Chapter 3

Connections via boundary triplets

To simplify the exposition, we begin by looking at a weighted metric graph (g, u, v)
as a metric realization of one of its models, that is, we start with a given combina-
torial graph §; = ('V, &) equipped with edge lengths | - |: & — (0, c0) and weights
w,v: & — (0,00). Let also a: V — R, that is, we are going to consider Laplac-
ians with §-couplings (2.13) at vertices. The main results of this chapter (see The-
orem 3.1 and Theorem 3.22 below) relate basic spectral properties of the Laplacian
with §-couplings H, with those of a certain Schrédinger-type operator on the cor-
responding combinatorial graph §;. At the very end of this chapter, in Section 3.3,
we shall look at a weighted metric graph from the metric space perspective, which
allows to understand the whole family of graph Laplacians associated with the models
of a given weighted metric graph.
Let us stress once again that we always assume Hypothesis 2.1.

3.1 Spectral properties: Graph Laplacians vs. Kirchhoff Laplacians

To state the result, we first define the intrinsic edge length

n(e) := le| M(e), ecé, (3.1
v(e)
together with the quantity'
n* (&) := supn(e). (3.2)
ecé

Now introduce the edge weight r: & — (0, 0o) by distinguishing two cases:

 if the underlying model of a weighted metric graph satisfies n*(€) < oo, then we
set
r(e) = lelue), ecé, (3.3)

e if n*(&) = oo, we define the weight r by

) = {Ielu(e), n(e) <1, a4

vue)vle), nle) > 1.

In Section 3.3, we shall call it the intrinsic size of a model and its meaning will be clarified
in Chapter 6 (see Remark 6.19).
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Next, with a given metric graph § and weights u, v we associate:

» the vertex weight m: 'V — (0, 00),

m(v) = Z r(e), ve'wV, (3.5)

€8y

o the edge weight b:'V x 'V — [0, 00),

v(e)
Z —, u#wv,
b v) = { setoce, ¢! (., v) €V x V. (3.6)

0, u = vv
It is straightforward to verify that b satisfies all properties (i)—(iv) of Section 2.2.
Since §; is connected, so is the edge weight b. Moreover, the vertex weight m is

strictly positive on 'V and hence defines a measure of full support on V. Therefore,
following considerations in Section 2.2, with the discrete Schrodinger expression

1
m(v)

(c/)w) = (Zb(v,u)(f(v)—f(u))+a(v)f(v>), vev, @G
uey

we can associate in the weighted Hilbert space £2('V;m) the minimal operator hd and
the maximal operator hy,.
The main aim of this section is to prove the following result:

Theorem 3.1. Let HY be the minimal Laplacian on (§, i, v) equipped with the
8-coupling conditions (2.13) at the vertices and let also hg be the corresponding
minimal discrete Schrodinger operator defined in £2('V; m) by (3.7). Then:

(i)  The deficiency indices of HS and WY are equal and
ny(H) = n_(H?) = ny(hd) < o0.

In particular, Hy, is self-adjoint if and only if hy is self-adjoint.
Assume in addition that Hy, (and hence also hy,) is self-adjoint. Then:

(i1)  The operator Hy is lower semibounded if and only if the operator hy, is
lower semibounded.

(iii) The operator H,, is non-negative if and only if hy is non-negative.

(iv) The total multiplicities of negative spectra of Hy and hy, coincide,
k—(Hy) = k—(hg).

(v)  The spectrum of Hy, is purely discrete if and only if #{e € & : n(e) > ¢} is
finite for every ¢ > 0 and the spectrum of hy is purely discrete.
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Assume also that n*(8) = sup,cg 1(e) < co. Then:
(vi) The operator Hy, is positive definite if and only if hy is positive definite.

(vii) If, in addition, the operator hy is lower semibounded, then Ay*(Hy) > 0
(Ag°(Hy) = 0) exactly when Ag*(hy) > 0 (respectively, Ag*(hy) = 0).

(viii) Moreover, the equivalence
H, € 6,(L%) < h; € G,({?)

holds for all p € (0, 00]. In particular, the negative spectrum of Hy, is dis-
crete if and only if so is the negative spectrum of hy.

Here and below for a self-adjoint operator 7" in a Hilbert space $, A¢(7T) and
A¢*(T) denote the bottoms of its spectrum, respectively, of its essential spectrum,

Ao(T) =info(T), AFN(T) = infoes(T).
Moreover,
T~ = T1(—s00)(T).

where 1(_s0,0)(T) is the spectral projection on the negative subspace of 7.
As an immediate corollary we obtain the following result for the Kirchhoff
Laplacian.

Corollary 3.2. Let H® be the minimal Kirchhoff Laplacian on (§, i, v) and let also
h® be the corresponding minimal weighted graph Laplacian defined in €*>('V; m)
by (3.7) with o = 0. Then:

(i) The deficiency indices of H® and h° are equal and
ny (H%) = n_(H®) = n.(h°) < oo,

In particular, H® is self-adjoint if and only if h° is self-adjoint.
Assume in addition that H® is self-adjoint (and hence coincides with the maximal
Kirchhoff Laplacian H). Then:
(ii)  The spectrum of H is purely discrete if and only if #{e € & : n(e) > &} is
finite for every & > 0 and the spectrum of the operator h is purely discrete.
Assume also that sup,cg 1(e) < oo. Then:
(iii) The operator H is positive definite, Lo(H) > 0 if and only if the operator h
is positive definite, Ao(h) > 0.
(iv)  AG*(H) > 0 exactly when Ag*(h) > 0.
Proof. The proof is a straightforward application of Theorem 3.1 to the case o« = 0.

One only needs to take into account that both the minimal Kirchhoff Laplacian H®
and the minimal graph Laplacian h® are non-negative operators. |
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Remark 3.3. A few remarks are in order.

®

(i)

(iii)

(iv)

In the case n*(&) = oo the weight r can be chosen in many different ways
by changing the threshold 1 in (3.4) to any positive number.

In the following specific case

inf n(e) > 0,
ecé

the choice of r can be further simplified to

r(e) .= Vu(e)vie), ecé.

Notice that if © = v = 1, the assumption inf.cg 7(e) > 0 is equivalent to
inf,cg |e| > 0, which is the most common restriction in the spectral the-
ory of quantum graphs [25, 182]. In this case r(e) = 1 for all e € & and
hence the vertex weight m given by (3.5) is nothing but the combinatorial
degree (2.2).

In the papers [68, 143] it is assumed that 4 = v = 1 and sup,¢g n(e) =
Sup,c¢ |e| < oo. Usually, the latter is not a restriction since this condition
can always be achieved by adding inessential vertices, that is by choosing
an appropriate model of a metric graph since this choice does not have any
impact on spectral properties of the corresponding Kirchhoff Laplacian (see
Section 2.4.3). However, this changes the combinatorial structure of the
underlying graph §;, which is important for our future purposes. This will
be discussed in greater details in Section 3.3.

Let us also mention that the list of equivalences in Theorem 3.1 is not com-
plete and we refer to, e.g., [68] for further details.

3.2 Graph Laplacians as boundary operators

This section is devoted to the proof of Theorem 3.1, which is based on the boundary
triplets approach (see Appendix A) and essentially follows the lines of [68].

3.2.1 Edge-based boundary triplet

We begin with constructing a suitable boundary triplet for the operator Hy,.x. First of
all, the following simple fact holds true (cf. [68, Lemma 2.1]).

Lemma 3.4. Let H, mq, € € & be the maximal operator (2.16). The triplet

ﬁe = {(sz fO,es F1,8}9
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where the mappings fO,e, fl’e: H?(e) — C? are defined by
. fe)\ o~ v(e)df (e)
foei/ = (ﬂer)) C S (v(e)af(er)) / o
is a boundary triplet for He max. The corresponding Weyl function is
~ —cot(n(e)y/z)  csc(n(e)v/z)
Mz — Ju(e)v(e)z ( ese(1(e)/3) —cot(n(e)ﬁ)) , zeC\R.

Next we proceed as follows (see, e.g., [143, Section 4] and also [68, Section 2]):
set

Re=r@n 0= m e =22 (1) e
z—>0 |€| 1 —1

where r: & — (0, 00) is given by (3.3), (3.4). Define the mappings
Foe := R;/zfo,e, e := RZI/Z(fl,e —Q.Toe),
that is, Tg e, ['1.¢: H?(e) — C? are given by
f(e,)) PRGN LA Heagied
f(ex) Vr(e) \af(eo) + %

Clearly, T, = {C2, T, '1 ¢} is also a boundary triplet for He ax. In addition, the
following claim holds (cf. [143, Theorem 4.1] and [68, Theorem 2.2]).

. (3.10)

Toe: f > /r(e) (

Proposition 3.5. The direct sum of boundary triplets
Mg = P M. = {He.T5. T},

ecé

Je =EPC* T§:=PToe. Tf:=EPTie.

eel eel eel

where

is a boundary triplet for the operator Hy,x = € cce He max.

Proof. Since Hy ., is a positive symmetric operator for every e € &, so is Hj
Therefore, we need to apply Theorem A.11 and to verify conditions (A.7). Notice
that for each e € &, the corresponding Weyl function is given by

max*

Mo(2) = RS V2 (1(2) — QRS = —— () - ——Q.
@ @)

(1) First of all, straightforward calculations yield that for all e € &,

Me(—l)=M<n(e) cothn(e) m—ﬁ)

1
r(e) sinhn(e) @ n(e) coth7)(e)
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and
_ _n( n(e)coshnle) _ 1
M/ (_1) Y /L(e) % (e) cothn (e) sinh? 5 (e) sinh? 7(e) sinh 77 (e)
e - n(e)coshn(e) 1 _n(e) ’
rle) sinh? 5 (e) sinh 77 (e) coth7)(e) sinh? 77 (e)

where r(e) is given by (3.4). Clearly, | M.(—1)|| = max(|]A+(M.)|, |A—(M.)|), where
Ay (M,) and A_(M,) are the eigenvalues of M, (—1) given explicitly by

el [ 1 1 1
patity = LG —eomner (- 15))
Since A4+ (Me)| > |A—(M.)|, we get

Mo (=1)|| = |2 (M,)| = v (e)v(e) coshn(e) — 1 R p(e)v(e) tanh(n(e))'

r(e) sinhn(e) r(e) 2

Similarly, one obtains that

vV i(e)v(e) (sinhn(e) 4 n(e))(coshn(e) —1)
r(e) 2 sinh? 7(e)

_ r(e) 2 sinh? (e)

A-(M}) — \/u(e)v(e) (sinhn(e) —n(e))(coshnle) + 1)’

where A (M) and A_(M)) are the eigenvalues of M,(—1).
(ii) Assume first that n* (&) < oo. Then r(e) = u(e)le|, e € & and in particular,

’

IMe(=D)] = A4 (M;) =

I(Mo (1))~ =

IMo=DI = sup ltanh(§)= sup  /(s).

0<s<n*(&) S 0<s<n*(8)

Since the function f(s) defined by the right-hand side admits an analytic continuation
at 0, we conclude that sup, M.(—1) < oco. Similar considerations imply that

Slgp(llMe'(—l)ll + (M (=D))< o0

and hence (A.7) holds true in this case.
(iii) Suppose now that n*(&) = oco. If e € & is an edge with n(e) > 1, then we

get r(e) = y/u(e)v(e) and hence

IMe(=D)] < suptanh(g) _

s>1

and

’

inh hs—1
IM(- )] < sup SIS ESCoshs = 1)
s>1 2 sinh” s

2sinh? s
M/ -1 —1 < <
(M (=)l < ﬁ‘jlf (sinhs — s)(coshs + 1) >
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On the other hand, if n(e) < 1, then r(e) = u(e)|e| as in (ii), and the same steps as
there give uniform bounds on || M, (—1)|, | M,(—1)| and|(M/(—1))"!||. Altogether,
we conclude that the condition (A.7) holds true and this completes the proof. |

Remark 3.6. It is easy to see that Proposition 3.5 holds true if instead of (3.4) the
weight 7 is defined as in Remark 3.3 (i).

Clearly, the Weyl function corresponding to the boundary triplet constructed in
Proposition 3.5 has a very transparent form and enjoys some important properties.

Lemma 3.7. The Weyl function corresponding to the boundary triplet Tlg is given
by
Mg(z) = @P Me(z). M.(z) =R;V>(Me(z) — Q)R; /2. (3.11)

ecé

Moreover:
(i) Mg(0) = Oy, where

Mg(0) := s — R —lim Mg (x).
x10

(i)  Mg(x) uniformly tends to —oo as x — —o0, that is, for every N > 0 there
is xy < 0such that for all x < xn, Mg satisfies

Mg(x) < —=N -lg.

Proof. First of all, (3.11) is immediate from Proposition 3.5. To prove (i), it suffices
to mention that M,(0) = O, foralle € &.

(ii) Denote by A} (x) and A} (x) the eigenvalues of M,(—x?). Straightforward
calculations yield

+.y_ . v#i()v(e) cosh(n(e)x)F 1 v(e)
Ao (x) = —x r(e) sinh(n(e)x) + le|r(e)

and noting that A} (x) < A7 (x) < 0 forall x > 0, we get

Me(_xz) = A;(X)IZ

(IF1),

2 al coth(n(e)x) if r(e) = |e|u(e),

=1, x n(e)® . 1) ’
% — xcoth(n(z)x) ifr(e) = vu(e)v(e).

For an e € & with r(e) = /u(e)v(e), we have n(e) > 1 and one easily verifies
M (—x?) < 2= X)L

If r(e) = |e|u(e), then n(e) < C for all such edges e and some uniform constant
C >0(e.g., take C = n*(8) if n*(&) < oo and C = 1 otherwise). Let us now proceed



Connections via boundary triplets 40

as in the proof of [143, Proposition 4.10] and consider the function

th(s) 1
_coh) 1o

Clearly, F is strictly positive and continuous on (0, c0). Moreover, F(s) = % +0(s?)
ass — Oand F'(s) = —slz + O(s73) as s — 400 and hence

inf )F(s) F(a) = 1 coth(a) — i

s€(0,a

for all sufficiently large @ > 1. It remains to notice that

AT (x )__TF( (;’)X)
2

C 2 C
A, (x) < Y g F(s) = ——F o =t eom( ) <
2 s€(0,Cx/2) 2 P2 2

and hence

for all sufficiently large x > 1. Taking into account (3.11), we get

X

Mg(—x?) <1y inf A < -1
s(=x7) = # e e () = 2max{1, C} #

for all sufficiently large x > 1. |

3.2.2 Vertex-based boundary triplet

It will be convenient for us to work with another boundary triplet for Hy,,x, which can
be obtained from the triplet I1g by regrouping all its components with respect to the
vertices. Define

Jy =@, 1y =PTloy. IY =Pl (3.12)

VeV vev vev

where

Lo f = (Vr(e) fz(v);ez, (3.13)

Fiof = ( ne (a HOEENG M)) AT

Jr(e) le] icé,
with 7y &y — {—1, 1} denoting the orientation function
. 1, ec E:’;L
mol€) = {—1, Eeév_.
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Corollary 3.8. The triplet Ty = {Hy, T, T} given by (3.12)—(3.14) is a boundary
triplet for Hyax-

Proof. For fg = ((fe,s fe.)),cg € e define the operator Ug: Hg — Hv by

. _ Sers ceé&t, _ -
Us: fe = ((fu2)seg, Jvev- fu,é-={ o ied ebivev.ouy

Clearly, Ug is an isometric isomorphism. Moreover, it is straightforward to check that
v v
ry =Ugl§, TV =UgT§,
which completes the proof. |

Let us also mention other important relations.

Corollary 3.9. The Weyl function M~y corresponding to the boundary triplet (3.12)—
(3.14) is given by
My (z) = UgMg(z)Ug ", (3.16)

where Mg is given by (3.11) and Ug is the operator defined by (3.15). In particular,
s — R —limyyo My(x) = Qg., and, moreover, M~ (x) uniformly tends to —oo as
X — —oQ.

Proof. The proof is straightforward and the last claim is an immediate consequence
of Lemma 3.7 and equality (3.16). |

Remark 3.10. Consider the mappings [ = @,c¢ To,c and T¢ = @, ¢ T'1.e given
by (3.8). If £ € dom(Hua) N Ce(€), then

Ty f =UgTEf TV f :=UgTE S, (3.17)
have the following form:
Y = PFon and TV =@
vey vey

where

Fouf = (f5(Mzez,. Tionf = (€S V));ez (3.18)

3.2.3 Boundary operators for Laplacians on metric graphs
Let ® be a linear relation in #y and define the following operator:

H@ = Hmax T dom(H@),

3.19
dom(He) := {f € dom(Hay) : (F(')vf’ Fivf) € 0}, G
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where the mappings F(}) and Flv are defined by (3.12)—(3.14). Since ITy is a boundary
triplet for H,.x, every proper extension of the operator H,;, has the form (3.19) (see
Theorem A.4) and hence so does HS. The next result provides the explicit form of
the linear relation parameterizing Hg.

Proposition 3.11. Assume Hypotheses 2.1 and let T1y be the boundary triplet (3.12)—
(3.14). Suppose @2 is the boundary relation for the operator Hg,

dom(H®) = {f € dom(Hy) : (T £.TY ) € @Y. (3.20)

Then the operator part g of @2 is unitarily equivalent to the operator hg = E
acting in £2('V; m) and defined by (3.7) with (3.4), (3.5) and (3.6).

Proof. We divide its proof into several steps.
(i) For each vertex v € 'V, the boundary conditions (2.13) can be written as

ﬁvfl,vf = 6:vl:O,vfs
where we recall that (see (3.18))
Fouf = (fs(0);ez,. Tiof = 0@/ ());ez »

and the matrices C,, D,, € Cde®)xdee®) ape given by

1 -1 0 ... O 0 0 O 0

I -1 0 0 0O 0

61,: : : : . N I 51): ool -
0 o o0 ... -1 000 ... 0

av) 0 O ... O 111 ... 1

It is straightforward to verify the Rofe—Beketov conditions (A.3), that is,
=D, o rank(Cy|D,) = deg(v),
holds for all v € 'V, and hence

B, 1= {(f.) € CH5) x &) €, f = Dg)

is a self-adjoint linear relation in C%¢(®) Now set
C=@3C. b=@5h.
vevy vey

Both C and D are closed operators in Hy. Clearly, f € dom(Hy,.x) N C.(§) satisfies

DTy f=CTyf
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if and only if f € dom(H],) = dom(Hy) N C¢ (). In view of (3.17), we get
Fof =Rylgf TV f =R AV —Qvlg) f
forall f € dom(Hy.x) N C. (), where
Ry = UgRgUg ', Qy = UgQeUyg ",

Re = @,ce Re'%, Qe = P,cg Qo are defined by (3.9) and Uy is given by (3.15).
Hence f € dom(H)) if and only if f € dom(Hy,x) N Cc(¥) satisfies

prYf=cCryf,

where
D = DRy, C =(C - DQy)R3".

The operators D and C are well defined on #+ ., which consists of vectors of #+
having only finitely many non-zero coordinates.
(ii) Define the linear relation

O, ={(f.g) € HyxHy,.:Cf =Dg} (3.21)

and let Hgy, be the corresponding restriction given by (3.19). By construction, ©, is
symmetric and hence so is Hgy, (see Theorem A .4 (i)). Moreover, H), C Hg;, and it
is straightforward to check that Hg; C HY. Then, by Theorem A 4 (i), ©0 := @/, is
the boundary relation parameterizing (via (3.19)) the minimal operator Hg.

(iii) To proceed further, let /= (fy)vev € Hy, where fu = (f,.2);¢ &, For each
v € 'V, let us denote by P, the orthogonal projection in Ky onto #,, the subspace
consisting of elements f = (f,)yey € Hy with all entries equal zero except f,,
that is,
1, u=wv,

(ﬂfﬁ=@wﬂﬂ%@’8W:{Q u .

By construction, the operators C R 5, Ry (and hence D) commute with P,. In partic-

ular, TN
Ry = @va Ry = diag( r(e))éeéu’

veVY
and

D = @Dlh DU = BURU = 51) -diag(\/ r(e))éeév-

veV

However, the form of Qv (and hence of C) is a bit more complicated:

@z@—@m,m=M4&»ﬁ,
I

veVy |€|
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where
@ s ="y, ..

le]

andu € V and —¢ € &, are given by

e‘L" E € élj_a > (_’ e)9 E
u .= R - — e = R
e, €€, (+,e), e

’

ML ML

€&
€&y

The operators P,C and P, D are finite rank and hence admit a bounded extension
onto J{y. By abusing the notation, we shall denote these extensions by P, C and P, D
as well. It is straightforward to verify that f € dom(Hy.x) satisfies (2.13) exactly

when
P,DT} f = P,CTY f.
Therefore, combining the definition of H, (see (2.18)) with (A.4), we conclude that
the boundary relation ®,, parameterizing H, in the sense of (3.19) is explicitly given
by
Oy ={(f,g) € HyxHy: P,Cf = P,Dgforallv € V}. (3.22)
In particular, by Theorem A 4 (i), B4 = (OL)* = (09)*.

(iv) By (3.21), mul(®,,) = ker(D) (notice that we consider D as the operator
defined only on H#y . and hence ker(D) is not closed). On the other hand, (3.22)
implies that

mul(®y) ={f € #Hy : P,Df =O0forallv € V}, (3.23)

and hence
mul(®4) = mul(®,) = mul(®2).

Therefore, ®Y is densely defined on Jf;p := mul(®y)* and hence admits the decom-
position (A.1), that is,

Op = 0% ® Omut.  Opu = {0} x mul(V,). (3.24)
where @gp is the graph of a densely defined closed symmetric operator acting in %;p.
Next observe that

Hyy = mul(Oq)* = ker(D)* = ran(D*) = span{f'}yev,
where f¥ = (f})),ev € #, is given by

= { vre), u=mv, (3.25)

v __ (§V .
fu =z, fuz= 0 ut

By construction, f L f* whenever v # u and
17 = ) r(e) = m(v) (3.26)
écé,

forallv e V.
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Let us now show that fV € dom(®2) for every v € V. It is straightforward to
calculate that

(PuCtY), = (Pu(C — DQy)R3'tY),

(0,0,...,0, a(v) + Z b(v,w)), u=nv,
wey
deg(v)
- (0,0,...,0,—b(u,v)), UFv,u~v,
deg(u)
0, uU#v,uiv,

where b: V x V — [0, 00) is the weight function given by (3.6). For g € #Hy . we
have

(PuDg)u = (PuﬁRVg)u = (0,0,---,0, Z Vr(e)gu,é)'

écéy

deg(u)

Therefore, define g = (g})uecv € Jf;p by

1
(Ol(v) + Z b(v, w)) u=v,
m(v) et
g = (Vr(e);ez, X _b(u,v)’ Wt v u~y, (2D
m(u)
0, U F#v, utv.
Clearly, this implies the equality
Cf’ = Dg",

and hence ¥ € dom(®,) € dom(®%). Moreover, (3.27) immediately implies that

v v b(u’v) U __. 0 pv
g (o )(a(v) + Zb(u v))f Z () f* =1 0,,f".

u~v u~v

Noting that by construction the family (f),ey is an orthogonal basis in %; and
taking into account (3.26), the above equality implies that the operator part ©° » Oof
G)O is unitarily equivalent to the minimal operator h0 defined in £2('V) by

DY e LI LUIN B U M) IR

@) = \/:(uE'V Jm@)  Jm@) Vm(v)
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for each vertex v € V. More specifically, as usual we define the operator l~12 in £2(V)
as the closure in £2('V) of the pre-minimal operator

h,: dom(h),) — £2(V),
feTf
where dom(h),) := C.(V). It remains to notice that the operators ﬁg and h? are uni-
tarily equivalent. Indeed, it is easy to verify that h}, = U~'h], U, where
W: L2(V;m) — £2(V),
f = mf,

is an isometric isomorphism. |

(3.29)

Remark 3.12. In fact, one can write down explicitly the isometric isomorphism
®: (2(V;m) — Hyy relating O and hY. Indeed, we proved that the collection of
vectors (fV),ep given by (3.25) forms an orthogonal basis in J(’;p. Moreover, their
norms are given by (3.26), which immediately implies that the map

. p2 . 0
O L2(Vim) — HyY,
a Y af, (3.30)
veV

is an isometric isomorphism. In particular, this implies the following representation:

OF = {(Of, ®h2 ) : f € dom(h?)}. (3.31)

3.2.4 Proof of Theorem 3.1

Now we have all the ingredients to finish the proof of the main result of this section.
It is analogous to the proof of [68, Theorem 2.9] and we provide the details for the
sake of completeness.

Proof of Theorem 3.1. Consider the vertex-based boundary triplet ITy,. Using Propo-
sition 3.11, item (i) follows from Theorem A.4 (iii).
Next, observe that
He,max F ker(FO,e) = Hf

is the Friedrichs extension of He min = (He max)™, and hence we conclude that

Hya | ker(To) = P HL (3.32)

ecé

is the Friedrichs extension of Hyy, = (Hyax)*. Moreover,

71'2]12
o(HE) = {n(e)z ‘ne Zzl}, (3.33)
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and hence

2 7.[2

info(HF) = inf info(HF) = inf —— = . 334
nfo @) = JagintoMe) = 0L 107 = Cubees 1007 -39

Now item (ii) follows from Theorem A.9 and Corollary 3.9; items (iii)-(iv) as
well as items (vi) and (viii) follow from Theorem A.7 by taking into account Corol-
lary 3.9; item (vii) follows from Theorem A.10.

Finally, (3.32) and (3.33) imply that the spectrum of HF is purely discrete if and
only if #{e € & : n(e) > &} is finite for every ¢ > 0. Moreover, #F can be written
in the form (3.19) with O, = {0} x Hy. By Theorem A.4 (iv), the difference of
resolvents satisfies

Hy —) ' —H =) e 6y

exactly when (©y —i)™! — (@ —i)~! is a compact operator. It remains to notice
that (O —1)7' = Ogp,,. n

We finish this section with the following remark.

Remark 3.13. Notice that (3.19) establishes a bijective correspondence between the
set Ext(Hyn) of proper extensions of Hy,;, and the set of all linear relations in #+. In
fact, Theorem 3.1 extends to all operators Hg and it relates basic spectral properties
of the self-adjoint extension Hg and the corresponding boundary relation O (see, e.g.,
[68, Theorem 2.9]). In particular, this would be helpful in the treatment of the case
when H° has non-trivial deficiency indices (cf. Theorem 3.1 (ii)—(viii)) and this will
be done in the next section.

Remark 3.14. Remark 3.13 indicates that the machinery developed in this section
enables us to consider all possible (self-adjoint) vertex conditions (for instance, two
other important families are §’-couplings and symmetrized §'-couplings). Moreover,
one may include more general differential expressions including magnetic Schro-
dinger operators. However, the main difficulty is the search for a suitable boundary
operator, which usually requires separate considerations, and then the study of its
properties (cf., e.g., [143, Section 5-6]). Let us mention that there are strong indi-
cations that one may connect spectral properties (in the sense of Theorem 3.1) of
magnetic Schrodinger operators on metric graphs with those of weighted magnetic
Schrodinger operators on graphs (see [35, Section 3.5]). Moreover, it seems to us that
one may also establish similar connections between Laplacians with 6’-couplings and
symmetrized §’-couplings and “weighted” Hodge Laplacians on graphs, respectively,
signless Laplacians on graphs (cf. [181]). However, all these require separate consid-
erations and will be done elsewhere.
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3.3 Spectral properties: Metric graphs and models

We restrict ourselves to the case o = 0, that is, in this section we shall consider
Kirchhoff Laplacians only. Our main aim now is to look at Corollary 3.2 from the
continuous-to-discrete perspective. Let (§, u, v) be a given weighted metric graph,
that is, & is a locally finite metric graph (as a metric space) and u, v are two edge
weights on §. With each model (V, &, ||, i, v) of (&, i, v) we can associate
a weighted graph Laplacian

(tf) ) = ﬁ > b (f@) = fu), veV, (3.35)
ue’y

where m and b are defined by (3.5) and (3.6), respectively. Thus we have the min-
imal Kirchhoff Laplacian H® on ¢ and the family of minimal graph Laplacians h®
associated with the models of (¢, i, v). In this situation Corollary 3.2 (i) immediately
implies the following results.

Corollary 3.15. Let (§, ju,v) be a weighted metric graph and let H® be the corre-
sponding minimal Kirchhoff Laplacian. Then:

(i)  For each model of (§, 1, V), the deficiency indices of H® and h° are equal,
n+(H%) = ny(h?). (3.36)

(i) If H is self-adjoint, then h° is self-adjoint for each model. And conversely,
HC is self-adjoint exactly when h° is self-adjoint for one (and hence for all)
models of (8, 1, v).

In order to preserve the equivalences further, the next results require a careful
choice of a model, which motivates the following definition.

Definition 3.16. For a given model (V, &, |- |, u,v) of (&, u, v), the quantity n*(&)
defined by (3.2) is called the intrinsic size of the model. A model has finite intrinsic
size if n*(8) < oo. Otherwise, (V, &, |- |, i, v) is called a model of infinite intrinsic
size.

A weighted metric graph (§, i, v) has finite intrinsic size if all its models are of
finite intrinsic size. Otherwise, (&, i, v) has infinite intrinsic size.

We define the essential intrinsic size of a given model with edge set & by

Neww(€) :=1inf sup n(e).
€ ccE\&

where the infimum is taken over all finite subsets & of &.

Remark 3.17. A few remarks are in order.

(i)  The above definition becomes transparent when u = v. Indeed, in this case
n(e) = |e| for all e € & and the intrinsic size of a model is simply the length
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of its “longest” edge, that is, n*(&) = £*(&), where
£*(&) = supe|.

e€d
In particular, such a model has infinite intrinsic size exactly when there is
an arbitrarily long edge. Similarly,

Na () = £3,(€) :=inf sup |e],
€ ee&\é

where the infimum is taken over all finite subsets & of &.

(i) The function r in (3.5) is given by (3.3) if the model has finite size and by
(3.4) if it has infinite size.

(iii) The definition of essential intrinsic size can be understood as follows. For
any compact subgraph € C¥and every € > 0, one can always find an edge
in € \ & whose intrinsic length is at least nx(&) — . Moreover, for any
& > 0, there is a compact subgraph € such that the intrinsic length of every
edge e € € \ € is smaller than Nx(€) + &. In particular, (&) = 0 means
that for any & > 0 there is a compact subgraph € such that all edgesin & \ &
have intrinsic length less than e.

Corollary 3.18. Let (9, 1, v) be a weighted metric graph such that the correspond-
ing minimal Kirchhoff Laplacian H® is self-adjoint, H® = H. Then:
(1)  The operator H is positive definite, Lo (H) > 0, if and only if there is a model
of finite intrinsic size such that the corresponding operator h is positive
definite, Ag(h) > 0.

(ii) We have A§*(H) > 0 exactly when there is a model of finite intrinsic size
such that Ag*(h) > 0.

(iii) If (§,w,v) has infinite intrinsic size, then Ao(H) = A§*(H) = 0 and, more-
over, Ag(h) = A§*(h) = 0 for all models with finite intrinsic size.

(iv)  The spectrum of H is purely discrete if and only if there is a model with zero
essential intrinsic size, Nk (8) = 0 and the spectrum of the corresponding
graph Laplacian h is purely discrete.

(v) Ifthere is a model with n% (&) > O, then the essential spectrum of H is not
empty and, moreover, so is the essential spectrum of h for each model with

nE(€) = 0.

Proof. By Corollary 3.15, h is self-adjoint, h = h° for each model of a given weighted
metric graph. Moreover, the operators H and h are both non-negative. Then (i) and (ii)
follow immediately from Corollary 3.2 (iii)—(iv) since one can always find a model
with finite intrinsic size. The same argument together with Theorem 3.1 (v) proves

@{1v)—(v).
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Thus it remains to show (iii). In fact, we only need to prove the first claim that
Ao(H) = A5°H) =0

if there is a model of infinite size. However, the Friedrichs extension HY has zero
spectral gap, see (3.34), and hence so does every non-negative self-adjoint restriction
of Hy .2 n

Remark 3.19. Notice that one can always find a model with 7% (&) = 0 by refining
(even if (g, i, v) has infinite intrinsic size). Indeed, for each model the edge set & is
countable and hence one can obtain a new model satisfying n;"ss(é ) = 0 by “cutting”
an edge into equally short pieces; then the next edge into shorter ones, and so on.

Let us stress the following fact. The above results demonstrate that a Kirchhoff
Laplacian shares some properties with the corresponding graph Laplacians for each
model (e.g., self-adjointness), however, for some properties the class of models must
be sufficiently good in a certain sense. For instance, strict positivity of spectra/essen-
tial spectra requires models having finite intrinsic size, n*(&) < co. Discreteness (that
is, compactness of resolvents) requires even a more refined choice (essential intrinsic
size must be zero, 0% (&) = 0). On the other hand, Corollary 3.18 demonstrates that
if the set of models is in a certain sense too wide (for instance, there are models
having infinite size), then the corresponding Kirchhoff Laplacian cannot have the
required property (e.g., positive spectral gap). However, in the latter case the absence
of a required property is shared with all graph Laplacians arising from all reasonable
models.

We would like to finish with a result which sheds light on the situation when
the deficiency indices of H? are non-trivial. However, first we need the following
useful fact.

Lemma 3.20. Let (§, i, v) be a weighted metric graph together with the minimal
Kirchhoff Laplacian H°. If ni.(H®) > 0, then for each model the map

hi> H =Hg := Huy | {f € dom(Hua) : (I £ T f) € 6},

by - - (3.37)
O 1= O & {(Of. Phf) : f € dom(h)}

is a bijection between the sets Extg(h®) and Extg(H®) of self-adjoint extensions
of h® and H®. Here {Hv, Fg) , Flv } is the vertex-based boundary triplet defined in
Section 3.2.2, the map ® and the multivalued part ®pn, are given by (3.30) and,
respectively, (3.23).

Proof. The existence of a bijection is a trivial consequence of von Neumann’s formu-
las in view of (3.36), however, we would like to give another proof based on the use

’In fact, following line by line the argument of M. Solomyak in [196, Theorem 5.1], one
can show in this case that the whole semi-axis [0, 0o0) belongs to the spectrum of H.
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of the boundary triplets approach, which enables us to connect self-adjoint extensions
of H? and h® in a rather transparent way.

Take a self-adjoint extension He Ext(H®) of H°. Then for a chosen model it
admits the representation (3.19), that is, there exists a self-adjoint linear relation ¢}
in #+ such that®

dom(H) = {f € dom(Hy) : (TY £, TY f) € O}, (3.38)

By Theorem A.4 (i), O is a self-adjoint extension of the linear relation ®° param-
eterizing H? via (3.20). As it was mentioned in the proof of Proposition 3.11, ®°
admits the representation (3.24). Similarly, © admits an analogous decomposmon
Moreover, the multivalued parts of ®% and © coincides, that is, O, = ®mu1, since
both ®mul and ®mu1 are self-adjoint relations (or since mul(®°) = mul(®)). There-
fore, ®(,p is a self-adjoint extension of ® p i Hey P Taking into account (3.31), every
self-adjoint extension of @Y has the form

O = Opu @ {(®f, ®hf) : f € dom(h)},
where his a self-adjoint extension of h°. ]

Remark 3.21. In fact, one can rewrite the map (3.37) in a more convenient form and
this will be done in Chapter 4 (see Lemma 4.7 below).

Lemma 3.20 provides us with a map establishing a one-to-one correspondence
between self-adjoint extensions of H? and h°. It turns out that their spectral properties
are closely connected as well:

Theorem 3.22. Let (G, i, v) be a weighted metric graph together with a fixed model.
Suppose
ng (H°) > 0,

and H € Extg(Hy). Ifh € Extg (hy) is the self-adjoint extension corresponding to H
via (3.37). Then:

@) H is lower semibounded if and only if h is lower semibounded.
(i1) His non-negative if and only if his non-negative.
(iii) The total multiplicities of negative spectra of H and h coincide,
k_(H) = k_(h).
(iv) The spectrum of H is purely diicrete if and only if the model satisfies
Nas (&) = 0 and the spectrum of h is purely discrete.
If additionally the corresponding model has finite intrinsic size, n* (&) < oo, then:

) H is positive definite if and only if his positive definite.

3Taking into account Theorem A 4, in fact © is given by © = {(Fg’f, Flv f):fe dom(ﬁ)}.
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(vi) If, in addition, the extension H is lower semibounded, then Agss(ﬁ) >0
(Ag*(H) = 0) exactly when Ag*(h) > 0 (respectively, Ag*(h) = 0).

(vil) Moreover, the equivalence
H €G,(L?) < h €G,({?

holds for all p € (0, 0o]. In particular, negative spectra of H and h are
discrete simultaneously.

The proof is an immediate corollary of Lemma 3.20 and Remark 3.13 and we
leave it to the reader.

Remark 3.23. In fact, Theorem 3.22 specifies the properties of the map (3.37) when
it is further restricted to certain subclasses of self-adjoint extensions. Namely, items
(1)—(iii) say that the map (3.37) is a bijection between the sets of semibounded/non-
negative/self-adjoint extensions. According to items (v) and (vi), (3.37) is a bijection
between self-adjoint extensions having a positive spectral gap/positive essential spec-
tral gap, however, only if the corresponding model of a weighted metric graph has
finite intrinsic size.

Remark 3.24 (Laplacians with §-couplings). It is not difficult to notice that Lem-
ma 3.20 extends to the operator HS with « # 0 in an obvious way. Taking into
account that the representation (3.37) is the key to prove Theorem 3.22, it is then
straightforward to see that the analog of Theorem 3.22 holds true for the operator Hy,
with non-trivial «.

3.3.1 Historical remarks

The fact that the boundary triplets machinery is a convenient tool to investigate finite
and infinite metric graphs was realized in the 2000s (the literature is enormous and
we only refer to [35, 67, 182], which also contain further references). However, in
all these studies it was assumed that edge lengths admit a uniform positive lower
bound (inf.cg 1(e) > 0 in our notation). Notice that in contrast to the finite intrinsic
size assumption (which can always be achieved by subdividing edges), this “uniform
positive lower bound” assumption, which is rather common in the quantum graph lit-
erature [25,182], is indeed a restriction. The main obstacle on this way is to construct
a boundary triplet for the maximal operator H,,,x. A convenient approach to con-
struct such a triplet was proposed by M.M. Malamud and H. Neidhardt in [156] (see
Theorem A.11). This technique was applied in [143] to investigate one-dimensional
Schrodinger operators with local point interactions on discrete sets and then in [68]
to Laplacians on unweighted metric graphs (u = v = 1).



