Chapter 6

Trace ideal properties of Fy(-)(Hy — zI;2gnyv) " Fa(+)
and ()73 (Hy — zIj2gmyv) 7' (-) 7

In the first part of this chapter we derive trace ideal properties of operators of the
type F1(-)(Hp — Z][L2(Rn)]N)_1F2( -), employing results of [26, Section 5.4] in
the case n > 3. In the second part of this chapter we derive trace ideal proper-
ties of ()3 (Ho — ZI[Lz(Rn)]N)_l (-)7% in the case n > 2 by a different approach
based on a combination of Sobolev’s inequality and complex interpolation. These two
approaches are independent and complement each other.

The considerations (5.21)—(5.27) readily imply the following facts:

Lemma 6.1. Letn € N, n > 2, and F, H € [L>(R")|V>N . Introducing
Ro>rH(Z;x, ) = F(x)Go>(z;x —y)H(y), z¢€ Cy, x,yeR", (6.1

the integral operator Ro > f.g(z) in [L2(R™)]N with integral kernel Ry ~ f.g(z; -, -)
satisfies
Ro>r.u(z) € Bo([LP®RM]Y)., zeCy, 6.2)

and Ro,> F.H(-) is continuous on C with respect to the || - || g, qr2®n)~)-norm.
In particular, this applies to F, H satisfying for some constant C € (0, 00),

|Fixl |Hixl <C()%, 8§>n/2,1<jk <N,

Proof. We apply Theorem A.2 (iii) and Lemma A .4.
Let F, H € [L>(R™)]V>*V and z € C be fixed. To prove (6.2), it suffices to show

| Ro> Fom (z: - ')”532(@?\’) € L*(R*";d"x d"y) (6.3)

and apply [27, Theorem 11.6] (in the special case L?(R” x R";d"x d™"y)). To prove
(6.3) we recall

ID|lg,cny < NY2|D| gy, D eCV*V, (6.4)
Then by (5.27) and (6.3),

| Ro=r.1r (% 9] gy vy
< N2 F)| genyGos5x = 1) gemy [HO ey
< CEOIF®|gcm[HW ] ger) x v R ©
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for an appropriate constant C(z) > 0. Since by hypothesis F, H € [L*(R")]V*V,
and hence,

N
1FO) ) 5eny = IFO ey = 2 [Fix()] € L'®™),
jk=1

and analogously for H, the estimate in (6.5) implies (6.3).
To prove the continuity claim, let z, z” € C,. One computes (cf. [27, Theo-
rem 11.6])

| Ro,>.F 0 (2) = Ro> F.u(z") ||§32([L2(R")]N)

= [y [ Roe G = o) e,
=N R R dxd"y “F(x)“i’(c/‘/)||G0,>(Z;x —y)—Go(z';x —y) H;(CN)
< | HO) | 3cn): (6.6)
An application of Lebesgue’s dominated convergence theorem, making use of (5.27),

F,H € [L?>(R™)]V*¥  and the continuity of G > (z; x — y) with respect to (z,x — y)
in B(CY) (see (5.28)), then yields

. / —
zll)n’zl, H R0,>,F,H(Z) - R0,>,F,H(Z )|‘£2([L2(R”)]N) = 0. L
z,2/eC4

To improve upon Lemma 6.1, we now recall the following version of Sobolev’s
inequality (see, e.g., [157, Corollary 1.14]).

Theorem 6.2. Letn € N, A € (0,n), r,s € (1,00), r’'' +s ' +An"1 =2 f e
L"(R™), h € L*(R"™). Then, there exists Cy 5 n € (0,00) such that

| S )[R (y)]
d*'xd"'y X— -7 < C
Joum 1 T = o

For subsequent purposes, we also recall some basic facts on L?-properties of
Riesz potentials (see, e.g., [160, Section V.1]):

[ fllLr @2 llzs ®n)- (6.7)

Theorem 6.3. Letn € N, « € (0,n), and introduce the Riesz potential operator Ry
as follows:

(Run ) = (A7 1)) = ylam™ [ "y le =517 £,
y(a,n) = 7"22°T(a/2)/ T ((n — @)/2), (6.8)

for appropriate functions f (see below).
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(i) Let p € [1,00) and f € L?(R"). Then the integral (Ro.n f)(x) converges for
(Lebesgue) a.e. x € R".

(i)Letl<p<qg<oo,qg ' =pt—an! and f € LP(R"). Then there exists
Cpg.an € (0,00) such that

IRan fllLa®n) = Cpganll fllLr@n- (6.9)

We also note the 8 function-type integral (cf. [160, p. 118]),

/Rn d"ylex — y|*"|y[P™" = y(a.n)y(B.n)/y(@ + B.n).
O<a<n, 0<B<n, a+p<n,

ex=@0,...., 1 ,....0,1<k=<n. (6.10)

k

and the Riesz composition formula (see [53, Sections 3.1 and 3.2]),

[y =ty ot
= [y(a,m)y(B.n)/y(@ + B,n)]|x1 — xo|*FE™,

O<a<n 0<B<n, a+p<n, x1,x, € R". (6.11)

For later use in Chapter 10, we recall the following estimate taken from [63,
Lemma 6.3].

Lemma 6.4. Letn € N and x1,x, e R Ifa, B € (0,n], &,y € (0,00), withn + y >
o+ B, anda + B # n, then

/ Ay x1 — yIE )y — xaf
Rn

X1 — xp | max{On—a—p} |x1 — x| <1,

<
= Cn,a,ﬂ,y,e { |X1 _ xz|—min{n—a,n—}3,n+y—¢x—,3}, |X1 _ x2| > 1,

where Cy, 4. 8., € (0,00) is an x1, X2-independent constant.

Returning to Gy > (z; - ), we next combine the estimate (5.26) with Theorem 6.2,
rather than just using the L®°-bound (5.27) on Gy >(z; -) in Lemma 6.1, yielding a
considerable improvement of Lemma 6.1.

Theorem 6.5. Letn € N, n > 2.

() Let z = 0 and F, H € [L*"®+(@RM)N*N for some & > 0. Introducing the
integral operator Ry~ r g (0) in [L2(R™)]N with integral kernel Ry~ F g (0; -, -)
as in (6.1), then

Ro> r.u(0) € By ([L>(R™M)]Y). (6.12)
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In particular, this applies to F, H satisfying for some constant C € (0, 00),

| Fjx <C(:)%, S>n/41<j k<N

| Hjg

(ii) Let z € C4 and F, H € [L*" D @R™)N*N _ Introducing the integral oper-
ator Ry~ p g (z) in [L2(R™)N with integral kernel Ry~ r g (z; -, ) as in (6.1),
then

Ro>r.1(2) € B2(L2RM]Y), z€Cy, (6.13)

and Ry~ F. g (+) is continuous on C with respect to the | - | 8, (L2 (Rn)N)-nOTM.
In particular, this applies to F, H satisfying for some constant C € (0, 00),

\Fixl, |Hixl <C(-)3, 8>@m+1)/4, 1< jk<N.

Proof. Again, we apply Theorem A.2 (iii) and Lemma A 4.
If z =0, then Ry~ F,z(0; -, -) generates a Hilbert—Schmidt operator in LZ(R")
upon applying the following modified z = O part in estimate (5.26),

Go= (23 % — )| < cnelx — y|~@=972,
x,yeR" |x—y|>1,1<jk <N,

for some constants ¢, . € (0, 00), combined with Sobolev’s inequality in the form

2 h 2
o2 L e

< Cuell /2 L2/ o) ey 1B | 20/ tn+e Ry
identifying r = s = 2n/(n + €), A = n — € in (6.7). One verifies that
<.>—(§' c L4n/(n+8)(Rn)

if § > (n 4+ €)/4, and, since & > 0 can be chosen arbitrarily small, if § > n /4.
The general case z € C . follows along the same lines using the modified estimate
(5.26),

< culx — y|7(7D/2)

|Go>(z:x — ¥)jk
x,yeR" |x—y|>1,1<jk <N,

for some constant ¢, € (0, 00), again combined with Sobolev’s inequality in the form

@l o)?
/Rnxm d"xd"y %Xu,w)ﬂx 4

= Cn||f2||L2n/(n+l)(Rn)||h2||L2n/(n+1)(Rn), (6.14)

identifying r = s = 2n/(n + 1), A = n — 1 in (6.7). One verifies that (-)™%
LA/ DR if§ > (n + 1) /4.
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Finally, continuity of Ro ~ g (-) on C4 with respect to the | - | 8, 2RV
norm follows again by applying Lebesgue’s dominated convergence theorem as in the
proof of Lemma 6.1. ]

We recall the following interesting results of McOwen [120] and Nirenberg—
Walker [125], which provide necessary and sufficient conditions for the boundedness
of certain classes of integral operators in L? (R"):

Theorem 6.6. Letn € N, c,d e R, c+d >0, pe (1,00), and p’ = p/(p —1).
Then the following items (i) and (ii) hold.
(i) Consider

Kea(x,) = |x]™¢|x — y|©TD™y7 x,y e R", x # X/, (6.15)

then the integral operator K. 4 in L? (R") with integral kernel K. 4(-, -) in (6.15)
is bounded if and only ifc <n/pandd <n/p'.
(i1) Consider

~ - _ —d
Kea(x,p) = (1+x]) “fx = y|“T D™ (1 +1y)"% x,yeR", x#x', (6.16)

then the integral operator Ec,d in L? (R™) with integral kernel Izc,d( -, +)in (6.16)
is bounded if and only if c <n/p andd <n/p'.

This result implies the following fact.

Theorem 6.7. Letn € N, n > 2.
(i) Then the integral operator Ry s in [L2(R™)|N with associated integral kernel
Ro5(-, -) bounded entrywise by

|Ros(-. )js| < C{)8]Go(0: . )jge|()%, §=1/2, 1< j.k <N,
for some C € (0, 00), is bounded,
Ro;s € B(IL*(R™]Y). (6.17)

(ii) The integral operator Ry 5(z) in [L2(R™M)]N, with associated integral kernel
Ro5(z; -, -) bounded entrywise by

|Ros(z: -, )ju| < C(-)P1Go(z: -0 )l ()70,
§>m+1)/4, zeCy, 1<j k<N,

for some C € (0, 00), is bounded,

Ros(z) € B([L*®R™Y), zeCy. (6.18)
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(iii) The integral operator Ry o g(z) in [L2(R™M)]N, with associated integral ker-
nel Ry o p(z; -, ) bounded entrywise by

|Roap(z: . )jk| < C(-)™¥Golz: -0 )k ()2,
a>mn-1)/2,p>1,zeCq, 1< jk <N,

for some C € (0, 00), is bounded,
Rowp(z) € B(IL*RMIY), zeCy. (6.19)

Proof. (i) The inclusion (6.17) is then an immediate consequence of (5.10) and hence
the estimate |Go(0;x, ), x| < C|x —yI" x,y eR", x #y,1 < j,k <N, Theorem
6.6, choosing ¢ = d = 1/2 in (6.15), and an application of Theorem A.2 (i) and
Lemma A 4.

(i1) To prove the inclusion (6.18) we employ the estimates (B.9)—(B.11) (cf. also
(5.20)) to obtain

|Go(z:x. )k
< CE)x =y xo(lx = y1) + D@)Ix = 1" 11100y (1x = ¥1),
zeCq, x,yeR" x#y, 1<j k<N, (620)

for some C, D(z) € (0, c0), and apply Theorems 6.6 (parts (i) or (ii)) and A.2 (i)
(cf. also Lemma A.4) to both terms on the right-hand sides of (6.20). The part 0 <
|x — y] < 1in (6.20) leads to 6 > 1/2, whereas the part |[x — y| > 1 in (6.20) yields
8 > (n + 1)/4, implying (6.18).

(iii) Again we employ the estimate (6.20) and argue as in item (ii) for the part
where |x — y| < 1. For the part |[x — y| > 1 in (6.20) one employs Theorem 6.6 with
c=a>m—-1)/2andd =8> 1. m

Given the fact (6.13), we will now focus on Gg <(z; -), z € C4. We begin by
recalling that a(—i V) is a convolution-type operator of the form,

(a(—iV)cp)(x) = ((?_la) * (p)(x)
=02 [ anyat et e eS®D. 62D
Rn
givena € §'(R™), n € N. We are particularly interested in operators of the type
b(Q)a(-iV),

with Q abbreviating the operator of multiplication by the independent variable x,
such that b(Q)a(—i V) extends to a bounded, actually, compact operator in L2(R"),
in fact, we will focus on its membership in certain Schatten—von Neumann classes.
The prime result we will employ from [26, Section 5.4] in this context can be formu-
lated as follows:
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Theorem 6.8 ([26, p. 103, Section 5.4]). Let 2 < r < s, and suppose that a, €
Lieac®R"), ¥ >0, [¥l|Lr, ®ry = 1, and let b be a measurable function such that
b/ € LS o (R";y"d"x). Then

b(Q)a(—iV) € Bs(L*(R")),
and for some constant C(r, s) € (0, 00),
|6(0)a(-iv) ”.SBS(LZ(R”))
1/s
< C(r, s)”a”L:/eak(R")(/Rn d"x b(X)Sw(x)r—S) .

(See, e.g., [26, Section 1] for the notion of L}, .., (-).)

Next, we recall (withn € N, n > 2) that

|7 e LMOI®RY), 0<y <n,

weak
(- P™NE =calel™, (-1 e L2 R, 0<y<n,
Go<(z: Vjx = | - 1" fulz, jswxoar (| - 1) € LEE"D®™) € LPR™),

1<j k<N, pe(0.n/(n—1)),

where f,(z, -) and Go <(z; -) are defined by (5.22) and (5.24), respectively. In addi-
tion, we recall the Hausdorff—Young inequality and its weak analog (cf., e.g., [139,

p. 32]),

||fA||LP/(P—1)(]Rn) = Dp,n”f”Ln(Rn), pE [1,2]’ (6.22)
[ fllee, @ns P e(2), (6.23)

||fA||L€e/a§(l’—1)(Rn) =< Cp,n

noting that p/(p — 1) € (2,00) if p € (1,2). In particular, since p =n/(n —1) € (1,2)
forn > 3,

[Go<z: )] = [I - 1" fuz. Djaxon (| - )" € LR,
1<jk<N neN, n=>3 (624

Thus, an application of Theorem 6.8 and yields the following result.

Theorem 6.9. Letn € N, n > 3, ¢ > 0, and assume that for some q € (n,00), F €
[LY9(R"; (1 + |x]|)@=mA+e) gn )]N*N  Thep,

F(Q)Go,<(z:=iV)" € B (IL*RM]Y), z €Ty, (6.25)
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and
. A
“F(Q)j,K[G0,<(Z; —1 V)Z,k] || B, (L2(R"))

1/q
< Cex . [[Go<(z. Vew] | 1 eny (/Rn(lﬂxl)(q_n)(m)dnx |F(x)j’dq) ’

1<k, <N. (626)

In addition, the operator F(Q)Gg <(z;—i V)" is continuous with respect to z € C+
in the By ([LZ(R”)]N)-norm.

Proof. Pick k, £ € {1, ..., N}. Introducing ¥(x) = c(1 + |x])7!7%, x € R",

¢ > 0, one infers that ¢ € L™ (R") and choosing ¢ = ||(1 + | - |)_1_8||Z,% ®n Yields
weak

¥z @ny < 1.1dentifying a" in Theorem 6.8 and

Go,<(z: ek € Lul P @®™) C LPR™),  p € (0.n/(n— 1),
the inclusion (6.24) yields

a= @) =[Go<(z )ex]" €L

weak

(R™).

Identifying b in Theorem 6.8 with F;, € LY(R"; (1 + |x[)@"0+8gnx) r with
n >3, and s with ¢ > n, one verifies that Fj o /4 € L" (R";4"d" x) and all hypotheses
of Theorem 6.8 are satisfied. Hence, the inclusion (6.25) and the estimate (6.26) hold.

Continuity of F(Q)Go <(z;—i V)" with respect to z€C . in the B,([L? R™)N)-
norm follows from the estimate (6.26) (replacing Go <(z; —i V) by Go,<(z; —iV) —
Go,<(z';—iV)), the explicit structure of Go <(z; -) in (5.21), (5.23), and the con-
tinuity of f,(-, ), combined with the weak Hausdorff~Young inequality (6.23)
and the fact that LY(R";dp) C LI . (R";dp) with ”g”Li’veak(R”;dﬁ’) < |lgllLa®n:dp)
g € L1(R";dp), g € (0, 00). Indeed, with C,, € (0, co) some universal constant,

A
[[Go.<(z: )ex]” — [Go.<(z" ')Z’k]/\”l‘aeak(Rn)
= CullGo,<(z: Ve = Go.<(2s ekl =1 g

< GullGo,<(z: Ve k — Go<(Z's Dexllpn/n-vgny —> 0,

z—z/
z,27eCy4

applying the dominated convergence theorem. ]

A combination of Theorems 6.5 and 6.9 then yields the first principal result of
this chapter, which strengthens a part of Theorem 3.4 (see (3.27)) and shows that
the Birman—Schwinger operators V2(Ho — zI[p2gny~) "' V]" are continuous in the
closed upper half-plane in an appropriate Schatten norm, provided that V;, j =1, 2,
satisfy appropriate boundedness and decay hypotheses.
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Theorem 6.10. Letn € N, n > 3, ¢ > 0, and suppose that
Fy e [LY(R"; (14 |x|)(q_n)(1+8)d”x)]NXN for some q € (n,00),

and
Fy e [LFD@RMHINVN A [Lo@®@MHIVN L =1,2.

Introducing
Ro.F,. 7, (2,%,¥) = F1(x)Go(z;x, ) F2(y), z€Cq, x,y €R", x #y, (627)

the integral operator Ry, F,(z) in [L>(R™)|N with integral kernel Ro.p, F,(z, -, +)
satisfies
Ro,r,F(2) € Bg([L*RMIY), zeCy, (6.28)

and R, F,.F,(-) is continuous on C 1 with respect to the || - I 8, (L2 ®nyv)-norm.
In particular, this applies to Fy, £ = 1,2, satisfying for some constant C € (0, 00),

|Fojxl <C()3, §>m+1)/4, 1<jk<N, =12
Proof. Recalling the decomposition (5.23),
Go(z:x,y) = Go<(z;x—y)+ Go>(z;x—y), x,yeR" x#y, (629)

(now employed for n € N, n > 3), one applies Theorem 6.5 to Gy ~(z; -) and Theo-
rem 6.9 to Go,<(z; ).

One readily verifies that if § > (n + 1)/4, then (-)~% Iy satisfies the conditions
assumed on Fy, £ = 1,2, ]

This handles the case n > 3. Due to the condition s > r > 2 (in the underlying
concrete case, ¥ = n) in Theorem 6.8, the special case n = 2 in connection with
Go,<(z; -) does not subordinate to these techniques and hence will be treated using
an alternative approach next (which actually applies to all dimensions n > 2). While
Theorem 6.10 only handles the case n > 3, it has the advantage that it yields continuity
of Ro,F,,F,(+) on C. (and hence, particularly along the real axis) in a straightforward
manner.

To describe an alternative approach to this circle of ideas, we start with some
preparatory material on the following trace ideal interpolation result, see, for instance,
[85, Theorem III1.13.1], [186, Theorem 0.2.6] (see also [80], [86, Theorem II1.5.1]).

Theorem 6.11. Let p; € [1,00) U {oo}, ¥ ={{ € C|Re({) € (£1.&)}, § € R,
£1 <&, j = 1,2. Suppose that A(C) € B(H), { € T and that A(-) is analytic on %,
continuous up to 9%, and that | A(-)| ) is bounded on . Assume that for some
Cj € (0, 00),
sup (A + i <Cj, j=1,2. 6.30
sup A, n)||$pj(]€)_ i (6.30)
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Then

_ b 1T R@-&FT T 5
AG)EC@IJ(RCG))(%)’ P(Re(f))_Pl+ & —§ [Pz Pl]’ fex. 631

and

(E2—Re())/(52—£1) ~ (Re(D)—£1)/(E2—§1) 3
HA(Q”@;(M(;))(#) < Cl& 0)/ (261 c! H—€1)/ (62— , lex. (6.32)

In case pj = 00, Boo(H) can be replaced by B(H).

A combination of Theorems 6.6, 6.2 and 6.11 then yields the following fact (cf.
[83D.

Theorem 6.12. Letn € N, n > 2,0 <2y <n, § > y, and suppose that T, s is an
integral operator in L>(R™) whose integral kernel T, 5( -, -) satisfies the estimate

Ty 5(x,9)] < C)Px =y (370, x,yeR" x#y
Sfor some C € (0, 00). Then,
Tys € Bp(L*(R"), p>n/Q2y), p=>2, (6.33)
and
I7y.5

= sup [” Ty,8 (_ZV +e+ i’l) }|£(L2(Rn))
neR

|8,/ (2y—e) (L2R))
A2y /24l

]2(2y—s)/n

x sup [ Tvs(=2y + (/2) + e +in)| g, 2@ny) (6.34)
ne

for 0 < ¢ sufficiently small.

Proof. Following the idea behind Yafaev’s proof of [186, Lemma 0.13.4], we intro-
duce the analytic family of integral operators 7y 5(-) in L?(R") generated by the
integral kernel

Ty5(Lx,y) = Tys(x, 1) (x) "D |x —y[f(») 2D x,y eR", x #y,

noting T, 5(0) = T} 5.
By Theorems 6.6 (ii) and A.2 (i) (for N = 1),

T,5() € B(L>(R")). 0<Re(()+2y<n,§=>y.

To check the Hilbert—Schmidt property of 7, 5(-) one estimates for the square of
|T)/,8('; ) ')l,
2 - . _ _ p—
|T ,3(§;X,y)| < (x) 28 Re(§)|x _ ylzke(§)+4y 2n (3 25-Re())
x,y eR" x #y,
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and hence one can apply Theorem 6.2 upon identifying A = 2n — 4y — 2 Re(2),
r=s=n/[Re®) +2y],and f = h = (.)"23+R] {5 verify that 0 < A < n
translates inton/2 < Re({) + 2y <n, and f € L”(R") holds with r € (1,2) if § > .
Hence,

Tys5(0) € Bo(L*(R")), n/2<Re(Q)+2y <n, §>y.

It remains to interpolate between the 83 (LZ(R”)) and B, (Lz(R”)) property, employ-
ing Theorem 6.11 as follows. Choosing 0 < ¢ sufficiently small, one identifies & =
=2y +e¢e,& =-2y+ (n/2)+ e p1 = o0, pp» =2, and hence obtains

P(Re())) = n/[Re(¢) + 2y —¢], (6.35)

in particular, p(0) > n/(2y) (and of course, p(0) > 2). Since ¢ may be taken arbitrar-
ily small, (6.33) follows from (6.35) and (6.34) is a direct consequence of (6.32). m

One notes that while subordination in general only applies to B,-ideals with p
even (see the discussion in [159, p. 24 and Addendum E]), the use of complex inter-
polation in Theorem 6.12 (and the focus on bounded and Hilbert—Schmidt operators)
permits one to avoid this restriction.

Combining Theorems 6.2, 6.6 (ii), 6.11, and 6.12 then yields the second principal
result of this chapter.

Theorem 6.13. Letn € N, n > 2. Then the integral operator Ry s in [L*(R™)]N with
integral kernel R s( -, -) permitting the entrywise bound

|Ros (-, )ik < CL)8|Go(O+i0: -, )je|(-)5, 6>1/2, 1<)k <N,
for some C € (0, 00), satisfies
Ros € Bp([L*R™IY), p>n. (6.36)

In a similar fashion, the integral operator Ry s(z) in [L? R™)N with integral kernel
Ro5(z; -, -) permitting the entrywise bound

|Ros(z: . )| < C(-)7?Golzi - )yl ()7,
zeCy,8>m+1)/4, 1< j,k <N,
for some C € (0, 00), satisfies
Ros(z) € B,([L*RMIY), p>n, zeCy. (6.37)

Proof. We will apply the fact (A.5).

The inclusion (6.36) is immediate from (5.10) (employing the elementary esti-
mate |Go(0;x,y)j x| <Clx—y|'™, x,y €R", x # y,1 < j,k < N) and Theorem
6.12 (withy = 1/2).
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To prove the inclusion (6.37) we again employ the estimate (6.20). An application
of Theorem 6.12 to both terms in (6.20), then yields for the part where 0 < |x — y| <1
that y = 1/2 and hence § > 1/2 and p > n. Similarly, for the part where |x — y| > 1
one infers y = (n + 1)/4 and hence § > (n + 1)/4and p > 2n/(n + 1), p > 2, and
thus one concludes § > (n + 1)/4 and p > n. [

Remark 6.14. Continuity of Ry 5(-) on C with respect to the | - I8, qz2@mv)-
norm, p > n, appears to be more difficult to prove within this complex interpolation
approach. In this context the first approach described in this chapter is by far simpler
to apply, but in turn it is restricted to the case n > 3. In fact, as recorded in Theorem
6.10,if § > (n 4+ 1)/4, then (- )~ Iy satisfies the conditions assumed on F, £ = 1,2,
in Theorem 6.10, implying the fact,

Forn > 3,8 > (n + 1)/4, Ros(+) is continuous on C 1

with respect to the || - || g, (z2®ny~vy-norm, p > n.

Fortunately, the remaining case n = 2 can easily be handled directly as we demon-
strate next. o

Corollary 6.15. Letn = 2, § > 3/4, and zo € Cy. Then Ry 5(-), as introduced in
Theorem 6.13, satisfies

[Ro,s(z1) — Ros(z2)] € B2([L*(RH)]Y), z;€Cq, j =12, (6.38)

and
zl—i>n;0 H RO,(S (z) — RO,S (z0) || By ([L2(R2)]V) — 0.
zeCy\{zo}
Proof. Once more we will apply the fact (A.5) (for p = 2).
By Theorem 6.5 (ii) it suffices to focus on Gg,<(z; -). The explicit formula (see
(C.23), (C.24)),

Go(z;x,y) = i471z Hél)(z|x - y|)IN

(x—y)

Ix =yl

zeCy, x,yeR% x#y, (639

— 4 =y Mzl = y]HP (21 = y]) -

together with the z — 0, z € C \{0} limit (C.25), then permit the following conclu-
sions: Only if z — 0 (z € C4\{0}) and/or if |x — y| — 0, can Go(z; x, y) develop
a singularity which then is of the form In(z|x — y|) and |x — y|~'. (In all other cir-
cumstances G is continuous on C x R? x R2.) However, the |x — y|~!-singularity
is z-independent and hence drops out in differences of the form Ry s(z1) — Ro,s(22),
Zj € C4, j = 1,2. Thus one can safely ignore the |x — y|~!-singularity. Conse-
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quently, this only leaves the In(zj|x — y|)-singularity, j = 1, 2, when considering
Go,<(z15x,y) — Go,<(z2; x, y). This then yields the estimate (see also (5.21) and
(5.22)),

‘G0,<(Z; X, y)j,k - G0,<(Zo§ X, y)j,k
_J Clizl + Izol][In (Ix = y[)[+ D(z. 20).  z.20 € T\ {0},
| Clzl|In(lx — y[)| + D(2). z€C4\{0}, zo=0,
x,yeR* 0<|x—y|<1, 1<)k <N, (640)
with C € (0, 00), and D(-, zg), D(+) € (0, 00) continuous and locally bounded on
C. The logarithmic-type integral kernel in (6.39) can now be handled as in [186,
Proposition 7.1.17] (upon multiplying Ry (z) by a factor of z if zg = 0, and choosing
|z] = 1 in equation (7.1.25) in [186, p. 272]) if z¢ € E\{O}, implying the asserted
Hilbert—Schmidt property. Alternatively, one can use the very rough estimate (for
some cq € (0, 00))

[ (jx = y)|* <colx—yI™", O<|x—y| <1,

and apply the Sobolev inequality in the form of (6.7) withn =2, A =1,r =5 =4/3,
recalling that (-)™2% e L4/3(R?)if § > 3/4. "

Combining Theorems 6.10, 6.13, Remark 6.14, and Corollary 6.15, we finally
summarize the principal results of this chapter as follows:

Theorem 6.16. Let n € N, n > 2 and consider the integral operator Ry 5(z) in
[L2(R™)]N with integral kernel Ry g(z; -, -) permitting the entrywise bound

|Ros(z: . )jk| < €8 |Golz: -, )| ()70,
zeCy,8>m+1)/4, 1< j k<N,

for some C € (0,00). Then Ry 5(z) satisfies
Ros(z) € Bp([L*RMIY), p>n, zeCq. (6.41)

Moreover, ifn > 3,8 > (n + 1)/4, then Ry 5(-) is continuous on C 1 with respect to
the || - || g, (L2@ny~y-norm for p > n. Finally, ifn = 2, § > 3/4, then

[Ros5(z1) — Ros(22)] € Bo([L>RH)Y), 2z €Cq, j =12, (6.42)
and
Zli>nzl() H RO,S (Z) - RO,S (ZO) || B>([L2(R2)]V) = 0. (6.43)

zeCy\{zo}



