Chapter 3

A limiting absorption principle for interacting, massless
Dirac operators

In this chapter, following [186, Sections 1.11, 2.1, and 2.2], we apply the abstract
framework of strongly smooth operators of the preceding chapter to the concrete case
of massless Dirac operators with electromagnetic potentials.

To rigorously define the free massless n-dimensional Dirac operators to be studied
in the sequel, we now introduce the following set of basic hypotheses assumed for the
remainder of this manuscript (these hypotheses will have to be strengthened later on).

Hypothesis 3.1. Letn € N, n > 2.
() Set N = 2L0+D/2] gpg fet aj, 1 < j <n, apqq := B, denote n + 1 anti-
commuting Hermitian N x N matrices with squares equal to 1, that is,

oz]’-"zaj, ajop +oga; =28y, 1< jk<n+1. 3.1)

(i) Introduce in [L*(R™)]N the free massless Dirac operator
n
Hy=a-(—iV) =) a;(-id;), dom(Ho) =[W" RN,  (32)
j=1

where 3; = d/0x;, 1 < j <n.
(iii) Next, consider the self-adjoint matrix-valued potential V- = {Vy ¢/} 1<¢ /<N
satisfying for some fixed p € (1,00), C € (0, 00),

Ve [LOO(RI’!)]NXN’
Ve (x)| < C(x)™ forae xeR", 1 <{{ <N. (3.3)

Under these assumptions on V, the massless Dirac operator H in [L2(R™)|V is
defined via

H = Hy+V, dom(H) = dom(Hp) = [W"2@R")]". (3.4)

Then Hy and H are self-adjoint in [L2(R")]", with essential spectrum covering
the entire real line,
Uess(H) = Uess(HO) = O(HO) =R,

a consequence of relative compactness of V' with respect to Hy. In addition,

Oac(HO) =R, Oyp(I_IO) = GSC(HO) = 0.
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On occasion (cf. Chapter 7) we will drop the self-adjointness hypothesis on the
N x N matrix V and still define a closed operator H in [L?(R")]Y as in (3.4).

For completeness we also recall that the massive free Dirac operator in [L2(R")]Y
associated with the mass parameter m > 0 then would be of the form

Ho(m) = Ho +mp, dom (Ho(m)) = [W'2R"IY, m >0, B = a1,

but we will primarily study the massless case m = 0 in this manuscript.

In the special one-dimensional case n = 1, one can choose for «; either a real
constant or one of the three Pauli matrices. Similarly, in the massive case, 8 would
typically be a second Pauli matrix (different from «;). For simplicity we confine
ourselves ton € N, n > 2, in the following.

Let $(R") denote the Schwartz space of rapidly decreasing functions on R” and
$'(R™) the space of tempered distributions. In addition, for any n € N, we also intro-
duce the scale of weighted L2-spaces,

L2(R") = {feS' R | £l 2@ny = H (x)sf”Lz(R”) <oo}f, seR.

Defining Q; as the operator of multiplication by x;, 1 < j < n, in L?(R"), and
introducing @ = (Q1,..., On), one notes that

dom ({Q)*) = LZ(R"), seR.
Employing the relations (3.1), one observes that
Ho(m)* = IN[-A + m*I12@gm)], dom (Ho(m)?) = [W>*R™M)]Y, m > 0. (3.5)

Remark 3.2. Since we permit a (sufficiently decaying) matrix-valued potential V' in
H , this includes, in particular, the case of electromagnetic interactions introduced via
minimal coupling, that is, V' describes also special cases of the form,

H(g,A):=a-(—iV—A)+qly = Hy+ [qgIn — - 4],

dom (H(q, 4)) = [W"2®R")]Y,
where (¢, A) represent the electromagnetic potentials on R”, with g : R” — R, g €
L*®R"), A= (A1,...,4,), 4; :R" > R, 4; € L°(R"), 1 < j <n, and for some
fixed p > 1, C € (0, 00),

)|+ 40| < C(x)™", xeR". 1<j<n. (3.6)
<&

To analyze the spectral properties of H we first turn to the spectral representation
of Hy =« - (—i V) (see also Thaller [ 165, Section 5.6] and Yafaev [186, Section 2.4]).
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Introducing the unitary Fourier transform in L2(R") via

L2(R"; d"x) — L2(R":d" p),

N : 3.7
frE D= =glimen ™2 [ arce e, O
R—o00 |x|<R
with s-lim abbreviating the limit in the topology of L2(R"), one obtains
Hy = 7 Y pla-w)¥F, (3.8)

employing polar coordinates in Fourier space, p = |p|w, ® € S"~!. Since by (3.1)
(see also (3.5))
(@-w)?=Iy, weS" !,

the self-adjoint matrix « - @ has eigenvalues £1 of multiplicity N/2 with associated
spectral projection matrices of rank N/2 denoted by I+ (w),

a-0w=I1(0)—T_(w), weS" '
Introducing
T()=2" 1 +a-0), weS" (3.9)

one infers that T (w) € CV*V is Hermitian symmetric for each w € $”~!. In addition,
the anti-commutation property in (3.1) implies

T(@)T ()" =2"ap, + (@ ©)apt1 + tnr1(@ - 0) + (@ - 0)?]
=1y, wEe Sn_l,
so that T () is actually unitary for each @ € S"~!. The reason for introducing the

unitary matrix T'(w), @ € S"71, is that it can be used to diagonalize the matrix o - p.
Indeed, writing p € R” in polar coordinates as p = | p|w with w € S”~1, one obtains

T(@)|plans1T(@)* = 27" [p|[ant1 4 20 - @ — (@ - ©)?etn41]
= |pl(a- )
=a-p, (3.10)
so that « - p is unitarily equivalent to |p|a,4q in CV. Of course, a4 is Hermitian
symmetric, so it may be diagonalized by conjugating with a fixed (i.e., p-indepen-

dent) unitary matrix U € CV*¥ We may assume without loss that the columns of U
are arranged so that

Iy, O
i = U [N N2 e G.11)
Onyj2 Inj2
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where O/, denotes the zero matrix in CV/2*W/2) The facts (3.10) and (3.11)
combine to yield

—In/;2 Opngo

o - =7~"a)
P ( )IM(OM2 Inp

) T(w)*, p=|ploeR", (3.12)

where
T(w):=T(0)U, eS" !,

and then (3.8) implies

~ -1 0 ~
Ho= 7 'T()p|| M?* ") T(w)*F. (3.13)
On/2 Inj2
A simple manipulation in (3.13) yields
T * g~ _]N/2 ON/2 T * g
T(w)*F Hy = |p| T(w)*F. (3.14)
On/2 Ing2

To “diagonalize” Hy, we introduce the notation

Ini Ony2 ~ (Onj2 Onp2
P_ = , Py:= ,
On/2 Ony2 On2 Ing2
and define the transformation
Fry 1 [LPRMIY — L2(R; dA; [L2(S"H]Y)
according to

(1o /). )
B {IAI(”‘WzP—T(w)*fA(MIw), A <0,

- _ es"!, fe[lL2®RMIV.
AV PLT (0)* f (A |w), A0,

The transformation ¥, is unitary. In fact,

T 2
”f'Hof”LZ(R;d,\;[Lz(Snfl)]N)

:/0 dr At /Snl d”“w{||P_T(w)*fA(|A|w)||éN

+ [ PeT @ M) |en ) f e L2RDY. (15)
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Since (P_£, Pyn)cn = O0forall £, 7 € CV, an application of the Pythagorean theo-
rem in (3.15) yields

2
||$H0f||L2(]R;d)L;[L2(S”—1)]N)
o0
=/ m |x|"—1[S @0 |T@)* £ (o) 2
0 n—
— 2 _ 2 2 N
- Hf/\“[LZ(]Rn)]N - ||f||[L2(R”)]N’ f € [L (Rn)] .
To check that ¥y, correctly diagonalizes Hy in the sense that
(FayHo )X, -) = MFry f)(A, -) forae A eR, fe[WH2RMY, (3.16)

one considers separately the cases A < 0 and A > 0. Indeed, for a fixed f €
[WL2(R™)]V, one applies (3.14) to obtain

(Fro Ho f) (A, @) = 2|~V P_T(@)*(Ho /)" (A |o)
= —|AIP-T(@)* f (M)
= MFu, /A, @), A <0, weS" !, (3.17)
and, similarly,
(Fro Ho [) (X, @) = A"V PLT (0)* (Ho /)" (1A |w)
= [AIP4 T (@)* [ (A |w)
= MFu, /A, w), A>0, weS" . (3.18)
Equations (3.17) and (3.18) combine to yield (3.16). Of course, (3.16) generalizes to
(?How(Ho)f)()L, )=Y(A)(Fu, f)(A,-) forae AeR, fedom(x/f(Ho)), (3.19)

for any measurable function i on R.
Consequently, [186, Proposition 2.4.1] applies to Hy, resulting in the following
facts:

Proposition 3.3. Suppose Hypothesis 3.1 (i), (ii) and let y > 1/2. Then (Q)77 is
strongly Hgy-smooth on compact subintervals of R\{0} with exponent T > 0 given by

y—(1/2), ye((1/2).3/2),
T=141-—g¢, y=3/2,e€(0,1),
1, y =>3/2.

We note that for t > 1/2, z € C\R,

()" (Ho — zl2@myn) ()" € Boo([L2R™)Y).



A limiting absorption principle for interacting, massless Dirac operators 28

a special case of the well-known general fact (cf., e.g., [184, p. 41]),

f(Q)g(—iV) € Boo(L*(R™)) forany f, g € L¥(R")
with lim f(x) =0= lim g(p).
|x]—00 |pl—>00
To make the connection with the results collected in Chapter 2, we identify Sy and
Hy and S with H = Hy + V, and we factorize V according to

V=V, Vi=VE=()T"Iy, Va=()V, (3.20)

with V satisfying the conditions in (3.3) for some fixed p > 1, and hence, with t €
(1/2.p),
[V2() | geny = €T (321)

In addition,

-1

() (H — zlig2@ayy ) ()" = (1) (Ho — zli2ayv ) ()"
1

_1 _ J—
X [I[LZ(Rn)]N + <)7V (H() — ZI[Lz(Rn)]N) <) T] s VARS (C\R,

to mention just a few analogs of the abstract facts collected in (2.5)—(2.9), which all
apply in this concrete setting of massless Dirac operators.
Thus, temporarily assuming p > 3/2in (3.3), Theorem 2.5 appliesto S = Ho + V
with
71 =1 —(1/2) > 1/2, necessitating T > 1, (3.22)

and
= (p—1)—(1/2) > 0, requiring p > 3/2. (3.23)

Actually, as shown in [186, pp. 98-99] in the context of the Laplacian h¢ in
L%(R"),
ho = —A, dom(hy) = H*(R")

it suffices to assume just p > 1 in (3.3) (even though this cannot be inferred directly
from abstract results, the latter require p > 3/2 as outlined in (3.22), (3.23)) and
7 € (1/2,p—1/2). A closer examination of [186, pp. 98-99] (see also [186, p. 118])
reveals that there is nothing special about /1y and precisely the same results apply to
Hy = «a - (—iV) as we discuss next.

Applying Theorems 2.4-2.6, to the pair (H, Ho) and to a union of compact inter-
vals exhausting (—oo, 0) U (0, o0), combined with the approach in [186, pp. 98, 99,
and 118], thus yield the following result:

Theorem 3.4. Assume Hypothesis 3.1 and consider H as defined in (3.4). Then

Oess(H) = 03 (H) = R, (3.24)
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os(H) =0, (3.25)
os(H) N (R\{0}) = 0,(H) N (R\{0}), (3.26)

with the only possible accumulation points of o,(H ) being 0 and f-oco. If
No := 0p(H) 1 (R\{0}) = oa(H) N (R\{0}).

then the operators

. R . -
Va(Ho — (A £ i0) [po@nyn) Vi, Vi(Ho — (A £ i0) [a@myy) Vi

(resp., Vi(H — (A £ i0) [ 2@yv )~ Vi) (3.27)

are Holder continuous in B ([LZ(R”)]N )-norm with respect to A varying in compact
subintervals of R\{0} (resp., R\({0} U My)). In particular, with N+ defined in anal-
ogy to (2.11) by

Nt = {1 € R\{0} | there exists 0 # f € [L*(R™)]Y s.1.

— f = Va(Ho— (A £ i0) 2@y ) Vi), (328)

one obtains
Ny = N_ = No,

and the (geometric) multiplicities of the eigenvalue Ay € R\{0} of H and the eigen-
value —1 of Va(Ho — (Ao £ i0) I{2gnyn ) "1 V(* coincide and are finite. Finally, the
global wave operators

Wi(H, Hy) = s-lim ¢! ¢=1"Ho, (3.29)
t—>+o00
exist and are complete, that is,
ker (Wi(H, Ho)) = {0}, ran (Wi(H, Ho)) = EgaH, (3.30)

with Eq . the projection onto the absolutely continuous subspace of H.

Proof. As discussed above, Theorems 2.5 and 2.6 apply to So = Hp and S = H
and a union of closed intervals A exhausting (—oo, 0) U (0, co) under the additional
assumption that p > 3/2 (and 7 € (1, p — 1/2)). Hence, Theorem 3.4 is proved subject
top > 3/2.

To improve this to p > 1 (and t € (1/2, p — 1/2)) we now follow [186, pp. 98,
99, and 118]. First, one notes that if A € R\{0} is an eigenvalue of H with a corre-
sponding eigenvector ¥ € [L%(R")]¥, then

| (Fro¥) s )| pagn-tyw < Cilu =4~ peR, 33D
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for some C; € (0, 00). In fact, by (3.3), g := -V € [L[Z,(R")]N, and since (Q)~°
is strongly Hy-continuous with exponent p — (1/2) > (1/2) by Proposition 3.3, the
function g := Fp, g is Holder continuous:

l2Ge. ) =& ) pagn-ygny = Clu =2~V peR, (3.32)

for some constant C € (0, 0o), which is independent of A and u € R. In addition,
since g = Hoy — Ay, the spectral representation in (3.19) yields

g, ) = (=N (Fr¥) (1, -), pneR, (3.33)
which implies g(A, -) = 0. Therefore, (3.32) reduces to
186t | z2sn-ygy < Clu=AP~02, peR,
and then (3.33) yields (3.31) with C; = C. In addition, one also notes that the equa-
tion (Ho — Aljz2rnyn )Y = =V implies
g=—V(Ho— (A £i0)2@mn) g, (3.34)

since y = (Hyp — (A + iO)I[L2(R)1)]N)_1g andy =0if g = 0.

To prove that non-zero eigenvalues of H have finite multiplicity and may only
accumulate at 0 and 00, one may follow the proof of [ 186, Proposition 1.9.2] essen-
tially verbatim; one only needs to replace R by R\{0}.

Next, one proves that for any 7 € (0,1/2] and p < 2(1 — 27)7!, and for any
compact set X C R,

/X AM|(Fro IO ) | (ragsn—iyn < Gl 2@y S € ILZRDIV, (335)

for some C, = Cy(«, p, X) € (0, 00). To prove (3.35), one can follow, with minor
modifications, the proof of [186, Proposition 1.9.3]. Indeed, for an arbitrary compact
set X C R, one introduces the family of spaces

L?(X;dA; [L2(S" DY),  pel,00) U{oo},
and observes that by [186, Theorem 1.1.4],
Fro S € LX(X:dx: [LA(S" DY), felLZ®RMY, «>1)2.
The formula

(T(flv fZ))(A) = ((?Hofl)(kv ')7 (‘SC'H()fZ)(A9 '))[LZ(Sn—l)]N
fora.e. A € X and (f1. f») € [L2R™)]Y x [L2R™)]V,
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defines a bilinear map for eachg > 1 and t > O:
T [L2RMY x [L2RM)Y — LI(X,dA).

The map T is continuous for 7o = 0, g9 = 1 and 71 > 1/2, g1 = 00, so by Calder6n’s
complex bilinear interpolation theorem (cf., e.g., [171, Section 1.19.5], [37]), for any
s € [0, 1] the map T is continuous for

t=1() =st+ (-9, ¢ =967 =sq5 + 1 -9,

and

” T(f1: 12) HL‘I(X,d/l)
= C(r, X)”fl”[L%(Rn)]N ||f2||[Lg(]Rn)]N’ S, f2 € [Lf(R")]N- (3.36)

Taking f1 = fo = f € [L2(R™)]N and ¢ = p/2 in (3.36) yields (3.35).
In analogy with [186, Lemma 1.9.4], if & € [L2(R™)]" for some 7 € (1/2, 1] and
(Fryh)(A, -) = 0 for some A € R\{0}, then

(Ho— (A £i0) [ 2@nyn)  he [L2RHIV, T>1-1 (3.37)
To prove (3.37), it suffices to show
. -1
|((H0 — (A :i: lO)I[L2(Rn)N]) ha g)[LZ(Rn)]N|
< Gallhllz2 @y I8 llz2 ey 8 € S@RMIY,

for some C3 = C3(A) € (0, 00). Using the spectral representation for Hy, one infers
that

. -1
((H() — (A + ZO)][LZ(Rn)]N) h’g)[Lz(]R”)]N
= /l; d/"L (/’L_/\ :Fl())_l(]:l(:u’ )’g(/“b9 '))[L2(Sn—l)]N’ g€ [S(Rn)]N (338)
Since
h,g e L2([0,00);dA; L2(S" " HN/2) @ L2((—o0, 0]; dA; L2(S"~HN/2),

it suffices to estimate the integral in (3.38) over a compact neighborhood, say X, of
the point A. By Proposition 3.3,

||ﬁ(ﬂ’ ')”[LZ(Snfl)]N = ||ii(l, ) _I’;(M’ )” [L2(Sn—1)N

< Cold — | Y2kl L2 oy -
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for some Cy € (0, o0), and consequently,

/x dp (=2 Fi0)7 (e, ), 8 (s ) agsn—1yyy
A

< Collhllz2 @y /X dp A = g ) | Lagsn-iyw
A
ge[SRMHN.  (3.39

An application of Holder’s inequality yields for any conjugate pair p~! + ¢! =1
the estimate

/ d/JL M - M|T_(3/2) ”g(/’Ls ' ) H [L2(Sn—1)|N
X

—1

g! p
< ([ anta—nre ) ([ aulate gy ) - G0
X Xy

By (3.35) with C; = Cy(a, p, X3),
/X dp [ gGe I fpagsn-ryy = C2lglT 2 gy (3.41)
A T

where p < 2(1 —27)~!. Therefore, the conjugate exponent satisfies g > 2(1 + 27) 7!,
and consequently ¢((3/2) — ) > (3 —21)(1 + 27)~ . Thus, if T > 1 — 7, that is, if
T+ 7> 1,then 3—27)(1+27)~! < 1,50 ¢((3/2) — 7) may be chosen to be smaller
than 1, rendering the first integral on the right-hand side in (3.40) finite. In conclusion,
(3.39), (3.40), and (3.41) combine to yield the desired estimate.

Finally, we turn to the issue of absence of singular continuous spectrum for H.
Introducing the set N := Ny U N_, so that

os(H)\{0} C N,

to prove that o,.(H) = 0, it suffices to show that any A € N must be an eigenvalue
of H. To this end, let A € N, so that there exists an f € [L?(R")]V\{0} such that

—f =Va(Ho— (A £i0) [ 2@nyn) " Vit f, (3.42)
with 7 and V; taken as in (3.20) with T € (1/2, p — (1/2)). Introducing
g=()"f elLZ®RM", (3.43)

the equations for f in (3.42) may be recast as (3.34). In view of (3.43) and the fact
that g(A) = 0, the estimate in (3.37) applies to h = g:

. -1 ~
(Ho— (A £i0)[p2mmyn)” g € [L2z®R)Y, T>1-1
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Then the condition in (3.3) and the identity in (3.34) combine to yield
g=—V(Ho— (A £i0 @) g€ L2®RHIN, v<t4+p—1.
Iterating the same argument £ € N times yields
g e [L2RMIY, v<t+L(p-1). (3.44)

If £ is chosen so that £ > (1 — 7)/(p — 1), then t + £(p — 1) > 1. Therefore, (3.44)
implies, in particular, that g € [L%(R")]N for some T € (1, 3/2). Consequently, by
Proposition 3.3, g is Holder continuous of order T — (1/2). Next, the function  :=
(Ho — (A £ i0)I;z2®ny~) ' g belongs to dom(H) = dom(Hop) = [W2(R™)|Y
since ¥ (w) = g(u)(w —A)~L, g(A) = 0, and T — (1/2) > 1/2. By (3.34), ¥ sat-
isfies the Dirac equation Hv = Ay. Moreover, ¥ is a nontrivial solution. Indeed, if
Y =0, then g = —V¢ = 0. Of course, one then obtains f = (-)*g = 0, which con-
tradicts the assumption f € [L2(IR")]¥\{0}. Therefore, ¥ is an eigenfunction and A
is a corresponding eigenvalue. As a result, N' C 0,(H) and o,.(H) = 0. ]

Remark 3.5. The fact that ||V2(Ho — (A £ i0) I 2®3y14) " Vi [ g2 ®3)) does not
decay as A — +oo shows that in principle one cannot rule out eigenvalues of H
running off to co and/or —oo. In fact, it has been shown in [104] that for all T > 1/2,
there exists a constant C; € (0, co) such that

-1

sup [ (-)7"(Ho — zIize@ays)” ()7 | gqremays < Cr (3.45)

zeC\R
and that
137" (Ho = (X % i0) Iiz2ans) ™ ()™ gz

does not decay as |A| — oo for any 7 > 1/2. (3.46)

In the case of massive Dirac operators (i.e., with Hy replaced by Hy(m)), the con-
dition 7 > 1/2 needs to be replaced by 7 > 1. For results in this direction we also
refer to [131-133,189]. This contrasts sharply with the case of Schrodinger operators
where a Riemann-Lebesgue-type argument yields decay of the underlying Birman—
Schwinger operator (see, e.g., [157, Theorem III.13]). <o

Remark 3.6. The transformation in (3.9) employed to diagonalize « - p is similar
to the celebrated Foldy—Wouthuysen transformation (see, e.g., [46, 162], [165, Sec-
tion 5.6]). The latter is well known to diagonalize Hy. In fact, introducing the unitary
N x N block operator matrix Uy in [LZ(R”)]N, neN,n>2 via

Uy =272[Iy + B(a- (=i V)| —iV[T],
Uy' =27"2[Iy = B(a- (—iV))|—iV|7],
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one infers that

~ In/2(=A)/2 0
Hy = UyHoUy' = ( nj2(=4) NJz )

On/2 —Inj2(—=A)1/?
dom (Ho) = [W12R")". (3.47)

It is worth pointing out that every result in this chapter has a verbatim analog for
operators of the type

Ho+V, and In(—A+m*Iogn)? + V. m >0,

in [L2(R™)]V, with V' satisfying (3.3). More generally, (—A)'/2 can be replaced by
general fractional powers (—A)?, y > 0, and even by more general functions #(—A)
(cf. [22]). This comment is of some significance as a large body of work went into
studying Iy (—A)'/2 + V (especially, in the scalar case N = 1) over the past two
decades. We refer, for instance, to [22,32,93,109, 110, 117, 143, 147], [158, p. 124],
[172-177,182]. o

In the following chapter we will recall conditions on V' that yield the absence of
eigenvalues of H (implying unitary equivalence of H and H via the wave operators
Wi (H, Hy) in Theorem 3.4, see Remark 4.3).

We conclude this chapter with some hints at additional literature (beyond [186,
Sections 1.11, 2.1, and 2.2]) concerning the absence of singular continuous spectrum
and proofs of limiting absorption principles for operators of the form Hy 4 V.

In the case of three-dimensional massless Dirac operators, the absence of singular
continuous spectrum of H with scalar potentials (i.e., V' = v I ), including the case
of long-range interactions v, was proved in [47]. The limiting absorption principle for
Hy in three dimensions was derived in [151]. For the proof of existence of absolutely
continuous spectrum of massless Dirac operators for n = 3, where V = v 8, see [49].
To the best of our knowledge, these references in the special case n = 3 comprise all
explicit statements about the absence of the singular continuous spectrum of H and/or
the limiting absorption principle for Hy. So Theorem 3.4 is new forn € N\{3},n > 2,
which is particularly interesting in the case n = 2 as the latter is related to applications
involving graphene. On the other hand, we emphasize that Theorem 3.4 is a direct
consequence of the material presented by Yafaev in [186, Section 2.4]. In the context
of massless Dirac operators in dimension n = 2 we also refer to [60] (see also [59]).
We also note that a global limiting absorption principle for Hy on R for all n € N,
n > 2, was proved in [23,39, 104].

For the case of massive Dirac operators H(m) = H + m 8, m > 0, we also refer
to [18,33,35,65-67,74,94,95,121,127,133,134,149,167,180], [186, Section 1.12],
[187-189].
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Finally, for scattering theory for Dirac operators we refer, for instance, to [47,54,
74,89,95,115,123,133,134,136,148,158,161,163,164], [165, Chapter 8], [166,167,
178], [186, Section 1.12].



