Chapter 10
Analysis of Im(Fp g,(A +10)),A € R

The principal purpose of this chapter is to analyze continuity properties of the func-
tion Im(Fg, g, (A +10)), A € R.
One recalls (see Lemma 9.4) that
Fr,H,(2)
=In (det[Lz(Rn)]N,nH (I[LZ(Rn)]N + V(H() - ZI[LZ(Rn)]N)_l)), AS C+.
Using a factorization V = V;*V, (see Hypothesis 10.5 for the details of the factor-

ization) and elementary properties of regularized determinants, the analysis of the
function Fg, g, (z) reduces to an analysis of

In (det[Lz(Rn)]N,nH (I[LZ(Rn)]N + VZ(H() — ZI[LZ(Rn)]N)_l Vl*))’ YARS C+.
Theorem 6.16 then guarantees that the Birman—Schwinger-type operator
V2(H() —ZI[Lz(Rn)]N)_l V*, AN C+,

extends to a continuous B, 11 ([L*(R")]")-valued function for z in the closed upper-
half plane C, provided that V; and V, are decaying sufficiently fast. In particular,
the boundary values of the regularized Fredholm determinant,

det[Lz(Rn)]N’,,H(I[Lz(Rn)]N + Va(Ho — (A + iO)][Lz(Rn)]N)_IVI*),

exist and are continuous for all A € R. This means that the function Fg g,(A + i0)
has normal boundary values and is continuous at any point A in R such that

. -1
det[Lz(]R”)]N,n-i—l(I[LZ(R")]N + V2(H0 - (k + lO)I[Lz(Rn)]N) Vl*) ;ﬁ 0.

By Theorem 3.4, the latter holds for A € R\{0} if and only if A is not an eigenvalue
of H.By [103] one can exclude nonzero eigenvalues by assuming (4.2) and (4.3) (see
Theorem 4.1). In particular, under these assumptions the function Im(Fg, g, (A +i0))
is continuous for A € R\{0}. Thus, the only point where the behavior Im(Fg, g, (A +
i0)), A € R, remains to be studied is the “threshold point” A = 0, and hence the
majority of this chapter is devoted to an analysis of the latter.

We start with a series of well-known preliminary results which we state without
proof closely following the general outline in the paper by Jensen and Nenciu [99].
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Lemma 10.1. (i) (cf. [99]). Let A be a densely defined closed operator and P a pro-
jection in H. Suppose that (A+ P)~' € B(H) and denote by a:= P—P(A+P)"' P
an operator in P H. Then

A"V e B(H) ifand only ifa™' € B(PH). (10.1)
In particular, ifa=' € B(P H) then
A'=A+P) ' +(A+P)'PaP(A+ P).

(i1) (cf. [76], [108, Section II1.6.5]). Let A be a densely defined closed operator
in # and Ao € C an isolated point in o (A) with Py the Riesz projection in H
associated with A and MAg. If the quasi-nilpotent operator associated with A and A¢
vanishes, that is, Do := (A — Aol g) Py, = 0, then

(A—Rolge + Pig) ™" = Py + Siy € B(H)

where
Sx, = rzl-_l)ig)l(/l - Zlgg)_l[lgg — Pyl € B(H).
z#AQ
(iii) (cf. [138]). Let A be a compact operator in H and Ay € C an isolated point
in o (A) with P, the Riesz projection in J associated with A and Ay. Then

(A= 2doly + Pr,)~' € B(H).

(iv) (cf. [99]). Suppose that H = FH1 ® H, and B in H is the block operator
matrix
bi1 by 2)
B = ’ -,
(bz,l bz

b;,; are densely defined, closed operators in ¥;, j = 1,2,
b1,2 (S 3(%2, J(l), b2,1 (S (B(Jfl, J(’z)

where

In addition, assume that bz_l2 € B(H>). Then
B! € B(H) ifand only if [br,1 — bi2 by 5 baa]~" € B(Hy). (10.2)
In particular, abbreviating
b:=1[b1,1 —bi 192_12 b2 1],
ifb~! € B(H,), then

— p1 b b1 b3} (103)
T\ bakbaa b7 by by b b bia by ) '
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We emphasize that b in Lemma 10.1 (iv) is also known as a Schur complement
(see, e.g., [170, Section 1.6]) and formula (10.3) is a variant of the so-called Feshbach
formula (see, e.g., [50]). In particular, Lemma 10.1 (iv) is especially useful in the con-
text of two-dimensional Schrodinger operators (cf. [99]) as well as two-dimensional
massless Dirac operators (cf. [60]).

Lemma 10.2 ([99]). Suppose that 2 C C has zero as an accumulation point. Let
A() = Ao + CA1(0), ¢ € Q, be a family of B(H)-valued operators, with A1(-)
uniformly bounded for { € Q sufficiently small. Suppose that 0 is an isolated point
in 6(Ag) and denote by Py the Riesz projection in # associated with Ay and 0. If
Ao Py = 0 (i.e., the quasi-nilpotent operator associated with Ay and 0 vanishes), then
for ¢ € Q sufficiently small, the operator B(-) in PyH, defined by

B(0) := ¢ Py — Po[A(Q) + Po] ™' Po}
= > (=0 Po[A41(D)(Ao + Po) 1) T Py,

J€Np
is uniformly bounded as t — 0. Moreover, for ¢ € Q sufficiently small,
AQ)™Y € B(H) ifand only if B(¢)™ € B(PoH).
In particular, if B()™' € B(PoJ) for ¢ € Q sufficiently small, then
AQ™ =[AQ) + Po]
+ A + Po] T PoB(Q) T Po[A() + Po] . (10.4)

Remark 10.3. A combined application of Lemma 10.1 (iv) and Lemma 10.2 can be
realized in the following scenario: Suppose

bia(©) = £ [o+BO)]. with 5" € B) and [ BD) | gar,y =, 01
LeQ
h25(8)~! € B(JH,) is uniformly bounded for ¢ €  sufficiently small,

b1,2(¢) € B(JHa, H1), ba1(8) € B(H1, H>) are uniformly bounded
for { € Q sufficiently small.

Then

bia@)™ = b5 e, + BB @7 =, 0,

e

and under these circumstances one then infers, with

b(g) == [b1,1(8) — b1,2(0) bz_,lz(f) b2,1(0)]
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(cf. (10.2)), that for ¢ € Q sufficiently small,

bE&)™ = b Q) Lo, = b12(0) baa(©) " baa (©) b (@) o

At this point one can summarize the strategy in deriving threshold expansions of
resolvents described in Jensen and Nenciu [99] (see also Murata [122]), in fact, in our
context, expansions of

Vz(H - ZI[LZ(Rn)]N)_l Vl*

— —1
= I[LZ(Rn)]N — [I[LZ(Rn)]N + Vz(H() — Z][L2(]R”)]N) 1V1*] , Z € (C\R,
(10.5)

in terms of the (symmetrized) Birman—Schwinger-type operator
Va(Ho — zIj 2 qguyn )~ V7' (10.6)

(cf. Theorem 3.4) around z = 0 as follows:

(o) One notes upon combining (B.1)—(B.8) and (5.9) that treating even dimen-
sions n is considerably more involved than the case of odd dimensions 7 due to the
presence of the logarithm' in (B.4). At any rate, formulas (B.1)—(B.8) and (5.9) permit
one to expand the Birman—Schwinger-type operator (10.6) around z = 0 assuming
sufficient decay of V;*(x), V2(x) as |x| — oo. This step is cumbersome, but poses
no further difficulties. What might cause difficulties is an expansion of the left-hand
side of (10.5), or, equivalently, an expansion of the inverse [I[;2®ny~ + V2(Ho —
zIip2@myn) " V]! on the right-hand side of (10.5).

(B) If this inverse exists boundedly in a sufficiently small neighborhood of z = 0,
that is, if

[T 2@my + Va(Ho — 2 2@myy) " V]! € B(IL2RMY) (10.7)

for |z| sufficiently small, then no difficulty arises and a geometric series argument
yields the existence of such an expansion in norm (cf. Chapter 5), given sufficient
decay of V|*(x), V2(x) as |x| — oo also in appropriate trace ideal norms (cf. the
detailed treatment in Chapter 6). This is actually the generic case where H has no
zero-energy eigenvalue and no zero-energy resonance (the latter is defined as giving

IThis is even more pronounced in the case of Schrodinger operators for n = 2 due to the
logarithmic blowup of the Green’s function (5.1) as z — 0. Actually, in the Schrodinger context
even the one-dimensional case exhibits a z~!/2 singularity at z = 0, rendering both cases more
involved than n > 3. Since the Dirac Green’s matrix never exhibits a blowup as z — 0 in all
dimensions n € N, n > 2 (cf. (5.10)), this renders the massless Dirac situation technically a bit
simpler than the case of one and two-dimensional Schrodinger operators (considered in great
detail in [99]).
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rise to an eigenvalue —1 of the Birman—Schwinger-type operator (10.6) but with no
associated L2-eigenfunction in the domain of H). At this point all that remains is a
computation of the expansion coefficients, but the latter is of limited urgency in our
present context as we will primarily rely on the leading order in all expansions.

() If the inverse in (10.7) does not exist boundedly in a sufficiently small neigh-
borhood of z = 0, that is, if the compact operator V2 (Ho — zIj2®ny)v )~1V}* has an
eigenvalue —1, the situation changes drastically. In this case H either has an eigen-
value 0, or zero-energy resonances, or possibly both, a zero-energy eigenvalue and
zero-energy resonances (all of them possibly degenerate) in the worst case scenario.
In any of these (exceptional) situations the norm of

— -1
[z + Va(Ho = 2lzagayy) ™ V1]

and hence that of
V2(H - ZI[LZ(]Rn)]N)_l Vl*

will exhibit a singularity as z — 0. Without going into details in this summary (see,
however, Theorem 10.14), we note that the blowup in the case of zero-energy eigen-
value(s) is of the order z~!, and in the presence of zero-energy resonances (but no
zero-energy eigenvalues) is of a less singular structure, for instance, like z~![In(z)] ™!,
2712 or In(z), etc., the details now depending crucially on the space dimension
n € N, n > 2, and whether Schrodinger or Dirac operators (massive or massless) are
considered.

But even though [I[;2gnyv + V2(Ho — ZI[LZ(]Rn)]N)_l V] does not possess a
bounded inverse as z — 0, the operator

[liz2@uy + Va(Ho = 2Ir2@yn) ™' Vi + Pol,

where Py is the (finite-dimensional) Riesz projection associated with the operator

. —1
I 2oy + Va(Ho — (04 i0) 2wayy) Vi (10.8)
and its eigenvalue 0, the norm limit of
I[Lz(R”)]N + V2(H() — iSI[Lz(R;z)]N)_l Vl*

as ¢ | 0, and its eigenvalue 0, actually has a bounded inverse according to Lemma
10.1 (ii). (Assuming compactness of the operators V2 (Ho — (0 +i0) I ;1.2 gnyn) 1 V)"
as well as Vo (Hy — i8][L2(Rn)]N)_1V*, one concludes that dim(ran(Pyp)) < c0.)
Lemma 10.2 then demonstrates the key reduction step where the inverse of A(¢)
in # is now reduced to the inverse of B({) in the finite-dimensional Hilbert space
P ()Jf .
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(§) At this point one iterates the procedure ending up localizing the singularity
in subspaces of decreasing dimensions. With each step the singularity is increased.
However, since

Z[Vz(H() - ZI[Lz(Rn)]N)_l Vl*]

stays bounded for z =i e as ¢ |, 0, the reduction process must stop after a finite number
of steps, leading to invertibility of a reduced operator so that again a geometric series
argument as in step (f) applies. This completes the process resulting in an expansion
in appropriate variables involving z, z'/2, In(z), or [c + In(z)] for appropriate ¢ €
C\{0} (again, depending on spatial dimension n and whether Schrodinger or Dirac
operators are involved). We refer once more to [99] for the somewhat involved details
(and the difficulties associated with expansions involving "3 | 5°9°  ¢¥[In(¢)]*
which cannot be asymptotic in nature) in the case of Schrodinger operators and to
[60] in the case of two-dimensional massless Dirac operators. Much of the threshold

analysis in [60] readily extends to dimensions n > 3 as we will see later in this chapter.

Remark 10.4. In outlining steps («)—(§) above, we deliberately sidestepped veri-
fying the condition AgPy = 0 necessary for Lemma 10.2 to hold. The condition
is equivalent to the statement that the algebraic and geometric multiplicities of the
eigenvalue 0 of Aq coincide. Since by (5.10), Go(0 + i 0; x, y) is purely imaginary,
but also involves the scalar product « - (x — y), employing the polar decomposition
for the self-adjoint N x N matrix V(-) (i.e., V(-) = Uy (-)|V(-)]) in the form (cf.
[81D)

V(x) = |V(x)|1/2UV(x)|V(x)|1/2 = V1(x)*Vo(x) forae.x € R",
Vi=Vr= VY2, Vv, =Up|V|V2=UyVy, U2 =y, (10.9)
making the choice that
Uy 1is unitary and self-adjoint (10.10)

(the choice of Uy is nonunique if V' has a kernel and we simply fix Uy to be the
identity operator on ker(1')), the matrix-valued integral kernel

1/2 1/2

V)| ()Go(0+10:x, ) |[V(y)|

generates a self-adjoint operator. Hence, the elegant device used in [99] that reduces
their analysis to a self-adjoint operator Ap in Lemma 10.2, so that A9 Py = 0 is auto-
matically satisfied, applies also in the massless Dirac operator context. (Naturally,
this approach of [99] also applies in the massive case, where Ho(m), m > 0, has the
spectral gap (—m, m).) In essence, Jensen and Nenciu [99] replace the operator

Iip2egy + Va(Ho — 2l 2@eyn) "' VY. z € C\R, (10.11)
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by its modification
Uyl 2@nyn + Vi(Ho — zIp2@egn) " Vi, z € C\R, (10.12)

and show that the formalism displayed in (2.6)—(2.10) instantly extends to the setup
in (10.12). In particular, the norm limit

: S
Uy Ipawnygy + Vi(Ho — 0+ i0) [p2gnyn) V5 (10.13)

is now self-adjoint and hence the analog of the condition
AoPy =0 (10.14)

thus holds automatically. Due to this fact we can, without loss of generality, safely
disregard the distinction between (10.11) and (10.12) in much of the remainder of
this manuscript.

Finally, by an abuse of notation, we also denote the Riesz projection associated
with the self-adjoint operator (10.13) and its eigenvalue 0 by Py. Assuming compact-
ness of the operator

Vi(Ho — (0 +i0) I p2@nyn) Vi, (10.15)

the fact that o (Uy') C {1, —1} implies that zero is an isolated point in the spectrum of
the operator in (10.13) and hence

dim (ran(Pp)) < oo. (10.16)

(In the concrete context of (10.9) one has in addition that V; = V}*, but this simplifi-
cation is not needed to conclude (10.14) and (10.16).) 3

Applying the resolvent equation (2.7), (2.8) to the pair H, Hy results in
(H — ZI[LZ(Rn)]N)_l = (Ho — ZI[LZ(]Rn)]N)_l - [Vl (H() — EI[LZ(Rn)]N)_l]*
- -1 -
x[Tiz2@my + Va(Ho = 2li2@eyy) ™ V'] Va(Ho = 2lza@v) ™
z € C\R,

To analyze the possible singularity of (H — z], [L2(R11)]N)_1 as z — 0, we choose
arbitrary
V; € Cg°(R") real-valued, j = 1,2,

and consider
WZIN (H — Z][Lz(Rn)]N)_lwl IN
= YoIn(Ho — zIip2uyw )~ Y In
— [Vi(Ho = ZIip2eyn) " V2N ]
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x [Ii2@mgn + Va(Ho — 2l 2@y )~ V]!
X Va(Ho — zljp2@myv) ' Y1ln.  z € C\R.
As long as
V1o @] = View@)] = C(x)™" forae.x eR", 1< <N, (10.17)
Theorem 6.7 (iii) implies that
Vi(Ho — zIiro@yn) " Wy In € B(IL*®RMIY).  zeCh, j.j {12},
since obviously
YoIn(Ho — zIip2@oyy) Wil € B(LPRM)]Y), zeCq,
(in fact, Theorem 6.13 implies trace ideal properties) one also has

YolIn(H — zljp2@egn) Wi Iy € B(IL2RM]Y), zeCq.

Thus, since ¥; € Cg°(R"), j = 1,2, are arbitrary (apart from being real-valued for
simplicity), one thus concludes that

Yoln(H —ZI[Lz(Rn)]N)_lwllN € !6’([L2(R")]N) for |z| sufficiently small
i and only if [ I 2@nyy + Va(Ho — 2l2@myy ) V| € B(IL2R™)Y)

for |z| sufficiently small.

Given the extensive treatment in [99] in the case of Schrodinger operators in
dimensions n € N (especially, in the most difficult of cases n = 1, 2), and in [60]
in the case of massless Dirac operators in dimension n = 2, and given the fact that
dimensions n € N, n > 3, subordinate in difficulty to the case n = 2 in the massless
context, we now briefly discuss the threshold (i.e., z = 0) behavior of massless Dirac
operator in dimensions n > 2.

We start by making the following assumptions on the matrix-valued potential V.

Hypothesis 10.5. Letn € N, n > 2, and ¢ > 0. Assume the a.e. self-adjoint matrix-
valued potential V- = {Vy ¢/ }1<¢ /<N satisfies for some fixed € € (0,1), C € (0, 00),

Ve [LOO(RH)]NXN’
Voo ()] < C(x)207 forae x eR", 1 <,0 <N. (10.18)

In accordance with the factorization based on the polar decomposition of V discussed
in (10.9) we suppose that

V =V V= |V|V2Uy VY2, where Vi = Vi = V|V, V, = Uy |V|V2.
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‘We continue with the threshold, that is, the z = 0 behavior of H:

Definition 10.6. Assume Hypothesis 10.5 with ¢ = 0 in (10.18).
(i) The point O is called a zero-energy eigenvalue of H if Hy = 0 has a distribu-
tional solution v satisfying

¥ e dom(H) = W2 @RMY

(equivalently, ker(H) 2 {0}).
(i1) The point 0 is called a zero-energy (or threshold) resonance of H if

ker ([Ziz2@nyv + Va(Ho — (0 + i0) [pa@ayn)~ Vit]) 2 (O,

and if there exists 0 # ¢ € ker([/j 2gnyn + Va(Ho — (0 +i0) [ 2®nyn )~ VI])
such that ¢ defined by

. -1
l/f(x) = —((H() —(0+ lO)I[Lz(Rn)]N) V1*¢)(x)
= —iz‘ln‘”/zr(n/z)/ d"y|x = y[™"[e- (x =] ()"$() (10.19)
R~7
(for a.e. x € R", n > 2) is a distributional solution of Hu = 0 satisfying
v ¢ [L2RMIY.

(iii) O is called a regular point for H if it is neither a zero-energy eigenvalue nor
a zero-energy resonance of H.

Additional properties of ¥ are isolated in Theorem 10.7.

While the point 0 being regular for H is the generic situation, zero-energy eigen-
values and/or resonances are exceptional cases.

For future purposes we recall the asymptotic Green’s matrix expansion as z — 0
in the following form,

Go(z:x, )
= 2777 I(n/2)a - =y _ $n2(2m) zIn(z) Iy
220 x—yp*
2eC1\{0}

+8n,22m) " [yE—mr —i(/2) +1n(]x — y1/2)]z1n

+ (1= 8n2l(n =2)7' 27 a2 (/) — y P2y

+8120(2%|x — y|In(z|x — y])) + 8,,30(z%) + O(2*|x — y|?)
=, Roo(x —y)+zR10(x —y)

z—>
zeCy \{0}

+z[—@n) ' Inz/2) — @) yE—m + 47 ]Sn 2R (x — )
+8120(2%|x —y|In(z|x = y])) + 84,30(2%) + O(2*|x — y|?).
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where we introduced the following convenient abbreviations (for x, y € R”, x # y):

Roo(x —y) = Go(0+i0;x,y) = i2 ' x 2T (n/2) a - |()C - yli
xX=y
_ Q2mn) Yia-Vyln (|x - y|), n=2, (1020
—ia - Vxgo(0; x,y), n >3,
—@m)~ In(|x = y[)In. n=2,

Rio(x—y) = {

80(0;x, y) Iy = mh—ylz_”lm n=>3,
a1 =27"2/T(/2), (10.21)
Rij(x—y)=1, n=>2. (10.22)

Theorem 10.7. Assume Hypothesis 10.5 with ¢ = 0 in (10.18).

(1) If n = 2, there are precisely four possible cases:

Case (1): 0 is regular for H.

Case (I1): 0 is a (possibly degenerate”) resonance of H . In this case the resonance
functions ¥ satisfy

¥ € [LIRY)]?, g€ (2,00)Ufoc}, VY € [L*(R*)]P?,
v ¢ [L*(R?)]. (10.23)

Case (II1): 0 is a (possibly degenerate) eigenvalue of H. In this case the corre-
sponding eigenfunctions ¥ € dom(H) = [W12(R?)]? of Hyr = 0 also satisfy

v e [LIR?)]?, ¢ €[2,00) U{oo}. (10.24)

Case (IV): A possible mixture of Cases (1) and (I1T).

(i) If n € N, n > 3, there are precisely two possible cases:

Case (1): 0 is regular for H.

Case (I): 0 is a (possibly degenerate) eigenvalue of H. In this case, the corre-
sponding eigenfunctions ¥ € dom(H) = [WL2(R™)]N of Hy = 0 also satisfy

(3/2,00) U {oo}, n=3,

¥ e [LYARMIN, g e (4/3.4), n =4, (10.25)
(2n/(n +2),2n/(n — 2)), n>5.

In particular, there are no zero-energy resonances of H in dimension n > 3.
(iii) The point O is regular for H if and only if

ker ([I[LZ(R")]N + V2(H0 — (0 + iO)I[LZ(Rn)]N)_l Vl*]) = {0}

2We will recall in Lemma 10.12 (i) that if n = 2, the degeneracy in Case (II) is at most two.
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Proof. Since Go(0 +i0; x, y), x # y, exists for all n > 2 (cf. (5.10)), the Birman—
Schwinger eigenvalue equation (cf. (10.8))

) N
[I[LZ(Rn)]N + V2(H() -0+ lO)I[Lz(Rn)]N) Vl ]¢0 =0,
0 # ¢o € [L2R™M]Y, (10.26)

gives rise to a distributional zero-energy solution v € [LL (R™)]¥ of Hyp = 0 in

terms of ¢¢ of the form (for a.e. x € R"*, n > 2),

Yo(x) = —((Ho — (0 + i0) L2y )~ Viho) (x)
—[Ro.0 * (Vi*¢0)](x) (10.27)

=—i2"'n 2T (n/2) /R d"ylx—y["a - (x =]V do(), (10.28)

loc

=220/ [y =y o =) AO) Va0, (1029
Po(x) = (Va10)(x). (10.30)

In particular, one concludes that 7o # 0. Thus, one estimates, with ||V, () ||cy=n <
¢(+)~! and some constant d,, € (0, 00),

1000w < dn [ d"y =y ) o) | o
=dyRin(() " #o()]cn) (). x eR™ (10.31)

Invoking the Riesz potential R , (cf. Theorem 6.3), one obtains (for some constant

dn € (0,00))
vy =dn [ @y 1x =301 [0
<diRia(() 7 bo()|en)®). x eR”, (10.32)

and hence (6.9) implies (for some constant ép,q,n € (0, 00))

R A () gD llem) || Lo @)

[VoliLa@myy <

| Rua((
< Coan () o (llen || oy
= Cpanl () s lgoC)llen l2@n  (10.33)
= Cpan] () | om0l 2y~ »
-1

l<p<g<oo pl=qg ' +nt s=2qn2n +2q —qn]™' > 1.
In particular,

p=gn/(n+gq), 2n+2g—qn>0.



Analysis of Im(Fgr, g7, (A +i0)), A e R 102

(a) The case n = 2: Then one can choose g € (2, 00), hence p = 2¢q/(q + 2) €
(1,2),and s = g > 2. Thus, (10.33) and H ()71 ”LS(]R2) < o0 imply
Yo € [LIRM)]Y, ¢ € (2,00).

Recalling Rg o(x — y) in (10.20), this implies

—ia-VyRoo(x —y) = —Axgo(0;x, y)In = 8(x — y)In,
x,yeR" x#y,n>2, (10.34)

in the sense of distributions. Here we abused notation a bit and denoted also in the
case n = 2,

g0(0;x,y) =—Qm) 'In(jx—yl), x,yeR* x#y n=2. (1035
Thus, one obtains

io - (Vipo)(x) = =i - V[ Ro,0 * (V" 0)](x)
= —ia- Vi[ —i(a-Vigo) * (V{"¢o)](x)
= [(=AxgoIn) * (V") ](x)
= (V' ¢o)(x) € [L*(R*)], (10.36)

proving Vo € [L?(R?)]?*2, upon employing the fact that [« - p]> = In|p|?, p € R".

To prove that Y9 € [L*°(R?)]? in (10.23) and (10.24), one applies (10.30) to the
inequality in (10.31), and then employs the condition ||V5(+)||c2x2 < C(-)~! for
some constant C € (0, oo) to obtain

[vo ez = 2 [ @y ix =o' 1) 2 o0 e x < B2

where d; € (0, 00) is an appropriate x-independent constant. By Holder’s inequality,

1/3

. 2/3
|0 e < dz(/Rz d?y|x — y|‘3/2<y>‘3) (/R d?y ||wo(y>|!éz) :
x € R2. (10.37)

The second integral on the right-hand side in (10.37) is finite since ¢ € [L3(R?)]?.
Choosing x; = x,& =n—(3/2),8 =n,y = 2,and ¢ = 1 in Lemma 6.4, one infers
that

/};{2 d?y|x -y (y) 72 < Ca3/2.02.1, X €R2 (10.38)

Hence, the containment g € [L>(R?)]? follows from (10.37) and (10.38).
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(b) The case n > 3: An application of Theorem 6.6 (ii) withc = 0,d =1, p =

p’ = 2, and the inequality 1 < n/2, combined with [|¢o(-)[lcy € L2(R"), yield
[¥o()|cv € L*(R") and hence, o € [L*(R™)]Y, n>3. (10.39)
To prove that actually ¥o € dom(H) = [W L2(R™)]V, it suffices to argue as follows:
i - Vipg = —Vipg € [L2R™)Y (10.40)

in the sense of distributions since V' € [L®(R™)]¥*N and vy € [L2(R")]"V. Given
the fact dom(Hy) = [W12(R™)]V (cf. (3.2)), one concludes

Yo € [WE2RMHIN, n > 3. (10.41)

By (10.41) we know that yo € [W1-2(R")]Y . Employing the fact that ¢g = Vg
in the first line of (10.32), one obtains

By [ @y le =517 00 o) e
= DuRia((-)72[Vo()]on) (). x €R", (10.42)

[vo@cn

IA

for some constants 5,,, Dy, € (0,00). Thus, as in (10.33), (6.9) implies for n > 3,

Iollze@my < Dal| Rua(t)210()llem) | oy

< Dpgn| () 2ol )”(CN”LP(]Rn)
< Dy ()™ 2|l s @m Mo llen 2 @n) (10.43)
= Dpygn ” ()" 2||LY(R”)”w0” [L2RM]V 5
-1

1

l<p<g<oo p'=q'+n' s=2qn2n+2q—qn]"" =1,

for some constant 51,,4,,, € (0, 00). In particular, one again has p = gn/(n + ¢) and
2n 4+ 2q — gn > 0. The latter condition implies ¢ < 2n/(n — 2). The requirement
p > lresultsing > n/(n — 1), and the condition s > 1 yields ¢ > 2r/(3n — 2) which,
however, is superseded by ¢ > p > 1. Moreover, the requirement || (-)~
yields ¢ > 2n/(n + 2). Putting it all together implies (10.25).

To prove the containment Yo € [L>°(R3)]* in (10.25), one invokes the inequality
in (10.42) with n = 3. Indeed, applying Holder’s inequality (with conjugate exponents
q' = 27/20 and ¢ = 27/7) to the integral on the right-hand side of the inequality in
(10.42), one infers that

2||LS(]Rn) <00

[¥o) s

20/27 . 7/27
<an( [ ayie—sr2o ) [y fumlE)

x € R3. (10.44)
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The second integral in (10.44) is finite since ¥ € [L?7/7(R?)]*, and the first integral
in (10.44) may be estimated by taking x; = x,« = n — (27/10), B = n, y = 2, and
& =7/10 in Lemma 6.4,

27

/R Py <c x € R3\{0). (10.45)

3,25.,0.2,75°
Hence, the containment g € [L>®°(R3)]* follows from (10.44) and (10.45).

Returning to arbitrary n > 2, we show (following the proof of [60, Lemma 7.4])
that if ker(H) 2 {0} then also

. .
ker ([I[Lz(R”)]N + Vz(H() -0+ lO)I[Lz(Rn)]N) Vl ]) 2 {0}.

Indeed, if 0 # Vo € ker(H), then ¢g := Vayro = Uy V1o € [L*(R™)]Y and hence
Vigo € [L2(R™)]Y. Then, Hyrg = 0 yields i - Vg = Vrg = Vi Vatho = Vi*¢bo.
Thus, applying (10.20), (10.34)—(10.35) once again, one obtains for all n > 2,

—ia- V[1//0 + (HO - (0 + iO)I[Lz(Rn)]N)_lV;(ﬁo](X)
= —ifa - Vio](x) — i - Vi[Roo * (V" $0)](x)
= —ifa - Vipo](x) —ia - Vi —i(a - Vigo) * (V"po)](x)
= —ifa - Vo] (x) + [(=Axgoln) * (Vi ¢0) ] (x)
= —ia - Viyo] (x) + (V{"¢o) (x)
= —V(xX)¥o(x) + V(x)¥o(x) = 0.
Consequently,
—ia- V[0 + (Ho — 0+ i0) [ z2@nyn)” Vitgo] =0,
implying )
Yo + (Ho— (0 +i0)[jp2mmyn) Vigo=c'
for some ¢ € CV. Since ¥y € [L>(R™)]", and by exactly the same arguments em-

ployed in (10.31)~(10.39), also Ro,o * (V;*¢o) € [L*>(R™)]", one concludes that c =0
and hence

) -1
Yo = —(Ho— (0 +i0)z2@myn) Vi ¢o.
Thus, ¢g # 0, and

0= Vavio + Va(Ho — (0 +i0) [ p2@nyn)~ Viso

= [I[LZ(Rn)]N + VZ(HO - (O + iO)I[Lz(R”)]N)_lvl*]¢O’

that is,

0 # ¢o € ker ([IiL2@myn + Va(Ho — 0+ i0) [ 2gayn )~ Vit])-

This concludes the proof. |
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Recalling results of [60], we will revisit the basic elements in the proof of item
(i) of Theorem 10.7 in Lemma 10.12.

Remark 10.8. (i) In physical notation, the zero-energy resonances in Cases (II) and
(IV) for n = 2 correspond to eigenvalues 1/2 of the spin-orbit operator (cf. the
operator S in [103,106]) when V is spherically symmetric, see the discussion in [60].

(i1) For basics on the Birman—Schwinger principle in an abstract context, espe-
cially, if 0 € p(Hy), we refer to [79] (cf. also [20, 77]) and the extensive literature
cited therein. In the concrete case of Schrodinger operators, relations (10.28), (10.30)
are discussed at length in [10, 29,30, 58,61,62,64,68,69,76,96-99, 122], [ 124, Sec-
tion 10.3.2], [169] (see also the list of references quoted therein), and in [59, 60,
65-67] in the case of (massive and massless) Dirac operators.

(iii)) As mentioned in Remark 5.1 (ii), the absence of zero-energy resonances is
well known in the three-dimensional case n = 3, see [8], [ 16, Section 4.4], [17,28,150,
151, 190]. In fact, for n = 3 the absence of zero-energy resonances has been shown
under the weaker decay |V, x| < C(x)"'7%, x € R?, in [8]. The absence of zero-
energy resonances for massless Dirac operators in dimensions n > 4 as contained
in Theorem 10.7 (ii) appears to have gone unnoticed in the literature and was only
recently observed in [82]. <o

To determine the leading order behavior of

[UVI[LZ(Rn)]N + (H() - ZI[LZ(Rn)]N)_IVI*]_l asz — 0, z € E,

in all possible cases discussed in Theorem 10.7, it is convenient to introduce some
more notation:

T(z):= UVI[Lz(]R”)]N + Vi(Hog — ZI[LZ(Rn)]N)_l Vl*, zeCy, (10.46)

T := Uy 2oy + Vi(Ho — (o + i0) [po@ayn) " Vi, A €R. (1047)

Next, we split Py in (10.16) according to all possible cases in Theorem 10.7 as fol-
lows: If n = 2, we write
Py = Po,1 @ Pop. (10.48)

where Py ; represents case (II), Po,> represents case (III), and if Pp,; and Py, are
both nonzero, Py represents case (IV). Similarly, if n > 3, Py # 0 represents case (II).
(Again, we remark that we will discuss in Lemma 10.12 (i) that dim(ran(Py,1)) < 2.)
In the following we denote the integral operators in [L2(R")]" generated by the
integral kernels R; ¢ (-, -) in (10.20)-(10.22) by R}k, j, k € {0, 1}. In particular,

T(O) = UVI[L2(]R”)]N + VlR(),()Vl*.

In order to study asymptotics as z — 0 of the Birman—Schwinger-type operators,
we strengthen Hypothesis 10.5 as follows.



Analysis of In(Fgr, g7, (A +i0)), A e R 106

Hypothesis 10.9. Letn € N, n > 2, and ¢ > 0. Assume the a.e. self-adjoint matrix-
valued potential V = {V; o/ }1<0 o< N satisfies for some fixed € € (0, 1), C € (0, 00),

V e [L®®R")VN,
Voo ()| < Cx)™0 ) forae.x eR", 1 <£,0 <N. (10.49)

In accordance with the factorization based on the polar decomposition of V discussed
in (10.9) we suppose that

V=VVa=|V|"2Uy|V|V2, where Vi =V =|V|'/2, Va=Uy|V|'/2.
We note that, in accordance with (10.49), the entries of V7(-) satisfy
|(V1)M/(x)| < é(x)_”(H's)/2 forae.x e R", 1 <{,¢ <N,

for a constant C € (0, 0).

Lemma 10.10. Assume Hypothesis 10.9. Then (cf. (10.20)-(10.22))

Vi (H() — ZI[Lz(Rn)]N)_lvl* ZiO VlR(),on* + ZVlRl’()Vl*
2eC1\{0}
+z[ - @m) ' In(z/2) — @n) 'yE—m + 147 8w ViR LIV + E(z), (10.50)

where
|E@| gqro@myyy = O(|z'**) (10.51)

z—0

zeCy \{0}

(with 0 < ¢ taken as in Hypothesis 10.9).

Proof. In order to prove (10.50) and (10.51) it suffices to show

[Vi(x)Go(z: x, ) Vi (¥) = Vi(x)Ro,0(x — y) Vi (¥)
- ZVl(x)Rl,O(x - y)Vl*(y)||£((CN) = CO|Z|1+8k(xv y)’
x.yeR" x#y, zeCi\{0}, |z] <1, (10.52)

for some positive (z, x, y)-independent constant ¢y and for some z-independent func-
tion k( -, -) which generates a bounded integral operator in L?(R"). In the following
we treat separately Cases (I) n odd and (II) n even.

Case (I): n odd. In order to prove (10.52), we estimate

Go(z:x,y) — Roo(x —y) —zRy10(x — y),
x,y €R", x #y, z € CL\{0},

z| <1,

separately in the regimes |z||x — y| < 1 and |z||x — y| > 1.
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The expansion (C.5) implies
. 2 2 3—n
|Go(z:x, ¥) = Roo(x = ¥) = zRi,0(x = ¥)| g(cwy = 1[Iz + |21z — y*7"]
< C][|Z|2 + Z|1+8|Z_y|(2+e)—n] < 6‘1|Z|1+8[1 + |x_y|(2+s)—n],

X,y R, x#y, zeCi\{0}, |z] < 1, |z[lx —y| < 1, (10.53)

for some (z, x, y)-independent constant ¢; € (0, c0). By Lemma B.6,

Go(z;x,y)
— i4_1(2n)(2_”)/2|x _ y|(2—n)/22n/26izlx—y|wnT_2 (Z|x _ y|)1N
. 4—1(2n)(2—n)/2|x _ y|(2—n)/22n/zeiz\x—y|wll (le _ y|)a . (x - y),
: Ix =yl

x,yeR" x #y, zeCyi\{0}, (10.54)

with

x — y|@ 212172 |, (z]x — y))| < ealx — y[" R 221+ |z)|x — y]) T

_ -1/2 -1/2
< ealz" (14 Ll = y) T < ealzP(1+ Lzl - y) T2

x,yeR" x#y, zeCy\{0}, |z] <1, |z|]|x —y| = 1, (10.55)
for some (z, x, y)-independent constant ¢; € (0, 00). The representation (10.54) and
the estimate (10.55) combine to yield

[Goz:x. 9| geny = eslzP(1+ Izllx = yI) 772,

x,yeR", x#y, zeCy\{0}, |z] <1, |z|]lx —y| > 1, (10.56)

for some (z, x, y)-independent constant c3 € (0, 00), and it follows that

“GO(Z;xyy)_RO,O(x_y)_ZRl,O(x_y)||$((cN)
-1/2 _ _
< calzP(U+ Izl = y) 72 4 v = 7+ 2l = yPT) < ez,
forae. x,y € R", x #y, ze€ CL\{0}, |z| < 1, |z[]x —y| > 1, (10.57)

for some (z, x, y)-independent constant c4 € (0, c0).
By combining (10.53) and (10.57), one obtains

|Go(z: x,¥) = Roo(x — ) = zR10(x = ¥)| gy
< c5[|z|2 Tz _y|(2+s)—n] < cs|z|1+€[1 + |x — y|(2+s)—n]’

forae x,y e R", x #y, ze€ CL\{0}, |z| <1, (10.58)
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for some (z, x, y)-independent constant ¢5 € (0, 0c0). Hence, (10.52) holds for some
constant ¢y € (0, c0) and

k(X,y) — (x)—n(1+8)/2<y>—n(l+s)/2

+ [1 i |x|]—n(1+s)/2|x _ y|(2+s)—n[1 + |y|]—n(1+s)/2,
x,y eR" x#y. (10.59)

In deducing the form of (-, -) in (10.59), one uses
Vi) | ggewy < €)1+ < C"[1 4+ x]] 772 forae. x R (10.60)

for appropriate x-independent constants C’, C” € (0, 00).

The first term on the right-hand side in (10.59) generates a Hilbert—Schmidt inte-
gral operator in L2(R"), since (-)7(+8/2 ¢ [2(R"). The second term on the
right-hand side in (10.59) generates a bounded integral operator in L?(R") as a con-
sequence of Theorem 6.6 (ii) with the choicesc =d =1+ (¢/2)and p = p’ =2,
since 1 + (¢/2) <3/2 <n/2. Thus, k(-, -) generates a bounded integral operator in
L2(R™).

Case (II): n even. The case n = 2 is treated in detail in [60, Lemma 5.1], so we
consider n > 4 here. It suffices to verify the inequality in (10.52). The expansion
(C.15) implies

||G0(Z; X, J’) - RO,O(X - y) - ZRI,O(X - y)“gg((jN)
< eaflz " 2Pl = P+ 1 n (el = ) ]
<arflz"7 12 e = OO 4z I (2] — y])]]
<z FE[1 A+ x = | BT 4 x — y) 7],
X,y €R", x#y,zeCL\{0}, z| < 1, |z]lx —y[ < I, (10.61)
for some (z, x, y)-independent constant ¢;(¢) € (0, o0), and an argument entirely

analogous to (10.54)—(10.56) shows that (10.57) extends to the current case where n
is even. Combining (10.57) and (10.61), one obtains

|Go(z:x. y) — Roo(x — y) — 2Ry ,0(x — y)|’£((jN)
< calz["FE[1 4 e — y[ BT 4 x — y 7',
forae x,y e R", x #y, z e C.\{0}, |z| <1,
Hence, (10.52) holds for some constant ¢y € (0, c0) and
k(x,y) = (x)—n(1+£)/2(y>—n(1+s)/2
+ [1 + |x|]—n(1+8)/2|x _ y|(2+s)—n[1 + |y|]—n(1+8)/2
102 ey A 1y 2

+ [14]x] . x,yeR" x#y. (10.62)
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In deducing the form of k(-, -) in (10.62), we used (10.60) and the elementary bound
[1+ |x|]*(+8)/2 < [1 4 |x|]7®*~D/2, x € R”. The fact that the first two terms on
the right-hand side in (10.62) generate bounded integral operators in L2(R") was
established in Case (I) above. The third term on the right-hand side in (10.62) gen-
erates a bounded integral operator in L?(R") by Theorem 6.6 (ii) with the choices
c=d=m—-1)/2and p=p =2,since(n—1)/2<n/2,c+d =n—1>0,and
n—(+d)=1. [

Lemma 10.11. Assume Hypothesis 10.9. If T(-) is defined by (10.46) and Py denotes

the (finite-dimensional) Riesz projection associated to the operator (10.8), then
[T() + Po] "

= [TO) + P —z[— @) In(z/2) — @n) M ypom +i471]

z—0
zeC+\{0} . .
X 8 2[T(0) + Po] "' ViR 1 Vi*[T(0) + Py

—2[T(0) + Po] ' ViRi oV [T(0) + Po] ' + E1(2), (10.63)
where

||E1(Z)||£([L2(]R")]N)
{ O(|z|***) for any 0 < k < min{l,e}, n =2,

10.64
0(z). n >3 (10.64)

250
zeC1\{0}

(with 0 < ¢ taken as in Hypothesis 10.9).

Proof. The case n = 2 is treated in detail in [60, Lemma 5.2], so we consider n > 3
here. By Lemma 10.10,

[T(z) + Po] ™
= [T(0) + Po+ zViRioVy + E(2)] "
= (Ip2@eyy +[TO) + Po|  ZViR1 0V +[T(0)+ Po) " E(2)) "' [T(0)+Po| ",
zeCy\{0}, 0<|z| <1,  (10.65)
where E(-) satisfies (10.51). By (10.21) and (10.58),

“VI(X)GO(Z;x,y)Vl*(y)_VI(X)RO,O(X_y)Vl*(y)”ig((cN)
" 1-n)/2 _ 1-n)/2
< ezl Vi@ Vi) + [+ 1] 72—y [ )
-1 _ -1
+ [+ xl] =P+ l] ]
forae. x,y e R", x #y, z € CL\{0}, |z| <1, (10.66)
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for some (z, x, y)-independent constant ¢; € (0, c0). The kernel

ke, y) = ViV () + [1+ e 72 =y [+ )72

+[1+ |x|]_1|x —y|2_"[1 + |y|]_1, x,y €eR" x#y, (10.67)

generates a bounded integral operator in L?(R"). The first term on the right-hand
side in (10.67) generates a Hilbert—Schmidt operator due to the containment

Vi) gewy € L2®R™).

The fact that the second term generates a bounded operator is explained in the proof of
Lemma 10.10 in connection with (10.59). Finally, the third term in (10.67) generates
a bounded integral operator by an application of Theorem 6.6 (ii) witha = b = 1. It
follows that

||T(Z) - T(O) ”i)’([LZ(R")]N) = 62|Z|, ze E’ |Z| <1, (1068)

for some z-independent constant ¢, € (0, 0o). The estimate in (10.68) implies that,
for z € C4 with 0 < |z| < 1, a Neumann series may be used to obtain

[T(z) + Po]_1

= [T(0) + Po] "' —2[T(0) + Po] ' ViRi oV [T(0) + Po] ™"

~[T©) + Po] 'E@)[TO) + Po] " + Y _(~=1)"A@)"[T(0) + Po] ",

n=2

zeCL\{0}, 0 < |z] < 1, (10.69)
where

A@):=z[TO+Po] ViRV +[TO+P] 'EG) = 0(z]). (10.70)

zeC4 \{0}
applying (10.51). In particular,
> 1
D (=D"AE)"[T©0) + Po]” = 0(lz]). (10.71)
n=2 BAL2®RIIY) | 2

Hence, (10.63) follows from (10.69) with

Ei(2) i= —[T(0) + Po] "E@)[T(0) + Po] ' + > (=1)"A(2)"[T(0) + Po] .

n=2

zeCq, 0<|z| < 1.

Thus, the O(|z|) relation in (10.64) for n > 3 follows from (10.51) and (10.71). =



Analysis of In(Frr, 7, (A +i0)), A e R 111

Lemma 10.12 ([60, Lemmas 5.2, 7.1-7.6]). Assume Hypothesis 10.9 and n = 2. The
following statements (i)—(iv) hold.

(1) If ¢o € ker(T(0)), then ¢ = Uy V1o, with Vo a distributional solution of
Hvrg = 0 satisfying Vo € [L?(R?)]? for all p € (2,00) U {oo}. Moreover,

Yo(x) = —ia - x[27(x)2] " (Ri1 Vi o) + ¥ (x),
where
(RiaVido) = [ Py Vi0IbeG) and < [W2@)T.
In particular,
o € VU@L ifand only if (ReaVigo) = [ a2 V7 (5)go(r) = 0.

Moreover, the rank of Py is at most two plus the dimension of the eigenspace of H at
energy zero, that is,

Py = P(),l @ P(),z, with dim (I'al’l(P()’l)) <2

in (10.48).
(11) vafo € [LZ(RZ)]Z + ﬂpe(z,oo)u{oo} [LP(RZ)]Z, then

qbo = Ul/Vll//() € ker (T(O))
(iii) If po = Uy V1o € ker(T'(0)), then ¢ € ran(Po,2)
if and only if o € [W"2(L2(R?))]’.

Thus, ¢o € ran(Po,2) if and only if ¢pg € ker(PoViR1,1 V" Po).
(iv) If po € ran(Py ), then

(Ro,0Vi"$0, Ro,0 Vi o) 2m2yz = (Vi bo, R1,0Vi do)[12r2)2 (10.72)

and
keI‘(PQ’z Vl RI,O Vl* P(),z) = {O} (1073)

Lemma 10.13. Assume Hypothesis 10.9 and n > 3. The following statements (i) and
(ii) hold.
(@) ¢o = Uy V1Yo € ker(T(0)) (i.e., ¢po € ran(Po))

ifand only if o € [W2(L>R™M)]Y.

Thus, ¢0 S ran(PO) if and only lfd)() S ker(PonRl,lVl* Po).
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(ii) ¢po € ran(Py), then
(Ro.0Vy 0, Ro.o Vi ¢o)2@mmyy = (Vi*do, Ri.0V)"do) 12 ®myv (10.74)

and
kCI‘(P() VlRl,() Vl* P()) = {0} (1075)

Proof. Ttem (i) is just a rephrasing of the proof of Theorem 10.7 for n > 3. Item (ii)
is proved exactly along the lines of [60, Lemma 7.6]; we briefly sketch the argument.
By item (i), Yo = —Ro,0V;*¢o € [L*(R?)]? and hence, applying Fourier transforms,

(Ro,0Vi"#0. Ro,0 Vi Po)[L2®ny N

= [ @ plp (@ 00 @ )V ) e

= [ @ P07 0" 0 0 e (10.76)

On the other hand, employing the monotone convergence theorem,
(Vi*po. Ri0Vi do)L2wmgy = (Vi'do. (—A) V1*¢0)[L2(Rn)]N

= tim [ a"p 10 + 2] (070" (W o) e

= [ a0 (V)
proving (10.74). Finally, assume that ¢g €ker(Po V1 Ry,0V"Po). Then (10.74) yields

I¥olliLz@nyy = (Ro,0 Vi ¢o. Ro,o Vi o) 2@nyny = 0.

implying {9 = 0 and thus ¢p9 = Uy Viyp = 0. |

One of the principal results of this chapter then reads as follows:

Theorem 10.14. Assume Hypothesis 10.5.
(1) Suppose n = 2. Then

T(z)™! = [UVI[LZ(R,,)]N + Vi(Hy — ZI[L2(Rn)]N)_1V1*]_1
T(0)™! — T(0)7[0(|z In(2)|)]T(0)~" in Case (),
E ln(z)]_IPO,lAPO,l

+Po,1[O(IzI | In(z)|72)] Po,1 in Case (ID),
= 271 Po2[Po2ViR1,0Vy Po2lPo

z—>0

zeC1\{0} + Py [O(|z|71¢)] Py in Case (I1D),

z_lPo(g P0,2V1R10,0V1*P0,2)P0
+Po[O(|z In(z)|71)] Po in Case (IV),
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where
T(0) = Uy + ViRooVy*, T0) ' e B([L*R™M)]Y) in Case (D),
A € R\{0} if dim(ran(Po,1)) =1 in Case (ID),
detc2(A4) # 0 if dim (ran(Po1)) =2 in Case (ID).
(i1) Suppose n € N, n > 3. Then
_ ¥1—1
T(2)™" = [Up 2@y + Vi(Ho — zlj2@nyn )~ V]
T(0)™' = T(©0)'[O(|zIn(z)])]T(0)~" in Case (D),
27 Po[Po Vi R1,0Vi*Po] Po+ Po[O(|z|~1¥¢)| Py in Case (1),

Z:O

zeC \{0}
where, again,
T(0) = Uy + ViRooV*, T(0)' e B([L*R™)]Y) in Case ().

Moreover, in both items (i) and (i), the coefficients of all singular terms in the
expansion of T(z)™! at z = 0 (i.e., in cases different from (1)) are finite-rank opera-
tors acting in (subspaces of ) Po[L>(R™)]V.

Here, O(|C]|?), a € R, abbreviate estimates with respect to the operator norm.

Proof. Ttem (i) for n = 2 has been treated in detail [60, Section 5] on the basis of
the Jensen and Nenciu method [99] outlined in Lemmas 10.1, 10.2, Remarks 10.3,
10.4, and our summary in items («)—(§) following Remark 10.3. Item (ii) forn > 3
parallels Cases (I) and (IIT) for n = 2. [ ]

Remark 10.15. A comparison of the threshold behavior of massless Dirac operators
[60, Theorem 9.10 (i)] and Schrodinger operators [29, 30,99, 122] demonstrates that
in both situations zero-energy resonances produce a logarithmically weaker singular-
ity of the order O(|z In(z)|™!) than the zero-energy eigenvalues which produce the
expected O(|z|!) singularity. o

Finally, returning to Fg, g,, we again introduce the strengthened assumptions
made in Hypothesis 7.1 and Corollary 4.4 (ii).

Hypothesis 10.16. Let n € N and suppose that V = {Vy ¢ }1<0.0/<N satisfies for
some constants C € (0,00) and ¢ > 0,

Ve [LOO(RI’!)]NXN’

Voo (x)| <C(x)™"°  forae x eR", 1 <{{ <N. (10.77)
In addition, assume that V(x) = {Vy ¢/ (X)}1<¢,¢'<n is self-adjoint for a.e. x € R". In
accordance with the factorization based on the polar decomposition of V discussed

in (10.9) we suppose that V.= ViV, = |V [V2Uy |V |2, where Vi = V¥ = |V |1/2,
V, = Uy |V|V2.



Analysis of In(Fgr, g7, (A +i0)), A e R 114

In addition, we assume that V satisfies (4.2) and (4.3)*.

According to Remark 9.7, we now use the symmetrized version of the Birman—
Schwinger operator in connection with (9.13) and hence write

Fr,H,(2)
= In (detrz2 gy~ i1 (H — zIip2@eyy ) (Ho — 2l 2@oyn) "))
= In (detyz 2 gny v n+1(I[L2(R") N+ V(Ho =zl 2gnyn )~ ))
=1In (det L2R")]N n+1(I[L2(Rn) N+ Va(Hy — Z][L2(Rn)]N) Vi)
= In (detgz 2@y i1 (Uv{Uv 2 @eyn + Vi(Ho — z12@eygn) " ViY))

= In(detgz 2y N np1 (UrT(2))), z € Cy, (10.78)

employing U7 = Iy.

Next, we briefly recall a few facts on continuous (resp., analytic) logarithms and
continuous arguments of complex-valued functions (see [12, pp. 40—-46] for details):

If S CCand f:S — C\{0}, then g is called a continuous logarithm of f on
S if g is continuous on S and f(z) = 8@, z € §. Similarly, #: S — R is called
a continuous argument of f on S if 6 is continuous on S and f(z) = | f(2)|e'?®,
zeS.

o If g is a continuous logarithm of f on S, then Im(g) is a continuous argument
of fonS.

o If 6 is a continuous argument of £, then In(| f|) + 0 is a continuous logarithm
of fonS.

e Thus, f has a continuous logarithm on S if and only if f has a continuous
argument on S.

If @ € Cisopenand f:Q2 — C\{0} is analytic, then g: 2 — C is called an
analytic logarithm of f on € if g is analytic on Q and f(z) = e, z € Q.

o If Q C C is open and starlike and f: Q2\{0} is analytic, then f has an analytic
logarithm on €.

e Suppose 2 isopen and f: Q2 — C\{0} is analytic with g a continuous logarithm
of f on Q. Then g is analytic on €.

eleta,b,c,d e R, R={z=x+iy|la<x<b,c<y<d},and f: R — C\{0}
continuous. Then f has a continuous logarithm on R.

e f:Cy — C\{0} analytic, f:C, — C\{0} continuous, then f has an ana-
lytic logarithm on C . which is continuous on C . More generally, f: C — C\{0}
analytic, f: C, — C continuous, then f has an analytic logarithm on C which is
continuous at x¢ € R if f(xg) # 0.

This yields the final and principal result of this chapter.

3The first condition in (4.3) is superseded by assumption (10.77).
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Theorem 10.17. Letn € N, n > 2, and assume Hypothesis 10.16. Then Fy g,, z €
Cy4, has normal boundary values on R\{0}. In addition, the boundary values to R of
the function Im(Fy 1, (z)), z € C4, are continuous on (—oo,0) U (0, 00),

Im (FH,HO A+ iO)) € C((—oo,O) U (0, oo)), (10.79)
and the left and right limits at zero,

Im (Fg, 1, (01 +i0)) = liin Im (Fg,m, (e + i0)), (10.80)
el0

exist. In particular, if 0 is a regular point for H according to Definition 10.6 (iii) and
Theorem 10.7 (iii) (this corresponds to case (1) in Theorem 10.7 (i), (ii)), then

Im (Fa,my (A +i0)) € C(R). (10.81)

Proof. Applying Theorem 3.4, Corollary 4.4 (i), and Theorem 6.16, the function
det; 2y N n+1(Uv T(2)), z € Cy, in (10.78) continuously extends to z € C+\{0}
and does not vanish there. In particular, Fg f, has normal boundary values on R\{0}.
Moreover, combining Theorem 6.16 and [12, Theorem 3.1.7], and especially, by [12,
p. 46, Exercise 3.2.6], the function

det[L2(]R”)]N,n+l(UVT(Z))
= det[LZ(R”)]N,n+1(UV{UV[[LZ(]R")]N + Vl (HO — Z][Lz(Rn)]N)_lvl*}),
z € C4\{0},

has a continuous argument in any rectangle of the form
{Z =x+iy|xela,b] C(—00,0)U(0,00), y € [O,C]}, c >0,

in C \{0}, proving (10.79). Thus A = 0 is the only possible exception to continuity
OfIm(FH,HO( - +i0)) on R.
If 0 is a regular point for H, that is, if

ker ([Iiz2@myv + Va(Ho — (0 + i0) [ 2®nyn )1 V]) = {0}, (10.82)
then
dety; 2 ®myN ps1 (Uy T(0)) # 0

and hence det[z2gny)~ ,+1(Uy T(2)) has a continuous argument in any rectangle of
the form
{Z=x+iy|xe[a,b]C]R, ye[O,c]}, c>0,

proving (10.81).
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If

ker ([Ziz2@myn + V2(Ho — (0 + i0) 2 weyyn) 1Y) 2 {0, (10.83)

denote by Py 1 the projection onto the (finite-dimensional) eigenspace of the compact
operator Va(Ho — (0 + i0) Ij2gnyv )1V corresponding to the eigenvalue —1. By
Lemma 10.1 (iii),

- -1
(1[L2(R’1)]N + Va(Hp — (0 + lO)I[LZ(Rn)]N)_l i+ P()’+) € 3([L2(Rn)]N)

and hence,

det[LZ(Rn)]N,n_i_l([[Lz(Rn)]N + Vz(H() - (0 + iO)][Lz(Rn)]N)_IVI* + P0,+) 75 0

and

det[LZ(]R")]N,n+1(I[LZ(R")]N + V2(H0 - (O + iO)I[LZ(R11)]N)_1V1*)

. -1
=det[L2(]Rn)]N,n+1 (I[LZ(Rn)]N +V2(H()—(O+l0)l[L2(Rn)]N) V1*+P0’+—P()’+)
=det[L2(]R")]N,n+1([I[LZ(]R")]N + Va(Hp — (0 + iO)I[Lz(Rn)]N)_lVl* + P0,+]

X {][LZ(R”)]N - [][LZ(Rn)]N + Vz(Ho—(0+iO)I[L2(Rn)]N)_1 Vl* + P0,+]_1}P0,+).
(10.84)

Applying Theorem D.1 in (10.84) one obtains

. -1
det[LZ(]R”)]N,n—H(][Lz(]R”)]N + Vz(H() -0+ lO)][Lz(Rn)]N) Vl*)

. -1
= detgr o a1 (T2 + Va(Ho = (0 +i0) Izagmy) Vit + Pot)
X det[Lz(R;1)]N’n+1 (I[LZ(Rn)]N

. -1 -1
— [I[LZ(]Rn)]N + Vz(H() -0+ lO)][Lz(Rn)]N) Vl* + P0,+:| P0,+)
X elr[Lz(]Rn)]N (Xn—i-l)

. -1
= det[L2(]R”)]N,n+1(I[LZ(]R")]N + V2(H0 —(0+ lO)I[LZ(]Rn)]N) Vl* + P(),_;_)
X det[Lz(Rn)]N’n_;,_l (I[LZ(Rn)]N
. -1 -1
— Po,+ [I[LZ(]R”)]N + Vz(H() -0+ ZO)I[Lz(]Rn)]N) Vl* + P0,+] P0,+)
X exp (tI‘[Lz(Rn)]N (Xn+1))'

Here trj 2gnyn (Xn+1) is a finite sum of traces of products of the operators

[Vz(H() — (0 + iO)I[LZ(Rn)]N)_lvl* + P()’+]

and

. -1 4 -1
—[Iiz2@mgy + Va(Ho — (0 +i0) [2@myn )~ Vit + Po+| Po+
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of at least n 4 1 factors (in various orders) as described in detail in Appendix D, in
particular,

exp (tl‘[Lz(Rn)]N (Xn+1)) #0.
Thus, the structure of the zero of the modified Fredholm determinant

. -1
det[Lz(]Rn)]N’,H_l(][LZ(Rn)]N + Vz(HO -0+ ZO)I[LZ(Rn)]N) Vl*)

as z — 0, z € C4 \{0}, is identical to the structure of the zero of the modified Fred-
holm determinant (see, e.g., [159, Theorem 9.2(d)])

det[LZ(]Rn)]N’,H_l (][LZ(Rn)]N

- P(),J,_[I[Lz(Rn)]N + VZ(HO - (0 + iO)][Lz(Rn)]N)_IVI* + P0,+]_1P0,+)

= det[P0,+L2(R")]N (P0,+I[L2(]Rn)]N

. —1 —1
- P0,+[1[P0'+L2(]R")]N + V2(H0 —(0+ lO)I[Lz(Rn)]N) Vl* + P0,+] P(),J,_)

n
*exp (Z J ey ([Po.+[ Iy 4 2@y
Jj=1

+ Va(Ho — (0 + i0) pagayn ) Vi + P0,+]‘1P0,+]"')), (10.85)

which now reduces to a finite-dimensional determinant. The behavior of the latter as
z — 0,z € C:\{0},

detip, , 2@y (Po+fiL2@mgy — Po+[Iip 4 2@y

-1
+ Va(Hy — ZI[LZ(Rn)]N)_lvl* + P0,+] P0,+)

in turn, is governed by Lemma 10.11 and hence in leading order is a polynomial
P (-, -) in the two variables z In(z) and z (the z In(z) part being absent in odd space
dimensions). By (10.83), #( -, -) has no constant term and hence its leading order is
of the form

fP(z ln(z),z)
= eM[n@)]"*[1+0(1)]. MieN, My eNg, ceC. (10.86)

z—0

2eC1\{0}
Setting z = €e'?, ¢ € [0, 7], and letting & | 0 in (10.86) then readily yields
0, =0,
Im(In(P(z1n(z).z))) = Im(In(c))+ ¢
z—0 M1 T,

ZER\{0} =7

and hence proves the claim (10.80). ]



