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1 INTRODUCTION.

For the multiple zeta values (MZV’s)

1 . .
Clk1y ... ka) = E W <: Cgrgl Lig,,....kq (Z)>
... d z

ny<---<ng nl

(k1y...,ka—1 > 1, kg > 2), Zagier conjectures the dimension of the space of
MZV’s

L ::<<(kla"'7kd)|d217k1+"'+kd:wakla"'vkd—lZlvkd22>QCR7

and Z, := Q (Here, (- - - )g means the Q-vector space spanned by - - - ) as follows.

CONJECTURE 1 (Zagier) Let D,y3 = Dyy1+ Dy, Do =1, D1 =0, Dy =1

(that is, the generating function Y -  D,t" is ). Then, for w >0

1—t2—¢3
we have

dimg Zy, = D,

Terasoma, Goncharov, and Deligne-Goncharov proved the upper bound:
THEOREM 1.1 (Terasoma [T], Goncharov [G1], Deligne-Goncharov [DG]) For
w > 0, we have

dimg Zy, < Dy
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BOUNDS FOR THE DIMENSIONS OF p-ADIC MLV-SPACES 689

Deligne-Goncharov also proved an upper bound for dimensions of multiple L-
value (MLV) spaces. ([DG])
On the other hand, Furusho defined p-adic MZV’s [Ful] by using Coleman’s
iterated integral theory:
. T -a

Co(kry .. ka) i= Cpggﬂﬁl Lig, kg (2)-
where Li® is the p-adic multiple polylogarithm defined by Coleman’s iterated
integral, and a is a branching parameter (For the notations lim’, see [Ful,
Notation 2.12]). For k4 > 2, RHS converges, and the limit value is independent
of @ and lands in Q, ([Ful, Theorem 2.13, 2.18, 2.25]). Put

Zg) = <<p(kla"'7kd) | dZ 17k1++kd :kalw--akdfl 2 1akd Z 2>Q - Qp7

and Z§ := Q. Note that for k; = 1, p-adic MZV’s may converge, however, these
are Q-linear combinations of p-adic MZV’s corresponding to the same weight
indices with kg > 2 (See, [Ful, Theorem 2.22]). The following conjecture is
proposed.

CONJECTURE 2 (Furusho-Y.) Let dy,43 = dpy1 +dn, do =1,d1 =0,da =0
1—¢2

(that is, the generating function Y -, d,t™ is 7 5

). Then, for w > 0

we have
dimg ZP = d,.

From the fact (,(2) = 0 and the motivic point of views (see, Remark 3.7, p-adic
analogue of Grothendieck’s conjecture about an element of a motivic Galois
group (Conjecture 4), and Proposition 3.12), it seems natural to conjecture as
above.

REMARK 1.2 The conjecture implies that dimg Z2 is independent of p. On the
other hand, {,(2k + 1) # 0 is equivalent to the higher Leopoldt conjecture in
the Twasawa theory. For a regular prime p, or a prime p satisfying (p — 1) | 2k,
we have (,(2k + 1) # 0. However, it is not known if {,(2k + 1) is zero or not in
general. Thus, it is non-trivial that dimg Z?, is independent of p (See also [Ful,
Example 2.19 (b)]). It seems that the above conjecture contains the “Leopoldt
conjecture for higher depth”.

For Conjecture 2, we will prove the following result.
THEOREM 1.3 For w > 0, we have
dimQ Zgj S dw.

We can also define p-adic multiple L-values for N-th roots of unity (1,...,(4
and ki,...,kqg > 1, (kq,lq) # (1,1) and a prime ideal p ¥ N above p in the
cyclotomoic field Q(un),

Lp(kla"'vkd;<17"' aCd) € @(MN)FH
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690 GO YAMASHITA

by Coleman’s iterated integral as Furusho did for MZV’s (See, Section 2.1).
Here, Q(pn)p is the completion of Q(un) at the finite place p. Put
ZE)[N] ::<Lp(k'1,...,kd;Cl,...,Cd) | d Z 1,]411 ++kd Z’U),k'l,...,kd Z 1,
¢V = =¢) =1, (ka,Ca) # (1,1))g € Qun)y,

and Z§[N] := Q.

This ZP[1] is equal to the above ZP. We will also prove bounds for the dimen-
sions of p-adic MLV'’s.

THEOREM 1.4 For w > 0, we have
dimg ZF [N] < d[N],.
Here, d[N],, is defined as follows:

1. For N = 1, d[l]n43 = d[l]p+1 +d[l]n (n = 0), d[l]o = 1, d[1]y = 0,
1—1¢?
d[l]a = 0, that is, the generating function is T p (This d[1],, is
equal to the above d, ).

2. FOT N = 2, d[Q]n—i-Q = d[Q]n—i-l +d[2}n (’I’L Z 1)7 d[Z]o = 17 d[2]1 = lf
11—

d[2]s = 1, that is, the generating function is T 2

3. For N > 3, d[N]ns2 = (@ +y) d[N]psr — (v — D)d[N], (n > 0),
d[N]o = 1, d[N]; = @ + v — 1, that is, the generating function is

1-1¢
. Here, p(N) := #(Z/NZ)*, and v is the
1— (@Jru)tqt(u—l)t?

number of prime divisors of N.

REMARK 1.5 It is not known that dimg Z¥ [N] is independent of p.

REMARK 1.6 In the proof of the above bounds, we use some kinds of (pro-
)varieties, which are related to the algebraic K-theory. For N > 4, the above
bounds are not best possible in general, because in the proof, we use smaller
varieties in general than varieties, which give the above bounds. The gap of
dimensions is related to the space of cusp forms of weight 2 on X;(N) if N is
a prime. See also [DG, 5.27][G2].

In the proof of the above theorem, we use a special element in motivic Galois
group of the category of mixed Tate motives like in the complex case ([DG]).
We also propose a p-adic analogue of Grothendieck’s conjecture on this special
element (see Section 3 for the details):
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BOUNDS FOR THE DIMENSIONS OF p-ADIC MLV-SPACES 691

CONJECTURE 3 (= Conjecture 4 in Section 3, p-adic analogue of
Grothendieck’s conjecture) The element ¢, € U, (Q(pn)p) is Q-Zariski dense.
That means that if a subvariety X of U, over Q satisfies ¢, € X(Q(un)yp),
then X = U,,.

Finally, we will give the plan of this paper. First, we define the p-adic MLV'’s,
twisted p-adic multiple polylogarithms (twisted p-adic MPL’s), and p-adic Drin-
fel’d associator for twisted p-adic MPL’s in Section 2. Next, assuming results of
Section 4, we will show bounds for dimensions of p-adic MLV-spaces in the sense
of Deligne [D1][DG], by using the motivic fundamental groupoid constructed in
[DG] in Section 3.2. Lastly, we show bounds for dimensions of Furusho’s p-adic
MLV-spaces, by comparing the two p-adic MLV-spaces in the Tannakian inter-
pretation in Section 3.3. In Section 4, we construct the crystalline realization
of mixed Tate motives, and prove a comparison isomorphism, by using p-adic
Hodge theory. In the end of this article, we propose some questions.

We fix conventions. We use the notation v’ for a composition of paths, which
means that v followed by +/. Similarly, we use the notation ¢’g for a product of
elements in a motivic Galois group, which means that the action of g followed
by the one of ¢’.

ACKNOWLEDGEMENT. In the proof of the main theorem, a crucial ingredient
is the algebraic K-theory, the area of mathematics to which Professor Andrei
A. Suslin greatly contributed. It is great pleasure for the author to dedicate
this paper to Professor Andrei A. Suslin.

He sincerely thanks to Hidekazu Furusho for introducing to the author the the-
ory of multiple zeta values and the theory of Grothendieck-Teichmiiller group,
and for helpful discussions. He also expresses his gratitude to Professor Pierre
Deligne for helpful discussions for the crystalline realization. The last chapter
of this paper is written during the author’s staying at IHES from January/2006
to July/2006. He also thanks to the hospitality of IHES. Finally, he thanks the
referee for kind comments.

2  p-ADIC MULTIPLE L-VALUES.

In this section, we define twisted p-adic multiple polylogarithms (twisted p-adic
MPL), p-adic multiple L-values (p-adic MLV), p-adic KZ-equation for twisted
p-adic MPL, and p-adic Drinfel’d associator for twisted p-adic MPL, similarly
as Furusho’s definitions in [Ful]. We discuss the fundamental properties of
them.

Fix a prime ideal p in Q(uy), and an embedding ¢, : Q(un) — C,. Put
S :={0,00} U pun, Uy := I%(uw) \'S, and Uy := Uy ®q(uy) Cp (The variety
Uy is defined over Q, however, we use Uy over Q(uy) for the purpose of
bounding dimensions in the next section).
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692 GO YAMASHITA

2.1 THE TWISTED p-ADIC MULTIPLE POLYLOGARITHM.

We use the same notations as in [Ful]: the tube |z[C ]P’}Cp of z € (Un)r, (Fp),
the algebra A(U) of rigid analytic functions on U, and the algebra Ag, of
Coleman functions on Uy with a branching parameter a.

DEFINITION 2.1 For p ¥ N, ky,...,kq > 1, and {;...,{q € pn, we define
the (one wvariable) twisted p-adic multiple polylogarithm (twisted p-adic MPL)
Lilk, o kascr,.ca) (2) € A&y attached to a € Cp, by the following integrals in-
ductively:

z dt
Lif..y(2) := —log®(v _Z::/ia
(1,(1)( ) g ( P(Cl) ) 0 Lp(Cl) —t
z 1 a
7L1(’€17~~;(’fd*1);41,~~~74d)(t)dt ka # 1,
(k1,.ooskasCa,.,Ca) \©/ o 1 .a
/0 WLI(M7---,k(df1);C17~--,(d71)(t)dt ka = 1.

Here, log® is the logarithm with a branching parameter a, which means
log™(p) = a.

REMARK 2.2 For |z|, < 1, it is easy to see that

3 (T R R i

th(l (Z) =
k1,...ka5¢1,--,Ca) k1 kq
nyt-eny

0<n<--<ng
Inductively, we can easily verify that Lify, ... (=)o € A(]O],

Li((lkl,...,kd;cl,..aqd)(Z)hoo[ € A(Joo])[log” fl]’ and Li?kl,...,kd;gl,...,cd)(z)th(()[ €
A(Jep (Q)D[log™ (= = 1p(€))] for ¢ € pn.

PRrROPOSITION 2.3 Fiz ky,...,kq > 1, and N-th roots of unity C1,...,(q € Un-

..........

a € C,. Moreover, if it converges in C,, the limit value is independent of
branches a € C, and lands in Q(un), (For the notationlim’, see [Ful, Notation
2.12]).

PROOF The same as [Ful, Theorem 2.13, Theorem 2.25].

DEFINITION 2.4 When the limit 1im(/cp92%1 Lifh,  kascr,.ca)(2) converges, we
define the corresponding p-adic multiple L-value to be its limit value:
Ly(k1,...,ka;Ciye.osCa) == Cplaifzn 1/Li((1k1 kaiCronnca) (2)

For example, L, (1;¢) = —log”(¢p(¢) — 1) (1 # ¢ € pun) is independent of a,
since log®(z) does not depend on a for |z| = 1. (Recall that we assume p{ N.)
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BOUNDS FOR THE DIMENSIONS OF p-ADIC MLV-SPACES 693

2.2 THE p-ADIC DRINFEL'D ASSOCIATOR FOR TWISTED p-ADIC MULTIPLE
POLYLOGARITHMS.

Let Az = Cp((A, B¢ | ¢ € pun)) be the non-commutative formal power series
ring with C, coefficients generated by variables A and B for ( € uy. For a
word W consisting of A and {B¢}ceuy, we call the sum of all exponents of A
and {B¢}cepy the weight of W, and the sum of all exponents of {B¢}¢ep,y the
depth of W.

DEFINITION 2.5 Fiz a prime ideal p above p in Q(un) and an embedding
tp : Qlun) — C,. The p-adic Knizhnik-Zamolodchikov equation (p-adic KZ-
equation) is the differential equation

& (A _ B \ae
dz() Z+ZZ—LP(<) G),

where G(z) is an analytic function in variable z € Uy with values in Ag, -
Here, G =Yy, Gw(2)W is ‘analytic’ means each of whose coefficient Gw (z)
1s locally p-adically analytic.

PROPOSITION 2.6 Fiz a € C,. Then, there ewist unique solutions
Gi(2),G1(2) € ALu®AL, , which are locally analytic on PYC,) \ S and
satisfy G&(z) = 24 (z = 0), and G§(2) = (1 — 2)Pr (z = 1).

Here, the notations u” means > -, 2 (Alog” u)". Note that it depends on a.

nl

For the notations G¢(z) =~ 24 (z — 0), see [Ful, Theorem 3.4].

REMARK 2.7 We do not have the symmetry z ++ 1—z on Uy. Thus, we do not
have a simple relation between G¢(z) and G§(z) as in [Ful, Proposition 3.8].
On the other hand, we have the symmetry z — z~! on Uy. Thus, we have
a unique locally analytic solution G% (z) with G% (z) =~ (z_l)_A_ECGHN Be
(z = o), and have a relation

G (A {Bcceun)(2) = G(=A = > Be, {Be=1}eeun) (7).

CELN

However, when we define a Drinfel’d associator by using G§ and G& similarly
as below (Definition 2.8), there appears

. T -a
Cpggoo Lih ... kaicr o) (2)

in the coefficient of that Drinfel’d associator. What we want is lim«;pez_ﬂ/.
Thus, we use the boundary condition at z = 1.
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694 GO YAMASHITA

PROOF The uniqueness is easy. In [Ful], he cites Drinfel’d’s paper [Dr] for
the existence of a solution of the KZ-equation. Here, we give an alternative
proof of the existence without using the quasi-triangular quasi-Hopf algebra
theory and the quasi-tensor category theory. In fact, we put G&(z) to be
S (—1)deP ML ()W, Here, for a word W we define Lij, (z) inductively
as following: Li%.(2) := 2 (log® 2)", Li%yy (2) := [y $Lify (t)dt, for W # A"
(n > 0), Lif y(z) = foz Lp(cﬁLlw( )dt, for (: € pun. It is easy to verify
that >y, (— )depth(W)Li?,V(z)W satisfies the p-adic KZ-equation. As for the
boundary condition G&(z) = 24 (z — 0), it is easy to show that

Z (—1)depth(W)Li%V(z)W

W W AW’ AW/ 0

satisfies the above boundary condition.
Thus, it remains to show that Lify, 4n(z) — 0 (z — 0) for n > 0, W’ # (). For
Li% gn

¢ )

Li%CAn(Z):/O %(5L1Aw /g Z L)% (log® t)"dt,

in |z < 1. Since [; t*log® tdt = k+1 " og® 2 — (k+1)2,we have [ t*log® tdt — 0

(z — 0). Inductively, we have fo tk(log® t)"dt — 0 (z — 0). Thus, we showed
Lif 4n(2) = 0 (2 — 0). For general Lijy 4(2)’s, we can inductively show
Lijy 4(2) = 0 (2 — 0) by using the following fact for f(z) = Li},(z): For
a locally analytic function f(z) satisfying f(0) = 0, we have foz %f(t)dt — 0
(z—0), [y s f(t)dt =0 (2 = 0).

As for G§(z), the same argument works, by replacing Li%.(z) := 2 (log® z)"
by Lify (2) := oy (log®(1 — 2))", and [ by [

DEFINITION 2.8 We define the p-adic Drinfel’d associator for twisted p-adic
multiple polylogarithms to be ®F, (A, {Bclceuy) = G{(2)71Ge(2). It is in
Ag, = Cp((A,{Bclcepn)), and independent of a by the same argument in
[Ful, Remark 3.9, Theorem 3.10)].

By the same arguments as in [Ful], we can show the following propositions.

PROPOSITION 2.9 limcpez_,llLi‘(lkl7__47,%(17__4@)(z) converges when (kq,Cq) #
(1,1).

PROOF  See, [Ful, Theorem 2.18] for the case where N = 1.

For Win A - Ag - Bc or Be - Ag - Be (¢ # 1), we define Ly(W) to be

limcpezﬁllLiﬁv(z).
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BOUNDS FOR THE DIMENSIONS OF p-ADIC MLV-SPACES 695

PROPOSITION 2.10 (Ezplicit Formulae) The coefficient 1,(W) of W in the p-
adic Drinfel’d associator for twisted p-adic MPL’s is the following: When W is
written as B{V A® for (r,s 20), V is in A+ Ag - B¢ or Be - Ag - Be (¢ # 1),

L,(W) = ()P et S L (f(Bf o BV AT 0 AY)).
0<a<r,0<b<s

In particular, when W is in A - Ag - B¢ or Be - Ag - Be (¢0 # 1),
I,(W) = (=1)3P2W) L (W). Here, f : A@p — A@p is the composition of
A = AR [(Bi-Ap +AR -A), Ag [(Bi-Ap, +Ag - A) = Cyp 1+ A-AR By,
and(Cp~1+A-A(ép~Bl<—>A6p,

For the definition of the shuffle product o, see [Fu0, Definition 3.2.2].

PROOF See, [Ful, Theorem 3.28] for the case where N = 1. Note we use
GH(A =, By = B, {Bc}cepn ¢21)(2) = 27%(1 = 2) 7GH (A {Bchcepn ) (2) for
i=0,1.

PROPOSITION 2.11 Suppose  lime,ez1'Lify,  pu o 1iccoy(2)  con-
verges. Then, the limit wvalue is a p-adic reqularized MLV, that s,
Lp(kty. oo kao1,1;C1,0 00, Cam1, 1) = (=1)deP MWL (W), In particular,
Ly(k1,...,ka—1,1;C1, ..., Ca—1,1) can be written as a Q-linear combination of
p-adic MLV’s corresponding to the same weight indices with (kq,Cq) # (1,1).

PROOF See, [Ful, Theorem 2.22] for the case where N = 1.

DEFINITION 2.12 We define the p-adic multiple L-value space of weight w
Z¥ [N] to be the finite dimensional Q-linear subspace of Q(uun), generated by the
all p-adic MLV’s of indices of weight w, (N =--- = ¢V = 1. Put ZJ)[N] := Q.
We define Z§[N] to be the formal direct sum of Z®[N] for w > 0.

REMARK 2.13 By Proposition 2.11, we see that

ZE)[N] ::<Lp(k1w~~;kd;<17~~~7<d)|d2 1,k1+~~~+kd:w,k‘1,...,kd21,

= (I, (W) | the weight of W is w)g C Q(un)p-

PROPOSITION 2.14 We have A(®}.,) = (pf(z@‘bf(z In particular, the graded
Q-vector space Z{[N] has a Q-algebra structure, that is, ZP[N] - Z[N] C
ZY W IN] for a,b > 0.

PROOF See, [Ful, Proposition 3.39, Theorem 2.28] for the case where N = 1.
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PROPOSITION 2.15 (Shuffle Product Formulae) For W\W' € (A- Ag - B¢) U
UC/#l(BC/ . A(Afp : Bc), we have

Ly(WoW') = Ly(W)Ly(W’).

ProOOF This follows from Proposition 2.10 and Proposition 2.14. See, [Ful,
Corollary 3.42] for the case where N = 1.

3 BOUNDS FOR DIMENSIONS OF p-ADIC MULTIPLE L-VALUE SPACES.

In this section, we show Theorem 1.4, by the method of Deligne-Goncharov
[DG], assuming results of Section 4. First, we recall some facts about the mo-
tivic fundamental groupoids in [DG]. Next, we show that bounds for dimensions
of p-adic MLV-spaces in the sense of Deligne [D1][DG]. Lastly, we show that
p-adic MLV-spaces in the previous section is equal to p-adic MLV-spaces in the
sense of Deligne by the Tannakian interpretations.

3.1 THE MoTivic FUNDAMENTAL GROUPOIDS OF Up.

Deligne-Goncharov constructed the category MT(Z[un, {#}wl ~]) of mixed
Tate motives over Z[uy, {ﬁ}ww], the fundamental MT(Z[un, {ﬁ}wlN])'
group 7{"!(Un, x) and the fundamental MT(Z[pn, { 1= }u|n])-groupoid P
for Uy not only for rational base points x, y, but also for tangential base points
z,y [DG, Theorem 4.4, Proposition 5.11]. Here, w | N runs through primes
w dividing N, and (, is a w-th root of unity (Since Uy is defined over Q,
Uy, z), P} are also MAT(Q(un)/Q)-schemes. However, we do not use
this fact. Here, MAT(Q(un)/Q) is the category of mixed Artin-Tate motives
for Q(un)/Q). For T-schemes, T-group schemes, and T-groupoids for a Tan-
nakian category T, see [D1, §5, §6], [D2, 7.8], and [DG, 2.6].

First, we recall some facts about them. Let

G i= m(MT (2l (7= Yaiw])) € pro-MT(Zlix { = huiw)

1-¢

be the fundamental MT(Z[uy, {ﬁ}ww])—group [D1, §6][D2, Definition 8.13].
Then, by its action on Q(1), we have a surjection G — G,, (Here, we regard
Gy, as an MT(Z[un, {ﬁ}ww])—group). The kernel U of the map G — G,
is a pro-unipotent group. Then, we have an isomorphism [DG, 2.8.2]:

1—Cw

Lie(Uab)'EHEthl\AT(Z[HN,{ ! }wIN])(Q(O),Q(n))V®Q(n)

€ pro-MT(Z[un, { ! - FwiN])-

1-¢
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BOUNDS FOR THE DIMENSIONS OF p-ADIC MLV-SPACES 697

The extension group is related to the algebraic K-theory [DG, 2.1.3]:

0 n <0,
EXtyrr(zfn {r o)) (Q0), Q) = § Zuw, El_(lcw})z;uv]x ®z2Q n=1,
Kon—1(Q(pn)) ®zQ n> 2.

Let w be the canonical fiber functor w : MT(Z[/LN,{ﬁ}w|N]) — Vectg,

which sends a motive M to @,Hom(Q(n),Gr"%,, (M)). Here, W,,(M) is the
weight filtration of M. Let G, := w(G) = MQ@(MT(Z[MN»{ﬁ}wW]),W)
be the motivic Galois gruop of MT(Z[MN,{ﬁ},,,|N]) with respect to the
canonical fiber functor w (For the de Rham realization Myg of a motive M €
MT(Q(pn)), we have Mar = w(M) @ Q(nn) [DG, Proposition 2.10]). Then,
the w-realization of the exact sequence 0 — U — G — G,,, — 0 is split by the
action of G,,, which gives the grading by weights,

G, =G, xU,.

Here, U, = w(U). Let 7 denote the splitting G,, — G,. The
pro-unipotent group U, is equipped with the grading {(U,)n}tn. Put
(LieU, )" := @&, (LieU,,),. Then, (LieU,,)#" is a free Lie algebra, since we have
ExtIQ\/[T(Z[ 1 }W‘N])(Q(O),Q(n)) = Ko9,—2(Q(un)) ®z Q = 0 [DG, Proposi-

NNv{ T—Cuw
tion 2.3]. Thus, the generating function of the universal envelopping algebra of
(LieU,)®" is 0" o f(£)™, where

ft)
B4t 17+ = N=1,
t+t3+t5+~~=1_tt2 N =2,
(B2 +v—1) e+ e ey~ 0L (1)t N >3
Therefore, we have
1—¢2
—_— N=1
1—2 3 ’
e 1 1—1t
tnziz T 4 49 N:2,
D O R
B N >3.

1= (22 4 v) s (=12

That is the generating function of d[N],’s in Section 1.

Let P, be the fundamental MT(Z [y, {ﬁ}ww])—groupoid of Uy at (tan-
gential) base points z and y. We consider only tangential base points A, at
x € S :={0,00} Upuy with tangent vectors A in roots of unity under the iden-

tification the tangent space at  with G,. Then, P/{‘,’t . depends only on z and
y? x
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y, by the triviality of a Kummer Q(1)-torsor [DG, 5.4]. Let P;% denote P{/!, .
k) Yy x
We have the following structures of the system of MT(Z[HM{ﬁ}qu])-

schemes {PM}, yes [DG, 5.5, 5.7):
[The system of groupoids in the level of motives]

1) The Tate object Q(1),
2

Y,x?

M
M For z,y € S, the fundamental MT(Z[uy, {ﬁ}ww])—groupoid PM
M

(
(2)
(3)" The composition of paths,

(4)M For = € S, a morphism of MT(Z[un, {1=¢ }uw|n])-group scheme (the
local monodromy around x):

Q1) —» PM

x,x

(5)™ An equivariance under the dihedral group Z/27 x .

By applying a fiber functor F' to the category of K-vector spaces, where K is
a field of characteristic 0, we get the following structure [DG, 5.8]:
[The system of groupoids under the fiber functor F]

)

F A vector space K (1) of dimension 1,
)¥ For x,y € S, a scheme P, over K,
F

(1
®
(

3)F a system of morphisms of schemes Pf, x Pf, — PF, making P} ’s a

groupoid. The group schemes ng . are pro-unipotent,
(4)F For z € S, a morphism
(additive group K (1)) — Pf,.
That is equivalent to giving K (1) — LiePF,
(5)F An Z/27 x ppn-equivariance.

In particular, we take the canonical fiber functor w as F', and we consider the
following weakened structure (forgetting the conditions at infinity) [DG, 5.8].
Note that in the realization w, the weight filtrations split and give the grading,
and that all 7 (U, z)-groupoids are trivial since H'(Uy, Oy, ) = 0. Let £ be
the Lie algebra freely generated by symbols A, and {B¢}¢cuy. Let II be the
pro-unipotent group

IT:= @exp(ﬁ/degree >n).

n

Then, we have the following structure [DG, 5.8]:
[The (weakened) system of groupoids under the canonical fiber functor w]
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(1)¥ The vector space Q,

(2)¥ A copy Ilp o of II, and the trivial Iy o-torsor II; g. The twist of IIp ¢ by
this torsor is a new copy of II, denoted by 11, 1,

(3)¥ The group law of II,
(4)¥ The morphism
Q=L 11— A Q—L":1— B;.
for z = 0, 1 respectively. Here, £ := @1” L/(degree > n),
(5)“ The action puy on Iy, which induces on the Lie algebra B — Bo..

Let H, be the group scheme of automorphisms of Q and II preserving the
above structure (1)“-(5)“. The action of H,, on the one dimensional vector
space (1) gives a morphism H,, — G,,. Let V,, be the kernel. The grading
gives a splitting,

H,=G,, x V.

Also let 7 denote the splitting G,,, — V,,. The action G,, on the above structure
factors through H,,, which sends U, to V.

1 U, G, Gm 1
1 Ve H, Gm 1.

Let ¢ denote both of G, — H,, and U, — V,. The above diagram
comes from MT(Z[,uN,{ﬁ}w‘N])—schemes (splitting does not come from
MT(Z[py, {ﬁ}ww})—schemes), however we do not use this fact (see, [DG,
5.12.1]). For the details of affine T-schemes, where T is a Tannakian category,
see [D1, §5, §6], [D2, 7.8], and [DG, 2.6].
By the Proposition 5.9 in [DG], the map

n:V, =1 (v v(yar))
is bijective. Here, y4r is the neutral element of II; o, that is, yqr is the canonical
path from O to 1 in the realization of w.

3.2 THE p-ADIC MLV-SPACE IN THE SENSE OF DELIGNE.

We will discuss the crystalline realization of mixed Tate motives, and now we
assume the results of Section 4 (See, Remark 4.8). We use the word “crys-
talline”, not “rigid” for the purpose of fixing terminologies.

In [D1], Deligne has found the p-adic zeta values (i.e., the p-adic MZV’s of
depth 1), and the p-adic differential equation of p-adic polylogarithms in the
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study of crystalline aspects of the fundamental group of Uy modulo depth > 2
[D1, 19.6]. Deligne-Goncharov proposed that the coefficients of the image of

pp = F, '7(q) 7" € Un(Q(un)p)

by the map

-0 Un(Q(un)p) = Vo (Q(un)p) = THQ(un)p) € Qun)p (A, {Beteenn)

“seem” to be p-adic analogies of MZV’s [DG, 5.28]. Here, 7 is the splitting
Gy, — Gu, F, is the Frobenius endomorphism at p, ¢ is the cardinality of
the residue field at p, and II(Q(un)p) is the Q(pn)p-valued points of II in
the previous subsection. Note that we have the Frobenius endomorphism on
M, ® Q(pn)p = Merys for M € MT(Z[pn, {%@}ww]) by Remark 4.8. Here,
M.y is the crystalline realization of M.

DEFINITION 3.1 We define the p-adic multiple L-values in the sense of Deligne
of weight w to be the coefficients I'?(W) of words W of weight w in nu(py) €
IHQ(pw)p) C Q(un)p{{A,{Bctceun)). We define the p-adic L-value spaces in
the sense of Deligne of weight w ZEP[N] to be the finite dimensional Q-linear
subspace of Q(un)p generated by all p-adic MLV’s in the sense of Deligne of
indices of weight w. By the definition, we have ZS’D[N] = Q. We define
ZEP[N] to be the formal direct sum of ZEP[N] for w > 0.

On the othe hand, we call p-adic MLV’s defined in Section 2.1 p-adic MLV’s in
the sense of Furusho.

REMARK 3.2 If we calculate the action of Frobenius F, ' on (P )., we get

the following KZ-like p-adic differential equation by the same arguments as in
[D1, 19.6]:

dG(t) =

-6 | FA+ Y s@h) B

CeEnN
d(t?) d(t?)
+ tTA+ Z ta_ Lp(C)BC G(t)
Cepun

Here, ((®%,) means the action of ¢ on ®¥, determined by ((A) = A and ((B¢/) =
Beer. Here, @ is the Deligne associator (See, the subsection of Tannakian
interpretions, and Proposition 3.10).

The coefficient of a word W in the solution of the above p-adic differential
equation is qw(W)I;?(W) in the limit ¢ — 1, that is, p-adic MLV’s in the sense
of Deligne (multiplied by ¢“(")). (More precisely, we have to consider the
effect (1 — )51 of the tangential base point in taking the limit). The first
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term in RHS is multiplied by G from the left, and the second term in RHS is

multiplied by G from the right. Thus, the inductive procedure of determining

coefficients is more complicated.

In [D1, 19.6], Deligne calculated the Frobenius action on 7§ (Uy, 1) = (P1,0)w

modulo depth > 2, however, we get the above p-adic differential equation by

the same arguments. Here we give a sketch. We use some notations in [D1].

The above equation arises from the horizontality of Frobenius ([D1, 19.6.2]):
prl(e%Ve) =G 'VG.

Here, e is the identity element. The above F;, ' and G are F, and v in [D1]

respectively. On the LHS, we have [D1, 12.5, 12.12, 12.15]

dt dt
e 'We=—a=—| —A+ Z —— =B

Here, a is the Maurer-Cartan form ([D1, 12.5.5]). On the RHS, since the
connection is the one of F*(P o)., we have Ve = —F*«, where F* means the
Frobenius lift ¢ — ¢9. Combining these and VG = dG + (Ve)G, we get

dt dt B
—qG —A+Zt_LP(C)Fp (Bo) | =

dc— [ 4 > tdﬂBC G.

This gives the equation (For F;l(BC), see the proof of Proposition 3.10).

ExaMPLE 1 From the p-adic differential equation in the above Remark 3.2,
the coefficient of A*~!'B in nu(F, '7(p)~!) in the case where N = 1 is the limit
value at z = 1 of the p-adic analytic continuation of the following analytic
function on |z|, < 1 [D1, 19.6]:

Z'n
2
pin

That limit value is (1 —p~*)¢,(k). From the condition p { n in the summation,
we lose the Euler factor at p for p-adic MZV’s of depth 1 in the sense of Deligne.

ProrosIiTION 3.3 For a,b > 0, we have
ZEPINT- ZPP[N] € Z8) [N].

a+b
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PrROOF The group II(Q(un)p) is the subgroup of group-like elements in

v
Q(un)p((A,{Bctcepn ), and nu(epp) is an element of TI(Q(un),) by the defini-
tion. Thus, we have A(ne(pp)) = ne(pp)@ne(py). This implies the proposition.

ProrosiTION 3.4 For w > 0, we have
dimg ZPP[N] < d[Nl,.

Proor Let U, = SpecR and nu(U,) = SpecS. The algebras R = ], R"
and S = [],S™ are graded algebras over Q. Here, the grading of R and
S come from the grading of U,. Then, nu(y,) € nu(Us)(Q(un)p) gives a
homomorphism v, : S = Q(un)p. The coefficients of 7i(y,) of weight w are
contained in 1, (S™). Thus, we have ZEP[N] C 1, (S™). By the surjection

n
t: U, = (U,)(C V, 210), the dimension of S¥ is at most the one of the w-th
graded part of the universal envelopping algebra of (LieU,,)8". That dimension
is d[N],,. We are done.

REMARK 3.5 Asremarked in [DG, 5.27], ¢ : LieU,, — LieV, is not injective for
N > 4 in general. Thus, the above bounds are not best possible for N > 4 in
general. The kernel is related to the space of cusp forms of weight 2 on X;(N)
if N is a prime. See also [G2].

REMARK 3.6 In the complex case [DG], dch(o) is in (P10), ® C = II(C) <
V.,(C). (Here, dch(o) is the “droit chemin” from 0 to 1 in the Betti realization
with respect to o : Q(un) — C.) Thus, Deligne-Goncharov relate dch(o) to the
motivic Galois group U,, for the purpose of bounds for the dimensions in [DG,
Proposition 5.18, 5.19, 5.20, 5.21, 5.22]. (The point is that V,, is too big, and
U, is small enough.) However, in the p-adic situation, ¢, is contained a priori
in a small enough variety, i.e., we have ¢, € U,(Q(un),) by the definition.
Thus, the bounds from K-theory of p-adic MLV’s in the sense of Deligne are
almost trivial.

We give remarks on (,(2).

REMARK 3.7 By Proposition 3.4 and Example 1, we have (,(2) = 0, since
dimg ZPP[1] = 0. It is another proof of that well-known fact. To bound
dimensions, Deligne-Goncharov used ¢(U,) x Al in the complex case [DG, 5.20,
5.21, 5.22, 5.23, 5.24, 5.25]. This affine line corresponds to “72”, and we need
this affine line simply because 72 is not in Q. In the p-adic case, we do not
need such an affine line, simply because the image of F, ' in (Gy,)., (ie., p) is
in Q. This gives a motivic interpretation of (,(2) = 0.

REMARK 3.8 It is well-known that (,(2m) = 0. However, it is non-trivial
because we do not know how to show directly

n

“ Z — 077
z : n2m

Cpo32z—1
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(We add a double quotation in the above, since we have to take p-adic an-
alytic continuation). The well-known proof of (,(2m) = 0 is following (also
see, [Ful, Example 2.19(a)]): By the Coleman’s comparison [C], we have
lime, 5.1 Lif(2) = (1 — p~ )7 L,(k,w'™*) for k > 2. Here, L, is the p-
adic L-function of Kubota-Leopoldt, w is the Teichmiiller character. This is
the values of the p-adic L-function at positive integers. On the other hand,
the p-adic L-function interpolates the values of usual L-functions at negative
integers, thus, L,(z,w!™%) is constantly zero for even k. Therefore, we have
¢p(2m) = 0. That proof is indirect.

Furusho informed to the author that 2-, and 3-cycle relations induce ,(2m) = 0
similarly as in [D1, §18] (In the notations in [D1, §18], we can take v =(the
unique Frobenius invariant path from 0 to 1) (see, the next subsection,) and
x = 0). These relations come from the geometry of P!\ {0,1,00}. Thus, it
seems that it comes from “the same origin” that ‘C,(2) = 0 from cycle relations’
and ‘(,(2) = 0 from the bounds by K-theory’. Furusho also comments that
we may translate ‘(,(2m) = 0 from cycle relations’ into ‘(,(2m) = 0 from p-
adic differential equation’, i.e., we may show that (,(2k) = 0 directly from the
p-adic analytic function ), -, #

3.3 THE TANNAKIAN INTERPRETATIONS OF TwoO p-ADIC MLV’s.

Besser proved that there exists a unique Frobenius invariant path in the fun-
damental groupoids of certain p-adic analytic spaces [B, Corollary 3.2]. Fur-
thermore, Besser showed the existence of Frobenius invariant path on p-adic
analytic spaces is equivalent to the Coleman’s integral theory [B, §5].

Let Yerys be the unique Frobenius invariant path in (Pig)ays. To a differ-

ential form w, the path v.ys associates the Colman integration fol w. Let
Yar € (P10)w be the canonical path from 0 to 1 under the realization w.
Furusho proved the path ap := 'yd}%%rys € m"*(Un,1p) is equal to the
p-adic Drinfel’d associator @, for p-adic MZV’s, that is, for N = 1 in
[Fu2]. By the same argument, we can verify that ap = ®F, for p-adic
MLV’s. Briefly, we review the argument. For details, see [Fu2] (See also
[Ki, Proposition 4]). The coefficient of a word A*~!B., --- AM~1B. in
ap = YapYerys € 71 (Un, o) C Q(un)p((A, {Bclcenn)) for (ka,Ca) # (1,1)
is an iterated integral

/1 @ /tdt/t dt /tdt /tdt/t dt
o t o tJo t—1p(Ca) Jo 1 o tJo t—1p(C1)

by the characterization of 7ys With respect to Coleman’s integration theory
(Here, the succesive numbers of dt/t are kg—1,kq—1—1,--+ ko —1 and k; —1).
For words beginning from A or ending By, the coefficients are regularized p-adic
MLV’s, because the coefficients in avp are the one in lim(’cpaz_)1 (1—2)"B1Gy(2)
by using the tangential base point. Thus, ap is the p-adic Drinfel’d associator
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@%Z for twisted p-adic MPL’s in Section 2.2:

QF = YR Yerys = Py = pr(W)W
w

On the other hand, ne(¢p) € o o(Q(un)p) = 71 (Un, 1o) is ’yd_éwp(’YdR) by

the definition (Recall that V, 0 I and Iy = 1119 : 1 — ~ar). Briefly, p-
adic MLV’s in the sense of Furusho come from ap = ’Y(ﬁ%%rys, and p-adic MLV’s
in the sense of Deligne come from ap := Vd}%gop(vdR). That is the Tannakian
interpretations of p-adic MLV’s. In [Fu2], he calls ®¥, := vgppr‘l(ydR) the
Deligne associator.

REMARK 3.9 In both of complex and p-adic cases, the iterated integrals appear
in the theory of MZV’s. However, the iterated integrals come from different
origins in the complex case and the p-adic case.

In the complex case, the iterated integrals appear in the comparison map be-
tween the Betti fundamental group mP ®g C tensored by C of P!\ {0,1,00}
and the de Rham fundamental group 7% ®q C tensored by C of P1\ {0, 1, 00}.
The difference between the Q-structure 7P and the Q-structure 7{® under the
comparison T8 ®@g C = miR ®q C is expressed by iterated integrals.

In the p-adic case, iterated integrals do not appear in the comparison map
between the de Rham fundamental group m{® ®@g Q, tensored by Q, and the

crystalline fundamental group 77">°. Furthermore, there is no Q-structure on

71", For p-adic MZV’s in the sense of Deligne, iterated integrals appear in the
difference between the Q-structure 7{® and the Q-structure F, *(m{®) in Py3"
under the comparison P;j" & Pt ©g Q, = 7" ®g¢ Q,. For p-adic MZV’s in
the sense of Furusho, they appear in the difference between Q-structure m{®
and the Q-structure am{® in 7{™* under the comparison 7{""* = 7R @g Q,.
Here, a is a unique element in 77" such that yar -« € Py is invariant under
the Frobenius (Thus, « is equal to ap).

From this, it seems difficult to find a “motivic Drinfel’d associator”, which is
an origin of both complex and p-adic MZV’s, and a motivic element, which
is an origin of linear relations of both complex and p-adic MZV’s. Note also
that roughly speaking, the complex Drinfel’d associator is the differenc between
Betti and de Rham realizations ([DG, 5.19]), and the p-adic Drinfel’d associator

is the Frobenius element at p.

ExaMPLE 2 1. (Kummer torsor) Let K(z), be the fundamental groupoid
from 1 to x on G,,, with respect to the realization w. Deligne calculated
in [D1, 2.10] the action of ;' on K (z), C K(&)crys:

F7 ' (var) = Yar + log® 2! 7.

Here, ~y4gr is the canonical de Rham path from 1 to x, and + means the
right action of 7"*(G,,, 1) = Q(1)erys = Qp(1) on K (z)erys. From this,
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we have
Fpil("}/dR +1log® x) = yar + log® ' 7P + plog® = = yar + log® z.

Thus, vqr + log® x is Frobenius invariant, that is, the unique crystalline
path 7Yerys from 1 to .

2. (Polylogarithm torsor) Let P 1(¢)., be the k-th polylogarithm torsor with
respect to the realization w for ¢ € uy (see, [D1, Definition 16.18]). The
polylogarithm torsors are not fundamental groupoids, but quotients of
fundamental groupoids. However, we use the terminology “Z(k)-torsor
of Z(k)-paths from 0 to ¢” in [D1, 13.15]. Here, we consider as Q(k).-
torsor not as Z(k),-torsor, and we do not multiply ﬁ on the integral

structure unlike as [D1]. Deligne calculated in [D1, 19.6, 19.7] the action
of 7 on Pr () © Pri(Qerys:

Fo ' (var) = var + 25 (1 = p " )NFLIE(Q)
(That is, F,, '7(p) " (yar) = yar + (1 —p~*)N*~'Lif(¢)). Here, + means
the right action of Q(k)crys = Qp(k) on Pi £(¢)erys- From this, we have
F, H(yar = NP7LIG(Q)) = var + 0" (1 = p~*)N* LIk (C) — p"N* LG (C)
= var — N*'Lig ().

Thus, 7qr — N¥71Li{(¢) is Frobenius invariant, that is, the unique crys-
talline path 7ycrys from 0 to ¢.

3. In the case where N = 1, the coefficient of A*~1B in ®}., is —(,(k) and
the one of A*~!'B in n(F,tr(p)~t) is (1 - p~F)((k), from the above
example.

4. (Furusho) The coefficient of A’ 1 BA*~*Bin F, '7(p)~* in the case where
N=1Iis

1 1) & (@)G(b)

ST e = g0

r=0
NS (1) (21 )atas 90609,

for b > 1.

The following proposition combined with Proposition 3.4 gives a proof of The-
orem 1.4. The author learned the following proposition from Furusho’s calu-
culation Example 2(4).
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PropoOsITION 3.10 For w > 0, we have
Z5N] = ZP[N].

ProoF The effect of 7(¢) is the multiplication by ¢* on p-adic MLV’s of
weight w in the sense of Deligne. Thus, ZP:®[N] is not changed when we replace

Fyt € Gu(Q(un)p) by wp = Fy '7(q) " € Gu(Q(un)p) in ap = 1ar#p(var)-
Let JE(W) be the coefficient of a word W in ®%, := v 4 Fy ' (yar). We have
ZEP[N] = (JP (W) | the weight of W is w)g C Q(un),
(We recall that the coefficient of a word W in ap is I,(W)). We have

afF = ’Yd_}%'ycrys = 7(1_}%F_1(’VdR) : (Fp_l(’YdR))_le_l('Ycrys) = (I)%Fp_l(aF)

= (Z Jf?(W)W) (Z Ip(W)Fp_l(W)>
w w

(By a theorem of Besser [B, Theorem 3.1], we see that ar and ap determine
each other from the above formula).

We compute the action Fp_1 on a word W. Let y4r,c be the canonical path
from 0 to ¢ under the realization w, that is, Yar,1 = Var, Yar,¢c = ((Var,1)-
Here, ((var,1) is the action of ( € ux on II. Then, Be = ('YdR,g)_lA YdR,¢
([DG, (5.11.3)]). Thus, we have F, '(A) = gA and

Fy ' (Be) = (Fy M (vare)) M aAF,  (yarc) = a¢(®F) " BeC(@F)
=q (Z JE(:I(W))W) B (Z J,?(U(W))W) :
w w

Here, the action of ( € uny on words is given by ((A4) = A, and ((B¢/) = Becr.
From the above formula about a g, we have

ap = O F; (aF) = (Z J,?(W)W> <Z Ip(W)Fpl(W)>
w w
= (Z .J;D(W)W> > grot o thatd, (W) Aka
w W=A*a B¢, ---AF1 B¢, AFo
: (Z JE@J(W))W) B, (Z J,?(Cdl(W))W>
w w
: (Z J,?(Cfl(W))W> Be, (Z J,?(Cfl(W))W> Aol
w w
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There, by using Proposition 2.14 and Proposition 3.3, for a word W of weight
w we have

(1= ¢“), (W) — JP(W) € > VANES A

p w//
w=w’'+w w <w,w’” <w

By induction, we have ZP = ZP/D.

Finally, we remark on some conjectures. The following conjecture is a p-adic
analogue of Grothendieck’s conjecture [DG, 5.20], which says that a, € G, (C)
is Q-Zariski dense (weakly, a2 := a,7(2my/~1)"! € U, (C) is Q-Zariski dense).
Here, a, is the “difference” between the Betti realization with respect to o and
the de Rham realization (For elements a, and a2, see [DG, Proposition 2.12]
and [D1, 8.10 Proposition]).

CONJECTURE 4 The element ¢, € U,(Q(un)p) is Q-Zariski dense. That
means that if a subvariety X of U, over Q satisfies ¢, € X(Q(un)p), then
X =1U,.

REMARK 3.11 We have the Chebotarev density theorem for usual Galois
groups. So, the author expects that there may be “Chebotarev density like”
theorem for the Frobenius element in the motivic Galois group varying the
prime number p. It will be interesting to study for this “Chebotarev den-
sity like” theorem varying p, adele valued points of the motivic Galois group,
and possible relations among “Chebotarev density like” theorem varying p,
Grothendieck’s conjecture about the motivic element, and the above p-adic
analogue of Grothendieck’s conjecture about the Frobenius element.

The following conjecture in the case N =1 (i.e. p-adic MZV’s) is proposed by
Furusho (non published).

CONJECTURE 5 All linear relations among p-adic MLV’s are linear combina-
tions of linear relations among p-adic MLV’s with same weights.

The following proposition is obvious (cf. [DG, 5.27]).

PROPOSITION 3.12 We consider the following statements:

1. The inequality in Theorem 1.4 is an equality (For N =1, this is Congec-
ture 2).

2. The map ¢ : U, — V,, s injective.
3. Conjecture 4.
4. Conjecture 5.

Then, (1) is equivalent to the combination of (2) and (3), and implies (4).
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REMARK 3.13 The statement (2) is true for N = 2,3,4. For N > 4, the
statement (2) is false in general. The kernel is related to the space of cusp
forms of weight 2 on X;(N) if NV is a prime. See, [DG, 5.27][G2].

4  CRYSTALLINE REALIZATION OF MIXED TATE MOTIVES.

In this section, we consider the construction of the crystalline realization of
mixed Tate motives, and Berthelot-Ogus isomorphism for the de Rham and
crystalline realizations of mixed Tate motives.

4.1 CRYSTALLINE REALIZATION.

Let k£ be a number field, v be a finite place of k, and G be the absolute
Galois group of k. First, we define the crystalline inertia group at v. Let p be a
prime divided by v. Let Rep (Gk) and Repm’b Y(Gg) be the category of finite

dimensional representations of Gy, over Qy, and the subcategory of crystaline
representations of Gy at v.

DEFINITION 4.1 (crystalline inertia group) The inclusion RepC“’”(Gk) —
RepQ (Gk) induces the map of Tannaka dual groups with respect to the for-

getful fiber functor. We define a crystalline inertia group ISVS(C Gi,p =
MQ@(RepQ (Gk))) at v to be its kernel.

Here, Gy, is the (algebraic group over Qy)-closure of G. The group IV is a
pro-algebraic group over Q,. Note that by the definition, the action of G}, on
M, is crystalline at v if and only if the action of I;*¥* on M), is trivial.

We recall Bloch-Kato’s group H} Let O(,) be the localization at v of the ring
of integers of k, and k, be the completion of k with respect to v. For a finite
dimensional representation V of Gy, over Qg, they defined [BK, §3]

ker(H(k,,V) — H(k',V)) vt

Hi(k,, V) =
sk V) {ker(Hl(kv,V)—>H1(kchrys®V)) v | L.

Here, ky" is the maximal unramified extension of k,, and By is the
Fontaine’s p-adic period ring (See, [Fol]). For a prime ¢ not divided by v,
Homg, 77 /kury (Qe(m), Qe(m + n)) is trivial for n > 2. Thus, we have

O\ @Qy n=1,

3k, Qulm) = {Hl(ku,Qe( ) n>e.

In the crystalline case, we have from the calculations

() ©Qp n=1

Hf(kU,Qp( n)) = {Hl(kv,(@p( ) n>2,
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(See, [BK, Example 3.9]) monodromy informaions of 7¢"™¥® on mixed Tate mo-
tives. We recall that the fact Hj(ky, Qp(n)) = H'(ky,Qy(n)) for n > 2, v | p
follows from

dimg, Hj (kv, Qp(n))
= dime DdR(Qp(n))/FﬂODdR(Qp(n)) + dime H’ (Ko, Qp(n))
= [ky : Q] + 0 = —x(Qp(n)) = dimg, H" (k,, Qp(n))

(See, [BK, Corollary 3.8.4, Example 3.9]). Here, Dqg is the Fontaine’s functor
([Fo2]), and x (V) is the Euler characteristic of V' for a Galois representation V.
Thus, it holds without assuming that k, is unramified over Q,. Let H} (k,V) be
the inverse image of H(k,, V') via the restriction map H'(k, V) — H'(k,, V).

THEOREM 4.2 (c¢f. [DG, Proposition 1.8]) Let k be a number field, and v be a
finite place of k. Take a mized Tate motive M in MT(k). Then, the following
statements are equivalent.

1. The motive M is unramified at v, that is, M € MT(O(,)).

2. For a prime £ not divided by v, the £-adic realization My of M is an
unramified representation at v.

3. For all prime £ not divided by v, the £-adic realization My of M is an
unramified representation at v.

4. For the prime p divided by v, the p-adic realization M, of M is a crys-
talline representation at v.

PrROOF The equivalence of (1), (2), and (3) is proved in [DG, Proposition 1.8].
We show that (1) is equivalent to (4). The proof is a crystalline analogue of [DG,
Proposition 1.8]. The Kummer torsor K (a) for a € k* ®Q is crystalline at v, if
and only ifa € O(XU)®Q (See, the isomorphism (4.1) H} (ky, Qp(1)) = O(Xv)®(@p).
Since Kummer torsors generate Extll\/IT(k) (Q(0),Q(1)), it suffices to show that
the following statement: For a mixed Tate motive M € MT(k), the action of
I on M), is trivial if the action of IS on W_o,, My, /W _o(,42) M), is trivial for
each n € Z. Assume that the action of I$™® on W_o, M, /W_5(;, 42y M), is trivial
for each n € Z. We show that the action of I§™¥® on W_o, M,/ W_g 4y M,
is trivial by the induction on r. For r = 2, it is the hypothesis. For
r > 2, the induction hypothesis assure that the action of IS™® is trivial on
W_on/W_g(nsr—1) and W_g11)/W_o(p4ry. Thus, the action of o € I77V* is
of the form 1 + v(o), where v (o) is the composite:

W72n/W—2(n+r) - Gr%n M(l; Grm(n+r_1) — W72n/W_2(n+T).

We have u(o102) = p(o1) + p(oz). This u is compatible with the action of
Gp.p- It suffices to show that the map u(o) : Gr'%, — Gr%(nJrT_l) is trivial.
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This follows from

Homg, , (1", Hom(Qy(n), Qp(n +r — 1))
o Extll,ﬂQ ey (Qp(n), Qp(n + 7 — 1))Crn/ 15

= EXt%{ﬂ@ (G (Qp(n), Qp(n + 7 — 1))/EX‘511>\£Q (Grop /IS
= EthlgtﬂQ (Gk)((@p(n), Qp(n +7r— 1))/EXt11:{ﬂgyS'“(Gk)
= Hl(k7 QP(T - 1))/H]1”(k’ QP(T - 1)) =0,

where we abbreviate Extll;{epn G157 (Qp(n),Qp(n + r — 1)) and
—Qp LAY

1 1 1

ExtRepc;ys,v(Gk) (Qp(n), Qp(n+r—1)) as Extg,, REIES and Ext@a;ys,u(ck)

respectively by a typesetting reason. The second isomorphism follows from

the fact that Ext%{epcrpys,u(Gk) = 0, and the action of IJ™¥® on Qu(r — 1) is

trivial, and the last equality follows from the isomorphism (4.1). (We have

Ext%{epcrys,v(ck) = 0 from the elemental theory of the category of filtered
b=

w-modules. In fact, RHom is calculated by a complex, which is concentrated
only in degree 0 and 1.)

REMARK 4.3 If we have a full sub-Tannakian category MT (O(v))g""d of MT (k)
satisfying

OE:_,)®Q; n=1,

1 S
EXtMT(O(U))gOOd (Q(O)7 Q(l)) - {Ethl\/[T(k) (Q(O)’Q(n)), n > 2,

and

Ext%vlT(O(v))good (Q(0),Q(n)) = 0 for any n,

then by introducing the “motivic inertia group” at v
IM = ker{Aut® (wyrr(r)) — Aut® (WMT(O,,))s00d) }s

we can prove the similar result for MT(O(U))%OOd7 that is, M is in MT(O,,))
if and only if M is in MT(O(v))gOOd by the “motivic analogue” of the above
proof.

In a naive way, we cannot define “M ®o,,, k(v)” the reduction at v of an object
M in MT(O,)), since MT(O(,)) is not defined by a “geometrical way”. So, the
author hopes that this remark will be useful to construct “the reduction at v”
of object in MT(Oy,)). If we “geometrically” construct a full sub-Tannakian
category MT(O(,))8°° of MT(k) satisfying the above conditions, then we can
get a good definition of “the reduction at v”. Here, the word “geometrically”
means that returning the definition of Voevodsky’s category DM (k). See also
the proof of Theorem 4.6.

DOCUMENTA MATHEMATICA - EXTRA VOLUME SUSLIN (2010) 687-723



BOUNDS FOR THE DIMENSIONS OF p-ADIC MLV-SPACES 711

DEFINITION 4.4 For a mized Tate motive M € MT(Oy,) unramified at v, we
define the crystalline realization Mcyys to be Derys(My). Here Deyys is the
Fontaine’s functor (Beys ®qg, —)*, and M, is the p-adic realization of M.

Note that M, is a crystalline representaion of G, by Theorem 4.2, so we have
dimy, , Merys,y = dimg, M, = dimg M,,. Here, kg, is the fraction field of the
ring of Witt vectors with coefficients in the residue field £(v) of O(,). Note also
that the pair (Mcrysﬂ,, Merys,o ®k, , kv) gives an admissible filtered p-module
in the sense of Fontaine ([Fol], [Fo2]). The crystalline realization is functorial,
and defines a fiber functor MT(O(,)) — Vectg, ,, which factors through the

category of admissible filtered p-modules MFZiv ().

REMARK 4.5 By using the fact that HY (k,, Q,(1)) = H'(k,,Q,(1)) and in-
troducing “semistable inertia group” at v, we can show that M), is a semistable
representation of Gy, for any mixed Tate motive M in MT(k), similarly as
the proof of Theorem 4.2. Thus, we can define the crystalline realization
(or semistable realization) Mcrys o to be Dy (My) = (Bst ®q, Mp)Gkv for all
M € MT(k), and get a functor MT (k) — MFZ;1 (@, N) to the category of
admissible filtered (¢, N)-modules. )

4.2 COMPARISON ISOMORPHISM.

In this subsection, we prove a “Berthelot-Ogus like” comparison isomorphism
between the crystalline realization and the de Rham realization. We defined
the crystalline realization by using Fontaine’s functor, so we need another “ge-
ometrical” construction of the crystalline realization to compare it with the de
Rham realization (it is not obvious that the other construction is functorial).
For preparing the following theorem, we briefly recall that Voevodsky’s category
DM(k) (see, [V]), Levine’s category MT(k) (see, [L]), and Deligne-Goncharov’s
category MT(O(,y) (see, [DG]). Let k be a field. First, let SmCor(k) be
the additive category whose objects are smooth separated scheme over k,
and morphisms Hom(X,Y') are free abelian group generated by reduced ir-
reducible closed subschemes Z of X x Y, which are finite over X and dominate
a connected component of X. Then, Voevodsky’s tensor triangulated category
DM(k) is constructed from the category of bounded complexes K*(SmCor(k))
of SmCor(k) by localizing the thick subcategory generated by [X x Al] — [X]
(homotopy invariance), and [UNV] — [U] @& [V] — [X] for X = UUV (Mayer-
Vietoris), adding images of direct factors of idempotents, and inverting formally
Z(1).

Let k be a number field. Then, the vanishing conjecture of Beilinson-Soulé
holds for k. From the vanishing conjecture of Beilinson-Soulé, Levine con-
structed the Tannakian category of mixed Tate motives MT (k) from DMT(k)
by taking a heart with respect to a t-structure. Here, DMT (k) is the sub-tensor
triangulated category of DM(k)qg generated by Q(n)’s.
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For a finite place v of k, let O(,) denote the localization of k at v. Deligne-
Goncharov defined the full subcategory MT(O(,)) of mixed Tate motives un-
ramified at v in MT(k), whose objects are mixed Tate motives M in MT (k) such
that for each subquotient E of M, which is an extension of Q(n) by Q(n + 1),
the extension class of E in

Extarr (Q(n), Q(n + 1)) +— Extarrgy (Q(0), Q(1)) 2k © Q
isin O(XU) ®RQ(C k*®Q). The following theorem is the comparison isomorphism
between crystalline realization and de Rham realization. However, we defined
the crystalline realization by using p-adic étale realization. So, the content
of the following theorem is the comparison isomorphism between p-adic étale
realization and the pair of crystalline and de Rham realizations.

THEOREM 4.6 (Berthelot-Ogus isomorphism) For any mized Tate motive M
in MT(O,), we have a canonical isomorphism

kv ®kgy,, Mcrys,v = kv QK MdR-

REMARK 4.7 (Hyodo-Kato isomorphism) After choosing a uniformizer = of k,,
we can prove a canonical isomorphism

kv ®k0,v Mcrys,v = kv Rk MdR

for any mixed Tate motive M in MT(k) by the same way (cf. Remark 4.5).

REMARK 4.8 From the functorial isomorphism M,ys .+ kg, kv = Mar Ok ko,
we have G, ®q ky = Gerys Oy, ko. Here, G := 11(MT(O()) € pro-MT(O(,))
is the fundamental MT (O, )-group (See, [D1, §6][D2, Definition 8.13]). Thus,
we can consider the Frobenius element F),” leqa, (ky) if ko = k, (For example,
in the case where k is Q(ux) and v is a prime ideal not dividing (N)).

PRrROOF First, we observe the following thing. Let X and Y be smooth schemes
over k, and I' be an integral closed subschemes of X x Y, which is finite sur-
jective over a component of X. Then, by using de Jong’s alterations, there
exists a finite extension k&’ of k, a prime ideal w over v, semistable pairs
(cf. [d]]) (X,D) and (V,€) over Oy, such that fx : (X \ D) — X and
fy + Y\ E)r — Y are generically étale alterations of X, and Y, respec-
tively. Put [ﬂﬂ,] = (fx x fy)'[l @ k']. Here, (fx x fy)' : CH*(I' @4 k') —
CH*(T' @k k' X (xx,v)ouk (X \D)pr x (Y\ E)r)) is the Fulton-MacPherson’s
refined Gysin map. Let fk/ denote the closure of f;« in Xy X Yy, Then, we have
Tp N (X X Er) C Tp N (Dyr X Vi) After choosing a uniformizer 7/ € k,, we
have the comparison isomorphisms Bt @y H{j s (X \ D) (w)) = Bst ®q,

HE (X \ D)g), and Byt @y | Hiy o1y (Y \ E)irw)) = Bst @, Hi (Y \ E)p)
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proved in [Y]. By Ty N (X X Exr) C Ty N (Dpr X Vi), we can define the cycle
classes (cf. [Y])

cl(Tg) € HAZM™Y (X x Vi, (X x &, (D x Vi),
and B .
Ad(Tw) € HIF™Y (X x Vi, (X X Exr )1y (D X Vir)s).-

Then, by using these cycle classes, we get a commutative diagram ([Y])

ki @iy, Dste, (HE (Y \ E)5)) —— ki, @ Hi (Y \ E)rr)

i[fk]* J/[fk/]*

k), @iy Dstr, (HE (X \ D)g)) —— kL, ©p HiL (X \ D)p),

where we used Hyodo-Kato isomorphism [Y].

Let [Ex} S CH(Xk/ X (X x X ) (X X X)) be (fX X fx)!([AXk,]), where fx is
the morphism Xy — X/, (f x f)' means Fulton-MacPherson’s refined Gysin
homomorphism, and Ax,, is the diagonal class of X;,. We define [Ey] by

the same way, then by using these cycle classes and the compatibility of the
comparison isomorphism with cycle classes, we get commutative diagrams

Fxx X
B\ D) X Dst’kL(Hgg(x?))kLC_X> D et (HE (XN DY) r

Dst,k{U(Hét
lu \LN

Fxx X
HER (XN P )y X0 o HER (X (X s HER (XD s

Fy« 5
Dy o (HEDN O — 5 D g (IR, s D o (HE D\ 99,0

- l~

Fy s Iy
Hg};,((l’\g)k/)kh) %) Hgﬁ(yk’)k@% Hgﬂﬁ((y\g)k/)k;uk,

where we abbreviate k!, ks Dgi e (=) and ki, @p HiR (=) as Dy pr (=)we,
and Hgg(—):, respectively by a typesetting reason. So, we get isomorphisms

K @iy, Det iy, (HE (X)) = Ky, @r Hig (X)),

and
ke ®ky , Doy, (Hey (Yg)) = ki, @i Hig (Vi)

By using the following commutative diagrams

HZ (D €)) — b (v s HE (V) €)5)

l [T i [T

HI (X \ D)) 25 B (X)L Hp (0 D)),
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and
Hyp (D E)r) L H(Q%(Yk')cf—;> Hig (Y \E)w)

l[fk/]* i[fk’]*

H (X \ D)) 55 B (X)) B (X \ D)),

we finally get a commutative diagram
ki @ky, Doty (HE (V) —— ki, @ Hy (Vi)
restriction of [fk]*i lrestriction of [Ty
Kl @y Dstr, (HE(Xp)) ——> kL, @ HiR (Xp).

Now, take a triple (X*, f,n) for the given motive M in MT(O,y), such that
f(X*)(n) represents M, where X* € K*(SmCor(k)), n € Z, and f is an idem-
potent in K*(SmCor(k)). We will proceed the above construction successively
for the complex X* in SmCor(k), by replacing the finite extension k' one by
one (Here, X* is bounded. So, we can start from the first non-empty place
and make the above construction and the above commutative diagram. Next,
we make the above construction and commutative diagram in the next place
after a finite base extension. We replace the first place by the finite base ex-
tension...). By using ((X®,D*),{I'}, },,), we can define sequences ((C*®)g,, dg),
and ((C*)%g. dSg) of cohomological complexes, where (C*®)%, and (C*®)}y calcu-
late the étale cohomology and de Rham cohomology of é\% and X} respectively,
and di, and di are defined by {F%j. }j.» and {T% ; };, respectively. Note
that we do not define the crystalline version ((C®)i,y,des). Even if we de-
fine it by taking integral models of I'}’s, we do not have df;‘r“yls ° dirys =0
for the sequence of complexes (C*®)¢,.  in general, because of the lack of the
uniqueness of the extensions I'}’s (cf. [DG, Lemma 1.5.1]). So, we cannot
define a crystalline realization by using (C*)¢,,s at least in the present situa-
tion (Note that we do not need to get d¢,, by integral models of I'j’s in this
proof). On the other hand, we have déj/ldR ) dét/dR = 0 for the sequence of
complexes (C*)2, Jar» because they live on the generic fiber (cf. [DG, Lemma
1.5.1]) and we have the uniqueness (Note that the above construction and the
above commutative diagram work after replacing H™ by RI', because we do
not use integral models of I'{’s, but only use the generic fiber of them. See
[DG, 1.5] for the de Rham part (C*)§g). Therefore, we get an isomorphism
ko @k Merys,w = ki @iy Dst iy, (Mp) = ki, @k Mar k= ki, @1 Mar -

Now, we use the condition that M is in MT(O(,)). The p-adic realization
M, is crystalline at v by Thoerem 4.2. So, we have Mcrysw = kéﬁw Rk,
Merys,- Therefore, we have an isomorphism &}, @, , Merysw = ky, @ Mgr. In
general, for any element 7 € Gal(k],/k,), we have an isomorphism k™ Qg ,
Merysw = kLT ®p Mar by using the triple {(X*7,D*7), f7,n}. Thus, we have
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an isomorphism k, g, , Merysw = ky @p Mgr by the descent. Since M), is
crystalline at v, this isomorphism does not depend on the choice of 7/, and
we can show that this isomorphism does not depend on the choice of good
reduction models and this isomorphism is functorial by using the standard
product argument.

4.3 SOME REMARKS AND QUESTIONS.

The crystalline realization to the category of p-modules (not to the category
of admissible filtered ¢-modules) is split, because we have

EXt%\/{T(o(,,))(Q(O)’@(n)) =0

for n <0 and Ethl\/[odkO, () (k0,(0), ko, (n)) = 0 for n > 0.

So, we can expect that the crystalline realization MT(O(,)) — Vectg, , factors
through MT(k(v)). Note that the weight filtration of mixed Tate motives over
a finite field is split by Quillen’s calculations of K-groups of finite fields ([Q]).
Thus, they are sums of Q(n)’s.

The weight filtration is motivic, and both of the de Rham realization and the
crystalline realization are split. However, the splittings do not coincide, that is,
the splitting of the crystalline realization does not coincide to the splitting of the
de Rham realization via the Berthelot-Ogus isomorphism of Theorem 4.6. The
iterated integrals and p-adic MLV’s appear in the difference of these splittings.
See also Remark 3.9.

REMARK 4.9 We have Extyroq, () (k0,0(0), ko,0(0)) = @, # 0, and this gap
corresponds to the “near critical strip case” of Beilinson’s conjecture and Bloch-
Kato’s Tamagawa number conjecture, that is, we need not only regulator maps,
but also Chow groups to formulate these conjectures near the critical strip case
(that is, the case where the weight of motive is 0 or —2). In this case, this
corresponds to the “dual” of the fact that the image of the Dirichlet regula-
tor is not a lattice of R™*"2, but a lattice of a hyperplane of R™+"2. The
author does not know a direct proof of the fact that the non-trivial exten-
sion in EXtI{/IodkO,U(@)(kO,ﬂ(O)vkO,U(O)) = @, does not occur in the crystalline
realization.

ExAMPLE 3 (Kummer torsor) Let K be a finite extension of Q,, Ky be the
fraction field of the ring of Witt vectors with coeflicient in the residue field of
K. Let z€ 1+ 7O0k. Let

0— Q1) = V(z), —» Qy(0) =0

be the extension of p-adic realization corresponding to z. Fix ey a generator
of Q,(1) corresponding {(, }n, and ey the generator of Q,(0) corresponding 1.
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Then, the action of Galois group is the following:

geo = x(9)eo,
ger = e1 +1.(g)eo.

Here, x is the p-adic cyclotomic character, and 1), is characterized by g(zl/ p") =
G/sz (Q)Zl/p" .

Then, V(2)ays = (Berys ®g, V(2)p)“" has the following basis:

t1 & eg =: xq,
er —t lloglz] ® eg =: 2.

Here, t := log[(],log[z] € Berys. Thus, the Frobenius action is the following:

{¢($0) =
P(z1) =

The filtration after K®f, is the following:

Zo,

8 I

1-

Fil"'V(2)ar = V(2)ar = (z0, 21) K,
Fil'V(2)ar = (z1 + (log 2)z0) i,
)

V(z)ar
Fil'V(2)ar = 0

(In Bggr, we have t~1log é € Fil’ B4gr). Thus, we have splittings:

V(Z)CFyS = <IO>K0 S3) <‘r1>K0 = KO(I) 2] KO(O)a

V(2)ar = (xo)k ® (1 + (log 2)zo)x = K(1) @ K(0).

These splittings do not coincide in general.
We will recover the calculation ¢~1(0) = log 2177 in [D1, 2.9, 2.10]. In this case,
we assume K = K. By the above calculation, the Kummer torsor K (z)4r is

K(2)ar = —(z1 + (log 2)x0) + Kxg

(For the purpose of making satisfy V(u) = du — % in [D1, 2.10], we use the
above sign convention). Then, we have
¢H(0) ¢ ¢~ (= (21 + (log 2)xo) + 0) = — (w1 + p(log 2)xo)
= —(z1 + (log 2)z0) + (1 — p)(log 2)zo
= —(x1 + (log 2)xo) + (log 2 7P)xq
< log 21 7P,

This coincides the calculation in [D1, 2.10]. Here, « is the identification via
K(2)ar = — (21 + (log 2)x0) + Kzg = K.
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Next, we define polylogarithm extensions. In the following, we consider the
case where k is a cyclotimic field Q(uy) for N > 1. For ¢ € uy, let U €
pro-MT(Q(ux)) be the kernel of 7 (P\ {0, 100}, ¢) — 7M(Gyp, ¢). We define
Log, to be the abelianization of U, Tate-twisted by (—1). We define Pol with
Tate twist (1) to be the push-out in the following diagram (see also, [D1, §16]):

| 1‘ M (P {0,1,00},¢) —= M (G, ) —> 1
0 — Log¢ (1) ———— Pol(1) Q(1) 0.
(4.2)

For n > 1, we also define Pol,, ¢ to be the push-out under Log, = II,>oQ(n) —
Q(n) (see also, [D1, §16]):

0 Loge¢ Pol, Q(0) ——0
0 Q(n) POln,C R Q(O) —0.

The extension class [Pol,¢] lives in Ext}v{T(Q(uN))(@(OLQ(n)) &
Kon—1(Q(un))g- Let p% be the group of primitive N-th roots of unity.
Recall that Huber-Wildeshaus constructed motivic polylogarithm classes
poly € [[,59 K2n-1(Q(un))g (not extensions of motives) in [HW].

PROPOSITION 4.10 Let n be an integer greater than or equal to 2, and (
be an N-th root of unity. Then, the n-th component of Huber-Wildeshaus’
motivic polylogarithm class pol. (see, [HW, Definition 9.4]) is equal to
(=)t [Poly, ¢] under the identification

N’I‘I,—l
Kon—1(Q(un))g = Ethl\/IT((Q)(pN)) (Q(0),Q(n)).

In particular, the extension classes {[Poln,c|}cc,n, generate Koy 1(Q(un))o-

Proor It is sufficient to show the equality after taking the Hodge realization.
This follows from [D1, §3, §16, §19] and [HW, Theorem 9.5, Corolary 9.6]. Note
that we consider as Q(n),-torsor not as Z(n),-torsor, and we do not multiply
on the integral structure unlike as [D1] (See also Example (2, 2)).

1
(n—1)!

Fix a place v { N of Q(un). Put K := Q(un),. Let p be the prime devied
by v. Note that K is unramified over Q,. Let o denote the Frobenius endo-
morphism on K. For a mixed Tate motive [0 - Q(n) - M — Q(0) — 0] €
Extll\/[T(O(u))((@(0)7Q(n))7 the pair Mgy := (Mcrys,w, Mar ®q(uy) K) defines a
extension of filtered p-modules:

0— K(n) - Mgyn — K(0) — 0.
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Here, K (i) is the Tate object in the category of filtered p-modules over K.
Thus, we have a map

ot Kon-1(O(y))g = Extimo(v))(@(())@(n))
— Ext} s (K(0),K(n)) = Hy, (K, K(n)).

MF7.
See, [Ba] for the last isomorphism. We call r,, the n-th syntomic regulator map.
Recall that Hslyn is a finite dimensional @Q,-vector space, not a K-vector space.
We fix an isomorphism HJ (K, K(n)) = K as Q,-vector spaces for n > 1 as
follows.

Hyy, (K, K (n))

syn
a a,(1— a .
= coker(K (n)eys * "S5 (K (n)ar /FIOK (n)ar) ® K (n)erys)

= coker(K m_)(a’(li;"a)(a))

[(a,b)}=b=(1=p~"0)(a)

K& K)

In general, note that for a filtered ¢p-module D and for

(9] € coker(D 7 E2 ) (DRI’ D) & D) = Bxty, s (K(0), D),

the corresponding extension E of K(0) by D is the following: E = D @ Keg

Fil'E = Fil'D 4 (z +eo) ¢ for i <0,
Fil'E = Fil'D for i > 0,

vp(a) =¢p(a) foraeD,
vr(eg) =eo+y.

PROPOSITION 4.11 The syntomic regulator map
1t K1(Ow))e 2 0, ® Q = Hy, (K, K(1) 2 K
is given by z — —(1 — 1%) log z. Forn > 2, the syntomic requlator map
rnt Kano1(Qun))g — Hoyn (K, K (n)) = K

sends [Poly, ¢] to —N"71(1 — ﬁ)LiZ(O-

Note that Coleman’s p-adic polylogarithm (1 — #)Lig(() is often written by
o )(C ), and does not depend on the chice of a.
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REMARK 4.12 In the above proposition, we used the homomorphism induced
by crystalline realizations and the isomorphism between K-theory and Extll\/[T
as a regulator. For a purely K-theoretic definition of a regulator and its calcu-
lation, see [BdJ].

REMARK 4.13 If we use an identification

o) ((a.b))>a—(1=p~"0) 1 (b)
K®K) =

coker (K arle.(zp "o

(note that 1 — p~™0 is a bijection on K for n > 1), then the above formula
changes as the following: the map

1 Ki(Owy)o = 0, © Q — Hy, (K, K(1) = K
is given by z + log z. For n > 2, the map
Tt Kon 1(Q(un))g = Hiyn(K, K (n)) = K
sends [Pol, ¢] to N"7'Li%(().
Proor The first assertion follows from Example (i(’)) The second assertion

follows from the following structure of (Poly ¢ )syn = ((Poln,¢)eryss (Poln ¢ )ar):
(Poln¢)erys = (o, 21) K

{@(xo) = Lo,

@(z1) = 21 — N*1(1 — p~™)Lig(¢),

Fll_n (POln,C)dR = <x()7 1'1>K7
FilZ(POln,C)dR = <$1>K for —n<i<0,
Fill (POln,()dR = 0.

This structure follows from Example (2).

REMARK 4.14 We have an isomorphism
Bcrys ®Qp (Py/};[c)p = Bcrys ®K0 (Pqﬁ;lc)crys-

Here, Pyj\flﬂ is a fundamental groupoid of P!\ {0,00} U uy. This induces an
isomorphism

Berys @q, (Pol¢)p & Berys ©xcy (POl¢)erys-

Thus, we have the following commutative diagram for n > 2:

K2nl(Q(MN))Q<H1 (K,Qp(n)) [POln,gH\K?OT,C)p]
Hy (K, K(n)) [(Poln,¢)syn]-
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Here, K denotes Q,(un), ¢ is in un, and p does not divide N. The horizontal
map sends the extension class [Poly, ¢] to the one [(Pol, ¢),], and the oblique
map sends the extension class [Pol,, ¢] to the one [(Poly, ¢)syn]-

The fact that [(Pol, ¢)p] is sent to [(Poly ¢)syn]) Was first shown by T. Tsuji.
Unfortunately, no preprint is available yet. His method is totally different. He
does not use motivic theory or motivic ;. He used the classical characteri-
zation (or the definition) of p-adic and syntomic polylogarithm sheaves as a
specified extension (via residue isomorphisms etc.) of the constant sheaf by
Log, and checked the characterization coincides via the p-adic Hodge compar-
ison isomorphism.

Finally, we’d like to propose some very vague questions. If we take the Hodge
(resp. f-adic) realization of the lower line of (4.2), and specialize it to the
roots of unity, then we get the special values of polylogarithms (resp. the
Soulé elements). This fact is important of Bloch-Kato’s Tamagawa number
conjecture ([BK]) for Tata motives. Furthermore, the Soulé elements form an
Euler system, which has a power to show a half of Iwasawa main conjecture.
The Soulé elements are sent to the Kubota-Leopoldt’s p-adic L-function via
Bloch-Kato’s dual exponentioal map.

QUESTION 1 Can we “suitably lift” this theory to the upper line of (4.2)?

More concretely:

QUESTION 2 This will give a theory between non-commutative extensions of
cyclotomic fields and multiple zeta values?

(It seems that Massey products play some roles instead of Extl.)

QUESTION 3 This is related with Thara’s higher cyclotomic fields, Anderson-
Thara’s higher circular units ([AI]), and Ozaki’s non-commutative Iwasawa the-
ory?

(Ozaki considered the maximal pro-p extensions unramified outside p of the
cyclotmic fields, and its graded quotients of the lower central series, and he
showed that Iwasawa class number formura for each graded quotient.)
Wojtkoviak studied ([W]) ¢-adic iterated integrals, which specialize to the Soulé
elements at the roots of unity in the case where the depth is one.

QUESTION 4 What are the properties and axioms of “iterated integrals of Euler
system”?

There are many difficulties to establish the above theory. It seems that the
origin of the difficulties is that there are no good analytic properties for the
zeta function in the higher depth cases. The above things are questions above
“non-commutative Iwasawa theory in the mixed Tate sense”.
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Next, we propose some very vague questions about “non-commutative class
field theory in the mixed Tate sense”. We have the universal mixed Tate
representation

Gal(E/k) — GAf (Af)

for any number field £ and ring of S-integers Og, where Gy, is the motivic
Galois group of MT(Og) with respect to the finite adele realization.

QUESTION 5 Can we relate this with an automorphic representation of Gp?

(We also note that X*(U,) = X*U2P) = X*(LieU2r) =
@nzlExtll\,[T(Os)(Q(OLQ(n)) = K5,-1(Og)g.) It seems that the concept
of the automorphic representation is not good for unipotent groups. So, the
author thinks that it will not be successful to consider automorphic repre-
sentations. He also thinks that this corresponds that we cannot consider the
L-factors and the functional equations in the higher depth cases. We modify
the above question as follows (it becomes more vague):

QUESTION 6 Can we find some “automorphy” in the lattice G, (Q) — G, (A)?

Manin studied the iterated integrals of modular forms ([M]). However, the
analytic properties of them (e.g. “automorphy in the higher depth cases”) are
not clarified.

QUESTION 7 Are there some kinds of relations among a € G, (C), Fp_1 €
Gu(kp o), and Frob, € Gar (A%) for p ¢ S?

The lower bounds of (p-adic) multiple zeta value spaces are (p-adic) transcen-
dental number theoritic problem. The author thinks that we cannot show the
lower bounds by using only algebraic arithmetic geometry, and that we need
(p-adic) transcendental number theory (or ergodic theory) to show them. How-
ever, we might be able to attack the following weaker statement by using only
algebraic arithmetic geometry.

QUESTION 8 By finding some kinds of “automorphy” in the case where k = Q,
and Og = Z, can we show that the lower bounds of the dimensions of the
p-adic multiple zeta value spaces for p < oo except pg are equivalent to the
lower bounds of the dimensions of the p-adic multiple zeta value spaces for all
p < oo?

Take a 2-step unipotent quotient of U,,. Then, we can consider the adelic theta
theory for this group.

QUESTION 9 Can we describe explicitly the theta theory for (p-adic) multiple
L-values?

QUESTION 10 By studying this, can we formulate a conjecture about the pre-
cise dimensions of (p-adic) multiple L-value spaces?
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