Chapter 11

Analysis of Gy, i,

In this chapter, we analyze Gy, H,(z), z € C\R, and its limiting behavior on R.
One recalls from (9.14) (with S = H, So = Hy, and r = n, cf. Remark 8.4 (iii)),
that Gy, g, is of the form

i ar—1! n—1 ) . )
EGH’HO (Z) = tI'[Lz(]Rn)]N (FZ(—I)”_J (HO — Z][LZ(Rn)]N)_ A(Z)n_j),
j=0

zeC\R, (11.1)

where
A(Z) = V(HO - ZI[LZ(Rn)]N)_l, S C\R

To analyze the trace in (11.1), we use multi-indices (see (9.16) and (9.17)). For
eachfixed j e Nowith0 < j <n—1,

dn—l 1 .
F(H() —ZI[LZ(Rn)]N)_ A(Z)n_']
= Z Cj,k(HO —ZI[L2(Rn)]N)_(k1+1)

n—j+1
keN
|k|=n—1

n—j+1
X 1_[ V(HO—ZI[L2(Rn)]N)_(kZ+1), (112)
{=2

for an appropriate set of z-independent scalars

n—j+1
cik €R, keN, ,

k|l =n—1.

Therefore, applying the cyclicity property of the trace, one infers

qn n—1 .
ﬁGH,Ho(Z) = Z(—l)n_’ Z Cik
j=0 keNg_j'H
lk|=n—1
n—j
X L2 ®rnyv (|: 1_[ V(Hy — Zl[Lz(Rn)]N)_(ke+l)j|
{=2

x V(Ho — ZI[LZ(]R")]N)_(kl+k"_j+l+2))7 (11.3)
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and hence it suffices to analyze the trace

n—j
tI‘[Lz(Rn)]N (|: l—[ V(H() - ZI[LZ(Rn)]N)_(k£+1):|
{=2

X V(HO — ZI[Lz(Rn)]N)_(kl +kn_j+1+2))

n n 1 8k2
:/Rnd X1.--/]Rnd Xn—j V(Xl)k_2!|:82—sz0(Z;x1,x2)i|

1 [ okn—J
ceex V(Xn—j—l)ﬁ[mGO(ZXn—j—hxn—j)}
n—j-
1 ak1+k,17_,'+1+1
) e e+ D) [azk1+kn-_,~+1+1 GO(Z’x"—f’x‘)}

ze€Cy keN/T kl=n—1,0<j<n—1, (114

and its properties as Im(z) | O.
Here we employed the fact that the integral kernel of

_ 1 df _
(Hop — ZI[Lz(Rn)]N) (1+s) — FdZS (Ho _ZI[LZ(R”)]N) 1’
zZ € C+, S € N(),
is of the form
1 0° n
355 00(x ), 2€Cyh s eNo, X,y €R", x # . (11.5)

Next, we recall the asymptotic relations proved in Appendix C and the estimates
(C.30), (C.31). In particular, the estimates (C.30) and (C.31) as |z||x — y| > 1 neces-
sitate the following strengthening of the estimate (10.77) in Hypothesis 10.16:

Hypothesis 11.1. Letn € N and suppose that V- ={Vy ' }1<¢ '<n satisfies for some
constant C € (0,00) and ¢ > 0,

Ve [LOO(Rn)]NXN,
Vo ()| = C(x)™"717% forae x eR", 1 <€, <N. (11.6)
This yields the following result.

Theorem 11.2. Assume Hypothesis 11.1,
(i) Letn € N be odd, n > 3. Then %G H,H, () is analytic in C 4 and continuous
in a
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_(ii) Let n € N be even. Then %GH, Ho () is analytic in C, continuous in
Ci\{0}. If n > 4, then

— 0(|Z|—[n—(n/(n—1))]).
;.{B((CN) Z—>0,

n
H dz" Gty (+)

zeC1\{0}
Ifn = 2, then for any § € (0, 1),
d_2G . — O(lz]-0+®
d 2 H,H()( ) - (|Z| )
z B(C2) 220
zeC4\{0}

Proof. By Lemma 9.5 it suffices to focus on the boundary values of %GH’ Hy(2)
as Im(z) | 0. Utilizing the asymptotic relations (C.6), (C.10), (C.11), (C.12), (C.16),
(C.19), (C.20), (C.21), (C.24), (C.28), (C.29), and the fact that i—kkGo(z; x,y), ke
Np, 0 < k < n, is continuous in z € a, x,y € R", x # y, the stated continuity of
%G H,Hy(+) in C follows once we derive a z-independent integrable majorant of
the integrand in (11.4), appealing to Lebesgue’s dominated convergence theorem.

(i) Specializing ton € N odd, n > 3, and employing (11.6) and (C.30), one obtains
from (11.4),

1 [ ok
‘ /nd xl-../nd Xp—j—1 /l;nd Xn—j V(XI)k2!|:aZk2 Go(Z,xl,Xz):|

1 okn—j
e X V(Xn—j—l)m[mGo(Z Xn—j—l,xn—j)i|

1 akl+kn7j+1+1
(k1 + kn—j+1 + 1)! [82k1+kn—/+1+1 GO(Z’xn_j’XI)}

=>Ln " 1" " n—j—1 " n—j
<(, d"x d"x d"x
R” R~ R”

X (xl)_"_1_8{|x1 - X2|k2+1_n)([0,1](|2||x1 — x2)

+ |z (D2 |y | @GR Imm2 g |G A=m2] (12 x = xal))

X V(o)

B(CN)

)—n—l—a n—jt+1—-n

X (Xp—j—1 {xn—j—1 — Xn—j|¥ x0,11 (121 xn—j—1 — xn—j1)
+ |Z|(n—l)/2[|xn_j_l|(2kn_j+l—n)/2 + |xn_j|(2kn_j+l—n)/2:|

X X[l,oo)(|Z||Xn—j—1 — Xn—j|)}

X (X ) TV ey — e [Fr R 127y (12— — X1 )

+ |Z|(n—1)/2[|xn_j|(2k1+2kn_j+1+3—n)/2 + |x1|(2k1+2kn—j+1+3_n)/2]

X X11,00) (1211Xn—j — x11)}
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<G, d”xl---/ d”x,,_j_lf d"xp—j
R” R" R”

% (x1>—n—1—8{ _x2|k2+l—n

+ |Z|(n—1)/2[1 + lel](2k2+l—n)/2[1 + |x2|](2k2+1—n)/2}

|x1

—n—l—a{ n—jtl-n

|xn—j—1 — Xn—j |k
](an—j+1—n)/2[

X (Xp—j—1)

_ 2ky— j+1-n)/2
+|Z|(n 1)/2[1+|xn—j—1| ]( J n)/ }

1+ |xn—j|
% (xn_j>—n—1—s{|xn_j _ xl|k1+k,17_,‘+1+2—n
+ |Z|(n—1)/2[1 + |xn_j|](2k1+2kn_j+1+3—n)/2

« [1 + |x1|](2k1+2kn,j+1+3—n)/2}

zeCr ke N/t kl=n—1,0<j <n-2, (11.7)

’

where C,,, C,, € (0, 00) are suitable constants and we removed all characteristic func-
tions in the last step (a very crude estimate, but sufficient for our purpose).
We postpone a discussion of the case j = n — 1 to the end of the proof of part (i).
Next, one notes that all terms originally multiplied by an “exterior” characteristic
function x[1,00)(|2|| - |), that is, all terms of the type

_ 2k,_ j+1-n)/2 2ky,_j+1-n)/2
|Z|(" 1)/2[1 +|Xn—j—1|]( J n)/ [1 +|xn—j|]( J n)/

g e e ey

21021 [ 2Ry [ g

can be grouped together with
<Xn—j—l)_"—1—8’ ()Cn_j>—ﬂ—1—87 o (xn—j>_n_1_8, (xl>—n—1—,s7

due to the decay assumptions imposed in (11.6), and hence we can simply disregard
all these contributions in the following as they lead to finite integrals. To illustrate
this fact we look at the extreme case where only these terms are considered. Indeed,
ignoring all numerical constants and the factors |z|®~1/2 for simplicity, this leads to
the integral,

d’xy--- d”xn_j_I/ d"xp—j
]Rn ]Rn Rfl

% (xl>—n—1—8[1 + |x1|](2k2+1—n)/2[

k —
14 |x2|](2 >+1-n)/2

](2k,,,_,»+1—n)/2[ ](2kn,_,-+1—n)/2

X (Xp—je1) " E[ x| 1+ [xp—j|

—n—1— (2k14+2ky—j41+3—n)/2
X (xn—j> n—1 8[1 4 |xn—j|] 1 J+1 n)/

k kn_; _
« [1 + |X1|](2 1+2 j+1t+3 n)/2
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< dnxl (x1>—n—l—s[1 + |x1|]kl+k2+kn—j+l+2—"
Rn
X d"xs (x2) "1+ |x2|]k2+k3+l_n
Rn
—p—1— kpn_j_1+kn_j+1—
X dnxn—j—l (xn—j—l) n—1 a[1+ |xn—j—1|] Jj—1 J n
R}’l
1 kikp_ ; +kn_ j 41 +2—
X dnxn—j (Xn—j) n-l 8[1 +|xn—j|] i al AR
R}’l
n—j—2
< [y p il [ @y
R” R”?
x d"xn—j (xn_j)_”_l_e[l + |xn—jl]
R”
<00, keNg /™ jkj=n—-1,0<j<n-2 (11.9)

employing (11.6).

Thus, without loss of generality, we now focus on the terms originally multiplied
by an “interior” characteristic function y[o,1j(|z|| - |) and hence arrive at the need to

estimate the integral

n n n —n—1—¢ ko+1—n
d x1---/ d xn—j—l/ d"xp—j (x1) X1 — x2[*?
RI'[ ]Rn RVI

x (xn—j—1>_n_l_8|xn—j—1 _ xn_j|k,,_j+l—n

x (xn—j>_n_l_8|xn—j _ x1|k1+kn—j+l+2—",

keNJ7/H lkl=n—1,0<j<n-2. (11.10)

For this purpose we recall the following special case of Lemma 6.4,

R T T i T Sl

<& |y1 — yo MG tB)=n 1y o) <1,
= ,a,B,7, _
PEETEN |y = o s ly1 —y2| = 1,
~ |y1 — ya minCrath)=n 1y —y,| <1,
< ChaBye
L, [y1—y2| > 1,

< Coa pyellyr =y 1],

a,BeO,n],y>(@+pB)—n, >0, (11.11)

for appropriate constants 5,,’0,, B.y.es CnoaB.ye € (0,00).
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Hence,

/ dnx2 |x1 _ x2|k2+1—n (x2>—n—1—8|x2 _ x3|k3+1—n
Rn
< can[| — x3|mintmkatkat2on 4 (11.12)

for some ¢, , € (0, 00). For precisely the same reason as in the context of (11.9), we
will simply disregard the additive term 41 on the right-hand side of (11.12) as the
latter is bounded and we want to focus on the possibly most singular contribution to
the integral in (11.10) when probing whether or not this integral is finite.

Thus, with these simplifications of ignoring 1’s and at the same time focusing on
the possibly most singular contribution, the next integral over x3 becomes

an3 |X1 _ x3|k2+k3+2—n <x3>—n—1—8|x3 _ x4|k4+l—n
R”

< C3,n[|X1 - x4|min(n,k2+k3+k4+3)—n + 1], (11.13)

for some ¢3, € (0, 00). Repeating this process (again disregarding 1’s at each step
and focusing on the possibly most singular contributions only) leads to

ko+ks+otk,— —j—2)— —n—1—
dnxn_j_1 X1 _xn—j—1| 2t+k3t+tky 1+ m—j-2) n(Xn—j—1> n e
R7
kp—j+1—
X |Xp—j_1 — Xp—j|n=i T1"
< Cn—j—l,n[|x1 _ xn_j|min(n,k2+k3+...+kn_j +(n—j—1))—n + 1]’ (1114)

for some ¢,—j—1,, € (0, 00). Thus, disregarding once more the additive constant + 1
in (11.14) results in the following integral over x,_;,0 < j <n —2,

[ dmey [ [l et st (i = -1 <0
: L (ihky) =7 =120

x (xn—j>_n_1_8|xn—j — X, |k1+kn7_,-+1+2—n

e A T e L L A
R7
+d dnxn—j <xn—j)_n_1_€|xn—j _ x1|k1+kn7_,-+1+2—n
R~
< C . d”xn_j (xn_j)_”_l_sﬂxl — Xn_j|_j + |X1 — xn_j|_m]

forsome —1 <m <n—2, wherem =k +kyp_j41+2—n, (11.15)
for appropriate ¢, d, C € (0, 00), employing again that

k= (ki ...cknji) NGkl =ky kot kpojpr =n— 1.
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At this point we invoke the special case @« = n in (11.11), resulting in

/ d"xn—j (xXn—j) 7" 11 = Xnj |+ x1 = xaeji | 7] < Cim,
0<j<n-2,0<m=<n-2, (11.16)

for some Cj ,, € (0, 00). The remaining case m = —1 in (11.15) leads to
d"xn—j (Xn—j) " Xy — Xp |
Rﬂ

< d"xn—j (en—j) T[4 x| 4 [xa—j]
]Rn

< Cp + D[l + |x11]. (11.17)

for some C,, D,, € (0, c0), since
d"y ()7L + |y]] < oo (11.18)
RrR”
Thus, altogether, (11.15)—(11.17) finally yield

(11.15) < Co[1 + |x1]], 0=, <n-2, (11.19)

for appropriate Cy € (0, c0). Hence, applying (11.18) once more, the integral (11.10)
is finite.

If j =n—11in(11.2), (11.3) one is left to consider k = (k1,k»2), |k| = k1 + ko =
n — 1, and hence obtains

ar—1 B
trpp2rmyv (W(HO —ZI[LZ(]Rn)]N) 1A(Z))

dn—l _ _
= tI’[Lz(Rn)]N (F(HO — ZI[LZ(Rn)]N) IV(HO — ZI[LZ(]R")]N) l)

= U2@my (V(Ho - ZI[Lz(Rn)]N)—(kl+kz+2>)
= I;I.[L2(]Ri’l)]N (V(HO - ZI[LZ(]RH)]N)_(’H_I))’ 7 e C+‘ (1120)

Since by (C.7)—(C.9)

n

dz"

Go(z:x,y) = O(lx—yl), (11.21)
|x—y|—>0
the trace in (11.17) vanishes and hence extends continuously to z € C ..
(i1) Next, we specialize to n € N even. We investigate each term in (11.3) sepa-
rately. To thisend, let0 < j <n—1landk € Ng_j+l with |k| = n — 1 be fixed. We
distinguish the following cases:
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Casel. n >4 with0<j <n—-3andky +k,—j41 #n—1.
Case2. n>4with0<j <n—-3andk; +ky—j41 =n—1
Case3. n>2with j =n—2and ky + k3 #n—1.

Case4. n>2withj =n—2andk; + ks =n—1.

Case5. n>2with j =n—1.

We begin with Case 1. The assumptions in Case I imply

O<ki<n—Ilforall2<{<n—jandky+ky—jt1+1<n. (11.22)

Define the quantity § = §(n, j) by

_i_0
§=1"J7= (11.23)
n—j—1
sothat § € (0,1) and
n—j—4« .
§> —————, 2=<{=<n—j-1L (11.24)
n—j—£4+1

Invoking the final estimate in (C.31), one obtains

1 [ ok
d’xq--- d"x,_i_ d"x,—;V — | ——Go(z; xq,
‘ e X1 - Xp—j 1[1;{’1 Xp—j (xl)kz![azkz o(z:x1 Xz)}
1 [ okn—i
e X V(Xn—j—l)ﬁ WGO(Exn—j—lvxn—j)
n—j- -
1 ak1+kn—j+l+1
V . G . o
X (-xn ])(k1+kn_j+1+1)!|:azk1+kn—j+l+l O(Z,xn j,xl)] 33(((:]\7)

—(n—7)8
< Cp jslz|7) /R d”xl---/R dnxn—j—1/R d"xp—j
n n n

x (1) T g — xRy (12 — x2)
+ |z (IO | @GRt mm2 |y, | @R (2] v = xal))

—n—l—s{ xn—jlkn_j+l_8_n

X (xn—j—l) |xn—j—1 - X[O,l](lZ”xn—j—l — xn—jl)
+ |Z|(n—1+25)/2[|xn_j_l|(2kn_j+1—n)/2 + |xn_j|(2kn_j+l—n)/2]

X X[1,oo)(|Z||xn—j—1 —xn—jl)}

X () T E — g [1Hns 2 (12— — )

+ |Z|(n—1+25)/2[|xn_j|(2k1+2kn,j+1+3—n)/2 + |x1|(2k1+2kn,j+1+3—n)/2]

|xn—j

X X[l,oo)(|Z||xn—j — x1|)}
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~ i
< Cpjslz1 7 / d"xl"'/ dnxn—j—I/ d"xn—j
R” Rn Rn

x (xl)—n—l—e{ _x2|k2+l—(§'—n

+ |Z|(n—1+25)/2[|x1|(2k2+1—n)/2 + |X2|(2k2+1_n)/2]}

|x1

—n—l—e{ jlk,,f_;—i-l—S—n

X (xn—j—l) |xn—j—1 — Xn—

+ |Z|(n—1+28)/2[|xn_j_1|(2kn7j+1—n)/2 + |xn_j|(2k,17_,'+1—n)/2]}

< <xn_j)—n—1—s{|xn_j _ xl|k1+kn7j+1+2—8—n

+ |Z|(n_1+28)/2[|xn_j|(2k1+2kn_j+l+3_n)/2 + |X1|(2k1+2k"_j+1+3_n)/2]},
zeCy, (1125)

where Cy, ; 5, én, j,5 € (0, 00) are suitable constants and we removed all characteristic
functions in the last step (again, a very crude estimate, but sufficient for our purpose).

We claim that for each bounded subset 2 C C_, the integrand under the iterated
integral on the right-hand side in (11.25) is uniformly bounded with respect to z € 2
by an integrable function of the variables xy,. .., Xx,—,. Since |z|"~1+28)/2 j5 ocally
bounded, to justify the claim, it suffices to establish convergence of the following
integral:

/d”xl---[ d”xn_j_I/ d"xp—;
n ]Rn Rn

x (x1>—n—1—s{|xl _ x2|k2+1—8—n

+ [|x1|(2k2+1_n)/2 + |x2|(2k2+1—n)/2]}

—n—1-—¢ kp—j+1-6—n
xn_j| n—J

X <x”—j—1) {|xn—j—1 -
+ [|xn_j_1|(2kn—j+1—n)/2 + |xn_j|(2k"—f+1_")/2]}

)—n—l—e _xl|k1+kn_j+1+2—8—n

X <xn—j {|xn—j
+ [|xn_j|(2k1+2k,,_j+1+3—n)/2 + |X1|(2kl+2k’1_j+1+3_n)/2:|}. (1126)

In turn, as in the argument for the proof of part (i), it suffices to focus on the most
singular term in (11.26) and thus disregard the terms originally multiplied by the
factor |z|*~1+28)/2 in (11.25) (following the same line of reasoning used throughout
(11.8)—(11.9)). With this simplification, the claim reduces to establishing convergence

of the integral
d"xl---/ d"x,,_j_l/ d”xn_j
RH Rl’l RH

% <x1>—n—1—8|xl _ x2|k2+1—8—n
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X <xn—j—1)_"_1_8|xn_j_1 _ xn_jlkn_jﬂ—&—n
X (Xpej ) T E [y — xq R PR 2= (11.27)

The integrals over the inner variables x5, ..., x,—;—1 in (11.27) can be estimated
successively as follows. Beginning with the integral with respect to x,, an application
of (11.11) with the choices

a=ky+1-68, B=ks+1-6, y=n+1, (11.28)
implies
/dnx2 X1 — x2|k2+1—8—n <x2)—n—1—s|x2 _ x3|k3+1—8—n

< caps[lxy — xa|fe a2 (11.29)

for some ¢, , 5 € (0, 00). The conditions on o and B in (11.11) are satisfied by the
choices in (11.28) since (11.22) implies

0<ky+1—-86<n and O0<ks+1-6<n,
together with
a@+B)—n=ky+k3+201-8)—-n<n—-25<n+1=y. (11.30)
The inequality in (11.24) with £ = n — j — 1 implies 1 — 2§ < 0, so that
kr+ks+2(1-8)<n—-142(1-8)=n+1-2§ <n,
which yields
min(n,« + ) = min (n,k, + k3 +2(1 = 8)) = ko + k3 + 2(1 = §),

and the estimate in (11.29) follows. If j = n — 3, then x5 is the only inner variable,
and the integration over the inner variables is complete with (11.29). For j <n — 4
the process continues and there are n — j — 3 remaining inner integrals to estimate.
Applying (11.29) in (11.27), the next inner integral is with respect to x3:

/ d"x, / d"x3 |x1 _x2|k2+1—8—n(x2>—n—1—8|x2_x3|k3+1_3_n
n n
X (X3>_n_1_8|x3 _ x4|k4+1—5—n

= C2,n,8/ d"x; [|x1 _ x3|k2+k3+2(1—8)—n + 1](x3>—n—1—8|x3 _ x4|k4+1_3_n
R7
= C2,n,8|:/ d"x3|x1 — x3|k2+k3+2(1—8)—n <x3)—n—1—e|x3 _ x4|k4+1_8_”
R”

+ d"x; (x3>—n—1—8|x3 _ x4|k4+1—8—ni|
R7

=t Copns[T1(x1,x4) + T2(x4)]. (11.31)
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An application of (11.11) with the choices
a=n, B=ks+1-8, y=n+1,
immediately yields (note that in this case min(n, o + ) = n)
Ip(x4) <5, X4 €R”, (11.32)
for some cg’n, s € (0,00). Another application of (11.11), this time with the choices
a=ky+ks+2(1-68), B=ks+1-6, y=n+1, (11.33)

implies
Il(xl,x4) < c;,n,8[|x1 — X4|k2+k3+k4+3(1_8)_n + 1] (1134)

for some ¢}, s € (0, 00). The conditions on « and § in (11.11) are satisfied by the
choices in (11.33) since (cf. (11.30))

O<ky+ks+2(1-68)<n—1+2-25=n+1-25<n

and
O<ks+1—-6<n—-6<n

together with
(@+pB)—n=ky+ks+ ks +30-8)—n<2m—1)+3(1-68)—n
~——— N —
<n—1 <n—1
=n+1-36<n+1=y.
The inequality in (11.24) with £ = n — j — 2 implies 2 — 36 < 0, so that
ko+ks+ks+31-8)<n—1+3(1-8)=n+2-35<n,
which yields
min(n, o + f) = min (n, k, + k3 + ks + 3(1 = 8))
=ky + k3 + k4 +3(1=96),

and the estimate in (11.34) follows. Finally, combining (11.31), (11.32), and (11.34),
one obtains

an2 an3 |X1 _ x2|k2+1—5—n (x2>—n—1—8|x2 _ x3|k3+1—8—n
R~ R~
% (x3>—n—1—6|x3 _ x4|k4+1—8—n

< Caps[lxn — xgff2tRatRat30=0mm ] (11.35)
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for some c3 5, 5 € (0, 00). Continuing systematically in this way, one obtains

/ an2 an3"' d”xn_j_l
n Rn Rll

_ x2|k2+1—8—n< )—n—1—8|x2 _ x3|k3+1—8—n

X |x1

% <x3>—n—1—8|x3 _ x4|k4+1—8—n

X2

% <xn—j—1>_n_1_8|xn—j—l _ xn_jlkn_j+l—8—n

e+ j 1 +1(1—j—2)(1—8)—
Ecn—j—z,n,sf d"xn—j—1 [|x1 = xpjoa [T oy = =D A0 7 ]
Rn

% <xn—j—1>_n_l_8|xn—j—1 _ xn—jlk”_j+l_8_n

Kotk 1 +1(1—j—2)(1—8)—
:cn—j—z,n,b‘[/ d"Xn—j—1 X1 — Xp_jq |2 H eyt = =2 (=)
Rn

x <x”_j_l)_n_l_s|xn—j—1 — Xp—j |knfj+1—8—n

+ f%mf4uwfnﬂPFWMﬁA—wkn%ﬁ+“*ﬂ
R}’l

= Cnejans[T1(x1. xn—;) + T2(xn—;)] (11.36)
for some ¢,— ;5 »,s € (0,00). An application of (11.11) with the choices
a=n P=ky—;+1-6, y=n+1
immediately yields (note that in this case min(n,« + ) = n)
Ir(xp—j) < c;{_j_l’n’g, xXn—j € R", (11.37)

for some c” € (0, 00). Another application of (11.11), this time with the

n—j—1,n,8
choices

a=kyt A hnojo (1= —2)(1—8). B=kn—j +1-6. y=n+l,
(11.38)
implies

I1(xy, xp—j) < C;—j—l,n,8[|x1 — x,,_j|k2+"'+k”—f+(”_j_1)(1_8)_" + 1] (11.39)

for some c;l_]._l’n’b, € (0, 00). The conditions on & and B in (11.11) are satisfied by
the choices in (11.38) since
0<ky+-+kpj1+(n—j—2)(1-9)
<n—-1+mn—-j—-2)(1-9)
=n+m—j—-3)—(n—j—2)8
<mn, (11.40)
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and
O0<ky;+1-86=<n-§=<n.

The final inequality in (11.40) follows by choosing £ = 3 in (11.24). In addition,

(@+B)—n=ky+-4knj+n—j—1D1—=8)—n
=ky+-tkpj—(G+D—(m—j—1)1-35)
—

N—
<n-—1

=n—=2—j—(n—j—=2)(1-9)
<n+1
The inequality in (11.25) with £ = 2 implies (n — j —2) — (n — j — 1)§ < 0, so that
ko4t kpj+m—j—-1)=ky+-+kyj+n—j—-1)+mn—-j—-1)
<n+m—j—-2)—m—j—1)%§
En’
which yields
min(n,a + B) = ks + -+ kp—j + (n — j — 1),

and the estimate in (11.39) follows. Finally, combining (11.36), (11.37), and (11.39),
one obtains

/ anZ/ d”X3‘~/ d"xn_j_l
n n Rl’l

% |X1 _ x2|k2+1—8—n (xz)—n—l—elxz _ x3|k3+1—8—n

> <x3)—n—1—£|x3 o x4|k4+1—8—n

X <Xn_j_1)_n_l_e|xn—j—1 _ xn_j|k”7./-+1_8_n
g | D A S (11.41)
for some ¢;—j—1,1,5 € (0, 00).
The estimate in (11.41) implies

(11.27) < Cn—j—l,n,é'[ d”xI/ d"xp—;
Rn n
x (xl)—n—1—£[|x1 _ xn_j|k2+--~+k,,_j+(n—j—1)(1—8)—n + 1]

x <xn—j)_n_1_8|xn—j _ xl|k1+k,17_,'+1+2—8—n. (11.42)



Analysis of Gy o, 132

Focusing on the integral over x,; in (11.42),

dnxn—j [lxl . xn_j|k2+...+kn_j+(n—j—1)(1_8)_n + 1]
R”7
)

= /]R dnxn—j lx1 — x,,_j|(n—j)(1—5)—n (xn_j>—n—l—s

— X1 |k1+kn_j+1 +2—8—n

S B O e s LA A
R”

= I1(x1) + I2(x1), (11.43)

an application of (11.11) with the choices

a=n—-j)1=8), B=n y=n+l, (11.44)

yields
I (xl) < C;l—j,n,ﬁ’ X1 € Rn, (11.45)
for some c;_l. 2.5 € (0,00). The conditions on & and f in (11.11) are satisfied by the

choices in (11.44) sincea = (n — j)(1 —6),8 =n € (0,n] and
@+p)—n=a=m-j)1-8§<n<n+l=y.

Since min(n,« + B) = n, the estimate in (11.11) results in (11.45). To estimate Z5(-),
one applies (11.11) with the choices

a=n, B=ki+kp_j;1+2-6 y=n+1, (11.46)

to obtain
Iz(xl) < C;l/—j,n,S’ X1 € Rn, (11.47)
for some CZ—]' 2.5 € (0,00). The conditions on « and B in (11.11) are satisfied by the

choices in (11.46) since « = n € (0, n],

O0<B=ki+kpjr1+2-8=<n—-68=<n,
~—_————

<n—2

and (¢ + B) —n =B <n <n + 1. In this case, min(n,« + B) = n, and (11.11)
results in (11.47). Combining (11.43), (11.45), and (11.47), one obtains

(] 1.43) < Cn—jng>» X1€ Rn,

for some ¢,—; .5 € (0,00). As a consequence,

(11.42) = c”—l'—l’n,ﬁcn—j,”"g/ d"xy (x1) "7 < 0.
R”2
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Hence, this establishes the claim that for each bounded subset 2 C C, the integrand
under the iterated integral on the right-hand side in (11.25) is uniformly bounded
with respect to z € Q by an integrable function of the variables x1, ..., x,—j. As a
consequence of this claim, (11.25) implies that for each bounded subset Q2 C C, the
following estimate holds:

(11.25) < Cpis.olz| 0 zeQ,

for some C,, ;s o € (0,00). In summary, for Case I, one has that for any bounded
subset Q C Cy,

, 1 [ ok
nd X1 - Rnd Xp—j—1 - d"x,_ jV(xl) Fyry Go(z; x1,x2)

1T on—i
X V(xn— —j— 1) I:akTJGO(Z Xn—j—1,Xn— ])i|
1 ak1+kn7‘/+1+l
X V(xp—7) |: Go(z; Xp—j, X )]
" (kl +kn—j+1 + 1)' 8Zk1+k"*f+l+l 0 n=J» B(CN)
< Cujsalzl ", zeq, (11.48)

where § is defined by (11.23). In addition, since |z|~®~/% is bounded in Q if 0 ¢ Q,
Lebesgue’s dominated convergence theorem implies that

1 [ ok
d'xy--- | d"xp—j- 1/ d"x,—; V(Xl) |: S Go(z; Xl,xz):|
R7 R

X V(xp—j- 1) 1 [&TGO(Z;xn_j_l,xn_j)}
1 k1 +kn—j+1+1
(k1 + kp—j+1+ D! |:8Zk1+kn./'+1+1 GO(Z;X”_f’xl)]’
z€eQ,

ak)‘l—j

X V(xn—j)

is analytic in © and extends continuously to Q if 0 ¢ Q. This settles Case 1.
Next, we treat Case 2. The assumptions in Case 2 imply

k¢ =0forall2<{ <n—jandk; +ky,_j;1+1=n. (11.49)
Let§ € (0, 1) be fixed. Applying the final estimate in (C.31), one obtains:
1 [ ok
‘ d"xy--- d"xp—j— 1/ d"x,— ]V(Xl) [ GO(Z Xl,xz)}
R~ RrR7

1 [ okn—J
<X V(xp- Jj— 1) (()Z—”/GO(Z s Xn—j—1,Xn— 1)

1 gk1+kn—j41+1
(kv + kn—j+1+ 1)! [azk1+k,,_,-+1+1 GO(Z’xn_j’XI)]

X V(xp—j)

B(CN)
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= ‘ d"xy - dnxn—j—lf d"xp—j V(x1)Go(z; X1, x2)
Rn Rn Rn

o X V(xn—j—1)Go(Z; Xn—j—1, Xn—j)

1] 0"
X V(xn_j)a 87(;0(2; Xp—j,X1)

B(CN)
< Cpjglz|7/ 7D dnxl"‘/ d"xn—j—1/ d"xn—j
]Rn Rl’l Rn
% (xl)—n—1—8[|x1 _ x2|1—8—n + |Z|(n—1-|—25)/2|x1 _ le(l—n)/Z]

_n—1—£[|xn_j_1 — Xn—j |1—8—n

; |(1—n)/2]

X <xn—j—l)
+ |Z|(n—1-i-28)/2|xn_j_1 — X

% (xn_j)—n—l—e[l + |Z|(n+1)/2|xn—j —X1|(n+1)/2]

= Cn,j,8|Z|_(n_j_l)8_1/ dnxl dnxn—j—I/ dnxn—j
Ri‘l Rl‘l RH

x (xq) "0 |xg - x|t

+ |Z|(n—1+28)/2[1 + |X1|](1_n)/2[1 + |x2|](1—n)/2]

X <xn—j—l)_n_1_8[|xn—j—l - xn—jll_g_n

+ |Z|(n—1+28)/2[1 + |xn_j_1|](1—n)/2[1 + |xn_j|](1—n)/2]

% <xn_j>—n—1—s[1 + |Z|(n+1)/2[1 + |Xn_j|](n-i-1)/2[1 + |x1|](n+1)/2]’
RS (C+,

(11.50)

where C, 5, 6,, ;.5 € (0, 00) are suitable constants. We claim that for each bounded
subset 2 C C, the integrand under the iterated integral on the right-hand side in
(11.50) is uniformly bounded with respect to z € Q2 by an integrable function of the

.., Xp—j. Since |z|("71+28)/2 and |z|®*+1)/2 are locally bounded, to

justify the claim, it suffices to establish convergence of the following integral:

/d”xl---/ d”xn_j_lf d"xp—;
Rn Rn Rn

% (x1>—n—1—8[|x1 _ x2|1—8—n 4 [1 + |x1|](1_")/2[1 + |X2|](1_n)/2]
X (xn—j—1>_n_1_a[|xn—j—l — Xn—j |1—8—n

+[1+ |xn—j—l|](1_n)/2[1 + |Xn—j|](1_n)/2]

% (xn_j)—n—l—s[l + [1 + |xn_j|](n+l)/2[1 + |x1|](n+l)/2].

(11.51)
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As with Case 1, it suffices to focus on the most singular term in (11.51) and thus
disregard the terms originally multiplied by |z|#~1%28)/2 or |z|®+D/2 jp (11.50)
(following the same line of reasoning used throughout (11.8)—(11.9)). With this sim-
plification, the claim reduces to establishing convergence of the integral

dnxl"‘/ dnxn—j—l/ d" xp—j{x1) 7" xy — xp |17
R”7 R7 R7
X oo X (X 1) T T 1 = X T T ()T (11.52)

In analogy to Case 1, one successively estimates the integrals over the inner variables
X2,...,Xp—j—1 in (11.52) as follows. Beginning with the integral with respect to x5,
an application of (11.11) with the choices

a=B=1-4, y=n+1, (11.53)
yields
[ b =l )y
< coulxs — 2320707 1. (11.54)
The assumptions on « and § in (11.11) are satisfied by the choices in (11.53). In fact,
a=B=1-6€(0,n] and (@¢+p)—n=2(1-8)—-n<n+1=y.

Finally, min(zz,2(1 — §)) = 2(1 —§) and (11.11) results in (11.54). If j = n — 3, then
X7 is the only inner variable, and the integration over the inner variables is complete
with (11.54). For j < n — 4 the process continues and there are n — j — 3 remaining
inner integrals to estimate. Applying (11.54) in (11.52), the next inner integral is with
respect to x3:

/ d"x, / 473 1 — 323 () I ey — g 1O
n er
% <x3)—n—1—8|x3 _ x4|1—5—n

< Cz,n,s/ d"x3 [|X1 — x5 2070 4 1](X3)_n_1_8|x3 — xg| 1
RYI
= Cz,n,8|: / d"x3 |xq — x3 2077 (3) T TE g — xy 1O
]Rn

+/ d"x3 (x3) 7" 7%|x3 —x4|1_8_"]

=:Con5[L1(x1,X4) + T2(x4)] (11.55)
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for some ¢, ,, s € (0,00). An application of (11.11) with the choices
a=2(1-96), B=1-6 y=n+1, (11.56)

yields
Ti(x1,x4) < Cg,n,5[|x1 — xg POy 1] (11.57)

for some ¢} , 5 € (0,00). With the choices in (11.56), it is clear that o, B € (0,n] and
(x+pB)—n=3(1-68)—n<n++1since

n+1-[301-8—-n]=2(n—1)+38>0,

so the assumptions on « and B in (11.11) are satisfied. Finally, min(n, 3(1 — §)) =
3(1 —§), and (11.11) results in (11.57). A second application of (11.11), this time
with the choices

a=n, B=1-6 y=n+1

yields
Iz(X4) < Cg,n,S’ X4 € R”, (11.58)

for some 5, s € (0,00). As aresult, (11.55), (11.57), and (11.58) imply

/ d"x2/ d"x3 |x1 — X2 7T (x0) T | xp — xs] O
R R
X (x3) T T8 g — g 1O
< cansflxr — xa PO 4 1] (11.59)

for some c3 , s € (0, 00). Continuing systematically in this way, one obtains

anZ---/ dnxn_j_1|x1 _x2|1—8—n (x2>—n—1—8
Rll ]Rn

Y |xn—j—2 _ xn_j_1|1—8—n (xn—j—1>_n_l_8|xn—j—1 _ xn_j|1—5—n
< Cn—j—Z,n,S/ d" xXn—j—1[lx1 — Xp—jg |7 TR0 1]
Rn

% (xn—j—1>_n_l_8|xn—j—1 _ xn_j|1—5—n

—j=2)(1-8)—
= Cn—j—2,n,8|:/ d"xn_j_l |X1 — xn_j_1|(” J—2)( )—n
R7

+ d"xp—j—1 (Xn—j—1) " " xp—jo1 — xn—j|1_8_n]
RI‘I
= Cn—jans[ L1031, Xn—j) + T2(xn—j)] (11.60)
for some ¢,—;_» »,5 € (0,00). Applying (11.11) with the choices

a=m—j—-2)(1-8), B=1-6, y=n+]1, (11.61)
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yields

I1(x1, Xp—j) < c;_j_l’n,8[|x1 - xn_jl(”_j_l)(l_’s)_” + 1]. (11.62)

The assumptions on « and B in (11.11) are satisfied by the choices in (11.61). In fact,
O<a=m—j—-2)(1-8)<n—-2<n and 0<B=1-68<n,
while
(@+pB)—-n=m—j—-1D(1-8)—n<0<n+1=y.

Finally, min(n, (n — j — 1)(1 = 8)) = (n — j — 1)(1 — §) and (11.11) results in
(11.62). A second application of (11.11), this time with the choices

a=n, B=1-6 y=n+1, (11.63)

yields

"

n—j—1ns Xn—j ERY (11.64)
s € (0,00). Combining (11.60), (11.62), and (11.64), one obtains

Iz(xn—j) =<c

for some ¢”

n—j—1,n,
d%xy - a" . _ 1-8—n —n—1-¢
X2 Xn—j—1]X1 — X2 (x2)
n n
X oo X | Xpe g = Xt [T s 1) T T T st — X [T
< Cnmjtms |1 — xpy |07 TDATDT 4 ) (11.65)

for some ¢,— ;1,5 € (0, 00).
The estimate in (11.65) implies

(11.52)§cn_j_1,n’3[ d”xI/ d"xp—;
R}’l n

x (x1) " |xy = Xy TR L 4] ()T (11.66)

Focusing on the integral over x,_; in (11.66),

d"xp—j[|x1 — xp—j |/ 4 (k)T E

Rn
= dnxn—j |X1 — Xpn—j |(n_j_1)(1_8)—” (xn_j)—n—l—g
Rn
+ | d"nj (o)
Rl‘l
=t hix) + L, (11.67)

one infers that
I, =cy <00 (11.68)
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An application of (11.11) with the choices
a=mn—j—-1DA-8), B=n y=n+1

yields
Il(xl) < c! X1 € R”. (11.69)

n—j,n,s’

Thus, (11.67), (11.68), and (11.69) imply
(11.67) < ep—jms, X1 €R", (11.70)

for some ¢,—; .5 € (0,00). As aresult, (11.66) and (11.70) imply
(11.52) < cn_j_lyn,gcn_j,n,b,f 47 ()1 < oo,
R~

Hence, this establishes the claim that for each bounded subset 2 C C, the integrand
under the iterated integral on the right-hand side in (11.50) is uniformly bounded
with respect to z € €2 by an integrable function of the variables x1,...,x,—;. As a
consequence of this claim, (11.50) implies that for each § € (0, 1) and each bounded
subset 2 C C, the following estimate holds:

(11.50) < Cyjs.0lz|" D81 2 cQ, (11.71)

for some C, ;5.0 € (0,00). In summary, for Case 2, one has that for any § € (0, 1)
and any bounded subset Q2 C C,

H/ d”xl---/ d”x,,_j_lf d"xp—; V(x1)Go(z; x1,x2)
n Rn R}’l

170"
e X V(Xn—j-1)Go(2: Xn—j—1, Xn—j)V (Xn—j) — |:—n Go(Z;Xn—j,xl):|
n!| oz B(CN)

Z|7O=ImD e Q. (11.72)

<Cujs.0

In addition, since |z|~®~=/=D1==1 jshounded in Q if 0 ¢ 2, Lebesgue’s dominated
convergence theorem implies that

- / A" iy / " xn_; V(x1)Gol(z: x1. x2)
R” R” R7
n

1] a
o X V(xp—j-1)Go(z; xn—j—l,xn—j)V(xn—j); [@Go(z; Xn—j Xl)]
is analytic in © and extends continuously to Q if 0 ¢ Q. This settles Case 2.
Turning to Case 3, we assume that j = n — 2. In this case, k = (k1, ko, k3) with
k1 + ks #n—1.Letd € (0, 1) be fixed. Invoking the final estimate in (11.27), one
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obtains

/ d"x d"x, V(x1) L[oe Go(z; x1, x2)
R” ! R” 2 1k2! dzk2 0t=, A A2

1 ak1+k3+1
x Vi(x Go(z;x2,x
e rera = L]
< Cpjslz|™ /R d"xi /R d™x2 (x1) T e — o 2T o 4y (12] X —x2 )

+ |Z|(n—1+28)/2[|x1|(2k2+1—n)/2 + |X2|(2k2+1_n)/2])([1’00)(|Z||X1 _ X2|)}

X (x2) {|x2 - X[0,1](|Z||X2 — X1 )
+ |Z|(n—1+28)/2[|x2|(2k1+2k3+3—n)/2+|x1|(2k1+2k3+3—n)/2]

—n—1—¢ x1|k1+k3+2—8—n

X100 (21132 =2x1])}
= Cn,j,6|2|_28/ d"x1/ d"x2(x1) "1 |y — xp R+ 18
R7 R7

+ |Z|(n—1+28)/2[|x1|(2k2+1—n)/2 + |X2|(2k2+1_n)/2]}

)—n—l—s xl|k1+k3+2—5—n

X (x2 {Ix2 —

+ |Z|(n—1+28)/2[|x2|(2k1+2k3+3—n)/2 Flx |(2k1+2k3+3—n)/2]}’ zeCy, (11.73)
where C,, ,—2.5. Cn’n_z’g € (0, o) are suitable constants. We claim that for each
bounded subset 2 C C, the integrand under the iterated integral on the right-hand
side in (11.73) is uniformly bounded with respect to z € Q2 by an integrable function
of the variables x1, x,. Since |z|"~1+28)/2 j5 Jocally bounded, to justify the claim, it
suffices to establish convergence of the following integral:

[ d"x, d"x, (xl)—n—1—8{|x1 _x2|k2+1—8—n
RI‘I R)‘l

+ [|x1|(2k2+1—n)/2 + |x2|(2k2+1—n)/2]}(x2>—n—1—8{|x2 — X1 |k1+k3+2—8—n

+ [|x2|(2k1 +2k3+3—n)/2 + |X1 |(2k1 +2k3+3—n)/2]}‘ (1 174)
In turn, as in the argument for the proof of part (i) and Cases 1 and 2, it suffices
to focus on the most singular term in (11.74) and thus disregard the terms originally
multiplied by the factor |z|#*~1+28)/2 in (11.73) (following the same line of reasoning

used throughout (11.8)—(11.9)). With this simplification, the claim reduces to estab-
lishing convergence of the integral:

/ dnxl dnx2 (xl)—n—1—6|x1_x2|k2+1—8—n (x2>—n—1—8|x2_xl|k1+k3+2—8—n
R” R”

:/ drxy | d ) Iy — PO () e (1175)
R” ]Rl‘l
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Applying (11.11) witha = 2(1 —§), B = n,and y = n + 1, one infers that
/n d"xz|x1 — x2| 2077 () TTIE < Cong, X1 €RY, (11.76)
for some ¢, , 5 € (0, 00). In turn, (11.76) implies
(11.75) < cans /R d"x; (x1) "1 < 0. (11.77)

Hence, this establishes the claim that for each bounded subset 2 C C, the integrand
under the iterated integral on the right-hand side in (11.73) is uniformly bounded
with respect to z € Q by an integrable function of the variables xi,...,x;. As a
consequence of this claim, (11.73) implies that for each § € (0, 1) and each bounded
subset 2 C C, the following estimate holds:

(11.73) < Cpp_ssalz|

, ze€Q,

for some C, ,—2 5.0 € (0,00). In summary, for Case 3, one has that for any § € (0, 1)
and any bounded subset Q@ C Cy,

ar d"x, V ! otz ;
cd'xy | d"x (Xl)k—z! az—szo(Z,xuxz)

1 ak1+k3+1
x V(x Go(z;x3,x
) e ks £ 1)![8zk1+k3+1 (272 1)] P
< Conaselsl ™, zeQ. (11.78)

|—28

In addition, since |z is bounded in € if 0 ¢ 2, Lebesgue’s dominated convergence

theorem implies that

d d _1 _2 )
., X1 . X2 L(Xl) | % Go(Z,xl,Xz)
1 ‘ 8k|+k3+1

V) TG 1| 9k

GO(Z§X2,x1)i|

is analytic in © and extends continuously to Q if 0 ¢ Q. This settles Case 3.

Turning to Case 4, we assume that j = n — 2. In this case, k = (k1, 0, k3) with
k1 +ks =n—1.Letd € (0, 1) be fixed. Invoking the final estimate in (11.27), one
obtains

dr d"x, V ! asz
/]R" xl/Rn X2 (xl)k_z![az_kz O(Z,lexz)}

1 8k1+k3+1
v Go(z; x2,
X (xz)(/q +k3+1)!|:82k1+k3+1 o(z; %2 Xl)] B(CN)
1[0
= / d"xlf d"x2 V(x1)Go(z; x1,x2) V(x2) — Go(z; %2, x1)
) - n!| 0z" B(CN)
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< Cn,j,8|Z|_8_1/ d"x, d"x,
R R

x (x1) ™  |xg = x| T o, (12 |x1 — x2)

+ 2|22 | A2 o |2 o) (12113 — x2]))

x (x2) " 10,11 (I2]]x2 — x11)

2| D2y (D72 @ D/2]
< Cpjslz) ! /n d"x, - d"x;

% <xl)—n—1—£{|x1 _x2|1—8—n + |Z|(n—1+28)/2[|x1|(1—n)/2 + |x2|(1—n)/2]}

X (Xz)—n—l—s{l + |Z|(n+1)/2[|x2|(n+l)/2 + |x1|(1’l+1)/2]}7 7 e (CJ,_, (1]79)

X[l,oo)(|Z||X2 —x1|)}

where C,, 2 5, 5,,,,1_2,5 € (0,00) are suitable constants. We claim that for each
bounded subset 2 C C, the integrand under the iterated integral on the right-hand
side in (11.79) is uniformly bounded with respect to z € Q by an integrable func-
tion of the variables x1, x,. Since |z|#~1+28)/2 and |z|*+1/2 are locally bounded,
to justify the claim, it suffices to establish convergence of the following integral:

/ d"x1 an2
R” R”
x (x1>—n—1—8{|x1 _x2|1—8—n + |Z|(n—l+28)/2[|x1|(l—n)/2 + |x2|(1—n)/2]}

X (x2>—n—1—8{1 + |Z|(n+1)/2[|x2|(n+1)/2 + |x1|(n+1)/2]} (1180)

In turn, as in the argument for the proof of part (i) and Cases 1, 2, and 3, it suffices
to focus on the most singular term in (11.80) and thus disregard the terms originally
multiplied by the factor |z|~1+28)/2 or |z|®+1/2 in (11.79) (following the same
line of reasoning used throughout (11.8)—(11.9)). With this simplification, the claim
reduces to establishing convergence of the integral:

/ dmxy [ dmx (i) T — 1T () (1181)
R” R”7

The integral in (11.81) is similar to the integral in (11.75). An argument entirely
analogous to that used throughout (11.75)—(11.77) to show the integral in (11.75) is
finite yields that the integral in (11.81) is finite. We omit further details at this point. In
summary, for Case 4, one has that for any § € (0, 1) and any bounded subset Q2 C C,

”/nanI/ d X2 V(xl)k '|:3 szO(Z X1,X2)]

1 ak1+k3+1
x V(x3) |: Go(z; x2,x )]
2 (k1 + k3 + 1)! dzk1+k3+1 0 2 B(CN)
< Cpnasalzl ™', zeq, (11.82)
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for some C, ,—2 5.0 € (0, 00). In addition, since |Z|_8_1 is bounded in Q if 0 ¢ Q,
Lebesgue’s dominated convergence theorem implies that

/ d”x/ d"x, V( )1 8sz(Z'x )
R” ! R” 2 Vi ko! dzk2 011, X2

1 ak1+k3+l
(kl + k3 + 1)' |:3Zk1+k3+1

X V(XZ) G()(Z;)Cz,xl)i|
is analytic in © and extends continuously to Q if 0 ¢ Q. This settles Case 4.

In Case 5, we assume that j = n — 1. In this case, k = (k1, kz) withk; + k; =
n — 1. Invoking the final estimate in (C.31), one obtains

for some C,,, C, € (0, 00). In addition, since |z|~! is bounded outside any neighbor-
hood of 0, Lebesgue’s dominated convergence theorem implies that

8”
/ d"x1 V(xl)[az—nGo(Z;Xl,xl)]

< Cylz[! / ey ()
B(CN) n

=Culz|™", zeCy, (11.83)

n
/ d”x1 V(X1)|: 9 G()(Z;Xl,xl):| (1184)
RrR” az"
is analytic in € and extends continuously to C 1 \{0}.
Now, looking at the bounds (11.48), (11.72), (11.78), (11.82), and (11.83), we
identify the bound which is the most singular as z — 0 in C,. The bounds from
(11.48) are (up to z-independent constant multiples)

. —j =2
|Z|—(n—1)5’ § = n-—j-—- 0<j<n-3. (11.85)

n—j—1

The singularity in (11.85) is strongest when (n — j)§,0 < j <n — 3, is largest. Since
the expression
. . n—j
(n—j)¥=mn-j)—————
n—j—1
is decreasing with respect to the parameter j, its maximum value is attained for j = 0:

n
—j)=n———.
05??31(—3(” /) . n—1

Thus, the strongest singularity in (11.85) corresponds to j = 0 and is
|z| =@/ =), (11.86)
The bounds from (11.72) are (up to z-independent constant multiples)

|Z|—(n—j—1)8—1’ §€(0,1),0<j<n-3. (11.87)
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Choosing § = n/(n — j — 1), n € (0, 1), the bound in (11.87) may be recast as
|Z|—(1+n)’ ne(,1),0<j<n-3. (11.88)
The bound from (11.78) is (up to a z-independent constant multiple)

|Z|—25

, 6€(0,1), j=n—-2. (11.89)

Choosing § = /2, n € (0, 1), the bound in (11.89) may be recast as
|zI”", ne(,1), j=n-2. (11.90)

The bound from (11.82) is (up to a z-independent constant multiple)
Iz|7*D §e(0,1), j =n—2. (11.91)

The bound from (11.83) is (up to a z-independent constant multiple)

lz|7Y, j=n-1. (11.92)

If n > 4, then the strongest singularity from (11.85), (11.88), (11.90), (11.91), and
(11.92) is given by (11.86). Therefore, combining the results of Case I—Case 5 above

with (11.3) and (11.4), one concludes that 571 GH, H,(-) is analytic in C 1, continuous
in C;\{0} and

= O(|z| /(=) (11.93)

£(CN) Z—)O,
z

dn
H Ga,H, (")
eC\{0}

dz"

If n = 2, then the strongest singularity in (11.90) and (11.92) is |z|~(+%)_ There-
fore, combining the results of Case 4 and Case 5 above with (11.3) and (11.4), one
2 _
concludes that %GH, H,(+) is analytic in C, continuous in C;\{0} and for any

8 €(0,1),
d’ —(1+5)
H dzzGH’HO(') = O] ). (11.94)

2 z—0,
FED o "




