (K, X; Q,/Z,(2)) are cofinitely generated
over Z,, if Coker(reng /Zp)Div is cofinitely generated over Z,, (cf. Proposition 3.3.2,
Lemma 5.2.3). Our main finiteness result is the following:

THEOREM 1.3 Let Z be as in Assumption 1.2, and assume p > 5. Then:
(1) H1x implies that CH*(X) 1o and H3.(K, X;Q,/Z,(2)) are finite.

(2) Assume that the reduced part of every closed fiber of 2" /S has simple nor-
mal crossings on Z ', and that the Tate conjecture holds in codimension 1 for
the irreducible components of those fibers (see the beginning of §7 for the pre-
cise contents of the last assumption). Then the finiteness of CH? (X)p-tors and
H3(K,X;Q,/Z,(2)) implies H1x.

We do not need Assumption 1.2 to deduce the finiteness of CH2(X )p-tors from H1x,
by the alteration theorem of de Jong [dJ] (see also Remark 3.1.2 (3) below). How-
ever, we need a regular proper model 2~ as above crucially in our computations on
H3(K,X;Q,/Z,(2)). The assertion (2) is a converse of (1) under the assumption of
the Tate conjecture. We obtain the following result from Theorem 1.3 (1) (see also the
proof of Theorem 1.6 in §5.1 below):

COROLLARY 1.4 H3(K,X;Q,/Z,(2)) is finite in the four cases in Fact 1.1 (under
the assumption 1.2).

We will also prove variants of Theorem 1.3 over local integer rings (see Theorems
3.1.1, 5.1.1 and 7.1.1 below). As for the finiteness of H2.(K, Q,/Z,(2)) over local
integer rings, Spiess proved that Hy.(K, Q,/Z,(2)) = 0, assuming that oy, is an ¢-adic
local integer ring with ¢ # p and that either H?(X, Ox) = 0 or 2 is a product of two
smooth elliptic curves over S ([Spi] §4). In [SSa], the authors extended his vanishing
result to a more general situation that oy is ¢-adic local with ¢ # p and that 2" has
generalized semistable reduction. Finally we have to remark that there exists a smooth
projective surface X with p,(X) # 0 over a local field k for which the condition H1x
does not hold and such that CH? (X)tors 18 infinite [AS].

We next explain an application of the above finiteness result to a cycle class map
of arithmetic schemes. Let us recall the following fact due to Colliot-Thélene, Sansuc,
Soulé and Gros:

Fact 1.5 ([CTSS], [Gr]) Let X be a proper smooth variety over a finite field of
characteristic £ > 0. Let p be a prime number, which may be the same as L. Then the
cycle class map restricted to the p-primary torsion part

CH?(X) ptors — Ha(X,Z/p"(2))
is injective for a sufficiently large v > 0. Here 7/p"(2) denotes uf?? if { # p. Oth-

erwise Z/p" (2) denotes W, Q§(7log[—2] with W, Q?X)log the étale subsheaf of the loga-
rithmic part of the Hodge-Witt sheaf W;. Qg( ([B11], [10]).
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In this paper, we study an arithmetic variant of this fact. We expect that a similar
result holds for proper regular arithmetic schemes, i.e., regular schemes which are
proper flat of finite type over the integer ring of a number field or a local field. To be
more precise, let k, o, and X be as before and let 2" be as in Assumption 1.2. The
p-adic étale Tate twist T,(2) = ¥,(2) - mentioned before replaces Z/p"(2) in Fact
1.5, and there is a cycle class map

o7 : CHX(2) [p" — H4(2,%,.(2)).
We are concerned with the induced map
Q?)—tors,r : CHQ(‘%.)IHOTS — Hglt(‘%; ‘27(2))

It is shown in [SH] that the group on the right hand side is finite. So the injectivity
of this map is closely related with the finiteness of CH2(3£” )p-tors- The second main
result of this paper concerns the injectivity of this map:

THEOREM 1.6 (§5) Assume that H?(X, Ox) = 0. Then CH* (") p.ors is finite and
Op-tors,r 18 injective for a sufficiently large r > 0.

The finiteness of CHQ(% )p-tors in this theorem is originally due to Salberger [Sal],
Colliot-Thélene and Raskind [CTR1], [CTR2]. Note that there exists a projective
smooth surface V' over a number field with H2(V, &) = 0 for which the map

CHQ(V)p-tors — Heflt(‘/v Mf?rz)

is not injective for some bad prime p and any > 1 [Su] (cf. [PS]). Our result suggests
that we are able to recover the injectivity of torsion cycle class maps by considering
a proper regular model of V' over the ring of integers in k. The fundamental ideas of
Theorem 1.6 are the following. A crucial point of the proof of Fact 1.5 in [CTSS] and
[Gr] is Deligne’s proof of the Weil conjecture [De2]. In the arithmetic situation, the
role of the Weil conjecture is replaced by the condition H1, which implies the finite-
ness of CH?(X), s and H3.(K, X;Q,/Z,(2)) by Theorem 1.3 (1). The injectivity
result in Theorem 1.6 is derived from the finiteness of those objects.

This paper is organized as follows. In §2, we will review some fundamental facts
on Galois cohomology groups and Selmer groups which will be used frequently in
this paper. In §3, we will prove the finiteness of CH?(X )p-tors in Theorem 1.3 (1).
In §4, we will review p-adic étale Tate twists briefly and then provide some funda-
mental lemmas on cycle class maps and unramified cohomology groups. In §5, we
will first reduce Theorem 1.6 to Theorem 1.3 (1), and then reduce the finiteness of
H3(K,X;Q,/Z,(2)) in Theorem 1.3 (1) to Key Lemma 5.4.1. In §6, we will prove
that key lemma, which will complete the proof of Theorem 1.3 (1). §7 will be devoted
to the proof of Theorem 1.3 (2). In the appendix A, we will include an observation
that the finiteness of H3.(K, Q,/Z,(2)) is deduced from the Beilinson-Lichtenbaum
conjectures on motivic complexes.
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NOTATION

1.6. For an abelian group M and a positive integer n, ,M and M /n denote the

kernel and the cokernel of the map M = M, respectively. See §2.3 below for other
notation for abelian groups. For a field k, k denotes a fixed separable closure, and G},
denotes the absolute Galois group Gal(k/k). For a discrete G,-module M, H*(k, M)
denote the Galois cohomology groups H¢, (G, M), which are the same as the étale
cohomology groups of Spec(k) with coefficients in the étale sheaf associated with M.

1.7. Unless indicated otherwise, all cohomology groups of schemes are taken over
the étale topology. For a scheme X, an étale sheaf .# on X (or more generally an
object in the derived category of sheaves on X¢) and a point z € X, we often write
H} (X, %) for H}(Spec(Ox ), F). For a pure-dimensional scheme X and a non-
negative integer ¢, let X ¢ be the set of all points on X of codimension g. For a point
x € X, let k(x) be its residue field. For an integer n > 0 and a noetherian excellent
scheme X, CH,,(X) denotes the Chow group of algebraic cycles on X of dimension
n modulo rational equivalence. If X is pure-dimensional and regular, we will often
write CHY™ )= (X} for this group. For an integral scheme X of finite type over
Spec(Q), Spec(Z) or Spec(Z;), we define CH?(X, 1) as the cohomology group, at
the middle, of the Gersten complex of Milnor K -groups

K1) — D s — P Z

yeX!?! z€X?

where L denotes the function field of X. As is well-known, this group coincides with
a higher Chow group ([B13], [Le2]) by localization sequences of higher Chow groups
([B14], [Lel]) and the Nesterenko-Suslin theorem [NS] (cf. [To]).

1.8. In §§4-7, we will work under the following setting. Let k be an algebraic number
field or its completion at a finite place. Let oy be the integer ring of k and put S :=
Spec(o). Let p be a prime number, and let 2~ be a regular scheme which is proper
flat of finite type over S and satisfies the following condition:

AssuMPTION 1.8.1 If p is not invertible in oy, then 2 has good or semistable re-
duction at each closed point of S of characteristic p.

This condition is the same as Assumption 1.2 when k is a number field.
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1.9. Let k be an algebraic number field, and let 2~ — S = Spec(oy) be as in 1.8. In
this situation, we will often use the following notation. For a closed point v € .S, let
0, (resp. k,) be the completion of oy, (resp. k) at v, and let I, be the residue field of
k,. We put

Xy =X oy, 0v, Xy =2 Qo ko, Y, =2 oy, F,

and write j, : X, — %, (resp. i v Y, — Z,) for the natural open (resp. closed)

immersion. We put Y, =Y, xr, Fy, and write X for the set of all closed point on .S
of characteristic p.

1.10. Let & be an ¢-adic local field with £ a prime number, and let 2" — S = Spec(oy)
be as in 1.8. In this situation, we will often use the following notation. Let I be the
residue field of k£ and put

X =2 ®,, k, Y =% ®,,F.

We write j : X — 2 (tesp. i : Y — Z) for the natural open (resp. closed)
immersion. Let k£*" be the maximal unramified extension of &, and let o** be its integer
ring. We put

DU = X @y 0", Xi= 2 @, K, Y=Y xyF.
2 PRELIMINARIES ON GALOIS COHOMOLOGY

In this section, we provide some preliminary lemmas which will be frequently used
in this paper. Let k be an algebraic number field (global field) or its completion at a
finite place (local field). Let oy, be the integer ring of k, and put S := Spec(oy). Let p
be a prime number. If % is global, we often write X’ for the set of the closed points on
S of characteristic p.

2.1 SELMER GROUP

Let X be a proper smooth variety over Spec(k), and put X := X ®;, k. If k is global,
we fix a non-empty open subset Uy C S\ X' for which there exists a proper smooth
morphism 27, — Uy with 2y, Xy, k ~ X. Forv € S!, let k, and F,, be as in the
notation 1.9. In this section we are concerned with G-modules

V:=H (X,Q,(n)) and A:=H'(X,Q,/Z,(n)).

For M = V or A and a non-empty open subset U C Uy, let H*(U, M) denote the

étale cohomology groups with coefficients in the smooth sheaf on Uy associated to
M.

DEFINITION 2.1.1 (1) Assume that k is local. Let H(k, V') and H,(k, V) be as
defined in [BK2] (3.7). For x € {f, g}, we define

H}(k,A) :=Im(H}(k,V) — H'(k, A)).
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(2) Assume that k is global. For M € {V, A} and a non-empty open subsetU C S,
we define the subgroup H},U(kv M) c HL, (k, M) as the kernel of the natural
map

Hclont(kva) % H Hclont(kvﬂM)

HL (k, M) — .
(kM) 11 H(ky, M) H ] (ky,, M)

veU?l veS\U

IfU C Uy, we have
H} (ks M) = Ker (B (U, M) — [T s\ Hoow s M)/ Hy (0, M) )
We define the group Hgl(k;7 M) and H} ,(k, M) as

H;UC’M) = h_1>n H}HUU{:’M)a Hi%ld(k7M) = hgl Hl(UvM)v
UcCUy UCUg

where U runs through all non-empty open subsets of Uy. These groups are
independent of the choice of Uy and 2y, (cf. [EGA4] 8.8.2.5).

(3) If k is local, we define H(k, M) to be HY  (k, M) for M € {V, A}.
Note that H},(k, A) = H'(k, A).

2.2  p-ADIC POINT OF MOTIVES

We provide a key lemma from p-adic Hodge theory which play crucial roles in this
paper (see Corollary 2.2.3 below). Assume that & is a p-adic local field, and that there
exists a regular scheme 2~ which is proper flat of finite type over S = Spec(o) with
Z ®,, k ~ X and which has semistable reduction. Let 7 and n be non-negative
integers. Put

Vi=H"(X,Q,), Vin):=V'®g, Qn),

and
H™HZ, 120 RjuQp(n)) := Qp @z, lim HTH (2, 7<n Rjp"),

r>1

where j denotes the natural open immersion X < 2 . There is a natural pull-back
map . 4
o HY 2, 17<n RjQp(n)) — HTHX,Qp(n)).

Let HHY (2, 7<, Rj.Q,(n))° be the kernel of the composite map
o s HHUZ ren Rj.Qy(m) 5 HPH(X,Qy(n) — (VI ()™
For this group, there is a composite map

@ H (2,720 RjQy(n)° — FUHI (X, Qp(n) — Hiy(k, VY ().
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Here the first arrow is induced by «, the second is an edge homomorphism in a
Hochschild-Serre spectral sequence

B i= Hip (VY (1) = HSEY (X, Q) (= HT(X,Qy (),

and F'* denotes the filtration on H*1(X,Q,(n)) resulting from this spectral se-
quence. To provide with Corollary 2.2.3 below concerning the image of @, we need
some strong results in p-adic Hodge theory. We first recall the following comparison
theorem of log syntomic complexes and p-adic vanishing cycles due to Tsuji, which
extends a comparison result of Kurihara [Ku] to semistable families. Let Y be the
closed fiber of 2" — S andlet: : Y — .2 be the natural closed immersion.

THEOREM 2.2.1 ([Ts2] Theorem 5.1) For integers n,r with 0 < n < p — 2 and
r > 1, there is a canonical isomorphism

n: Siog(n) — L*L*(TSnRj*MS?Tn) in Db('%fétvz/pTL

log

where s1°¢(n) = s1°8(n) o is the log syntomic complex defined by Kato [Ka2].

Put
H* (%, sgf(n)) =Qp ®z, 1&11 H*(Z,5%2(n)),

r>1

and define H1(2, sgf(n))o as the kernel of the composite map

HH 2 555() =5 HH (2 ren R Qp(n) > (VI () ™,

where we have used the properness of 2~ over S. There is an induced map
7 HH 2585 m)° 2 HH 2 ren RjQp(n))” = Hign (K, V' ().

Concerning this map, we have the following fact due to Langer and Nekovaf:
THEOREM 2.2.2 ([La3], [Ne2] Theorem 3.1) Im(7) agrees with H, (k,V"*(n)).
As an immediate consequence of these facts, we obtain

COROLLARY 2.2.3 Assume that p > n + 2. Then Im(a) = H, (k,V"(n)).

REMARK 2.2.4 (1) Theorem 2.2.2 is an extension of the p-adic point conjecture
raised by Schneider in the good reduction case [Sch]. This conjecture was
proved by Langer-Saito [LS] in a special case and by Nekovdr [Nel] in the
general case.

(2) Theorem 2.2.2 holds unconditionally on p, if we define H' (2, 5(155 (n)) using
Tsuji’s version of log syntomic complexes ., (n) (r > 1) in [Ts1] §2.
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2.3 ELEMENTARY FACTS ON Z,-MODULES

For an abelian group M, let Mp;, be its maximal divisible subgroup. For a torsion
abelian group M, let Cotor(M) be the cotorsion part M /Mp;y.

DEFINITION 2.3.1 Let M be a Z,-module.

(1) We say that M is cofinitely generated over Zy, (or simply, cofinitely generated),
if its Pontryagin dual Homz, (M, Q,/Z,) is a finitely generated Z,-module.

(2) We say that M is cofinitely generated up to a finite-exponent group, if Mp;y is
cofinitely generated and Cotor(M) has a finite exponent.

(3) We say that M is divisible up to a finite-exponent group, if Cotor(M) has a
finite exponent.

LEMMA 2.3.2 Let 0 — L — M — N — 0 be a short exact sequence of Z,-
modules.

(1) Assume that L, M and N are cofinitely generated. Then there is a positive
integer o such that for any r > ro we have an exact sequence of finite abelian

p-groups
0— L — prM — ,» N — Cotor(L) — Cotor(M) — Cotor(NN) — 0.

Consequently, taking the projective limit of this exact sequence with respect to
r > 19 there is an exact sequence of finitely generated Z,-modules

0—=T,(L) = Tp(M) = T,(N) — Cotor(L) — Cotor(M) — Cotor(N) — 0,
where for an abelian group A, T,(A) denotes its p-adic Tate module.

(2) Assume that L is cofinitely generated up to a finite-exponent group. Assume
further that M is divisible, and that N is cofinitely generated and divisible.
Then L and M are cofinitely generated.

(3) Assume that L is divisible up to a finite-exponent group. Then for a divisible
subgroup D C N and its inverse image D' C M, the induced map (D')piy, —
D is surjective. In particular, the natural map Mpy, — Npiy is surjective.

(4) If Lpiy = Npiy = 0, then we have Mp;, = 0.

Proof. (1) There is a commutative diagram with exact rows

0 L M N 0
Xprl Xprl Xprl
0 L M N 0
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One obtains the assertion by applying the snake lemma to this diagram, noting
Cotor(A) ~ A/p" for a cofinitely generated Z,-module A and a sufficiently large
r> 1.

(2) Our task is to show that Cotor(L) is finite. By a similar argument as for (1),
there is an exact sequence for a sufficiently large r > 1

0— prL — prM — ,»N — Cotor(L) — 0,

where we have used the assumptions on L and M. Hence the finiteness of Cotor(L)
follows from the assumption that IV is cofinitely generated.
(3) We have only to show the case D = Np;,. For a Z,-module A, we have

Apiy = Im (Homzp (Qp, A) — A)

by [J1] Lemma (4.3.a). Since Ext%p (Qp, L) = 0 by the assumption on L, the follow-
ing natural map is surjective:

Homz, (Q,, M) — Homz, (Q,, N).

By these facts, the natural map Mp;, — Npjy is surjective.
(4) For a Z,-module A, we have

Apy =0 <= HOIIlZP (Qp, A) =0
by [J1] Remark (4.7). The assertion follows from this fact and the exact sequence
0 — Homg, (Qy, L) — Homg, (Q,, M) — Homgz_ (Q,, N).

This completes the proof of the lemma. ]

2.4 DIVISIBLE PART OF Hl(k, A)

Let the notation be as in §2.1. We prove here the following general lemma, which will
be used frequently in §§3-7:

LEMMA 2.4.1 Under the notation in Definition 2.1.1 we have
Im(Hyy(k, V) — H'(k, A)) = H'(k, A)piy,
Im(H, (k,V) — H'(k, A)) = H, (k, A)piy.

Proof. The assertion is clear if k is local. Assume that k is global. Without loss of
generality we may assume that A is divisible. We prove only the second equality and
omit the first one (see Remark 2.4.9 (2) below). Let Uy C S be as in §2.1. We have

Im(Hj ;(k,V) = H' (U, A)) = Hj ;(k, A)piy (2.4.2)

for non-empty open U C Up. This follows from a commutative diagram with exact
Tows
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0——=Hj},(k,V)—=H'UV)— [[ Hlwlko,V)/H(ky,V)
veS\U

o Bl
—H} ,(k, A) —— H! — H'(k,, A)/H}(ky, A)
0 f,U( ) ) H (U,A) vy g\

veS\U

and the facts that Coker(c) is finite and that Ker(/3) is finitely generated over Z,,. By
(2.4.2), the second equality of the lemma is reduced to the following assertion:

ling (Hjy(k, A)piy) = ( lim H},U(k,A))> Div- (2.4.3)

UcUy UcUy
To show this equality, we will prove the following sublemma:

SUBLEMMA 2.4.4 For an open subset U C Uy, put
Cuy := Coker(Hj 1, (k, A) — Hj ;(k, A)).

Then there exists a non-empty open subset Uy C Uy such that the quotient Cy /Cy, is
divisible for any open subset U C Uj.

We first finish our proof of (2.4.3) admitting this sublemma. Let U; C Uy be a
non-empty open subset as in Sublemma 2.4.4. Noting that H}VU(k:, A) is cofinitely
generated, there is an exact sequence of finite groups

Cotor(H} 17, (k, A)) — Cotor(H} 1;(k, A)) — Cotor(Cy /Cy,) — 0

for open U C U; by Lemma 2.3.2 (1). By this exact sequence and Sublemma 2.4.4,
the natural map Cotor(H  ;;, (k, A)) — Cotor(H  ;;(k, A)) is surjective for any open
U C U;, which implies that the inductive limit

lim Cotor(H]%_U(k:7 A))
Uclo ’

is a finite group. The equality (2.4.3) follows easily from this.
Proof of Sublemma 2.4.4. We need the following general fact:

SUBLEMMA 2.4.5 Let N = {Nj}xea be an inductive system of cofinitely generated
Zy-modules indexed by a filtered set A such that Coker(Nx — Ny) is divisible for
any two \, N € A with X' > X Let L be a cofinitely generated Z,-module and
{fx : Nx = L}xea be Z,-homomorphisms compatible with the transition maps of
N. Then there exists \g € A such that Coker(Ker(fx,) — Ker(f\)) is divisible for
any A > A.
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Proof of Sublemma 2.4.5. Let fo, : Noo — L be the limit of fy. The assumption on
N implies that for any two A\, X' € A with A’ > ), the quotient Im(fy-)/Im(fy) is
divisible, so that

Cotor(Im(f»)) — Cotor(Im( f/)) is surjective. (2.4.6)

By the equality Im(f,) = lim xe Im(f)), there is a short exact sequence

0 — lim (Im(f2)piy) — Im(fso) — lim Cotor(Im(fy)) — 0,
xeA xeA

and the last term is finite by the fact (2.4.6) and the assumption that L is cofinitely
generated. Hence we get

lim (Im(f)piv) = Im(foo)Div-

AeA

Since Im(fo)piy has finite corank, there exists an element Ay € A such that
Im(f))piv = Im(foo )piv for any A > Xg. This fact and (2.4.6) imply the equality

Im(fy) =1Im(fy,) forany A > Xo. (2.4.7)
Now let A € Asatisfy A > Ag. Applying the snake lemma to the commutative diagram

Ny, — Ny —— N\ /Ny, —0

fml fxl |

0——>1 L——=0,

we get an exact sequence

Ker(fy,) — Ker(fx,) — Nx/Ny, 0, Coker(f»,) — Coker(f»),

which proves Sublemma 2.4.5, beucase Ny /Ny, is divisible by assumption. g
We now turn to the proof of Sublemma 2.4.4. For non-empty open U C Uy, there is a
commutative diagram with exact rows

H'(Us, A)  —  H'(U,A)  — gB\UAH)GFv LY H2 (U, A)
veUp

ol ] |
0= @ Hj(k,A)—» @ Hjy(ko,A)= @ Hjy(kv,A),
vES\Ug veES\U vEU\U

where we put
H),(ky, A) := H' (ky, A)/Hy (ky, A)

for simplicity. The upper row is obtained from a localization exact sequence of étale
cohomology and the isomorphism

H?(Uy, A) ~ H' (K, A)/H (F,, A) ~ A(=1)%"  forv € Uy \ U,
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where we have used the fact that the action of G, on A is unramified at v € Uy. The
map oy is obtained from the facts that H; (k,, A) = H" (k,, A)piy if v ¢ ¥ and that
HY(F,, A) is divisible (recall that A is assumed to be divisible). It gives

Ker(ap) = P (A(-1)) pi. (2.4.8)

veUp\U

Now let ¢ be the composite map

¢v:Ker(ay) = @ A1) 2% H(Uy, A),
veUp\U

and let
Yy : Ker(¢y) — Coker(ry,)

be the map induced by the above diagram. Note that
Cuv ~ Ker(¢yyy), since H}7U(k, A) = Ker(ry).

By (2.4.8), the inductive system {Ker(ay)}uvcu, and the maps {¢y }ucu, satisfy
the assumptions in Sublemma 2.4.5. Hence there exists a non-empty open subset
U’ C Uy such that Ker(¢y)/Ker(¢y:) is divisible for any open U C U’. Then
applying Sublemma 2.4.5 again to the inductive system {Ker(¢y) } - and the maps
{Yv }ucu, we conclude that there exists a non-empty open subset U; C U’ such that
the quotient

Ker(¢r) /Ker(¢y,) = Cu /Cr,

is divisible for any open subset U C U;. This completes the proof of Sublemma 2.4.4
and Lemma 2.4.1. |

REMARK 2.4.9 (1) By the argument after Sublemma 2.4.4, Cotor(H(k, A)) is
finite if A is divisible.

(2) One obtains the first equality in Lemma 2.4.1 by replacing the local terms
H/lg(kv, A) in the above diagram with Cotor(H! (k,, A)).

2.5 COTORSION PART OF H'(k, A)

Assume that k is global, and let the notation be as in §2.1. We investigate here the
boundary map

Suy s H'(k,A) — @ A(-1)%
v€(Up)?t
arising from a localization exact sequence of étale cohomology and the purity for dis-

crete valuation rings. Concerning this map, we prove the following standard lemma,
which will be used in our proof of Theorem 1.3:
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LEMMA 2.5.1 (1) The map

Suoiv : H' (K, A)piy — @ (A(=1)" ) pyy
ve(Up)t

induced by dy,, has cofinitely generated cokernel.

(2) The map

Oy, Cotor Cotor(H*(k, A)) — @ Cotor(A(—l)GfFv)
v€E(Up)?t

induced by v, has finite kernel and cofinitely generated cokernel.
We have nothing to say about the finiteness of the cokernel of these maps.

Proof. For a non-empty open U C Up, there is a commutative diagram of cofinitely
generated Z,-modules

YU

H' (U, A)piy — @D vevo\v ((A(_l)GF”)DiV

ay

H (Uo, A) —— H'(U, A) D vevow A(-1) —21 o g2y, A),

where the lower row is obtained from a localization exact sequence of étale cohomol-
ogy and the purity for discrete valuation rings, and 7y is induced by «ay;. Let

fu : Cotor(H* (U, A)) — @ Cotor (A(—1)%)

be the map induced by ag;. By a diagram chase, we obtain an exact sequence
Ker(fyr) — Coker(yy) — Coker(ay) — Coker(frr) — 0.

Taking the inductive limit with respect to all non-empty open subsets U C Uy, we
obtain an exact sequence

Ker(0y, cotor) = Coker(dy, piv) — h_I}n Coker(ay) — Coker(dy, cotor) — 0,
UCUyp

where we have used Lemma 2.4.1 to obtain the equalities

Ker(0y, cotor) = h_H}l Ker(fy) and Coker(dy, piv) = hg Coker(vy).
Ucls, Ucls,

Since lim ycu, Coker(ay) is a subgroup of H?(Uy, A), it is cofinitely generated.
Hence the assertions in Lemma 2.5.1 are reduced to showing that Ker(dy, cotor) 18
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finite. We prove this finiteness assertion. The lower row of the above diagram yields
exact sequences

Cotor(H* (U, A)) — Cotor(H* (U, A)) — Cotor(Im(ay)) — 0,  (2.5.2)
T,(Im(8y)) — Cotor(Im(ary)) — @) Cotor(A(—1)%), (2.5.3)
veU\U
where the second exact sequence arises from the short exact sequence
0— Im(ay) — @ A(-1)% — Im(By) — 0
veU\U
(cf. Lemma 2.3.2(1)). Taking the inductive limit of (2.5.2) with respect to all non-
empty open U C Uy, we obtain the finiteness of the kernel of the map
Cotor(H"(k, A)) — lim Cotor(Im(ay)).
UcCUy
Taking the inductive limit of (2.5.3) with respect to all non-empty open U C Uy, we
see that the kernel of the map
lim Cotor(Im(ay)) — @ Cotor (A(—1)%),
UCUp ve(Uo)t
is finite, because we have
liy T, (Im(By)) C Ty(H? (U, A)
UCUg

and the group on the right hand side is a finitely generated Z,-module. Thus
Ker (0, cotor) is finite and we obtain Lemma 2.5.1. O

2.6 LoCAL-GLOBAL PRINCIPLE

Let the notation be as in §2.1. If k is local, then the Galois cohomological dimension
cd(k) is 2 (cf. [Se] IL.4.3). In the case that k is global, we have cd(k) = 2 either
if p > 3 orif k is totally imaginary. Otherwise, H4(k, A) is finite 2-torsion for
q > 3 (cf. loc. cit. 11.4.4 Proposition 13, I1.6.3 Theorem B). As for the second Galois
cohomology groups, the following local-global principle due to Jannsen [J2] plays a
fundamental role in this paper (see also loc. cit. §7 Corollary 7):

THEOREM 2.6.1 ([J2] §4 Theorem 4) Assume that k is global and that i # 2(n—1).
Let P be the set of all places of k. Then the map

H?(k, H' (X, Qp/Zy(n))) — €D H*(ky, H'(X,Qy/Zy(n)))
veEP
has finite kernel and cokernel, and the map
Hz(kv Hi<yv @P/Z;D(n))DiV) — @ HQ(kvv Hz(y7 QP/ZP(n))DiV)
vEP

is bijective.
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We apply these facts to the filtration F* on H*(X,Q,/Z,(n)) resulting from the
Hochschild-Serre spectral sequence

Ey" = H"(k, H* (X, Qp/Zy(n)) = H" (X, Qp/Zy(n)). (2.6.2)
COROLLARY 2.6.3 Assume that k is global and that i # 2n. Then:
(1) F?H(X,Qy,/Z,(n)) is cofinitely generated up to a finite-exponent group.
2) Forv € P, put X,, :== X ®y, k,. Then the natural maps

FPH'(X, Qp/Zy(n) — D F*H'(X0, Qp/Zp(n)),
veP

FPH'(X, Qp/Zy(n)oiv — €D F2H' (X0, Qp/Zp () )i
veEP

have finite kernel and cokernel (and the second map is surjective).

Proof. Let oy, be the integer ring of k, and put S := Spec(oy). Note that the set of all
finite places of k agrees with S*.

(1) The group H?(ky, H=2(X,Q,/Z,(n))piy) is divisible and cofinitely gener-
ated for any v € S, and it is zero if p Jv and X has good reduction at v, by the local
Poitou-Tate duality [Se] I1.5.2 Théoréme 2 and Deligne’s proof of the Weil conjecture
[De2] (see [Sat2] Lemma 2.4 for details). The assertion follows from this fact and
Theorem 2.6.1.

(2) We prove the assertion only for the first map. The assertion for the second
map is similar and left to the reader. For simplicity, we assume that

(#) p > 3 or k is totally imaginary.

Otherwise one can check the assertion by repeating the same arguments as below in the
category of abelian groups modulo finite abelian groups. By (), we have cd, (k) = 2
and there is a commutative diagram

H2(k,Hi72(Y, Qp/Zp(n))) - @ Hz(hz,HiiQ(Yv Qp/Zp(n)))

veS?t

FH'(X,Q,/Zy(n)) ——— @ F°H'(X,,Qp/Zy(n)),
veS?

where the vertical arrows are edge homomorphisms of Hochschild-Serre spectral se-
quences and these arrows are surjective. Since

H?*(k,, H*(X,Q,/Z,(n))) =0 for archimedean places v

by (1), the top horizontal arrow has finite kernel and cokernel by Theorem 2.6.1. Hence
it is enough to show that the right vertical arrow has finite kernel. For any v € S, the
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v-component of this map has finite kernel by Deligne’s criterion [Del] (see also [Sat2]
Remark 1.2). If v is prime to p and X has good reduction at v, then the v-component
is injective. Indeed, there is an exact sequence resulting from a Hochschild-Serre
spectral sequence and the fact that cd(k,) = 2:

H™Y(X,,Qp/Zy(n)) % HTHX,Qp/Zy(n)) 5
— H2<kv7Hi_2(7a @p/zp(n)>) — F2H1<Xv7 Qp/Zp(n))~

The edge homomorphism d is surjective by the commutative square

H'=N (Y, Qp/Zp(n)) —= Hi_l(vvv Qp/Zp(n)))G[F“

| |

HI7 (X, Qp /() — = HIH (X, Qp /2y ()

Here Y, denotes the reduction of X at v and Y,, denotes Y, QrF, F,. The left (resp.
right) vertical arrow arises from the proper base-change theorem (resp. proper smooth
base-change theorem), and the top horizontal arrow is surjective by the fact that
cd(F,) = 1. Thus we obtain the assertion. O

3 FINITENESS OF TORSION IN A CHOW GROUP

Let k,.5, p and X be as in the beginning of §2, and let X be a proper smooth geomet-
rically integral variety over Spec(k). We introduce the following technical condition:

HO: The group H3(X,Q,(2))C* is trivial.

If k is global, HO always holds by Deligne’s proof of the Weil conjecture [De2]. When
k is local, HO holds if dim(X) = 2 or if X has good reduction (cf. [CTR2] §6); it is
in general a consequence of the monodromy-weight conjecture.

3.1 FINITENESS OF CH?(X ), ors

The purpose of this section is to show the following result, which is a generaliza-
tion of a result of Langer [La4] Proposition 3 and implies the finiteness assertion on
CH?(X),-tors in Theorem 1.3 (1):

THEOREM 3.1.1 Assume HO, H1x% and either p > 5 or the equality
Hg1 (k» H? (Y, Qp/Zp(2)))Div = H' (k, H? (Y, QP/ZP(2)))D1V' (*g)

Then CH? (X)) petors @8 finite.
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REMARK 3.1.2 (1) (x4) holds if H*(X,0x) = 0 or if k is (-adic local with
{#p.

(2) Crucial facts to this theorem are Lemmas 3.2.2, 3.3.5 and 3.5.2 below. The short
exact sequence in Lemma 3.2.2 is an important consequence of the Merkur’ev-
Suslin theorem [MS].

(3) In Theorem 3.1.1, we do not need to assume that X has good or semistable
reduction at any prime of k dividing p (cf. 1.8.1), because we do not need this
assumption in Lemma 3.5.2 by the alteration theorem of de Jong [dJ].

3.2 REGULATOR MAP
We recall here the definition of the regulator maps

reg, : CH*(X,1) ® A — HL,(k, H*(X, A(2))) (3.2.1)

with A = Q,, or Q,,/Z,, assuming HO. The general framework on étale Chern class
maps and regulator maps is due to Soulé [Sol], [So2]. We include here a more ele-
mentary construction of reg 4, which will be useful in this paper. Let K := k(X) be
the function field of X. Take an open subset Uy C S\ X = S[p~!] and a smooth
proper scheme 2y, over Uy satisfying 2y, X, Spec(k) ~ X. For an open subset
U C Uy, put Zy := Ly, v, U and define

Nng(%U,uf’?) = Ker(Hg(ﬁt”U,u?i?) — H3(K, ,uf??)).
LEMMA 3.2.2 For an open subset U C Uy, there is an exact sequence
0 — CH*(2y,1)/p" — N'H*(2y, p3?) — p»CH*(2y) — 0
See §1.7 for the definition of CH*( 2y, 1).

Proof. The following argument is due to Bloch [Bl], Lecture 5. We recall it for the
convenience of the reader. There is a localization spectral sequence

B = D HT( 2 ) = HU (2 ). (3:23)
z€(Zu)H

By the relative smooth purity, there is an isomorphism

Ef~ P H(a,pSP, (3.2.4)
x€(Zy)v

which implies that N'H3( 27, p%?) is isomorphic to the cohomology of the Bloch-
Ogus complex

H(K,p5?) — @ H'u.um)— @B z/p.
ye(Zu)?! z€(Zy)?
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By Hilbert’s theorem 90 and the Merkur’ev-Suslin theorem [MS], this complex is
isomorphic to the Gersten complex

BI(K) " — B s — Pz
ye(2u)t z€(Xu)?
On the other hand, there is an exact sequence obtained by a diagram chase
0 — CH*(Z2y,1) ® Z/p" — CH*(2y,1;Z/p") — ,»CH?*(2y) — 0.

Here CH? (27, 1; Z/p") denotes the cohomology of the above Gersten complex and
it is isomorphic to N1H?( 2, p?). Thus we obtain the lemma. O

Put
M9 = Hq(Y,A(Q)) with A€ {Q,,Q,/Z,}.

For an open subset U C Uy let H*(U, M9) be the étale cohomology with coefficients
in the smooth sheaf associated with M9. There is a Leray spectral sequence

Ey" = HY(U,M") = H"""(2y, A(2)).
By Lemma 3.2.2, there is a natural map
CH*(Zu,1) ® A — H?*( 2y, A(2)).
Noting that Eg 3 is zero or finite by HO, we define the map
reg 4, 4 : CH(2y,1) ® A — H' (U, M?)

as the composite of the above map with an edge homomorphism of the Leray spectral
sequence. Finally we define reg 4 in (3.2.1) by passing to the limit over all non-empty
open U C Uy. Our construction of reg , does not depend on the choice of Uy or Zy,.

REMARK 3.2.5 By Lemma 2.4.1, H1 always implies H1x. If k is local, H1% con-
versely implies H1. If k is global, one can check that H1x implies H1, assuming that
the group Ker(CH?(2y,) — CH?(X)) is finitely generated up to torsion and that the
Tate conjecture for divisors holds for almost all closed fibers of 2y, [Uo.

3.3 PROOF OF THEOREM 3.1.1

We start the proof of Theorem 3.1.1, which will be completed in §3.5 below. By
Lemma 3.2.2, there is an exact sequence

0 — CH*(X,1) ® Q,/Z, 2 N3 (X,Q,/Zy(2)) — CH*(X)psors — 0,
(3.3.1)
where we put

NlHS(Xa Qp/Zy(2)) == Ker(H3(X, Qp/Zy(2)) — HS(Ka Qp/Zy(2))).

In view of (3.3.1), Theorem 3.1.1 is reduced to the following two propositions:
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PROPOSITION 3.3.2 (1) If k is local, then CH> (X)p-tors is cofinitely generated
over ZLy.

(2) Assume that k is global, and that Coker(reng /Z,,)Div is cofinitely generated
over Zy. Then CHQ(X )p-tors IS cofinitely generated over Z,,.

PRroPOSITION 3.3.3 Assume HO, H1x and either p > 5 or (x4). Then we have
Im(¢) = N'H*(X,Qp/Zp(2))piv-
We will prove Proposition 3.3.2 in §3.4 below, and Proposition 3.3.3 in §3.5 below.

REMARK 3.3.4 (1) If k is local, then H*(X,Q,/Z,(2)) is cofinitely gener-
ated. Hence Proposition 3.3.2 (1) immediately follows from the exact sequence
(3.3.1).

(2) When k is global, then H' (k, A)piy/H, (k, A)piy with A := H*(X,Q, /7, (2))
is cofinitely generated by Lemma 2.4.1. Hence H1x implies the second assump-

tion of Proposition 3.3.2 (2).

Let F'* be the filtration on H*(X,Q,/Z,(2)) resulting from the Hochschild-Serre
spectral sequence (2.6.2). The following fact due to Salberger will play key roles in
our proof of the above two propositions:

LeEmMA 3.3.5 ([Sal] Main Lemma 3.9) The following group has a finite exponent:

N'H*(X,Qp/Z,(2)) N F°H?(X,Q,/Zy(2)).

3.4 PROOF OF PROPOSITION 3.3.2
For (1), see Remark 3.3.4 (1). We assume that k& is global, and prove (2). Put
H® := H*(X,Qp/Zy(2)) and I :=¢(CH*(X,1)®Q,/Z,) C H°
(cf. (3.3.1)). Let F* be the filtration on H? resulting from the spectral sequence
(2.6.2), and put N'H? := N'H3(X,Q,/Z,(2)). We have I' C (F'H3)p;, =
(H?)piy by HO, and there is a filtration on H3
0C I+ (F?H3)py C (F'H?)py, C H3.

By (3.3.1), the inclusion N'H? C H? induces an inclusion CH? (X )0y C H?/T.
We show that the image of this inclusion is cofinitely generated, using the above fil-
tration on H?. It suffices to show the following lemma:

LEMMA 3.4.1 (1) The kernel of CH*(X)piors — H® /(I + (F2H?)py) is finite.

(2) The image of CH*(X)p1ors — H®/(F*H®)pyy is finite.
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(3) The second assumption of Proposition 3.3.2 (2) implies that the group
M = (F'H?)py /(I" + (F?H?)piy)
is cofinitely generated.

Proof. (1) There is an exact sequence

HS
I+ (F?H3)pyy,

NH3 N (FQHS)DiV
I'n (F2H3)Div

— CH*(X) ptors —

Hence (1) follows from Lemma 3.3.5 and Corollary 2.6.3 (1).
(2) Let Up and 27, — Uy be as in §3.2. For non-empty open U C Uy, there is a
commutative diagram up to a sign

NIHS(%Uva/Zp(Q)) - CHQ(%U) Q@ Ly

lg

HB(%Uva/Zp(Q)) - H4(%U7Zp(2))

by the same argument as for [CTSS], §1, Proposition 1. Here the top arrow is the
composite of N'H?( 27, Q,/Z,(2)) — CH?(27) pors (cf. Lemma 3.2.2) with the
natural inclusion. The bottom arrow is a Bockstein map and the right vertical arrow is
the cycle class map of 2. Taking the inductive limit with respect to all non-empty
U C Uy, we see that the left square of the following diagram commutes (up to a sign):

N'H® —— CH*(X) ® Z,

| e

H3 —— Higy(X, Zp(2)) — Heon(X, Zp(2)),

n

where HY, (X, Z,(2)) denotes the continuous étale cohomology [J1] and the bottom

right arrow is by definition the inductive limit, with respect to U C Uy, of the natural
restriction map

HY (27, 2(2)) = Heon (20, Zp(2)) — Hooni(X, Z,(2)).

The right triangle of the diagram commutes by the definition of cycle classes in loc.
cit. Theorem (3.23). This diagram and the exact sequence (3.3.1) yield a commutative
diagram (up to a sign)

CH?*(X)pios —> CH*(X) ® Z,,

Hg/(F1H3)Div — Hc40nt(X7 Zp(2))7
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where the bottom arrow is injective by HO and loc. cit. Theorem (5.14). Now the
assertion follows from that fact that Im(gcon) is finitely generated over Z, ([Sa] The-
orem (4-4)).
(3) Put
N:= (Fng)Div/{F + (F2H3 n <F1H3)Div)} = COker(reng/Zp)DiVa
which is cofinitely generated by assumption and fits into an exact sequence

(F?H? N (F'H?)pw)/(F*H?)piy — M — N — 0.

The first group in this sequence has a finite exponent by Corollary 2.6.3 (1), N is
divisible and cofinitely generated, and M is divisible. Hence M is cofinitely generated
by Lemma 2.3.2 (2). This completes the proof of Lemma 3.4.1 and Proposition 3.3.2.
O

3.5 PROOF OF PROPOSITION 3.3.3
We put
NF'H*(X,Q,/Zy(2)) == N'H*(X,Qp/Zy(2)) N F'H(X, Qp/Zy(2)).
Note that N'H?(X,Q,/Z,(2))piy = NF'H3(X,Q,/Z,(2))piv by HO. There is an
edge homomorphism of the spectral sequence (2.6.2)
¢ F'H?(X,Q,/Z,(2)) — H'(k, H*(X,Q,/Z,(2))). (3.5.1)

The composite of ¢ in (3.3.1) and ¢/ agrees with regy /7, Hence by Lemma 3.3.5, the
assertion of Proposition 3.3.3 is reduced to the following lemma, which generalizes
[LS] Lemma (5.7) and extends [Lal] Lemma (3.3):

LEMMA 3.5.2 Assume either p > 5 or (x4) (but we do not assume H1x). Then we
have

V(NFH? (X, Qp/Zy(2))oiv) C Hy(k, H*(X,Qy/Z,(2))).

We start the proof of this lemma. The assertion is obvious under the assumption
(*4). Hence we are done if k is f-adic local with ¢ # p (cf. Remark 3.1.2(1)). It
remains to deal with the following two cases:

(1) k is p-adic local with p > 5.
(2) k is global and p > 5.

Put A := H*(X,Q,/Z,(2)) for simplicity. We first reduce the case (2) to the case
(1). Suppose that k is global. Then there is a commutative diagram

NF'H3(X,Q,/Zp(2))piv H'(k, A)

| |

[T NF'H? (X0, Qp/Z,(2) o — [ H' (Ko, A),
veST veEST
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where the vertical arrows are natural restriction maps. By this diagram and the defini-
tion of H; (k, A), the case (2) is reduced to the case (1).

We prove the case (1). We first reduce the problem to the case where X has
semistable reduction. By the alteration theorem of de Jong [dJ], there exists a proper
flat generically finite morphism X’ — X such that X' is projective smooth over k and
has a proper flat regular model over the integral closure o’ of oy in I'(X’, Ox/) with
semistable reduction. Put

L:=Frac(o’) and A :=H*(X' @k Q,/Z,(2)).

Then there is a commutative diagram whose vertical arrows are natural restriction
maps

NF'H3(X,Q,/7,(2))piy — HY(k, A) —— Hl(k,A)/Hgl(k;, A)

| | |

NF'H3(X',Q,/Z(2))piy —> H'(L, A') — H'(L, A")/H}(L, A").

Our task is to show that the composite of the upper row is zero. Because X’ and X
are proper smooth varieties over k, the restriction map 7 : A — A’ has a quasi-section
s: A" — Awith sor = d-id 4, where d denotes the extension degree of the function
field of X’ @y, k over that of X. Hence by the functoriality of H,(k, A) in A, the
right vertical arrow in the above diagram has finite kernel, and the problem is reduced
to showing that the composite of the lower row is zero. Thus we are reduced to the
case that X has a proper flat regular model 2" over S = Spec(oy) with semistable
reduction. We prove this case in what follows.

Let j : X — 2 be the natural open immersion. There is a natural injective map

ar : H3( 2, 7<aRj.p$?) = H3(X, p5?)

induced by the natural morphism T<2Rj.p’ — Rj.uS?. By Corollary 2.2.3, it
suffices to show the following two lemmas (see also Remark 3.5.6 below):

LEMMA 3.5.3 N'H3(X, uf?,?) C Im(w,.) for any r > 1.
LEMMA 3.5.4 Put

H(2,7<2Rj.Qp /Ly (2)) = lim H* (2, T<aRjupiy?),
r>1

and define H3( 2, 7<2Rj.Q,/Z,(2))° as the kernel of the natural map
H (2,12 RjxQp/Zyp(2)) — H* (X, Qp/Zp(2)).
Then the canonical map
H (2, 7<2Rj:Qp(2))° — HY (2, 7<2Rj.Qp [ 2(2))°
has finite cokernel, where H3( 2, 7<2Rj.Q,(2)) is as we defined in §2.2.
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To prove Lemma 3.5.3, we need the following fact due to Hagihara, whose latter
vanishing will be used later in §6:

LEmMA 3.5.5 ([SH] A.2.4, A.2.6) Let n,r and c be integers withn > 0 and r,c >
1. Then for any ¢ < n + c and any closed subscheme Z C 'Y with codimg (Z) > ¢,
we have

HY (2, m<nRjup") = 0= HET (2, 7011 RipS").-

Proof of Lemma 3.5.3. We compute the local-global spectral sequence
EY" = @ HyT(ZreaRiuwg’) = H' (2, r<aRjau?).
TeEX @
By the first part of Lemma 3.5.5 and the smooth purity for points on X, we have

v _ HY (K, p1i5?) (if u = 0)
1 @mxu HY™"(@, p2 ™) (ifv < 2).

Repeating the same computation as in the proof of Lemma 3.2.2, we obtain
N'H3(X, 13?) ~ By® = BEY? — H3 (2, 1<2RjupS?),

which implies Lemma 3.5.3. ]

REMARK 3.5.6 Lemma 3.5.3 extends a result of Langer-Saito ([LS] Lemma (5.4))
to regular semistable families and removes the assumption in [Lal] Lemma (3.1) con-
cerning Gersten’s conjecture for algebraic K-groups. Therefore the same assumption
in loc. cit. Theorem A has been removed as well.

Proof of Lemma 3.5.4. By the Bloch-Kato-Hyodo theorem on the structure of p-adic
vanishing cycles ([BK1], [Hy]), there is a distinguished triangle of the following form
in Db(2%) (cf. [SH], (4.3.3)):

TSQR]‘*M?Z — TSQR].*,U/;%QJrs — TSQR].*,U%LZ — (T§2R]*ﬂgz)[1]
Taking étale cohomology groups, we obtain a long exact sequence

o= HU(Z 1<2Rj.ps?) — HY(Z, ngRj*Nfr%fs) — HY(Z, <2 Rj.pl?)

= HY 2 m<oRjapg?) — -+ . (3.5.7)
We claim that H9(Z, T<2Rj. uf?}) is finite for any ¢ and r. Indeed, the claim is
reduced to the case » = 1 by the exactness of (3.5.7) and this case follows from the
Bloch-Kato-Hyodo theorem mentioned above and the properness of .2~ over S. Hence

taking the projective limit of (3.5.7) with respect to r and then taking the inductive
limit with respect to s we obtain a long exact sequence

= HY (2, 7<2RjLp(2)) — HY (X, 7<2Rj.Qp(2)) — H(Z,7<2Rj:Qyp/Zy(2))
— H"Y (2, 7<2Rj.Zp(2)) = -+,
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where H1(Z, 7<2Rj.Z,(2)) is finitely generated over Z,, for any ¢. The assertion in
the lemma easily follows from this exact sequence and a similar long exact sequence
of étale cohomology groups of X. The details are straight-forward and left to the
reader. |

This completes the proof of Lemma 3.5.2, Proposition 3.3.3 and Theorem 3.1.1.
4 CycLE CLASS MAP AND UNRAMIFIED COHOMOLOGY

Let k£, S,p, Z and K be as in the notation 1.8. In particular, we always assume that
Z satisfies 1.8.1. In this section we give a brief review of p-adic étale Tate twists and
provide some preliminary results on cycle class maps. The main result of this section
is Corollary 4.4.3 below.

4.1 p-ADIC ETALE TATE TWIST

Let n and r be positive integers. We recall here the fundamental properties (S1)—
(S7) listed below of the object T,.(n) = T,.(n)a € D(Z«,Z/p") introduced by
the second author [SH]. The properties (S1), (S2), (S3) and (S4) characterizes
T, (n) uniquely up to a unique isomorphism in D°( 2%, Z/p").

(S1) There is an isomorphism t : T,.(n)|y ~ pa" on'V = X [p~'].

(S2) %,(n) is concentrated in [0, n).

(S3) Let Z C X be alocally closed regular subscheme of pure codimension ¢ with
ch(Z) =p. Leti : Z — 2 be the natural immersion. Then there is a canonical
Gysin isomorphism

Gys} : W Q3¢ [-n — o] =5 T<pycRiI'T,(n)  in D*(Za, Z/p"),

where W, QqZ,]O . denotes the étale subsheaf of the logarithmic part of the Hodge-
Witt sheaf W, Q%, ([B11], [11]).

(S4) Forz € 2 and q € Z>o, we define Z/p"(q) € Db(z&, Z/p") as

[ (if ch(z) # p)
W Qf 1 [=d]  (if ch(z) = p).

Then for y,x € Z with ¢ := codim(z) = codim(y) + 1, there is a commutative
diagram

Z/p"(q) == {

_aval . )
H"="(y, Z[p"(n — ¢+ 1)) ——= H"~(x,Z/p"(n = )

Gysfy i \LGys;;

HJ Y2, %, (n) ——— H™Me(2,T,(n)).
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Here for z € 2, Gys;' is induced by the Gysin map in (S8) (resp. the abso-
lute purity [RZ], [Th], [FG]) if ch(z) = p (resp. ch(z) # p). The arrow §'
denotes the boundary map of a localization exact sequence and 9" denotes the
boundary map of Galois cohomology groups due to Kato [KCT] §1.

(S5) LetY be the union of the fibers of 2" /S of characteristic p. We define the étale
sheaf V;};l onY as

vyt = Ker(aval (P yevo iy W — P sy inW Q;;fg),
where for y €Y, i, denotes the canonical map y — Y. Let i and j be as
follows:
V=2p )l Oy
Then there is a distinguished triangle in D*( 2, Z,/p")

i == 1] =5 Ty(n) -5 rep RjapEr -5 i, 0,
where t' is induced by the isomorphism t in (S1) and the acyclicity property
(S2). The arrow g arises from the Gysin morphisms in (S3), o is induced by
the boundary maps of Galois cohomology groups (cf- (S4)).

(S6) There is a canonical distinguished triangle of the following form in D*( Z):

Tria(n) — Tu(n) 23 5,01 25 T, ()1,

(S7) HY(Z,%,(n)) is finite for any r and i (by the properness of Z).

When k is p-adic local with p > n + 2 and 2" is smooth over S, then i*T,.(n) is
isomorphic to the syntomic complex .#,.(n) of Kato [Kal], which is the derived image
of a syntomic sheaf of Fontaine-Messing [FM]. This fact follows from a result of
Kurihara [Ku] and (S5). Therefore our object ¥,.(n) extends the syntomic complexes
to the global situation. Note also that i*T,.(n) is not the log syntomic complex 5198 (n)
unless n > dim(.2Z"), because the latter object is isomorphic to Tgnz'*Rj*uf?r” by
Theorem 2.2.1.

REMARK 4.1.1 The above properties of %,.(n) deeply rely on the computation on
the étale sheaf of p-adic vanishing cycles due to Bloch-Kato [BK1] and Hyodo [Hy].

LEMMA 4.1.2 Put

HY(Z,%g,(n)) = im HY(Z,%.(n), HUZ,Ts(n)):= lim HY(Z, % (n))

r>1 r>1

DOCUMENTA MATHEMATICA - EXTRA VOLUME SUSLIN (2010) 525-594



552 S. SarTo AND K. SATO

and H1(Z, %q,(n)) := HI(Z, %z, (n)) @z, Qp. Then there is a long exact sequence
of Z,-modules

e HY(Z,%,(n)) — HY(Z, T, (n)) — HY(Z, Teo(n))
— H" Y2, %y, (n) — -+,

where H1(Z, %y, (n)) is finitely generated over Z,, HI(Z', T (n)) is cofinitely gen-
erated over L, and H( 2, Tq, (n)) is finite-dimensional over Qy,.

Proof. The assertions immediately follow from (S6) and (S7). The details are
straight-forward and left to the reader. |

4.2 CyCLE CLASS MAP

Let us review the definition of the cycle map
o s CHY(2) /" — H* (2,5, (n)).
Consider the local-global spectral sequence

B = @ HI(2,5,(n) = H'(2,%,(). @21

e

By (S3) and the absolute cohomological purity [FG] (cf. [RZ], [Th]), we have

E}Y ~ @ H™“(z,Z/p"(n —w)) for v <mn. (4.2.2)
e

This implies that there is an edge homomorphism Ey"" — H?" (%, T, (n)) with
By =~ Coker(ava‘ P yean H' (. Z/p" (1) — P acarn HO(SE,Z/pT))
= CH"(2)/p",
where 0" is as in (S4). We define o” as the composite map
o' : CH"(Z)/p" ~ Ey"™ — H*(Z,%,(n)).
In what follows, we restrict our attention to the case n = 2.

LEMMA 4.2.3 Let Z C Z be a closed subscheme of pure codimension 1, and let K
be the function field of Z . Put

N2, T,(2)) = Ker (H(2,T,(2)) = HY(K, u?)),
N2Hé(=% T.(2) = Ker(Hé(%, T (2) = @zezo H;(ﬁt”, fv-@))).
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(1) N'H3(2,%,(2)) is isomorphic to the cohomology of the Gersten complex
modulo p”

KNE) 0" — @ )/ — P /v,
yet TEX 2

and there is an exact sequence
0 — CH*(2,1)/p" — N'H3(Z,%,.(2)) — ,~CH*(2") — 0.
See §1.7 for the definition of CH* (%, 1).

(2) There are isomorphisms

H(2,%,(2)) = Ker (0™ : @) sezo 5(2) /0" = P e 21",
N2HY(2,%,(2)) = Coker(9 : @) cezn k(1) /" = Paer 2/0")
= CH(2) /7",

where d denotes the Krull dimension of 2 .

Proof. (1) follows from a similar argument as for the proof of Lemma 3.2.2, using the
spectral sequence

EY = P HI(Z,%T.(2) = H"(2,%,(2) ((42.1) withn = 2)
reX ™
© (4.2.4)

and the purity isomorphism

EfY~ P H ", Z/p"(2—u) for v<2  ((42.1)withn =2).
A A
(4.2.5)

More precisely, since E]’;’” = 0 for (u,v) with w > v and v < 2, we have
N'H3(%,%,.(2)) ~ Ey?, which is isomorphic to the cohomology of the Gersten
complex in the assertion by Hilbert’s theorem 90, the Merkur’ev-Suslin theorem [MS]
and (S4). One can prove (2) in the same way as for (1), using the spectral sequence

Ef= @ HM(2.T.(2) = HF(2.5,(2)
TEXUNZ
and the purity isomorphism
E}"" ~ @ H " “(z,Z/p" (2 —u)) forv <2
zeZu—1

instead of (4.2.4) and (4.2.5). The details are straight-forward and left to the reader. [
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COROLLARY 4.2.6 ,»CH?*(Z) is finite for any r > 1, and CH*(Z )pors is
cofinitely generated.

Proof. The finiteness of prCHQ(SK ) follows from the exact sequence in Lemma
4.2.3(1) and (S7) in §4.1. The second assertion follows from Lemma 4.1.2 and the
facts that CH? (2") p.1ors is a subquotient of H3(2, T oo (2)). O

4.3 UNRAMIFIED COHOMOLOGY

Let K be the function field of 2. We define the unramified cohomology groups
HIYK,Z/p"(n)) and HE (K, Q,/Z,(n)) as follows:

Hi (K2 (0) 1= Ker (B (K, 1) = @) e Hy (25, (n))
H (K, Qp/Zy(n) 1= limy Hyrt (K, 2" (n).

r>1
We mention some remarks on these groups:
REMARK 4.3.1 (1) Forn =0, we have
Hy (K, Z/p"(0)) = H(Z,Z/p") and Hy(K,Qp/Zy(0)) = H' (2, Qp/Zp).
If k is global, then H}.(K,Q,/Z,(0)) is finite by a theorem of Katz-Lang [KL].
(2) Forn =1, we have
HA(K,Z/p" (1) = pBr(2)  and  HZ(K,Qp/Zy(1)) = Br(2 )y o

If k is global, the finiteness of H2(K,Q,/Z,(1)) is equivalent to the finiteness
of the Tate-Shafarevich group of the Picard variety of X (cf. [G] I, [Tal]).

(3) Forn = d = dim(%"), H"Y(K,Q,/Z,(d)) agrees with a group considered
by Kato [KCT], who conjectures that

HEY (K, Q,/Z,(d)) =0 ifp # 2 or k has no embedding into R.

His conjecture is a generalization, to higher-dimensional proper arithmetic
schemes, of the corresponding classical fact on the Brauer groups of local and
global integer rings. The d = 2 case is proved in [KCT] and the d = 3 case is
proved in [JS].

We restrict our atttention to the case n = 2 in what follows. The following standard
proposition relates H2.(K,Z/p"(2)) with the cycle class map o2, which will be useful
later.
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PROPOSITION 4.3.2 For a positive integer r, there is an exact sequence
0 — NH3(Z2,%.(2)) —— H3(Z,%.(2)) — H3(K,Z/p"(2))
s CHXZ) ) —2 HA(2,5,(2)).
Consequently, taking the inductive limit on v > 1, we get an exact sequence
0— NHZ,T(2)) —— H)(2.T(2)) — Hu(K Qp/Zy(2))

— CHX(Z) ® Qy/Z,, —2125 HA(2,%.0(2)).
(4.3.3)

Proof. Consider the spectral sequence (4.2.4). Since E}"" = 0 for (u,v) with u > v
and v < 2 by (4.2.5), there is an exact sequnece

0— Ey® = H3(2,%,(2)) = ES® = E3? — HY(2,%,.(2)).

One obtains the assertion by rewriting these Es-terms by similar arguments as for the
proof of Lemma 4.2.3 (1). U

REMARK 4.3.4 Because the groups H*(Z,%(2)) are cofinitely generated by
Lemma 4.1.2, the sequence (4.3.3) implies that H3.(K,Q,/Z,(2)) is cofinitely gener-
ated if and only if CH*(Z") @ Q,/Z, is cofinitely generated.

We next prove that H3.(K, Q,/Z,(2)) is related with the torsion part of the cokernel
of a cycle class map, assuming its finiteness. This result will not be used in the rest of
this paper, but shows an arithmetic meaning of H3.(K,Q,/Z,(2)). See also Appendix
B below for a zeta value formula for threefolds over finite fields using unramified
cohomology.

PROPOSITION 4.3.5 Assume that H3.(K,Q,/Z,(2)) is finite. Then the order of
Coker(g3, : CH*(2') ® Zy, — H*(2,%2,(2))) prtors
agrees with that of H3.(K, Q,/Z,(2)).

Proof. Note that H*(.2, %z, (2)) is finitely generated over Z, by Lemma 4.1.2, so
that Coker(g%p )p-tors 18 finite. Consider the following commutative diagram with exact
rows (cf. Lemma 4.1.2):

0 — CH2(Z) prtors - CHX(Z)®Z, > CHX(Z2)®Q, — CHX(Z)®Qp/Z, — 0

2 2 2
o , | 3, | /2 |
c

0 — Cotor(H*(Z, T (2))) = H*(Z,T2,(2)) > H*(Z,%0,(2) &> H*(Z,T(2)),

where the arrow a denotes the map obtained from the short exact sequence in Lemma
4.2.3(1) and the arrows b and c are natural maps. See Lemma 4.4.2 below for the
commutativity of the left square. By the finiteness of Hp.(K,Q,/Z,(2)), we see that

Coker(a) =~ gy H (2, Too(2)) 1= H* (2, Too(2)) /N H* (2, T (2))
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(cf. Lemma 4.2.3 (1)) and that the natural map Ker(gép) — Ker(g?Qp /z,) 18 zero (cf.
(4.3.3)). The latter conclusion further implies that the kernel of the induced map
Im(b) — Im(c) is divisible. Noting these facts, we obtain a short exact sequence

0 — g H* (2% (2)) — Coker(e}, )pon — Ker(g, /z,) — 0

by a diagram chase on the above diagram. Comparing this sequence with (4.3.3), we
obtain the assertion. O

4.4 TORSION CYCLE CLASS MAP OF CODIMENSION TwoO
We define H3.(K, X;Q,/Z,(2)) as the following subgroup of H3.(K,Q,/Z,(2)):
Im(H*(X,Qp/Zy(2)) = H*(K,Qp/Zy(2))) N HY(K, Qp/Zp(2)).

In this subsection we relate the finiteness of this group with the injectivity of torsion
cycle class maps of codimension two (see Corollary 4.4.3 below), which will be used
in the proof of Theorem 1.6. We start with the following proposition.

PROPOSITION 4.4.1 Assume that the quotient
gV P (2.%60(2)) = HH (2, T (2)) /IN'H? (2, T (2))
is finite. Then there exists a positive integer 1o such that the kernel of the map
Q;tz)-tors,r : CH2(%)p-tors — H4(% T.(2))
agrees with (CH2(<96”)1,_t()rS)]31V for any r > rq.
We need the following lemma to prove this proposition (cf. [CTSS] Proposition 1):

LEMMA 4.4.2 For integers r,s > 0, there is a commutative diagram up to a sign

N'H3(2,%,(2)) — > ,-CH*(Z)

2
J{QS,T

H3(2,T,(2) —= HN(2,%,(2)),

where «ug denotes the boundary map in the short exact sequence of Lemma 4.2.3 (1)
and gir denotes the cycle class map o? restricted to ps CH?(Z). The arrow Os,r s
the connecting morphism of the distinguished triangle in (S6):

s

Ty a(2) — To(2) 25 7,21 L Tl (2)[1].

Proof of Lemma 4.4.2. Note that N'H3(2,T4(2)) is generated by the image of
H3(%,%5(2)) for closed subsets Z C 2 of pure codimension 1. We fix such a
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Z, and endow it with the reduced subscheme structure. There is a diagram which
commutes obviously

HY(2,%,(2) "= HY(2,5.(2)
canonicali \Lcanonical
H3(9,%,(2) =~ HY (2, 5.(2)).

We show that the image of the upper J, - lies in the subgroup

NHY(Z,%,(2)) = Ker (HE(2,,(2) = P oem HAZ,T,(2)))

~ Coker (9™ : @D cez0 #(2)* /0" — @ e Z/¥")
= CHy2(2)/p' (d = dim(2))

(cf. Lemma 4.2.3). Indeed, there is a commutative diagram with exact bottom row

8,7

HE(Z,%,(2)) Hy (2, %:(2))

l |

B H(2,5,14(2) —= @ HA2,5,2) —> ) HAZ,%,.(2),

z€Z0 z€Z0 z€Z0

whose bottom left arrow is surjective by the purity in (S3) and Hilbert’s theorem 90:
H3(2,%:(2)) ~ H' (2,Z/p' (1)) ~ k(2)* /pt  for t=r1r+s,s.

Hence the lower d, - is the zero map and the image of the upper J, . is contained in
N2H%(2,%,(2)). Now the composite map

HY(2,%4(2) 5 N*HL(2,5,(2)) = CHa-2(2)/p" — CHA(2) /"
agrees, up to a sign, with the composite map
Hy(%,%4(2)) = N'H3(Z,%4(2)) = ,«CH*(Z) < CH*(Z") - CH*(2") /p"

by (S4) and computations on boudary maps (see [CTSS] Proof of Proposition 1, Step
6). We obtain the commutativity in question from these facts, because the cycle class
map o? for cycles on Z is given by the composite map

CHa—2(2)/p" =~ N?Hy(%,%,(2)) = Hyz(2,%,(2)) = HY(2,%,(2))
by definition. 0O

Proof of Proposition 4.4.1. The following argument is essentially the same as the
proof of [CTSS] Corollaire 3. Taking the inductive limit of the diagram in Lemma
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4.4.2 with respect to s > 1, we obtain a diagram whose square commutes up to a sign
and whose bottom row is exact

NH3 (2, T0o(2)) —> CH*(2 ) prors

2
1 J/thors,r
r

H3(2,Tou (2)) —m H3(2,Toa(2) —m HA(2,5,(2)).

Since Ker(a,) is divisible by Lemma 4.2.3 (1), this diagram induces the following
commutative diagram up to a sign:

Cotor( N H* (2, Too (2))) —== Cotor(CH?(.2) potors)

2
\L @p-tors,

Cotor(H (T (2))) —L Cotor(H (2, Toe (2))) — > H*(2,%,(2)),

where the bottom row remains exact, and the injectivity of the central vertical arrow
follows from the finiteness of gry H3(2, T (2)). Because Cotor(H3(2, T (2)))
is finite by (S7) and Lemma 4.1.2, the map dn - is injective for any  for which p”
annihilates Cotor( H?(2, T (2))). Thus we obtain Proposition 4.4.1. O

COROLLARY 4.4.3 If H3(K, X;Q,/Z,(2)) is finite, then there is a positive integer
ro such that Ker(gf)_torsﬂ.) = (CH* (% )p-tors ) Div for any T > .

Proof. Since gri H*( 2, T (2)) is a subgroup of H3.(K, X;Q,/Z,(2)) (cf. (4.3.3)),
the assumption implies that gri H3(2, T, (2)) is finite. Hence the assertion follows
from Proposition 4.4.1. ]

REMARK 4.4.4 Ifk is {-adic local with £ # p, then we have T (2) = Q,/Z,(2) by
definition and

H(2,%00(2)) = HX (2, Qp/Zp(2)) = H (Y, Qp/Zp(2))

by the proper base-change theorem, where Y denotes the closed fiber of Z/S. The
last group is finite by Deligne’s proof of the Weil conjecture [De2]. Hence Qf)_lorw for
X is injective for a sufficiently large r > 1 by Proposition 4.4.1. On the other hand,
if k is global or p-adic local, then H3( %', T (2)) is not in general finite. Therefore
we need to consider the finiteness of the group H3.(K, X;Q,/Z,(2)) to investigate
the injectivity of gf)_wrsyr.

5 FINITENESS OF AN UNRAMIFIED COHOMOLOGY GROUP

Let k, S, p, 2 and K be as in the notation 1.8. We always assume 1.8.1 throughout
this and the next section.
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5.1 FINITENESS OF H3 (K, X;Q,/Z,(2))

In this and the next section, we prove the following result, which implies the finiteness
of H3(K, X;Q,/Z,(2)) in Theorem 1.3 (1). See the beginning of §3 for HO.

THEOREM 5.1.1 Assume HO, H1x% and either p > 5 or the equality
H;(k7 HZ(Ya QI)/ZP(Q)))DIV = Hl(ka H2(Y7 QP/ZI)(2)))DIV (*g)
Then H3(K, X;Q,/Z,(2)) is finite.

In this section we reduce Theorem 5.1.1 to Key Lemma 5.4.1 stated in §5.4 below. We
will prove the key lemma in §6. We first prove Theorem 1.6 admitting Theorem 5.1.1.

Proof of Theorem 1.6. The assumption H?(X, Ox) = 0 implies H1* and (*4) (cf.
Fact 1.1, Remark 3.2.5, Remark 3.1.2(1)). Hence H3 (K, X;Q,/Z,(2)) is finite by
Theorem 5.1.1. By Corollary 4.4.3, there is a positive integer ry such that

Ker(02 1ors.r) = (CH*(2 )petors)piv ~ forany r > ro.

Thus it remains to check that CHQ(% )p-tors 18 finite, which follows from the finiteness
of CH?(X )p-tors (cf. Theorem 3.1.1) and [CTR2] Lemma 3.3. This completes the
proof. |

5.2 PROOF OF THEOREM 5.1.1, STEP 1

We reduce Theorem 5.1.1 to Proposition 5.2.2 below. Let N'H3(X,Q,/Z,(2)) (resp.
ey H3(X,Q,/Z,(2))) be the kernel (resp. the image) of the natural map

H*(X,Qp/Z,(2)) — H*(K,Q,/Z,(2)).

In view of Lemma 4.2.3, there is a commutative diagram with exact rows
NHY(X,Qp/Z,(2)) — H(X,Qp/Zp(2)) — eryH*(X,Qp/Zp(2))
.| o |
@ NHy (2,T(2)) = @ Hy, (2.Tx(2) > @ D Hy(2 Tx(2)),

veST veEST veSt yey?
(5.2.1)

where the arrows d5 and 0 arise from boundary maps of localization exact sequences
and 47 is induced by the right square. Note that we have

Ker(d) = HY(K, X;Q,/Zy(2)).
PROPOSITION 5.2.2 Assume HO, H1x and either p > 5 or (x4). Then we have

Ker(?)piy = 0.
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The proof of this proposition will be started in §5.3 below and finished in the next
section. We first finish the proof of Theorem 5.1.1, admitting Proposition 5.2.2. It
suffices to show the following lemma (see also Remark 3.3.4 (2)):

LEMMA 5.2.3 (1) Ifk is local, then Ker() is cofinitely generated over Zj,.

(2) Assume that k is global, and that Coker(reng /Zp)Div is cofinitely generated

over Ly, where regy ,; denotes the regulator map (3.2.1). Then Ker(d) is
cofinitely generated over Z,,.

Proof. (1) is obvious, because H*(X,Q,/Z,(2)) is cofinitely generated. We prove
(2). We use the notation fixed in 1.9. By Lemma 4.1.2, H3(2, T (2)) is cofinitely
generated. Hence it suffices to show Coker(d7) is cofinitely generated, where d; is as
in (5.2.1). There is a commutative diagram

CH*(X,1) ® Q,/Z, N'H3(X,Q,/Zy(2))

o| |

P CHi oY) ©Q,/Z, —= @ NHY, (2T (2)),

veS! veS!

where the bottom isomorphism follows from Lemma 4.2.3 (2) and 0 is the boundary
map of the localization sequence of higher Chow groups. See (3.3.1) for the top
arrow. Since N2Hy (2, T (2)) is cofinitely generated for any v € S, it suffices to
show that for a sufficiently small non-empty open subset U C 5, the cokernel of the
boundary map

oy : CHQ(X7 1)®Qp/Z, — @ CHa—2(Yy) ® Qp/Zy
ve(U)?

is cofinitely generated. Note that CHy_o(Y,) = CcH! (Y,) if Y, is smooth. Now let
U be a non-empty open subset of S \ X for which 2" xg U — U is smooth. Put
A= H*(X,Q,/Z,(2)), viewed as a smooth sheaf on Ug. There is a commutative
diagram up to a sign

reng /Zp

CH*(X,1) ® Q,/Z, H'(k, A)

| Jo

@ cH'(v) 2 Q,/z, —= P A(-1)%.

veU? veU?t
See §2.5 for dyy. The bottom arrow 7 is defined as the composite map

CHl(Yv) ® QI)/ZP — HQ(YU, Qp/Zp(l)) = HQ(YM QP/ZP(I))GF“ = A(_l)GF“>
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where the first injective map is the cycle class map for divisors on Y,. Note that
Coker(0y) is divisible and that Ker(7/) has a finite exponent by the isomorphisms

Ker(e) ~ HY(F,, H(Y,,Q,/Z,(1))) ~ H*(F,, Cotor(H*(X,Q,/Z,(1))))

for v € U!, where the first isomorphism follows from the Hochschild-Serre spec-
tral sequence for Y,, and the second follows from Deligne’s proof of the Weil con-
jecture [De2] and the proper smooth base-change theorem H'(Y,,Q,/Z,(1)) =~
H'(X,Q,/Z,(1)). Hence to prove that Coker(dy/) is cofinitely generated, it suffices
to show that the map

8/ =Ty o aU . CHz(X, ].) X @p/Zp — @ (A(—l)G]F”)DiV
veU!

has cofinitely generated cokernel (cf. Lemma 2.3.2 (2)). Finally Coker(reng /ZP)DiV
is cofinitely generated by assumption, which implies that 9" has cofinitely generated
cokernel by Lemma 2.5.1 (1). Thus we obtain Lemma 5.2.3. O

5.3 PROOF OF THEOREM 5.1.1, STEP 2

We construct a key commutative diagram (5.3.3) below and prove Lemma 5.3.5, which
play key roles in our proof of Proposition 5.2.2. We need some preliminaries. We
suppose that k is global until the end of Lemma 5.3.1. Let X' C S be the set of the
closed points on S of characteristic p. For non-empty open U C S, put

Ly =2 xsU and Zy[p~']:= 2u xs (S\ ).

Let jy : v [p’l] — Zu be the natural open immersion. There is a natural injective
map

ay,  H*( 2y, 7<o Rjvaps?) = H3(Zulp™], 1y?)
induced by the canonical morphism 7<3 Rju. S’ — Rju. .
LEMMA 5.3.1 We have N*H3( 2y [p~'], u5?) C Im(ay,,).
Proof. We compute the local-global spectral sequence

B = @ HY( 2. resRjvani?) = B2y, reaRivap?).
r€(Zu)H

By the absolute cohomological purity [FG] and Lemma 3.5.5 (1), we have

Eu,v H" (K7 /’(‘?Tz) (lf u = 0)
LB ey B @ gt (G 0 < 2).

Repeating the same computation as in the proof of Lemma 3.2.2, we obtain

N'H3(Zylp~ '], u$?) =~ Ey® = BL? — H*( 2y, 7<aRjunS?),
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which completes the proof of Lemma 5.3.1. ]

Now we suppose that k is either local or global, and put

H3(X,Q,/Z,(2)) (if k is ¢-adic local with £ # p)
w.— J H3 (X, 7<2Rj.Qp /L (2)) (if k is p-adic local)
lim H3( 2y, 7<2Rju+Q,/Z,(2))  (f k is global),
zcucs
(5.3.2)

where j in the second case denotes the natural open immersion X — 2, and the
limit in the last case is taken over all non-empty open subsets U C S which contain
Y. By Lemma 3.5.3 and Lemma 5.3.1, there are inclusions

N'H?(X,Qp/Zy(2)) C # C H?(X,Qy/Zy(2))
and a commutative diagram
NF'H*(X,Qp/Zy(2))piy - (# )iy (5.3.3)
\ lw
H' (k, H*(X, Qy/Zp(2)))-
Here NF'H?(X,Q,/Z,(2)) is as we defined in §3.5, and we put
WO = Ker(# — H*(X,Q,/Z,(2))). (5.3.4)

The arrows w and v are induced by the edge homomorphism (3.5.1). We show here
the following lemma, which extends Lemma 3.5.2 under Assumption 1.8.1:

LEMMA 5.3.5 Assume either p > 5 or (*4). Then we have
Im(w) C Hy(k, H*(X,Q,/Zy(2))).

REMARK 5.3.6 We will prove the equality Im(w) = Hj (k, H*(X,Q,/Z,(2)))piv
under the same assumptions, later in Lemma 7.2.2.

The following corollary of Lemma 5.3.5 will be used later in §5.4:
COROLLARY 5.3.7 Assume HO, H1x and either p > 5 or (x4). Then we have

Im(v) = Im(w) = H, (k, H*(X, Qp/Zy(2)))piv-

Proof of Lemma 5.3.5. The assertion under the second condition is rather obvious. In
particular, we are done if k is ¢-adic local with ¢ # p (cf. Remark 3.1.2(1)). If k is
p-adic local with p > 5, the assertion follows from Corollary 2.2.3 and Lemma 3.5.4.
Before proving the global case, we show the following sublemma:
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SUBLEMMA 5.3.8 Let k be an (-adic local field with { # p. Let 2" be a proper
smooth scheme over S := Spec(o). Put A := H'(X,Q,/Z,(n)) and

ijl(Xv Qp/Zp(n)) := Im(HHl(%a Qp/Zp(n)) — HHI(Xv QP/ZP(n)))'
Then we have
Hp(k, A) C Im(F'H (X, Qy/Zy(n)) N Hy (X, Qp/Zp(n)) — H' (k, A))

and the quotient is annihilated by #(A/Apiv ), where F'® denotes the filtration induced
by the Hochschild-Serre spectral sequence (2.6.2).

Proof. Put A := Q,/Z,, and let F be the residue field of k. By the proper smooth
base-change theorem, G, acts on A through the quotient Gy. It suffices to show the
following two claims:

(i) We have
Im(F'H'™(X, A(n)) N Hi (X, A(n)) — H' (k, A)) = H'(F, A),
where HY(F, A) is regarded as a subgroup of H' (k, A) by an inflation map.

(i) We have
Hj(k,A) C H'(F,A)

and the quotient is annihilated by #(A/Apy).

We show these claims. Let Y be the closed fiber of 2/, and consider a commutative
diagram with exact rows

00— H'(F,H (Y, A(n))) — H'"'(Y, A(n)) ——— H"" (Y, A(n)))°"
00— H*'(k,A) ———— H'P(X, A(n))/F?—— H(X, A(n)))%*,

where the exactness of the upper (resp. lower) row follows from the fact that cd(Gr) =
1 (resp. cd(Gg) = 2). The arrows o7 and o3 are induced by the isomorphism

H*(Y,A(n)) ~ H*(X, A(n)) (proper smooth base-change theorem).
The arrow o5 is induced by
ob HYY(Y, A(n)) ~ HY(Z, A(n)) — HY(X, A(n)).
Since Im(o%) = HiY(X, A(n)) by definition, the claim (i) follows from the above

diagram. The second assertion immediately follows from the fact that H}c(k, A) =
Im(H*(F, A)piy — H'(k, A)). This completes the proof of Sublemma 5.3.8. O
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We prove Lemma 5.3.5 in the case that k is global with p > 5. Let # and #° be as
in (5.3.2) and (5.3.4), respectively, and put

A= H*(X,Q,/Z,(2)).

Note that (7//0)Div = Wpiy by HO. By a similar argument as for Lemma 2.4.1, we
have

Poiv = lim H*( 20, 7<2Rjur«Qp/Zy(2))piv-
Ycucs

Here the limit is taken over all non-empty open subsets U C S which contain X/,
and ji; denotes the natural open immersion 2y [p~!] < 2. By this equality and
the definition of Hj(k, A) (cf. Definition 2.1.1), it suffices to show the following
sublemma:

SUBLEMMA 5.3.9 Let U be an open subset of S containing X, and fix an open
subset U' of U \ X for which Xy — U’ is smooth (and proper). Put Wy =
H3( 2y, 7<2Rju+Qp/Zy(2)). Then for any x € (Wi )pw, its diagonal image

- H (ko, A) H (ky, A)
r=@hes € I e I s
ve(U')1 veS\U’ 9

is zero.

Proof. Since (#)piy is divisible, it suffices to show that T is killed by a positive
integer independent of x. By Lemma 5.3.8, T, with v € (U’)! is killed by #(A/Apiy ).
Next we compute T, withv € Y. Let 2, and j, : X, — Z, be as in 1.9, and put

Wiy = H* (X, T<2RjeQp ) Z,y(2)).
By HO over k, we have
Im((WU)Div — "//v) C Ker(% — Hg(y» Qp/Zp(Z))DiV'

Hence Corollary 2.2.3 and Lemma 3.5.4 imply that 7, = 0 for v € Y. Finally,
because the product of the other components

H HY(ky, A)
1
vesS\(U'UX) Hg(k“’ A)

is a finite group, we see that all local components of Z are annihilated by a positive
integer independent of z. Thus we obtain the sublemma and Lemma 5.3.5. |

5.4 PROOF OF THEOREM 5.1.1, STEP 3

We reduce Proposition 5.2.2 to Key Lemma 5.4.1 below. We replace the conditions in
Proposition 5.2.2 with another condition
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N1: We have Im(w) = Im(v) in (5.3.3), and Coker(regq /5 )oiv is
cofinitely generated over Z,. Here regq. sz, denotes the regulator map
(3.2.1).

Indeed, assuming HO, H1x and either p > 5 or (x,), we see that N1 holds by
Corollary 5.3.7 and the fact that the quotient H (k, A)piy/H 1(k A)piy, with A =

H?(X,Q,/Z,(2)), is cofinitely generated over Z, for (cf. Lemma 2.4.1). Thus
Proposition 5.2.2 is reduced to the following:

KEY LEMMA 5.4.1 Assume HO and N1. Then we have Ker(d)p;y = 0.

This lemma will be proved in the next section.
6 PrOOF oF THE KEY LEMMA

The notation remains as in the previous section. We always assume 1.8.1 throughout
this section. The aim of this section is to prove Key Lemma 5.4.1.

6.1 Proor or KEy LEMMA 5.4.1

Let
0 H(X,Q,/2,(2) — D P Hj(2.T(2)

veST ye(Yy,)o
be the map induced by 0 in (5.2.1). Put

O = Hg(X’ Qp/Zp(2)) /(N1H3(X, Qp/ZP(Q))DiV)

and let © C O be the image of Ker(d). Note that we have

6 = Ker(6 = gy H*(X,Q,/2,(2)) > Prves: P yervn Hi(2,5w(2)))
and a short exact sequence
0 — Cotor(N'H?*(X,Q,/Z,(2))) — © —> Ker(d) — 0.

If £ is global, the assumption of Proposition 3.3.2 (2) is satisfied by the condition N1.
Hence Cotor(N'H?(X,Q,/Z,(2))) is finite in both cases k is local and global (cf.
Proposition 3.3.2, (3.3.1)). By the above short exact sequence and Lemma 2.3.2 (3),
our task is to show

éDiv:O, assuming HO and N1.

Let F'* be the filtration on H3(X,Q,/Z,(2)) resulting from the Hochschild-Serre
spectral sequence (2.6.2). We define the filtration ['®* on © as that induced by
F*H3(X,Q,/Z,(2)), and define the filtration F'*© C O as the pull-back of F*6.

Since HO implies the finiteness of gr F@ it suffices to show
(F* @)Div =0, assuming N1. (6.1.1)

The following lemma will play key roles:
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LEMMA 6.1.2 Suppose that k is local. Then the following composite map has finite
kernel:

vyt H2(k, H (X, Q,/2,(2) — H*(X,Q,/Z,(2)) = @ HI(Z Tw(2)).
yey?o°

Here the first map is obtained by the Hochschild-Serre spectral sequence (2.6.2) and
the fact that cd(k) = 2 (cf. §2.6). Consequently, the group F?H3(X,Q,/Z,(2)) N
Ker(0) is finite.

Admitting this lemma, we will prove (6.1.1) in §§6.2-6.3. We will prove Lemma 6.1.2
in §6.4.
6.2 PROOF OF (6.1.1) IN THE LocAL CASE

We prove (6.1.1) assuming that k is local and that Lemma 6.1.2 holds. Let F be the
residue field of k. By Lemma 6.1.2, F?0 is finite. We prove that Im(F10 — grk.O)

is finite, which is exactly the finiteness of gr};é and implies (6.1.1). Let # and #°
be as in (5.3.2) and (5.3.4), respectively. N1 implies

g0 =~ F'H (X, Q,/Zp(2)) [ (# O)oiw + F?H?(X,Qp/Zy(2))).  (6.2.1)

If p # ch(F), then the group on the right hand side is clearly finite. If p = ch(F),
then Lemma 6.2.2 below implies that the image of F''© — grLO is a subquotient of
Cotor(#?), which is finite by the proof of Lemma 3.5.4. Thus we are reduced to

LEMMA 6.2.2 Ifp = ch(FF), then Ker(d) C #'.
We do not need to assume HO or N1 in this lemma.

Proof. Let the notation be as in 1.10. Note that # = H?(2,7<2Rj.Q,/Z,(2)) by
definition. There is a commutative diagram with distinguished rows in D*(.2, Z/p")

T,(2) —— Rjupl? ———— Ri. Ri'S,(2)[1]

tl Ri*Ri!(t)[l]l t[l]l

T<aRjupl? —— Rjups? — RivRi' (T<aRjupS?)[1] —— (t<2Rj.p?)[1],

where ¢ is as in (S5) in §4.1. The central square of this diagram gives rise to the left
square of the following commutative diagram (whose rows are not exact):

HY(X,Q,/Z,(2)) —  Hy(2,%T(2)) — D Hy(2,T(2))

yeyo

H ! I

H*(X,Qp/Zp(2)) — HO(Y,i* R} Qp/Zy(2)) 2 @ H°(y,i"R*j.Qp/Zy(2))-
yeY?o
(6.2.3)
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Here the middle and the right vertical arrow is obtained from the composite morphism

Ri. Ri' (t)[1]
ey

Ri,.Ri'T,.(2)[1] Ri Ri'T<a R s [1] <= To3Rjupis,

and the right square commutes by the functoriality of restriction maps. The composite
of the upper row is 0. We have Ker(e;) = # obviously, and €5 is injective by the
second assertion of Lemma 3.5.5. Hence we have Ker(d) C Ker(ezo¢1) = Ker(ey) =
W O

6.3 PROOF OF (6.1.1) IN THE GLOBAL CASE

We prove (6.1.1) assuming that & is global and that Lemma 6.1.2 holds. Let # and
#0 be as in (5.3.2) and (5.3.4), respectively. N1 implies

g0 ~ F'HY(X,Q,/Zy(2)) / (# O)piv + F?H* (X, Qp/Z,(2))).  (63.1)
We first prove the following lemma, where we do not assume HO or N1:

LEMMA 6.3.2 Ker(d) C 7.

Proof. We use the notation in 1.9. By the same argument as for the proof of Lemma
6.2.2, we obtain a commutative diagram analogous to (6.2.3)

H(X,Qp/Zp(2)) — D HY, (2, Too(2)) — D D Hy(ZTeo(2)
ves! vesl ye(yy)0

| l !

H3(X,Qp/Zp(2)) 5 @ HO(Ye,iiR%j0uQp/Zp(2) 2 @ @D H(y iiR%50uQp/Zp(2))
vex VEX ye(Yy)0

The composite of the upper row is d. The assertion follows from the facts that
Ker(e1) = # and that €5 is injective (cf. Lemma 3.5.5). O

We prove (6.1.1). By Lemma 2.3.2 (4), it suffcies to show that
(F20)piy = 0 = (grk0)piy-

Since F2H3(X, Q,/Z,(2))NKer(?) has a finite exponent (Corollary 2.6.3 (2), Lemma

6.1.2), we have (F20)pi, = 0. We show (gr-0)piy = 0. By (6.3.1) and Lemma 6.3.2,
we have

gh® C Z =) (W) + Z) with Z:=#°NF?H?(X,Q,/Zy(2)).
By Corollary 2.6.3 (1), Cotor(Z) has a finite exponent, which implies
(grk.0)piy C Epiy = Cotor(# )pyy = 0
(cf. Lemma 2.3.2 (3)). Thus we obtain (6.1.1).
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6.4 PROOF OF LEMMA 6.1.2

The case that k is p-adic local follows from [Satl] Theorem 3.1, Lemma 3.2 (1) (cf.
[Ts3]). More precisely, 2 is assumed in [Sat1] §3 to have strict semistable reduction,
but one can remove the strictness assumption easily. The details are left to the reader.

We prove Lemma 6.1.2 assuming that k is ¢-adic local with £ # p. Note that
in this case 2"/S may not have semistable reduction. If 2"/ has strict semistable
reduction, then the assertion is proved in [Satl] Theorem 2.1. We prove the general
case. Put

A:=Q,/Z,

for simplicity. By the alteration theorem of de Jong [dJ], we take a proper generically
finite morphism f : 27 — X such that 2" has strict semistable reduction over
the normalization S’ = Spec(oy/) of S in 2. sNote that d; is the composite of a
composite map

03 : H?(k, H (X, A(2)) — H?*(X, A(2)) LA Hy (2, A(2))

with a pull-back map

HY(2,A(2) — €D Hj(2,A(2)). (6.4.1)

yeYo

Here the arrow §'°° is the boundary map of a localization exact sequence. There is a
commutative diagram

H2(k, HY(X, A(2))) —>— H{(2,A(2))

f*J« | lf*

(K, H' (X', A(2))) —> HE.(27, A(2)),

where X' := 2" ®o,, k and Y’ denotes the closed fiber of 2"/ /S’. We have already
shown that Ker(9%) is finite, and a standard norm argument shows that the left vertical
arrow has finite kernel. Thus Ker(93) is finite as well. It remains to show

LEMMA 6.4.2 Im(03) N N2H{- (2, A(2)) is finite, where N2Hy (2, A(2)) denotes
the kernel of the map (6.4.1).

Proof. First we note that
Im(23) C Im(H"(F, Ho (2™, A(2))) — Hy (%2, A(2))).
Indeed, this follows from the fact that 03 factors as follows:

H2(k, H (X, A(2))) ~ H'(F, H' (k™, H (X, A(2))))
— HY(F, H*(X", A(2))) — H'(F, H3-(27, A(2))) — Hy (2, A(2)).
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Hence it suffices to show the finiteness of the kernel of the composite map

v Hl(IF,H%(,%”“r,A(Z))) — Hy (2, A(2)) — @ H;‘(,%‘”,A(Q)).

yeyo

There is a commutative diagram with exact rows and columns

CHg—2(Y)® A ———-CHy »2(Y)® A

| [

H(F, Hy-( 27", A(2))) —— HY (2, A(2)) ————= HL(2™, A(2))

Tl l

P Hy(2,A2) — @ H (2" AQ2)),

yeYo ne(Y)0
whose columns arise from the isomorphisms
N?Hy (2, A(2)) ~ CHy_»(Y) ® A,  N’Hg (2™, A(2)) ~ CHq_»(Y) ® A

with d := dim(Z") (see Lemma 4.2.3 (2), noting that T.(2) = A(2) in this situa-
tion). The middle exact row arises from the Hochschild-Serre spectral sequence for
the covering 2™ — 2". A diagram chase shows that Ker(v) ~ Ker(¢), and we are
reduced to showing the finiteness of Ker(:). Because the natural restriction map

CHd72(Y>/CHd72(Y)tors — CHd72(?)/CHd72(?)tors

is injective by the standard norm argument, the finiteness of Ker(:) follows from the
following general lemma:

LEMMA 6.4.3 Let e be a positive integer and let Z be a scheme which is separated of
finite type over F := TF with dim(Z) < e. Then the group CH._1(Z)/CHe—1(Z)tors
is a finitely generated abelian group.

Proof of Lemma 6.4.3. Obviously we may suppose that Z is reduced. We first reduced
the problem to the case where Z is proper. Take a dense open immersion Z — Z’

with Z' is proper. Writing Z" for Z’ \ Z, there is an exact sequence
CHe_l(Z”) — CHe_l(Z/) — CHe_l(Z) — 0,

where CH,_1(Z") is finitely generated free abelian group because dim(Z”) < e — 1.
Let f : 7 — Z be the normalization. Since f is birational and finite, one easily sees
that the cokernel of f. : CH._1(Z) — CH._1(Z) is finite. Thus we may assume Z
is a proper normal variety of dimension e over F'. Since F' is algebraically closed, Z
has an F'-rational point. Now the theory of Picard functor (cf. [Mu] §5) implies the
functorial isomorphisms CH,_1(Z) ~ Picz,p(F), where Picz,r denotes the Picard
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functor for Z/F. This functor is representable by a group scheme and fits into the
exact sequence of group schemes

0 —)PIC}/F — PiCZ/F — NSZ/F — 0,

where Picy, /F 1s quasi-projective over F' and the reduce part of NSz, - is associated
with a finitely generated abelian group. Since F' is the algebraic closure of a finite
field, the group Pic, »(F') is torsion. Lemma 6.4.3 follows immediately from these
facts. |

This completes the proof of Lemma 6.4.2, Lemma 6.1.2 and the key lemma 5.4.1. O
7 COKERNEL OF THE REGULATOR MAP

Let k, S,p, Z and K be as in the notation 1.8. We always assume 1.8.1 throughout
this section. For a proper smooth geometrically integral variety Z over a finite field IF.
we say that the Tate conjecture holds in codimension 1 for Z, if the étale cycle class
map

CH' (Z) @ Q; — H*(Z @ F,Qy(1))%*

is surjective for a prime number ¢ # ch(F) ([Tal], [Ta2]). By [Mil] Theorems
4.1 and 6.1, this condition is independent of ¢ # ch(F) and equivalent to that the
Grothendieck-Brauer group Br(Z) = H?(Z,Gy,) is finite.

7.1 STATEMENT OF THE RESULT

Let € be the category of Z,-modules modulo the Serre subcategory consisting of
p-primary torsion abelian groups of finite-exponent. In this section, we prove the
following result, which implies Theorem 1.3 (2) (see the beginning of §3 for HO):

THEOREM 7.1.1 Assume HO and either p > 5 or the equality
Hgl (kv H? (Ya QP/ZP(Q)))DW =H' (k, H? (Y, Qp/Zp(z)))Div- (*g)
Assume further the following conditions:

T: The reduced part of every closed fiber of 2| S has simple normal crossings on
Z', and the Tate conjecture holds in codimension 1 for the irreducible compo-
nents of those fibers.

F: Cotor(CH? (X)p-tors) has a finite exponent.
Then there exists a short exact sequence in €
HY(k, H2(X, Q,/2,(2))
Im(regy /7, )
Moreover the image of the last map contains H3.(K, X; Qp/Zy(2))piy-

0 — CH*(X)potors — — H3 (K, X;Q,/Z,(2)).

This result is a generalization of Theorems 3.1.1 and 5.1.1 under the assumption T.
The formulation of Theorem 7.1.1 in this final version was much inspired by discus-
sions with Masanori Asakura.
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7.2 PROOF OF THEOREM 7.1.1

Let
0 HY(X,Qp/Z,(2) — D D Hy(2,5x(2)).

veS ye(Y,)"

be the map induced by 0 in (5.2.1). Let # be as in (5.3.2) and let #° be as in (5.3.4).
We need the following two lemmas:

LEMMA 7.2.1 Assume that T holds. Then we have
Woiw C Ker(d) + F2H3(X,Q,/Z,(2)).
LEMMA 7.2.2 Assume either p > 5 or (x4). Then we have
Im(w) = H;(k, H*(X, Qp/Zp(2)))pivs
where w is as in (5.3.3).

Lemma 7.2.1 will be proved in §§7.4-7.5 below, and Lemma 7.2.2 will be proved in
§7.3 below. We prove Theorem 7.1.1 in this subsection, admitting these lemmas. Let

H® .= H*(X,Q,/Z,(2)), N'H®c H® and F'H®cC H®
be as in §3.4, and put
NF'H? .= N'H* N F'H® and A:= H*(X,Q,/Z,(2)).

We see that
Cotor(N'H?) has a finite exponent (7.2.3)

by the exact sequence (3.3.1) and the assumption F, and moreover that
Cotor( NF'H?) has a finite exponent (7.2.4)

by HO.
We work in % for a while to simplify the arguments. By HO, (3.3.1) and Lemma
3.3.5, there is a short exact sequence in €

0 — CH*(X)ptors — H' (K, A)/Im(regq ,, ) — H'(k, A)/NF — 0,

where NF denotes the image of NF'H? in H'(k, A). By the assumption ‘p > 5
or (+4)’ and Lemma 3.5.2, the composite map (NF'H?)p,, — F'H? — H'(k, A)
factors through H, gl (k, A). Therefore we obtain a short exact sequence in €

0 — CH*(X)ptors — H, (k, A)/Im(regy /5 ) — Hy(k, A)/NFpiy — 0,

whose exactness follows from (7.2.4) and the fact that the natural map (NFlH 3)DiV —
NFpjy is surjective (cf. Corollary 2.6.3 (1) and Lemma 2.3.2 (3)). It remains to con-
struct an injective map

o : H)(k, A)/NFpyy = HA(K, X:Q,/Z,(2)) in €
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whose image contains H3.(K, X;Qp/Z,(2))piv-
We work in the usual category Z,-modules in what follows. There are Z,-
homomorphisms

H3(K, X;Q,/Z,(2)) —*~ H*/N'H3 (7.2.5)
™ i (finite-exponent kernel)

H3/(N'H? + F2H?),

where ¢ is induced by the definition of H3.(K, X;Q,/Z,(2)) and Ker(r) has a finite
exponent by Lemma 3.3.5 (i.e., 7 is an isomorphism in %’). On the other hand, there
is a diagram of Z,-submodules of H?

NlHS D1v (—>N1H3ﬂWD1V (—>WDW (HKCI'( )+F2H3

] |

N3 C Ker(p) 622632 _ oy

where the inclusion Ker(d) C # is obvious when k is ¢-adic local with ¢ # p. Since
NH? N #5iy is divisible up to a finite-exponent group by (7.2.3), we have

Wow/(N'H? N W) =~ (W /N'H?)pyy (7.2.6)

by Lemma 2.3.2(3). Now for a subgroup M C H i let M be its image into
H3/(N'H3 + F2H3). Then we have #p;y C Ker(d) C # by the above diagram, and
moreover

o = (Ker®) ) ow = (7 )ow (72.7)

by (7.2.6) and the fact that Ker() has a finite exponent (cf. Lemma 2.3.2 (3)). Noting
that Coker(H, (k, A)) has a finite exponent (Remark 2.4.9 (1)), we define the desired
map « in € as that induced by the following diagram:

Hy(k, A)[NFpiy oS = Hi (K, X;Q,/Zy(2))

iﬂ'ob

H}(k, A)piv/NFpiy — = (# )pyy > Ker(0),

where the right vertical map is surjective by the definition of H3 (K, X;Q,/Z,(2))
and has finite-exponent kernel by the diagram (7.2.5). The arrow 7 is obtained from
Lemma 7.2.2, which is surjective by HO and has finite-exponent kernel by (7.2.4). By
the last fact, « is injective in ¢". Finally Im(«) contains H3.(K, X;Q,/Z,(2))piv by
the surjectivity of 7 and (7.2.7). Thus we obtain Theorem 7.1.1 assuming Lemmas
7.2.1 and 7.2.2.
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7.3 PROOF OF LEMMA 7.2.2

If k£ is local, then the assertion follows from Corollary 2.2.3 and Lemma 3.5.4. We
show the inclusion Im(w) D H (k, H*(X,Q,/Zy(2)))piv» assuming that k is global
(the inclusion in the other direction has been proved in Lemma 5.3.5). Put A :=
H?*(X,Q,/Z,(2)). By Lemma 2.3.2(3), it is enough to show the following:

(i) The image of the composite map
WO s FUH3(X,Q,/Z,(2) ——= H(k, A)

contains Hg1 (k, A)piy, where the arrow 1 is as in (3.5.1).

(i1) The kernel of this composite map is cofinitely generated up to a finite-exponent
group.

(ii) follows from Corollary 2.6.3 (1). We prove (i) in what follows. We use the notation
fixed in 1.9. Let U C S be a non-empty open subset which contains X’ and for which
2y — U is smooth outside of X. Let jiy : 2y[p~t] — Zu be the natural open
immersion. Put U’ := U \ X and A := Q,/Z,. Forv € X, put

M, = F'H?(X,, A(2))/(H* (20, <2 R(j0)« 4(2)) " )biv,
where the superscript 0 means the subgroup of elements which vanishes in
H3(X,A(2)) ~ H3(X, @k, kv, A(2)).
We construct a commutative diagram with exact rows

0 ——> Ker(riy) —— F'H*(2u[p"], A(2) —— ) M,

veX
cu Yu bzl
0 — Ker(ay) ———— H'(U, A) ———— P H/, (k.. A),
veX

where Fton H3( 2y [p~1], A(2)) means the filtration resulting from the Hochschild-
Serre spectral sequence (3.2.3) for 2y [p~!], and 1y is an edge homomorphism of
that spectral sequence. The arrows 77 and ag; are natural pull-back maps, and we put

H),(ky, A) := H' (ky, A)/Hy (ky, A).
The existence of by, follows from the local case of Lemma 7.2.2, and ¢y denotes the
map induced by the right square. Note that Ker(a;) contains H} ;;(k, A). Now let
c: W= lim Ker(ry) — lim Ker(ay)
zcucs Tcucs

be the inductive limit of ¢y, where U runs through all non-empty open subsets of S
which contains X and for which 2 — U is smooth outside of 2. Because the group
on the right hand side contains H (k, A), it remains to show that
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(iii) Coker(c) has a finite exponent.
(iv) #T is contained in W°.

(iv) is rather straight-forward and left to the reader. We prove (iii). For U C S as
above, applying the snake lemma to the above diagram, we see that the kernel of the
natural map

Coker(cy) — Coker(vy)

is a subquotient of Ker(by). By the local case of Lemma 7.2.2, we have
Ker(bs) ~ @D Im(F?H?(X,, A(2)) — M,)
veX

and the group on the right hand side is finite by Lemma 7.5.1 below. On the other
hand Coker(¢)y;) is zero if p > 3, and killed by 2 if p = 2. Hence passing to the limit,
we see that Coker(c) has a finite exponent. This completes the proof of Lemma 7.2.2.

7.4 PROOF OF LEMMA 7.2.1, STEP 1
We start the proof of Lemma 7.2.1. Our task is to show the inclusion
(W) CO(FPH?(X,Qp/Zy(2))). (7.4.1)
If k is global, then the assertion is reduced to the local case, because the natural map
FZHs(Xv QP/ZP(2)) — @ FQHS(Xanp/Zp@))
veS?t

has finite cokernel by Corollary 2.6.3 (2).

Assume now that & is local. In this subsection, we treat the case that & is ¢-adic
local with ¢ # p. We use the notation fixed in 1.10. Recall that Y has simple normal
crossings on 2~ by the assumption T. Note that d factors as

H(X,Qp/Zp(2)) — Hy(Z,Qp/Z,(2)) — @ Hﬁ(% Qp/Zy(2)),
yeYo
and that Im(d) C Im(:). There is a short exact sequence
0— Hl(Fa H%(%ur7Qp/Zp(2))) - Hgl/(% Qp/Zy(2))
— He (2", Qp/Zp(2))%" = 0

arising from a Hochschild-Serre spectral sequence. We have Ker(t) ~ CHy_2(Y) ®
Qp/Z, with d := dim(Z£") by Lemma 4.2.3 (2). Hence to show the inclusion (7.4.1),
it suffices to prove

ProrosiTiON 7.4.2 (1) Assume that T holds. Then the composite map
CHd—Q(Y) ® Qp/Zp — Hf‘/(% Qp/Zp(z)) — I{%(%/ura(@p/Z;v(Q))G[F
(7.4.3)
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is an isomorphism up to finite groups. Consequently, we have
Im () = H'(F, Hy- (2", Qp/Z(2)))
up to finite groups.
(2) The image of the composite map
H?(k, HY (X, Qp/Zy(2))) — H*(X, Qp/Zp(2)) — Hy (2,Qp/Zy(2))
contains H* (F, H%(%“r, Qp/Z(2)))piv-
We first show the following lemma:

LEMMA 7.4.4 (1) Consider the Mayer-Vietoris spectral sequence obtained from
the absolute purity (cf. [RZ], [Th], [FG])
B = H* (Y Q2 (u+ 1)) = Hy ™ (27, Qp/Zp(2)),
(7.4.5)

where Y9 denotes the disjoint union of q-fold intersections of distinct irre-
ducible components of the reduced part of Y. Then there are isomorphisms up
to finite groups

H(F, (2", Q,/Z,(2))) ~ H'(F, E; %),
HL( 2™, Q,/Z,(2))% =~ (B3

(2) As a Gg-module, H°(k"", H*(X,Q,)) has weight < 2.

Proof of Lemma 7.4.4. (1) Since E}"" = 0 for any (u, v) with u > 0 or 2u + v < 2,
there is a short exact sequence

0— Ey° — HA(2™,Q,/Z,(2))) — Ey " — 0, (7.4.6)

and the edge homomorphism
Eyt > HEL( 27", Qp/Z,(2))), (7.4.7)

where we have E; "* = Ker(d; ") and ES* = Coker(d; "*) and d; "** is the Gysin
map H(Y®,Q,/Z,) — H>(YY,Q,/Z,(1))). Note that E;"" is pure of weight
v — 4 by Deligne’s proof of the Weil conjecture [De2], so that H*(F, E%) (i = 0,1)
is finite unless v = 4. The assertions immediately follow from these facts.

(2) By the alteration theorem of de Jong [dJ], we may assume that 2 is pro-
jective and has semistable reduction over S. If X is a surface, then the assertion is
proved in [RZ]. Otherwise, take a closed immersion 2~ — Pg =: P. By [JS] Propo-
sition 4.3 (b), there exists a hyperplane H C P which is flat over .S and for which
Z = Z xp H is regular with semistable reduction over S. The restriction map
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H?*(X,Q,) = H*(Z,Q,)(Z = Z x,, k) is injective by the weak and hard Lef-
schetz theorems. Hence the claim is reduced to the case of surfaces. This completes
the proof of the lemma. U

Proof of Proposition 7.4.2. (1) Note that the composite map (7.4.3) in question has
finite kernel by Lemma 6.4.3 and the arguments in the proof of Lemma 6.4.2. We
prove that (7.4.3) has finite cokernel, assuming T. By the Kummer theory, there is a
short exact sequence

0 — Pic(YM)® Q,/Z, — H*YNV,Q,/Z,(1)) — Br(Y V)10 — 0
(7.4.8)

and the differential map dl_l’4 of the spectral sequence (7.4.5) factors through the
Gysin map
HO(Y®), Qp/Zp) — Pic(Y)) & Qp/Zy,

whose cokernel is CHy—2(Y) ® Q,/Z,. Hence in view of the computations in the
proof of Lemma 7.4.4 (1), the Gysin map

CHy—2(Y) ® Qp/Zp — He( 2™, Qp/Zy(2))

(cf. Lemma 4.2.3 (2)) factors through the map (7.4.7) and we obtain a commutative
diagram

CHy (V) ® Qp/Zy —— > HE( 2, Qp/Zy(2))%

| -

(CHd—Q(?) ® QP/ZP)GF - (ESA)G[F

)

where the left vertical arrow has finite cokernel (and kernel) by Lemma 6.4.3 and a
standard norm argument. The right vertical arrow has finite cokernel (and is injective)
by Lemma 7.4.4 (1). Thus it suffices to show that the bottom horizontal arrow has
finite cokernel. By the exact sequence (7.4.8), there is a short exact sequence

0 — CHy_2(Y) ® Q,/Z, — Eg* — Br(Y W), 0rs — 0.

Our task is to show that (Br(Y (), o, ) 7 is finite, which follows from the assumption
T and the finiteness of the kernel of the natural map

HY(Gr,Pic(Y V) @ Q,/Z,) — HY(Gr, H*(YM,Q,/Z,(1)))

(cf. Lemma 7.6.2 in §7.6 below). Thus we obtain the assertion.
(2) Since cd(k") = 1, there is a short exact sequence

0 — H' (K, H'(X,Qp/Zp(2))) = H* (X", Qp/Zp(2)) = H*(X,Qp/Zp(2))"* =0
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arising from a Hochschild-Serre spectral sequence. By Lemma 7.4.4 the last group
has weight < —2, and we have isomorphisms up to finite groups

H?(k, H' (X, Qp/Z,(2))) ~ H'(F, H' (K", H' (X, Qp/Z,(2))))
~ HY(F, H*(X",Q,/Z,(2))). (7.4.9)

Now we plug the short exact sequence (7.4.6) into the localization exact sequence
H? (X", Qp/Zp(2)) — HH( 2™, Qp/Zy(2))) — H (2™, Qp/Zp(2)).

Note that H3( 2™, Q,/Z,(2)) ~ H3(Y,Q,/Z,(2)), so that it has weight < —1 (cf.
[De2]). Let E5°" be as in (7.4.5). Since E;M is pure of weight 0, the induced map

Ey M — HY(27,Q,/Z,(2))) /a(Ey”)
has finite image. Hence the composite map
H(X",Qp/Zp(2)) — HH( 2™, Qp/Z,(2))) — By
has finite cokernel, and the following map has finite cokernel as well:
HY(F, H* (X", Qy/Z,(2))) — H' (F, By ).

Now Proposition 7.4.2 (2) follows from this fact together with (7.4.9) and the first
isomorphism in Lemma 7.4.4 (1). O

REMARK 7.4.10 Let J be the set of the irreducible components of Y?) and put

A:=Ker(g : 27 - NS(YW)) with NS(YW):= @5 NS(v,),

yeY?o

where for y € YO, Y, denotes the closure {y} C Y and NS(Y,) denotes its Néron-
Severi group. The arrow ¢ arises from the Gysin map 7" — Pic(Y(l)). One can
easily show, assuming T and using Lemma 7.6.2 in §7.6 below, that the corank of
H'(F, E;1’4) over Ly, is equal to the rank of A over Z. Hence Proposition 7.4.2(2)
implies the inequality

dimg, (H? (k, H'(X,Q,(2))) > dimg(A ® Q), (7.4.11)

which will be used in the next subsection.

7.5 PROOF OF LEMMA 7.2.1, STEP 2

We prove Lemma 7.2.1, assuming that k is p-adic local (see 1.10 for notation). We
first show the following lemma:

LEMMA 7.5.1 We have
FQHB(Xa Qp/Zp(2)) C HS(%TSQRj*QP/ZP(z)) (=7).
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Proof of Lemma 7.5.1. There is a distinguished triangle in D( 2%, Z/p") by §4.1
(S5)

’

iy, [=3] == T,(2) — > T Rjupy? — = i, (2] (7.5.2)

Applying Ri' to this triangle, we obtain a distinguished triangle in D?(Yy, Z/p")

Gys? Ri'(t) | .
v, (3] 2 Ritg, (2) T (s RSl —> v, -2, (1.53)

where Gys? := Ri'(g) and we have used the natural isomorphism
(23 RjupS?)[—1] = Ri' (T<a Rj.p?).
Now let us recall the commutative diagram (6.2.3):

HY(X,Qp/Zp(2) —  Hy(2,T(2))  — D@ Hy(%, T(2))

yey?o0

H ! |

Hg(X7 Qp/Zp(z)) = HO(Y: i*jo*Qp/Zp(Q)) = @ Ho(yvi*RSj*Qp/Zp(Q)),

yey?

where the middle and the right vertical arrows are induced by Ri'(t) in (7.5.3). By
the proof of Lemma 6.2.2, we have H3(.2, 7<2Rj.Q,/Z,(2)) = Ker(eaeq). Hence
it suffices to show the image of the composite map

0 H(k, H'(X,Q,/2,(2) — HY(X,Q,/Z,(2)) = @ Hy(2,Tw(2))
yeY?o

is contained in Ker(\). By the distinguished triangle (7.5.3), Ker(\) agrees with the
image of the Gysin map

Gys := @ GyS?y: @ Hl(yawoole;,log) — @ H;(%{soo(z))

yey?o° yeY?o yeY?o

On the other hand, 05 factors into the following maps up to a sign, by the commuta-
tivity of the central square in [SH] (4.4.2):

H?(k, H' (X, Qp/Zy(2))) ~ H'(F, H (K, H'(X, Qp/Z(2))))

— Hl (Fa H2(Xur? QP/ZP(Q))) L> Hl (F’ HO(Y’ V%,oo))

— H! (F, @ne?o HO(, Wmﬁé,log)) — @yeyo H (y, Wae Q) 10)
ﬂ @yeyo Hé(%‘zoo(2))7

1

where = h_n; v= . Thus we obtain the assertion. O
,00 r Y,r

<P
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We start the proof of Lemma 7.2.1, i.e., the inclusion (7.4.1), assuming that k is p-
adic local. The triangle (7.5.2) gives rise to the upper exact row of the following
commutative diagram with exact rows (cf. [SH] (4.4.2)):

H3(2,%,(2) — H*(2, 1< Rjupuy?) —— H' (Y, 11,)

| -

H?’(%,TT(Z)) HS(XJJ'?TZ) H?/(%I7(2))7

where o (resp. Gys,?) is as in (7.5.2) (resp. (7.5.3)). Hence the map 0 restricted to
W = H3(Z,7<2Rj.Q,/Z,(2)) factors as

W — H' (Y, vy ) — Hy (2,%0(2) — P Hp(2.Tx(2)),
yeYo

where vy . = lim vy . By Lemmas 7.5.1 and 6.1.2, it suffices to show that the
corank of

Im(Hl(Y, W) = D yero HA(Z, TOO(Q))) (7.5.4)

is not greater than dimg, H?(k, H'(X,Q,(2))). We pursue an analogy to the case
p # ch(F) by replacing Hy.(2,Q,/Zy(2)) with H'(Y, vy ). There is an exact
sequence

0— H'(F,H(Y,vg ) — H' Y,y o) — H' (Y,vg )" — 0

arising from a Hochschild-Serre spectral sequence. By [Sat3] Corollary 2.2.7, there is
a Mayer-Vietoris spectral sequence

BYY = HO (YOS W ptt | ) = HOY vy ).

Note that E is of weight b — 1 so that H*(F, E*") is finite unless b = 1. Thus we
obtain isomorphisms up to finite groups

HYF, H(Y, v ) ~ H'(F, E; 1), (7.5.5)
HNY vp )% = (By ") (7.5.6)
with B, "' = Ker(d; ') and Ey'' = Coker(d; "'"), where d; "' is the Gysin map
HY(Y®,Q,/Z,) — H' (YN, Woe Q) 1)

There is an exact sequence of Gr-modules (cf. (7.6.1) below)

0 — Pic(Y) @ Qp/Zy — H' (YD, Wae Qpry) ) — Br(Y V) piory — 0.
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Hence we see that the group (7.5.4) coincides with the image of H'(F, H*(Y, vy, )
up to finite groups by the condition T, the same computation as for Proposition
7.4.2(1) and [CTSS] p. 782 Théoreme 3. Now we are reduced to showing

dimg, H?(k, H' (X, Q,(2))) > corank (H'(F, H*(Y, 3, )))
= Corank(Hl(IF, Ez_l"l))7

where the last equality follows from (7.5.5). As is seen in Remark 7.4.10, the right
hand side is equal to dimg(A ® Q) under the condition T. On the other hand, by
[J2] Corollary 7, the left hand side does not change when one replaces p with another
prime p’. Thus the desired inequality follows from (7.4.11). This completes the proof
of Lemma 7.2.1 and Theorem 7.1.1. ]

7.6 APPENDIX TO SECTION 7

Let Z be a proper smooth variety over a finite field F. For a positive integer m, we
define the object Z/mZ(1) € D*(Zg, Z/mZ) as

Z/mZ(l) = Uy S (W QlZ,log[_l])

where we factorized m as m/ - p” with (p,m’) = 1. There is a distinguished triangle
of Kummer theory for Gy, := G,z in D®(Z)

Z/mZ(1) — Gy =5 G — Z/mZ(1)[1].
So there is a short exact sequence of Gr-modules
0 — Pic(Z)/m — H*(Z,7Z/mZ(1)) — ,,Br(Z) — 0,

where Z := Z ®p F. Taking the inductive limit with respect to m > 1, we obtain a
short exact sequence of Gp-modules

0 — Pic(Z) ® Q/Z % H*(Z,Q/Z(1)) — Br(Z) — 0. (7.6.1)

Concerning the arrow «, we prove the following lemma, which has been used in this
section.

LEMMA 7.6.2 The map H'(F,Pic(Z) ® Q/Z) — H(F, H*(Z,Q/Z(1)) induced
by « has finite kernel.

Proof. Note that Pic(Z) ® Q/Z ~ (NS(Z)/NS(Z)irs) ® Q/Z. By a theo-
rem of Matsusaka [Ma] Theorem 4, the group Div(Z)/Div(Z)num is isomorphic to
NS(Z)/NS(Z ) ors» Where Div(Z) denotes the group of Weil divisors on Z, Div(Z)um
denotes the subgroup of Weil divisors numerically equivalent to zero. By this fact
and the fact that NS(Z) is finitely generated, there exists a finite family {C;};cs of
proper smooth curves over ' which are finite over Z and for which the kernel of the
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natural map NS(Z) — @,.; NS(C;) with C; := C; ® F is torsion. Now consider
a commutative diagram

H'(F,NS(Z) ® Q/Z) HY(F, H*(Z,Q/Z(1))),

| |

P H'(F,NS(C)) © Q/z) —= D H'(F, H*(C;, Q/Z(1))).

i€l i€l

By a standard norm argument, one can easily show that the left vertical map has finite

kernel. The bottom horizontal arrow is bijective, because Br(C;) = 0 for any i € T
by Tsen’s theorem (cf. [Se] I1.3.3). Hence the top horizontal arrow has finite kernel
and we obtain the lemma. g

A  RELATION WITH CONJECTURES OF BEILINSON AND LICHTENBAUM

Let k,p, S, Z and K be as in the notation 1.8. We always assume 1.8.1 in what
follows. The Zariski site Zz, on a scheme Z always means (ét/Z )z, and Zg means
the usual small étale site. The main result of this appendix is Proposition A.1.3 below.

A.1 Motivic COMPLEX AND CONJECTURES

Let Z(2)za = Z(?)Zr be the motivic complex on 27, defined by using Bloch’s
cycle complex, and let Z(2)¢ be its étale sheafification, which are, by works of Levine
([Lel], [Le2]), considered as strong candidates for motivic complexes of Beilinson-
Lichtenbaum ([Be], [Lil]) in Zariski and étale topology, respectively (see also [Li2],
[Li3]). We put

Hz(2,2(2)) = Hz (2, 2(2)zar),  Ha(2,2(2)) := Hy( 2, Z(2)er)-

In this appendix, we observe that the finiteness of H2.(K, Q,/Z,(2)) is deduced from
the following conjectures on motivic complexes:

CONJECTURE A.1.1 Let € : Z& — Aza be the natural continuous map of sites.
Then:

(1) (Beilinson-Lichtenbaum conjecture). We have
Z(z)Zar L) TSQRG*Z(2)ét n D(%Zar>-
(2) (Hilbert’s theorem 90). We have R3¢, 7Z(2)g = 0.

(3) (Kummer theory on 2 [p~"]«). We have (Z(2)&)| 2 jp-1] @~ Z/p" ~ pS?.

This conjecture holds if 2" is smooth over S by a result of Geisser [Gel] Theorem
1.2 and the Merkur’ev-Suslin theorem [MS] (see also [GL2] Remark 5.9).
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CONJECTURE A.1.2 Let ~? be the canonical map
7 CH(2) = Hyz, (2, 2(2)) — Hu( 2, Z(2)).
Then the p-primary torsion part of Coker(?) is finite.

This conjecture is based on Lichtenbaum’s conjecture [Lil] that Hg (2, Z(2)) is a
finitely generated abelian group (by the properness of 2°/S). The aim of this ap-
pendix is to prove the following:

PROPOSITION A.1.3 If Conjectures A.1.1 and A.1.2 hold, then H3.(K,Q,/Z,(2))
is finite.

This proposition is reduced to the following lemma:

LEMMA A.1.4 (1) If Conjecture A.1.1 holds, then for r > 1 there is an exact
sequence

0 — Coker(a,.) — H3(K,Z/p"(2)) — Ker(o2) — 0,
where o, denotes the map
ap : prCHX(Z) — , H3 (2, 7(2))
induced by 2, and o? denotes the cycle class map
o7 : CHX(2) [p" — H4(2,%,(2)).
(2) If Conjectures A.1.1 and A.1.2 hold, then Coker(aq, /z, ) and Ker(gép/zp) are
finite, where o, jz, = lim ;>1 o and 03 ,; = lig 1 07

To prove this lemma, we need the following sublemma, which is a variant of Geisser’s
arguments in [Gel] §6 and provides a Kummer theory on the whole 2~ extending
Conjecture A.1.1 (3):

SUBLEMMA A.1.5 Put Z/p"(2)& = Z(2)a @ Z/p". If Conjecture A.1.1 holds,
then there is a unique isomorphism

Z[p"(2)e — T,(2) in D(Za, Z/p")
that extends the isomorphism in Conjecture A.1.1 (3).

We prove Sublemma A.1.5 in §A.2 below and Lemma A.1.4 in §A.3 below.

A.2 PROOF OF SUBLEMMA A.l1.5

By Conjecture A.1.1(3), we have only to consider the case where p is not invertible
on S. Let us note that
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(*)  Z/p"(2)g is concentrated in degrees < 2

by Conjecture A.1.1 (1) and (2). Let V, Y, ¢ and j be as follows:
V=2 L 2 <Y,

where Y denotes the union of the fibers of .2 /.S of characteristic p. In étale topology,
we define Ri' and Rj, for unbounded complexes by the method of Spaltenstein [Spal.
We will prove

T<sRi'Z/p" (2)e ~ vy, [-3] in D(Ya,Z/p"), (A.2.1)

using (x) (see (S5) in §4.1 for l/}l/m). We first prove Sublemma A.1.5 admitting this

isomorphism. Since (Z(2)e)|v @ Z/p" ~ p%?

distinguished triangle from (A.2.1) and (x)

by Conjecture A.1.1(3), we obtain a

L, [-3] — B/p" (2)e — TeaRjunE — ik, [-2).

Hence comparing this distinguished triangle with that of (S5) in §4.1, we obtain the
desired isomorphism in the sublemma, whose uniqueness follows from [SH] Lemmas
1.1 and 1.2 (1).

In what follows, we prove (A.2.1). Put % := Z(2)zy @ Z/p" and £ :=
Z/p"(2)g for simplicity. Let € : 2% — 2z be as in Conjecture A.1.1. In Zariski
topology, we define Rz'!Zar and Rjza« for unbounded complexes in the usual way by
the finiteness of cohomological dimension. Because .2 = €*.# is concentrated
in degrees < 2 by (%), there is a commutative diagram with distinguished rows in
D*(Za, Z/p")

e — TSQG*RjZar*j;ar% I (T§36*Z’Z3I*Ri!zar%>[1} —_— E*f[l]
al B\L

< T<2 Rjer j& L (T<3ianRil L)1) —— Z[1],

where the upper (resp. lower) row is obtained from the localization triangle in the
Zariski (resp. étale) topology and the arrows « and /3 are canonical base-change mor-
phisms. Since « is an isomorphism ([MS], [SV], [GL2]), 3 is an isomorphism as well.
Hence (A.2.1) is reduced to showing

T<3Riy, H ~ey.vy,[-3] in € D(Yzu, Z/p"), (A22)

where ey : Ys — Yz, denotes the natural continuous map of sites and we have used
the base-change isomorphism €* iz, = %gi€5- ([Gel] Proposition 2.2 (a)). Finally we
show (A.2.2). Consider the local-global spectral sequence in the Zariski topology

R . .1 .1 .l
BV = @ R“Vig(Ri,RiyH) = R*iL, A
rzeZvNY
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where for z € Y, 7, denotes the natural map x — Y. We have

. 2—u :
E;L,’U ~ @ TeEZUNY [ A Qx,log (fv = 2)
0 (otherwise)

by the localization sequence of higher Chow groups [Lel] and results of Geisser-
Levine ([GL1] Proposition 3.1, Theorem 7.1), where for z € Y, €, denotes the nat-
ural continuous map xg — Tza Of sites. By this description of F-terms and the
compatibility of boundary maps ([GL2] Lemma 3.2, see also [Sz] Appendix), we ob-
tain (A.2.2). This completes the proof of Sublemma A.1.5.

A.3 PRoOF oF LEMMA A.1.4

(1) By Sublemma A.1.5, there is an exact sequence
0 — Hg(2,2(2))/p" — Hg(2,%:(2)) — pr Ha( 2. Z(2)) — 0.
By Conjecture A.1.1 (1) and (2), we have
HG(2.2(2)) = H, (2, Z(2)) ~ CH*(21).
Thus we get an exact sequence
0 — CH*(2,1)/p" — H{(2,%,(2)) — p Ha(2,Z(2)) — 0.
On the other hand, there is an exact sequence
0 — N'HG(2,%,(2) = Ha(2,%,(2)) —» Ha(K,Z/p"(2)) — Ker(o7) — 0

by Proposition 4.3.2 (see Lemma 4.2.3 for N''). In view of these facts and the short
exact sequence in Lemma 4.2.3 (1), we get the desired exact sequence.

(2) By Conjecture A.1.1 (1) and (2), the map ~2 in Conjecture A.1.2 is injective.
Hence we get an exact sequence

2 (el
0 —> Coker(a,) —s ,Coker(y?) —s CHX(2)/p" /8 HA(2,2(2))/p".
Noting that the composite of 2 /p” and the injective map
Hy(2,Z(2))/p" —— Ha(2,%:(2))
obtained from Sublemma A.1.5 coincides with 2, we get a short exact sequence
0 —» Coker(a,.) —» ,-Coker(y*) — Ker(o?) — 0,

which implies the finiteness of Coker(ag,z,) and Ker(Q?@p /Zp) under Conjecture
A.1.2. This completes the proof of Lemma A.1.4 and Proposition A.1.3. (|
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B ZETA VALUE OF THREEFOLDS OVER FINITE FIELDS

In this appendix B, all cohomology groups of schemes are taken over the étale topol-
ogy. Let X be a projective smooth geometrically integral threefold over a finite field
F,, and let K be the function field of X (the case of fourfolds is treated in a recent
paper of Kohmoto [Ko]). We define the unramified cohomology H (K, Q/Z(n))
in the same way as in 1.8. We show that the groups

H2(K,Q/Z(1)) = Br(X) and  HA(K,Q/Z(2))
are related with the value of the Hasse-Weil zeta function {(X, s) at s = 2:
C*(Xv 2) = 111’% C(Xv S)(]' - q275)792’ where 02 ‘= 0rds:2 C(X, S).
5—

Let
6 : CH*(X) — Hom(CH'(X),Z)

be the map induced by the intersection pairing and the degree map
CH2(X) x CH!(X) — CH3(X) = CHo(X) 2% 7.
The map 6 has finite cokernel by a theorem of Matsusaka [Ma] Theorem 4. We define
X := |Coker(0)].
We prove the following formula (compare with the formula in [Ge2]):

THEOREM B.1 Assume that Br(X) and H3.(K,Q/Z(2)) are finite. Then (*(X,2)
equals the following rational number up to a sign:

x(X,0x,2) . |H1?r(Ka Q/Z(2))
I Br(X)|- Z

3

1
| : H |CH2(X7i)tor5|(_1)L . H |CH1(X7i)tors|(_1)17
i=0 i=0

where CH?(X,4) and CH'(X,i) denote Bloch’s higher Chow groups [BI3] and
X(X, Ox,2) denotes the following integer:

X(X, 0x,2) =Y (=) (2 — i) dimg, H/(X,Q%) (0<i<2, 0<j<3).
,J

This theorem follows from a theorem of Milne ([Mi2] Theorem 0.1) and Proposition

B.2 below. For integers ¢,n > 0, we define

H'(X,Z(n)) = || H'(X. Z(n)),
all ¢

where ¢ runs through all prime numbers, and H*(X, Z,(n)) (p := ch(F,)) is defined
as

H'(X,Zy(n)) := Y H'™"(X, W Q% 1p)-
>

S
[an
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ProposiTION B.2 (1) We have

~ {CH2(X, 4~ 1)iors (i=0,1,2,3) ®3)

H'(X,Z(2)) ~ . :
(CH'(X,i—6)or)*  (1=6,7),
where for an abelian group M, we put
M* := Hom(M, Q/Z).

Furthermore, CH (X, 7)iors and CH% (X, j)ors are finite for any j > 0, and we
have

CHY(X,j)iors =0 for j>2 and CH*(X,j)irs =0 for j > 4.

(2) Assume that Br(X) is finite. Then we have
HP (X, Z(2)uon = Br(X)",
and the cycle class map
CH?(X) ® Zy — H*(X,Z4(2))
has finite cokernel for any prime number (.

(3) Assume that Br(X) and H3(K,Q/Z(2)) are finite. Then the following map
given by the cup product with the canonical element 1 € 7 ~ H(F,,Z) has
finite kernel and cokernel.

e HY(X,7(2)) — H*(X,7(2)),
and we have the following equality of rational numbers:

[Ker(e!)| _ |[H(K, Q/Z(2))] - |CH? (X) o
|Coker(e?)] |Br(X)|- % '

Proof of Proposition B.2. (1) By standard arguments on limits, there is a long exact
sequence

o HY(X,2(2)) — H'(X,2(2)) 2 Q — H'(X,Q/Z(2))
N H”l(X,Z@)) _— .

By [CTSS] p. 780 Théoreme 2, p. 782 Théoreme 3, we see that
Hi(X,Z(2)) and H'(X,Q/Z(2)) are finite for i # 4, 5.
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Hence we have
HY(X,Z(2)) ~ H(X,Q/Z(2)) for i+ 4,5,6.
On the other hand, there is an exact sequence
0 — CH*(X,5 1) ® Q/Z — H'"'(X,Q/Z(2)) — CH*(X,4 — i)iory — 0

for i < 3 ([MS], [SV], [GL1], [GL2]), where CH*(X,5 — i) ® Q/Z must be zero
because it is divisible and finite. Thus we get the isomorphism (B.3) for i < 3, the
finiteness of CH2(X ,)tors for j > 1 and the vanishing of CH2(X , Jors for j > 4.
The finiteness of CH? (X, 0)ors = CH? (X ) ors (cf. [CTSS] p. 780 Théoreme 1) follows
from the exact sequence

0 — CH*(X,1) ® Q/Z — N'H?*(X,Q/Z(2)) — CH*(X)ors — 0
(cf. Lemma 3.2.2), where we put
N'H?(X,Q/Z(2)) := Ker(H*(X,Q/Z(2)) — H*(K,Q/Z(2))).
As for the case ¢ = 6,7 of (B.3), we have
HY(X, 2(2))" = HT (X, Q/Z(1))
by a theorem of Milne [Mi2] Theorem 1.14 (a). It remains to show
CH' (X, j)wors ~ H' 77 (X,Q/Z(1)) for j >0,

which can be checked by similar arguments as before.
(2) We have H®(X,7Z(2))* ~ H?(X,Q/Z(1)) and an exact sequence

0 — CH'(X)®Q/Z — H*(X,Q/Z(1)) — Br(X) — 0. (B.4)

Hence we have (H”(X, 2(2))tors)* ~ Br(X), assuming Br(X) is finite. To show the
second assertion for ¢ # ch(IF,), it is enough to show that the cycle class map

CH?(X) ® Q — H(X,Qu(2))"

is surjective, where I" := Gal(F,/F,). The assumption on Br(X) implies the bijec-
tivity of the cycle class map

CH'(X) ® Q; = H2(X,Qu(1))"

by [Ta2] Proposition (4.3) (see also [Mil] Theorem 4.1), and the assertion follow from
[Ta2] Proposition (5.1). As for the case £ = ch(F), one can easily pursue an analogy
using crystalline cohomology, whose details are left to the reader.

(3) The finiteness assumption on Br(X) implies the condition SS(X,1,¢) in
[Mi2] for all prime numbers ¢ by loc. cit. Proposition 0.3. Hence S'S(X, 2, ¢) holds
by the Poincaré duality, and €* has finite kernel and cokernel by loc. cit. Theorem 0.1.
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To show the equality assertion, we put

CH?(X) := lim CH*(X)/n,

n>1
and consider the following commutative square (cf. [Mi3] Lemma 5.4):

CH?(X) —2— Hom(CH'(X), Z)

al %

4

HA(X,Z(2)) —— = HY(X,Z(2)),

where the top arrow © denotes the map induced by 6. The arrow « denotes the cycle
class map of codimension 2, and 5 denotes the Pontryagin dual of the cycle class map
with Q/Z-coefficients in (B.4). The arrow « is injective (cf. (4.3.3)) and we have

|Coker(ar)| = | Hy (K, Q/Z(2))]

by the finiteness assumption on H3 (K, Q/Z(2)) and (2) (cf. Proposition 4.3.5). The
arrow [ is surjective and we have

Ker(8) = H*(X., Z(2))ors = Br(X)",
by Milne’s lemma ([Mi3] Lemma 5.3) and the isomorphism CHl(X) Q7L ~
H?(X,Z(1)) (cf. [Ta2] Proposition (4.3)), where we have used again the finiteness

assumption on Br(X). Therefore in view of the finiteness of Ker(e*), the map © has
finite kernel and we obtain

Ker(©) = CH2(X )iors = CH?(X)ors.

where we have used the finiteness of CH? (X)tors in (1). Finally the assertion follows
from the following equality concerning the above diagram:

[Ker(©)| _ [Ker(a)]  |Ker(e!)| ~[Ker(B)]
|Coker(©)|  |Coker(cr)| |Coker(e?)| |Coker(5)]
This completes the proof of Proposition B.2 and Theorem B.1. |
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