Chapter 7

Powers of resolvents and trace ideals

We now introduce the following considerably strengthened set of assumptions on the
short-range potential V':

Hypothesis 7.1. Letn € N and suppose that V satisfies for some constant C € (0, 00)
and p € (n,o0),

V e [L®RM)VV, [Veo(x)| < C(x)™ forae xeR", 1 <{{ <N.
Given Hypothesis 7.1, the principal purpose of this chapter is to prove that for
k > n,
[(H = zIp2@nyn) ™ = (Ho — zIj2@myn ) %] € B1([L2RMIY).
z € C\R. (7.1)

Here H = Hy + V is defined according to (3.4), but we do not assume self-
adjointness of the N x N matrix V' in this chapter.

The following arguments are straightforward generalizations of the arguments in
[185] in the three-dimensional context n = 3. We start with a study of Hy:

Lemma7.2. Letr € (0,00), k € N, and define p(r,k) :=n/min{r,k}. If p > p(r,k),
p > 1, then

(-Y"(Ho — zlpammyn ) € Bp(IL*®RM]Y). z e C\R.

In particular, choosing r =n + ¢ forsomee >0,k =n+ 1, then p(n +e,n + 1) < 1,
and hence

()" (Ho — zlipo@oyn) "t € B1([ILPR™)]Y), z e C\R. (7.2)
Proof. Since
—k
(Ho — zIjz,®myv)

k
= (Ho + zli,@mv) (HG — 22 i, @myv)
—kJ2

—k k
= (ho =22 I2m) " In (Ho + =iz, @) (HS = I, pe)
z € C\R,

—k

and the operator (Ho + z [, gn)~ )k (HZ - Zzl[Lz(Rn)]N )~%/2 is bounded, it is suf-
ficient to prove the assertion for the operator (- )~ (hg — z21 LZ(Rn))_k/ 2. The latter
follows from [186, p. 145, Lemma 4.3]. [
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Turning from Hy to H = Hy + V then yields the following result.

Lemma 7.3. Assume that V € [L¥R™M)]V*N  let r € (0, 00), k € N, and define
p(r.k) :=n/min{r,k}. If p > p(r,k), p > 1, then

(Y (H = zlpo@egn) * € Bp(IL2RM)Y),  z € C\R. (7.3)

In particular, choosing r =n + € forsomee >0,k =n+ 1, then p(n +e,n + 1) < 1,
and hence

()T"HH — 2 eyn) T € BU(ILPRMIY). z € C\R.

Proof. Let z € C\R and r € (0, 00). The proof employs induction on k € N. In the
base case, k = 1, one writes

( . >_r(H — ZI[L2(Rn)]N)_1

= [( . )_r (H()—ZI[LZ(Rn)]N )_1][(H0 —ZI[LZ(Rn)]N )(H —ZI[LZ(Rn)]N )_1]. (74)
The first factor on the right-hand side in (7.4) belongs to B, ([L*(R™)]V) for p >
p(r,1), p > 1 by Lemma 7.2. Since the second factor on the right-hand side in (7.4)
is a bounded operator, (7.3) holds with k = 1.

Suppose that (7.3) holds for k € N. Multiplying throughout the commutator iden-
tity

(H —ZI[LZ(Rn)]N)<')_r — <>_r(H — ZI[LZ(]R”)]N) = [HOv ('>_r]

from the left by (H — ZI[LZ(Rn)]N)_l and right by (H — ZI[Lz(Rn)]N)_k_l, one
obtains

( . >_r (H — ZI[L2(RH)]N)_k_1
= (H - ZI[LZ(Rn)]N)_l ( . )—r (H - ZI[Lz(Rn)]N)_k
+ (H = zIpogogn) [ Ho ()7 J(H — zlppagoyn) F71 (19)

One has
(H —ZI[LZ(Rn)]N)_l(‘>_r(H —ZI[LZ(Rn)]N)_k
1 -1 _ -1 _
=[(H—ZI[L2(R11)]N) 1() rk+1) ][() kr(k+1) (H—ZI[LZ(Rn)]N) k]. (76)
Now, by the base case,

(H — 2l 2@nyy) " () 7 E D € 8, (IL2RMY),
p>p(rk+17"1),



Powers of resolvents and trace ideals 65

and by the induction step
- -1 -
() kr(k+1) (H _ZI[LZ(Rn)]N) k c BP([LZ(Rn)]N),
p > plkr(k + )71 k).

Therefore, the product on the right-hand side in (7.6) belongs to the trace ideal
B, ([L*>(R™)]N) for p > 1, with

p < prk+ )LD 4 plkrk + 1)L k)T (1.7)

To compute the right-hand side of (7.7), one distinguishes the two possible cases: (i)
rtk+1D) U <lorGi)r(k+1)71 > 1.
In case (i), r <k + 1, and

plkr(k + 171 k) = n(k + r™1,
pllrte + )™ k)™ = nlk + Dr 'k

Hence, the right-hand side of (7.7) equals

n Yk 4+ D)7 07k + D) ke
=n"Yr =n 'min{r.k + 1} = p(r.k + 1)1,

so the right-hand side in (7.6) belongs to £p([L2(R”)]N ) for all indices p >
p(r,k +1).
In case (ii), r > k + 1, and

1

plkrk + D)7 k)=n, plkrk+1)"" k) =nk "

Hence the right-hand side of (7.7) equals
n Yk +1)=prk+1)7",

so the right-hand side of (7.6), and hence the first term on the right-hand side in (7.5),
belongs to £p([L2(R")]N ) for all indices p > p(r,k + 1). To treat the second term
in (7.5), one uses
[Ho.(-)7"] = V. (7.8)

where

Vo(x) = —r(x) "D (a-x), xeR",
so that

[Vo) | geny < Cx)""*D, x eR”, (7.9)

for an x-independent constant C > 0. Thus, the second term on the right-hand side in
(7.5) belongs to B, ([LZ(R”)]N) for all indices p > p(r,k + 1) by the same argument
used to treat the first term. |
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Given these preparations, the principal result of this chapter reads as follows.

Theorem 7.4. Let k € N with k > n and suppose that V satisfies Hypothesis 7.1.
Then

[(H = zI2 @)™ = (Ho — 2Ijr2 @) ] € Bi (L2 RMIY),
zeC\R.  (7.10)

Proof. Let k > n. By the second resolvent equation,
(H — ZI[LZ(Rn)]N)_l - (Ho — ZI[LZ(Rn)]N)_l
=—(H —zljpo@oyy) 'V(Ho — zIpp2@eyn) ',z € C\R. (7.11)
Differentiation of (7.11) with respect to z yields
(H — ZI[LZ(Rn)]N)_k - (H() - ZI[Lz(]Rn)]N)_k
k
== (H = zly2@myn) 7/ V(Ho — zlj2@my)’ *71 2 € C\R. (7.12)
j=1
From this point on, let z € C\R be fixed and write
(H - ZI[LZ(Rn)]N)_j V(H() - ZI[Lz(Rn)]N)j_k_l
= [(H — ZI[LZ(Rn)]N)_j (X)_jp(k+1)7l][(x)pV]

— —j —1 i—k—
% [(X) (k+1—j)p(k+1) (HO _ ZI[L2(]RM)]N)] k l]’
jeN, 1<) <k (7.13)

By Lemma 7.3, forafixed j e N, 1 < j <k,
(H — 2l )~ (x) 77607 e 8, ((L2@™)Y),
p > p(jptk + D71 j),
and by Lemma 7.2,
()~ EFI=DPEEDT (Hy — 2y ayy ) TE T € B, (IL2R™M)Y),
p>p(k+1—j)ptk + 1)k +1—j).

One distinguishes the two possible cases: (i) p(k + 1)~! < 1, or (i) p(k + 1)~ > 1.
In case (i) with p(k + 1)~! < 1, one computes

p(k+1=jpk + D7 k+1-j) = (k+1—j;lp(k+ n=

n
jptk +1)=1’

p(jptk + D7, j)
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so that
. - N1 . 1 -1
p(k+1=j)ptk+ )" k+1—=j) 4+ p(jotk+D7"j)  =p/n>1.
Hence, the right-hand side of (7.13) belongs to B ([L2(R™)]V).
In case (ii) with p(k + 1)™! > 1, one computes
p(k+1—=j)pk + D)k +1—j)=n/(k+1-)),
p(iptk + D71 j) =n/j.

so that

p(k+1=pk + D7k +1=4)" + p(iptk + D7)~

=((k+1)/n=(/n)+0/n)>1+1/n)> L.

Hence, the right-hand side of (7.13) belongs to 81 ([LZ(R™)]V).

In either case, the right-hand side of (7.13) belongs to 84 ([LZ(R”)]N). Since
j € N, 1 < j <k, was arbitrary, it follows that every term in the summation on the
right-hand side in (7.12) belongs to B ([LZ(R")]N ), and then (7.10) follows from
the vector space properties of the trace class. |

We conclude this chapter by recalling a well-known result:

Lemma 7.5. Suppose p > n/min(z,2«), p > 1, witht > 0, k > 0. Then
() " (ho + Ip2@mny) ™ € Bp(L*(R")). (7.14)
In particular, if V satisfies Hypothesis 7.1 and k > n/?2,
V(H§ + Ijp2@eyv) ™ € B1([L*RMIV). (7.15)

Proof. While (7.14) is a special case of [186, Proposition 3.1.5 and Lemma 3.4.3]
(see also [83], [159, Chapter 4]), (7.15) follows from combining (3.5) and (7.14). =



