Chapter 12

Analysis of &£ (- ; H, Hy) and an application to the Witten
index for a class of non-Fredholm operators

Combining Hypotheses 10.16 and 11.1 we next make the following assumptions to
describe continuity properties of the spectral shift function for the pair (H, Hy).

Hypothesis 12.1. Letn € N and suppose that V- = {Vy p'}1<¢ /<N satisfies for some
constants C € (0,00) and € > 0,

Ve [LOO(RH)]NXN’
Veo )| =C(x)™"7'% forae x eR", 1 <L, <N. (12.1)

In addition, assume that V(x) = {Vp ¢/ (X)}1<0.0<nN is self-adjoint for a.e. x € R". In
accordance with the factorization based on the polar decomposition of V discussed
in (10.9) we suppose that V.= ViV, = |V [V2Uy |V |2, where Vi = V¥ = |V |/2,
Vo = Uy|V|Y2

Finally, we assume that V satisfies (4.2) and (4.3)".

Thus, combining Theorems 9.9, 10.17, and 11.2 yields our principal result:

Theorem 12.2. Assume Hypothesis 12.1. Then
§(-1 H. Ho) € C((~00,0) U (0. 00)), (122)
and the left and right limits at zero,

§(0x: H. Ho) = lim& (kes H. Ho). (12.3)
el 0

exist. In particular, if 0 is a regular point for H according to Definition 10.6 (iii) and
Theorem 10.7 (iii), then
E(-; H, Hy) € C(R). (12.4)

In the remainder of this chapter we describe an application to the Witten index
for a class of non-Fredholm operators applicable in the context of multi-dimensional,
massless Dirac operators H. We develop some necessary preparations and the basic
setup next.

We begin by isolating a bit of notation: Linear operators in the Hilbert space
L%(R;dt;J),inshort, L2(R; #), will be denoted by boldface symbols of the type T,

I'The first condition in (4.3) is superseded by assumption (12.1).
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to distinguish them from operators 7" in J. In particular, operators denoted by T in
the Hilbert space L?(R; #) represent operators associated with a family of operators
{T(t)}ser in H#, defined by

(TfHY@t)=T@)f(t) forae.reR,

f e dom(T) = {g e L2(R; #) ‘ g(t) e dom (T (r)) forae.t € R;
t — T(t)g(t) is (weakly) measurable; / dt ”T(t)g(t)”;e < oo} (12.5)
R

In the special case, where {T(¢)} is a family of bounded operators on # with

T(t s
fg}g |7¢ )”.B(J(‘) < o0

the associated operator T is a bounded operator on L2(R; #) with || T || BL2R:H)) =

supseg 17 200)-

For brevity we will abbreviate I := I;2g,5) in the following and note that
in the concrete situation of n-dimensional, massless Dirac operators at hand, # =
[L2(R™)]N.

Denoting

A_=Hy, By=V, Ay =A_+By=H,
we introduce two families of operators in [L?(R")]" by

B(t)=b()B+, teR,
b® e C®(R) N L®(R;dr), k € Ny, b’ € L'(R:dr),

lim b(t) =1, lim b(r) =0, (12.6)
t—>00 t—>—00
A(r) = A+ B(t), teR.

Next, following the general setups described in [38,41-44,78, 137] we recall the
definitions of A, B, A’ = B’, given in terms of the families A(¢), B(¢), and B’(¢),
t € R, as in (12.5). In addition, A_ in L*(R; [LZ(R”)]N) represents the self-adjoint
(constant fiber) operator defined by

(A_f)t) = A_f(t) forae.t eR,

f edom(A_) = {g e L2(R; [LAR™)V) ‘ ¢(1) € dom(A_) forae. €R,

t > A_g(t) is (weakly) measurable, / di ”A_g(t)“[ZLz(Rn)]N < oo}. (12.7)
R
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Next, we introduce the operator D , in L?(R; [L2(R™)]") by
d
D, = YT A, dom(D,) = W"A(R;[L*R")]V) Ndom(4-),  (12.8)
where
A=A_+ B, dom(A)=dom(A4-),
and
1Bl 5w @iz2@mvy = sup B0 gqr2@myn) < o

Here the operator d /dt in L?(R; [L?(R™)]") is defined by
d /
(Ef)(t) = f'(t) forae.t € R,
f € dom(d/dt) = {g € L*(R;[L*(R")]") | g € ACioc(R; [L*R™)]V),
g/ c LZ(R; [LZ(Rn)]N)}
= W12(R; [L2R™)]Y). (12.9)

By [78, Lemma 4.4] (which extends to the present setting), D , is densely defined
and closed in L2(R; [L?(R™)]") and the adjoint operator D’ of D, is given by

d
DY = —o A, dom(D%) = W'2(R; [L2(R™)]Y) N dom(A-).

This enables one to introduce the nonnegative, self-adjoint operators Hj, j = 1,2,
in L2(R; [L2(R™)]Y) by

H, =D D,., H,=D,D}.

In order to effectively describe the domains of H;, j = 1,2, we will decompose
the latter as discussed below: To this end, one first observes that

IB'|| g2 ®:(L2@®m)Ny) = su]g |{B/(z)||£([L2(R,,)]N) < 0. (12.10)
te

It is convenient to also introduce the operator Hy in L2(R; [L2(R™)]Y) by

2

Hy = —% + A2, dom(Hy) = W>*(R; [L*(R™)]Y) Ndom(42). (12.11)

Then Hj is self-adjoint by Theorem VIIL.33 of [141]. Moreover, since the opera-
tor BA_ + A_B is Hy-bounded with bound less than one, [108, Theorem VI.4.3]
implies the following decomposition of the operators H;, j = 1,2,

2

d . _
Hj=—5+ A>+ (-1))A’=Ho+ BA_+ A_B + B>+ (-1)’ B,

dom(H;) = dom(H,). j =1,2. (12.12)
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Next, we introduce an approximation procedure as follows: Consider the charac-
teristic function for the interval [—¢, {] C R,

xeW) = x—e,qv), veR, LeN, (12.13)

and hence
s-lim XZ(A—) = I[L2(R")]N' (1214)
{—o00

Introducing
Ag(t) = A+ xe(A-)B(1) xe(A-) = A+ By(1),

dom (Ag(7)) = dom(A-), £eN,teR, (12.15)
Aig=A- + ye(AZ)Biye(A-), dom(A4y) =dom(A-), L€ N, (12.16)

where
By(t) = ye(A-)B(t)xe(A-), dom (Be(t)) = [L*(R™]Y, L e N, t € R,
one concludes that

Apg—A_=y(A)Byye(A) € B ([LPRMIY), LeN, (12.17)
A1) =B(t) = ye(A2)B' () xe(A2) € B1 (IL*R™M)]Y), €eN, reR. (12.18)

As a consequence of (12.17), which follows from

||X€(A—)B+X€(A—)||£1([L2(Rn)]N)
< | xe(A9) B (A= = il meyd) ™7 g (2@
X (A= = il oy )" xe(AS) | g2y < (12.19)
(ct. (7.2)), the spectral shift functions §(-; Ay ¢, A—), £ € N, exist and are uniquely

determined by
E(-;Ap 0, A-) e L'(R;dv), (€N, (12.20)

implying
tr2@nyy (f(A+.0) —f(A—))=/RE(v;A+,e,A—)dv ). feCP®).

We also note the analogous decompositions,

d? . :
Hjy=——5+ A} + (-1)YA, =Hy+ BiA_+ A_B; + B} + (-1)/ B,

dom(H; ) = dom(Ho) = W*2(R; [L2(R")]Y), (eN, j=1,2,
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with
By = xo(A-)Byi(A-), By = x(A-)B'xi(A-), (€N,
implying
H, - H, =2B/, (12.21)
Hz,g — Hl’g = 232 = 2)(@(A_)B/)(Z(A_), ¢ eN. (12.22)

Next, we recall the fact that for £ > 0,
L2(R™; (1 + |x)@/2Feqnx) c £ (L) (R™)

(see, e.g., [159, p. 38] for the definition of the Birman—Solomyak space £! (L2)(R"))
and, given @ > n,

(1+]-1)7% e L2(R™; (1 + |x)@/DTegny)

for 0 < ¢ sufficiently small (depending on a). This is of relevance here so that [44,
Section 8] becomes applicable in our context.
We continue with the following basic result in [44, Theorems 5.2 and 8.4]:

Theorem 12.3. In addition to Hypothesis 12.1 suppose that
Vi € WH2[®R"), 1<, <N.
Then, abbreviating

(n+1)/2, nodd,

n/2, n even,

q:fn/ﬂ:{

one obtains
[((Hy—z1)™ — (Hy —z )], [(Hpyy —z D)™ — (Hy g — 2 1)7?]
€ B1(L*(R;[L*(R™M]Y)), LeN, zeC\[0,00), (12.23)
and

lim [[(Hye —z 1) = (Hy g —z1)77]
{—o00

—[(H =z D)™ = (H1 — 2 D] || g, 2wz eyyvyy) = O
z € C\[0,00). (12.24)

For the fact that ¢ = [n/2] in (12.23) can be replaced by any r > ¢, r € N, see,
for instance, [184, p. 210]; similarly, (12.24) extends to r > ¢, r € N, by [40].
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Relations (12.23) together with the fact that H; > 0, H;y, > 0,£ € N, j = 1,2,
implies the existence and uniqueness of spectral shift functions &(-; Hp, H;) and
§(-: Hy ¢, Hy ) for the pair of operators (H», Hy) and (H, ¢, H; 4), { € N, respec-
tively, employing the normalization

EAHy, H) =0, EA;Hyy,Hiy)=0 A<0,£eN (12.25)
(cf. [184, Section 8.9]). Moreover,
£(-; Ha, Hy) € LY(R; (14 |A) 77 'dn). (12.26)
Since in analogy to (12.19),
||A2(')||£1([L2(Rn)]N) - “Bé(')nﬂl([m(Rn)]N)
= |xe(A9)B' () xe(A9)| g, 2@y
= H Xe(A-)B1(A- — l'I[Lz(lR”)]f\’)_n_1 ||£1([L2(R")]N)

X H (A- — iI[Lz(]R”)]N)rH_lX((A—) ”3([L2(]R”)]N) b/() € LI(R; dr),
teN, (12.27)

employing b'(-) € L' (R;dt) (cf. (12.6)), one obtains
/Rdz | 4.0 g, (L2@myyy < - £ €N. (12.28)
Given (12.28), the results in [137] (see also [78]) actually imply that
[((Hyp—zD)7' = (Hi—z1)7'] € 81 (L*(R; [L2(R™M)]Y)), LeN,
and
E(-1Hpy Hyyg) € L'(R: (1 +[A))72d}), LeN.
In particular,

trp2 2@y (f (Hz) — f(HY)) = /

[0,00

2w 2@y (f(Hae) — f(Hyg)) = /

[0,00

)E(A;Hz,Hl)dl '),

) E(As Hy o, Hy g)d A f'(R),
teN, feCR).

In addition, as derived in [ 137] (see also, [78]), (12.20), (12.25), and (12.28) imply
the approximate trace formula,

/ § Hap, Hig)dA _ l/ E(; Ay, A)dv
[0,00) (A —12)? 2Jr (W2—2)32 7

L eN, z e C\[0,00),
(12.29)
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which in turn implies Pushnitski’s formula [137],

1 A2 EmiAy g, A-)dy
= ot I forae. A >0,

E\ Hyy, Hyg) =4 777472 0172 £ eN, (12.30)
0, A <0,

via a Stieltjes inversion argument (cf. [78, Section 8]).
As shown in [40], (12.24) implies for f € C5°(R),

le?;o “ [f(HZ,K) - f(Hl,Z)] - [f(HZ) - f(Hl)] Hfb’l(Lz(]R;[LZ(]R")]N)) =0,

(12.31)
and hence
lim dAEA:Hyyg, Hyg) f'(A)
{—>o00 [0,00)
= Jim o2 (f (Hz,0) = f(Hye)
= tI'LZ(R;[LZ(Rn)]N)(f(HZ) - f(Hl))
— [ dngGi b ) SD. (12.32)
[0,00)
Abbreviating

n, n odd,
qo =2[n/2] + 1=
n—+1, neven,
and assuming Hypothesis 7.1, one recalls that Theorem 7.4 implies
[(A+ - ZI[LZ(Rn)]N)_rO — (A_ — ZI[LZ(Rn)]N)_rO] S O(Bl ([Lz(Rn)]N),
ro €N, ro > qo, z € C\R. (12.33)

Since g is always odd, [185, Theorem 2.2] yields the existence of a spectral shift
function £(-; A4, A—) for the pair (44, A_) satisfying

E(-; Ay, A-) € LY(R; (14 [v]) ™™ av) (12.34)
and hence

tI'[LZ(Rn)]N (f(A+) _f(A—)):/R‘i:(V;A-F’A—)dV f/(l)), fGCgo(R) (12.35)

While £(-; A4, A-) in (12.34), (12.35) is not unique, we will select a unique candi-
date using Theorem 12.4 below.

The next result is essentially [40, Theorem 4.7]; due to its importance we repro-
duce the proof here. To prepare the stage, we temporarily go beyond the approxi-
mation A ¢ of Ay and now introduce the following path of self-adjoint operators
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{A1(8)}sef0,1], in [L2(R™M)]V, where

Ay(s) = A_ + PgBL Py, dom (A4 (s)) = dom(A-), s €[0,1],
Py = X[—(l—s)*l,(l—s)*l](A—)v s € [O, ), P= I[Lz(R")]Nv

in particular,
A4(0) = A4 1 (cf. (12.16) with £ = 1) and A4+(1) = A4.
Theorem 12.4. Assume Hypothesis 12.1 and suppose that
Voo € WH2@R"), 1<, <N.
Then there exists a unique spectral shift function £(-; A4, A_) such that

E(Ap A) =§(: A1 (D). A2)

= Z1im E(s A4, An) in LY(R; (14 [v))~2~dv).
—>00

Moreover, assume that g € L°(R; dv). Then
4121;0 ||E( AL, A-)g —E(- Ay, A—)g||L1(R;(1+|v|)_‘70_1dv) =0,
and hence,

lim AE(V;AJ’_’Z,A_)dUh(v)ZAg(V;AJ,_,A_)th(V)

{—00
forall h € L®(R; dv) such that ess. sup,cg |h(v)|(1 + [v[)90T! < oo
Proof. Since by (12.17), x¢(A—) B4 x¢(A—) € B ([L*R™)]V), also

Ay(s)— A- = P;By Py € Bi([LP®RMIY), s e[o,1),

(12.36)
(12.37)

(12.38)

(12.39)

(12.40)

(12.41)

and hence there exists a uniques spectral shift function £(-; A4 (s), A—) for the pair

(A4 (s), A_) satisfying

E(-;AL(s), A_) € L'(R: dv).

Moreover, in complete analogy to (12.33), the family A4 (s) depends continuously

on s € [0, 1] with respect to the pseudometric

dgo.z(A, A)

= H (A - ZI[LZ(Rn)]N)_qO - (A/ - ZI[LZ(]Rn)]N)_qO ||$1 (L2@®R™M)]N) (12.42)
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for A, A’ in the set of self-adjoint operators which satisfy for all { € iR\{0},

[(A = ETyp2@ayn) ™0 = (A= = Eljagayn) 0],
I:(A/ - CI[LZ(Rn)]N)_qO - (A_ — ;I[LZ(Rn)]N)_qO] € :81 ([Lz(Rn)]N)

Thus, the hypotheses of [40, Theorem 4.7] are satisfied and one concludes the exis-
tence of a unique spectral shift function £(-; A4 (s), A—) for the pair (A4 (s), A_)
depending continuously on s € [0, 1] in the space L' (R; a1+ |v|)_‘10_1dv), satisfy-
ing £(-;A4+(0),A-) = §(-; A4,1,A-). Taking s = (£ — 1)/£, £ € N, yields

§(1A4.4) =81 AL (1), A) = £1g5(~;A+(S),A—)

= elim E(-; Ay An) in LA(R; (1 + [v))~2'dv).
—00

Hence an appropriate subsequence, again denoted by {£(-; A4 ¢, A_)}sen, converges
pointwise a.e. to0 £(-; A4, A_) as £ — o0o. Since each £(+; A4 ¢, A_) € L'(R; dv),
£ € N, is uniquely defined one obtains a unique spectral shift function satisfying
(12.42).

The facts (12.40) and (12.41) are now evident. ]

In the following we will always employ £(-; A+, A—) as determined by the lim-
iting relation (12.39) as the spectral shift function for the pair (A4, A-).
The next result is fundamental, it establishes (12.30) in the limit £ — oco.

Theorem 12.5. Assume Hypothesis 12.1 and suppose that
Ve € WHMR"), 1<, <N.

Then,

AI/Z

E(A; Hy, Hy) = i/ w fora.e. A > 0. (12.43)

7)oz (A—v2)l/2

Proof. We start by multiplying the approximate relation (12.30) by the derivative f’
of a test function f/ € C§°(R), and integrate to get,

/RS(A;Hz,g,Hl,@)dx ') :/

[0,00

= I da f’()t)/ E(w; Ay, A)dv

7 Jio,00) a2 (A—v)l/2

) §(\: Hao, Hyg)dA f'(R)

AI/Z

1
= —/ E(;Ay g A)dv F'(v), L€N, (12.44)
T JR
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where F’ is defined by
o0
F'(v) = / dr /(DA =v2)"V2 ) eR. (12.45)
v2

We claim that
F' e Cs°(R),

rendering the manipulations leading to (12.44) well defined. Clearly, F’' € Cy(R)
since f’ € C§°(R). To show that F' € C§°(R), it suffices to repeatedly integrate by
parts and allude to the following representations of F’,

Foy= [ A0
=2 /:o dX f"(R)(A—v?)!/?

2 oo
=23 / dx f" (M)A —v?)?
v2

o0
= ck/ dr FON)A=vH)FG/D y eR, keN, (12.46)
p2
for appropriate constants cx, k € N. Thus, (12.44) yields the following,
1
/ E(AsHyy, Hy g)d A f’()t)z—/ E(W; Ay, A-)dv F'(v), LeN, (12.47)
[0,00) T JR

where f € C§°(R) was arbitrary, and F' € C§°(R) (depending on f”) is given by
(12.45) or equivalently, by any of the expressions in (12.46).

It remains to control the limits £ — oo on either side of (12.47): By (12.32), the
left-hand side of (12.47) converges as £ — oo,

im [ EQ: Hag, Hygdd f'00) = / £ Hy H)dA £/, (12.48)

{—o00 [0,00) [0,00)

For the right-hand side of (12.47) one applies Theorem 12.4, especially, (12.41), and
concludes that

lim l/ E(v; Ay g, A_)dv F'(v) = l/ E(v; Ay, A_)dv F'(v), (12.49)
R T JR

{—o0 T

since by (12.42)

Kli>nolo ”E(' ; A+,€» A—) - %_( ; A-‘r’ A—) ”Ll(R;(l_HvD—qo—ldU) =0.
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Combining (12.47)—(12.49) finally yields

/ £ Hy, H)d f'(0) = f Ev: Ap. A)dv F'(v)
[0,00) T

M2 e Ay ALy d
= —/ dx f' (A)/ E(” = 2)1/)2 oo (). f € CER).

An application of the Du Bois—Raymond Lemma (see, e.g., [114, Theorem 6.11]),
thus implies for some constant ¢ € R,

Al/2

1 1Ay, AL)d
§(A; Hp, Hy) = —/ M}([o,m)@) +c¢ forae. A eR.
T

a2 (A —v2)l/2
Due to our normalization (12.25), ¢ = 0, proving (12.43). ]

Having established (12.43), we turn to the resolvent regularized Witten index of
the densely defined and closed operator D ,. We refer to [31,38,41-44,78,84, 137]
and the references therein for a bit of history on this subject.

Since 6 (A+) = R, in particular, 0 ¢ p(A+) N p(A-),

D , is a non-Fredholm operator.

This follows from the criterion for Fredholm operators established in [43, Theo-
rem 2.6] (which extends to the current setting by replacing the resolvent of A+ by
appropriate powers of the resolvent in the proof).

In the following we will show that even though D , is a non-Fredholm operator,
its Witten index is well defined and expressible in terms of the spectral shift functions
for the pair of operators (H, Hy) and (A4, A_).

To introduce an appropriately (resolvent regularized) Witten index of D ,, we
consider a densely defined, closed operator T in the complex, separable Hilbert space
K and assume that for some k € N, and all A <0

[(T*T = M y)™* —(TT* - M x)7*] € B1(X).
Then the kth resolvent regularized Witten index of 7 is defined by

Wier (T) = Bm(=1)" trac (T°T = M) ™ = (TT" = M) ™).

whenever the limit exists. The case k = 1 as well as the approach where resolvents
are replaced by semigroups has been studied in great detail in [43], the extension to
k > 2 was discussed in [44].

It is well known that the (regularized) Witten index is generally not an integer, in
fact, it can take on any real value (cf. [31, 84]). The intrinsic value of Wy ,(T) lies
in its stability properties with respect to additive perturbations, analogous to stability
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properties of the Fredholm index. Indeed, as long as one replaces the familiar relative
compactness assumption on an additive perturbation in connection with the Fredholm
index, by appropriate relative trace class conditions in connection with the resolvent
regularized Witten index, stability of the Witten index was proved in [31] (for k = 1,
see also [45]) and, in connection with the analogous semigroup regularized Witten
index, in [84] (the semigroup approach then yielding stability for Wy ,(-), k € N).

The following result, the first of this kind applicable to non-Fredholm operators
in a partial differential operator setting involving multi-dimensional massless Dirac
operators, then characterizes the Witten index of D 4 in terms of spectral shift func-
tions:

Theorem 12.6. Assume Hypothesis 12.1 and suppose that
Voo € WH2@®R"), 1<{,0 <N.
Then 0 is a right Lebesgue point of £ (- ; Hy, Hy), denoted by £1,(0+; Hy, Hy), and
EL(04: Hy, Hy) = [£(04: Ay, A) +6(0-: A4, A)] /2.

In addition, the resolvent regularized Witten index Wy (D 4) of D 4 exists for all
k € N, k > q and equals

Wir(D 4) = §0(04; Hy, Hy) = [E(04; A4, A) +£(0—; A4, A-)] /2
= [£(04; H, Ho) + £(0_; H, Hp)| /2. (12.50)

Proof. The key new input for the proof is the existence of 0 as a left and right
Lebesgue pointof £(-; A4+, A—) = &(-; H, Hy). This is established in Theorem 12.2,
in fact, more is proved since left and right limits of £ (-; H, Hyp) at 0 are shown to exist.
For g = 1, the remaining assertions are proved in [43, Theorem 4.3], the extension to
q > 2 is discussed in [44, Section 7]. n

The actual computation of the right-hand side of (12.50) in terms of the potential
V is left for a future investigation.



