
Abstract

Applying the theory of strongly smooth operators, we derive a limiting absorption
principle (LAP) on any compact interval in Rn¹0º for the free massless Dirac opera-
tor,

H0 D ˛ � .�ir/

in ŒL2.Rn/�N , n 2 N, n � 2, N D 2b.nC1/=2c. We then use this to demonstrate
the absence of singular continuous spectrum of interacting massless Dirac operators
H D H0 C V , where the entries of the (essentially bounded) matrix-valued poten-
tial V decay like O.jxj�1�"/ as jxj ! 1 for some " > 0. This includes the special
case of electromagnetic potentials decaying at the same rate. In addition, we derive
a one-to-one correspondence between embedded eigenvalues of H in Rn¹0º and the
eigenvalue �1 of the (normal boundary values of the) Birman–Schwinger-type oper-
ator

V2
�
H0 � .�0 ˙ i0/IŒL2.Rn/�N

��1
V �
1 :

Upon expressing �. � IH;H0/ as normal boundary values of regularized Fredholm de-
terminants to the real axis, we then prove that in the concrete case .H;H0/, under ap-
propriate hypotheses on V (implying the decay of V like O.jxj�n�1�"/ as jxj!1),
the associated spectral shift function satisfies �. � IH;H0/ 2 C..�1; 0/ [ .0;1//,
and that the left and right limits at zero, �.0˙IH;H0/ D lim"#0 �.˙"IH;H0/, exist.

This fact is then used to express the resolvent regularized Witten index of the
non-Fredholm operator D

A
in L2

�
RI ŒL2.Rn/�N

�
given by

DA D
d

dt
C A; dom.DA/ D W 1;2

�
RI ŒL2.Rn/�N

�
\ dom.A�/;

where
A D A� C B; dom.A/ D dom.A�/:

Here A, A�, AC, B, and BC in L2
�
RI ŒL2.Rn/�N

�
are generated with the help of

the Dirac-type operators H;H0 and potential matrices V , via

A.t/ D A� C B.t/; t 2 R; A� D H0; AC D A� C BC D H;

B.t/ D b.t/BC; t 2 R; BC D V;

in ŒL2.Rn/�N , assuming

b.k/ 2 C1.R/ \ L1.RI dt/; k 2 N0; b0 2 L1.RI dt/;

lim
t!1

b.t/ D 1; lim
t!�1

b.t/ D 0:



vi

In particular, A˙ are the asymptotes of the family A.t/, t 2 R, as t ! ˙1 in the
norm resolvent sense. (Here L2.RIH / D

R ˚

R dt H and T D
R ˚

R dt T .t/ represent
direct integrals of Hilbert spaces and operators.)

Introducing the nonnegative, self-adjoint operators

H1 D D�
ADA; H2 D DAD�

A

inL2.RI ŒL2.Rn/�N /, one of the principal results proved in this manuscript expresses
the resolvent regularized Witten index Wk;r.DA

/ of D
A

in terms of spectral shift
functions via

Wk;r.DA/ D �L.0CIH2;H1/ D
�
�.0CIH;H0/C �.0�IH;H0/

�ı
2;

k 2 N; k � dn=2e:

Here the notation �L.0CIH2;H1/ indicates that 0 is a right Lebesgue point for
�. � IH2;H1/, and Wk;r.T / represents the kth resolvent regularized Witten index of
the densely defined, closed operator T in the complex, separable Hilbert space K ,
defined by

Wk;r.T / D lim
�"0
.��/k trK

�
.T �T � �IK/

�k
� .T T �
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�k
�
;

whenever the limit exists for some k 2 N.

Keywords. Dirac operators, limiting absorption principle, spectral shift function,
Witten index

Mathematics Subject Classification (2020). Primary 35P25, 35Q40, 81Q10;
Secondary 47A10, 47A40

Acknowledgments. We gratefully acknowledge the very detailed reports by both ref-
erees. In addition, we are indebted to Will Green, Denis Potapov, and Marcus Waurick
for very helpful discussions on this subject. The authors are grateful to the Banff
International Research Station for Mathematical Innovation and Discovery (BIRS)
for their extraordinary hospitality during the focused research group on Extensions of
index theory inspired by scattering theory (17frg668), June 18–25, 2017, where part
of this work was initiated.

Funding. Alan Carey, Galina Levitina, and Fedor Sukochev gratefully acknowledge
financial support from the Australian Research Council.


