
Appendix B

Asymptotic results for Hankel functions

In this appendix we collect asymptotic results for Hankel functions in the regions of
large and small arguments. To set the stage, we recall some details on the analytic
behavior of H .1/

� . � / (cf. [1, pp. 358–360]):
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where (cf. [1, p. 256])

 .�/ D � 0.�/=�.�/;  .1/ D �E�M ;  .`/ D �E�M C

`�1X
kD1

k�1; (B.7)

and

E�M WD lim
m!1

�
� ln.m/C

mX
kD1

k�1
�
D 0:5772156649 : : : (B.8)

denotes the Euler–Mascheroni constant (cf. [1, p. 255]). We also recall the asymptotic
behavior (cf. [1, p. 360], [99, pp. 723–724])
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B.1 Asymptotics of H
.1/
� .�/ as j�j ! 1

Hypothesis B.1. Let � 2 C with Re.� C .1=2// > 0.

Assuming Hypothesis B.1, the Hankel function H .1/
� . � / permits the following

representation (cf., e.g., [88, Equation 8.421.9], [181, Equation 6.12(3)])
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where Re.�C .1=2// > 0 and ��=2 < arg.�/ < 3�=2. We will derive the asymptotic
behavior of H .1/

� .�/ as j�j ! 1 closely following the presentation given in [181,
Section 7.2].
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where we have employed the Pochhammer symbol,
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We shall assume for convenience that p 2 N is chosen sufficiently large to guarantee
that Re.� � p � .1=2// � 0, and we will comment on how to remove this restriction
later. Next, fix an angle ı 2 .0; �=2/ which satisfiesˇ̌
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where C�;p;ı is independent of �. Using the expansion (B.13) in (B.12), one obtains
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As a consequence of (B.15), (B.16), and (B.17), one infers that for any fixed ı 2
.0; �=2/,
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To obtain similar expansions when Re.� � p � .1=2// > 0, one chooses q 2 N
so large that Re.� � q � .1=2// < 0, which requires p < q. Then (B.15), (B.16),
(B.17), and (B.18) hold with p replaced by q. In particular, by (B.15), for any fixed
ı 2 .0; �=2/,

H .1/
� .�/

D

�
2

��

�1=2
eiŒ��.�=2/��.�=4/�

"
q�1X
mD0

..1=2/ � �/m.� C .1=2//m

mŠ.2i�/m
CR.1/�;q.�/

#

D

�
2

��

�1=2
eiŒ��.�=2/��.�=4/�

"
p�1X
mD0

..1=2/ � �/m.� C .1=2//m

mŠ.2i�/m
C zR.1/�;q.�/

#
;ˇ̌

arg.�/ � .�=2/
ˇ̌
� � � ı; (B.19)

where

zR.1/�;p;q.�/ D

q�1X
mDp

�
.1=2/ � �

�
m

�
� C .1=2/

�
m

mŠ.2i�/m
CR.1/�;q.�/: (B.20)

The following lemma provides sufficient conditions for the differentiability of an
integral depending on a complex parameter.

Lemma B.2 ([119]). Let .X;M; �/ be a measure space, let G � C be an open set,
and let f W G �X ! C be a function which satisfies the following conditions:

(i) f .�; � / is M-measurable for every � 2 G,
(ii) f . � ; x/ is holomorphic in G for every x 2 X , and
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Proposition B.3. Assume Hypothesis B.1. Let p 2 N, u 2 .0;1/, and suppose
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then the function au;p;� W �0 ! C defined by
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is analytic in �0 and
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Proof. Let p 2 N, u 2 .0;1/, � 2 C with Re.� � p � .1=2//� 0. It suffices to apply
Lemma B.2 to the function
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Of course, (B.24) defines a function which is Lebesgue measurable for each � 2 �0
and analytic in �0 for every t 2 .0; 1/. Therefore, it remains to verify condition (iii)
in Lemma B.2. To this end, let �0 2 �0. Choose ı 2 .0; �=2/ such that
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In particular, choosing ".�0/ 2 .0; 1/ so small that®
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¯
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Therefore, condition (iii) in Lemma B.2 holds, and it follows that au;p;� is analytic
in �0.

Proposition B.4. Assume Hypothesis B.1, let p 2 N, and let �0 be defined as in
(B.21). The following statements hold:

(i) If Re.� � p � .1=2// � 0, then the function R.1/�;p W �0 ! C defined by (B.16)
is analytic in �0.

(ii) If Re.� �p� .1=2// > 0, then the function zR
.1/
�;p;q W�0!C defined by (B.20)

is analytic in �0 for every q 2 N such that Re.� � q � .1=2// < 0.
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Proof. Let p 2N and suppose Re.� �p � .1=2//� 0. We begin with the proof of (i).
It suffices to show that the function bp;� W �0 ! C defined by (cf. (B.22))
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is analytic in �0. The function e�uupC��.1=2/au;p;�.�/ is a measurable function of
u 2 .0;1/ for each � 2�0 and is, by Proposition B.3, an analytic function of � 2�0
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An application of (B.25) yields the following estimate:ˇ̌̌̌ Z 1
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Finally, to prove item (ii), suppose that Re.� � p � .1=2// > 0 and q 2 N with
Re.� � q � .1=2// < 0. The first term on the right-hand side in (B.20) is analytic
in Cn¹0º, while the second term on the right-hand side in (B.20) is analytic in �0 by
the statement in (i). Hence, the statement in (ii) follows from the subspace property
of analytic functions.

Remark B.5. Of course, analyticity of R.1/�;p (resp., zR
.1/
�;p;q) follows immediately

from (B.15) (resp., (B.19)). However, the proof of Proposition B.4 shows that the �-
derivatives of R.1/�;p may be computed by differentiating under the integrals in (B.16).
In fact, as a consequence of (B.23) and the proof of Proposition B.4, one infers that
under the assumptions of Proposition B.4,
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In order to state the next result, we introduce zO-notation. Recall that if � � C
and f; g W �! C, then one writes
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It is understood that the constant corresponding to (B.29) will, in general, depend on
n 2 N0.

The principal asymptotic result for H .1/
� .�/ as j�j ! 1 can be summarized as

follows:
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Proof. Assume Hypothesis B.1 holds. We distinguish two cases: Re.� � .3=2// � 0

and Re.� � .3=2// > 0. If Re.� � .3=2// � 0, then one may take p D 1 in (B.15) to
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It remains to prove !�. � / defined by (B.31) satisfies (B.30). To prove this, it suffices
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that is,
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For nD 0, the relation in (B.33) follows immediately from (B.17). To treat the deriva-
tives in (B.33), one differentiates under the integrals in (B.16). For simplicity, we only
treat the case n D 1 and omit the details for n � 2. One computes
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To obtain the final equality in (B.34), one applies (B.14) to bound the two (�-depen-
dent) integrals with respect to t 2 .0;1/. This settles the case when Re.� � .3=2//� 0.

If Re.� � .3=2// > 0, one chooses q 2 N such that Re.� � q � .1=2// < 0. Then
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B.2 Asymptotics of H
.1/
� .�/ as j�j ! 0

Since the asymptotics derived here will be applied to Dirac operators, we only con-
sider � 2 Œ0;1/ from this point on. We distinguish two cases:

(i) � 2 .0;1/nN,

and

(ii) � 2 N0.
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Case (i): � 2 .0;1/nN. In this case, one has the following representation for H .1/
�

in terms of Bessel functions:
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which settles Case (i).

Case (ii): � 2 N0. Since � is a nonnegative integer, we write
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First, we treat the case Qn 2 N. Then,

JQn.�/ D

1X
mD0

.�1/m

mŠ. QnCm/Š
.�=2/2mCQn; � 2 C; (B.35)

and

YQn.�/ D �
1

�
.�=2/�Qn

Qn�1X
mD0

. Qn �m � 1/Š

mŠ
.�=2/2m C

2

�
ln.�=2/JQn.�/

�
1

�
.�=2/Qn

1X
mD0

�
 .mC 1/C  . QnCmC 1/

� .�1/m

mŠ. QnCm/Š
.�=2/2m

DW Y1;Qn.�/C Y2;Qn.�/C Y3;Qn.�/; � 2 Cn¹0º:

Repeated differentiation of the series representation for JQn yields

dk

d�k
JQn.�/ D

j� j!0

. Qn/k

2k QnŠ
.�=2/Qn�k

�
1CO

�
j�j2

��
; j�j � 1; k 2 N \ Œ0; Qn�; (B.36)
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and

dk

d�k
JQn.�/ D

j� j!0

8<:
.�1/.k�Qn/=2kŠ

2k..k�Qn/=2/Š..kCQn/=2/Š

�
1CO

�
j�j2

��
; QnCk even;

.�1/.k�QnC1/=2.kC1/Š

2kC1..k�QnC1/=2/Š..kCQnC1/=2/Š
�
�
1CO

�
j�j2

��
; QnCk odd;

j�j � 1; k 2 N \ . Qn;1/: (B.37)

Repeated differentiation of Y1;Qn yields

dk

d�k
Y1;Qn.�/ D

j� j!0
���1

�
dk

d�k

�
.�=2/�Qn

���
1CO

�
j�j2

��
D

j� j!0
�
.�Qn/k

2k�
.�=2/�Qn�k

�
1CO

�
j�j2

��
; j�j � 1; k 2 N0: (B.38)

In view of (B.35),

Y2;Qn.�/ D
j� j!0

2

� QnŠ
ln.�=2/.�=2/Qn C zO

�
� QnC2 ln.�/

�
; j�j � 1: (B.39)

Differentiation of the series representation of Y3;Qn yields

dk

d�k
Y3;Qn.�/ D

j� j!0
�
1

�

�
 . QnC 1/ � 

�
. Qn/k

2k QnŠ
.�=2/Qn�k

�
1CO

�
j�j2

��
;

j�j � 1; k 2 N \ Œ0; Qn�; (B.40)

and

dk

d�k
Y3;Qn.�/

D
j� j!0

8̂̂̂̂
<̂̂
ˆ̂̂̂:
�
1
�
Œ .Œ.k�Qn/=2�C1/C .Œ.kCQn/=2�C1/�.�1/.k�Qn/=2kŠ

2k..k�Qn/=2/Š..kCQn/=2/Š

�
1CO

�
j�j2

��
;

QnC k even;

�
1
�
Œ .Œ.k�QnC1/=2�C1/C .Œ.kCQnC1/=2�C1/�.�1/.k�QnC1/=2kŠ

2k..k�QnC1/=2/Š..kCQnC1/=2/Š
�
�
1CO

�
j�j2

��
;

QnC k odd;

j�j � 1; k 2 N \ . Qn;1/: (B.41)

In the remaining case Qn D 0, one obtains (cf., e.g., [66, (11) and (12)])

J0.�/ D
j� j!0

1CO.�2/; j�j � 1; (B.42)

with

dk

d�k
J0.�/ D

j� j!0

8<:
.�1/k=2kŠ

2k Œ.k=2/Š�2

�
1CO

�
j�j2

��
; k even;

.�1/.kC1/=2.kC1/Š

2kC1Œ..kC1/=2/Š�2
�
�
1CO

�
j�j2

��
; k odd;

j�j�1; k2N; (B.43)
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and
Y0.�/ D

j� j!0

2

�
ln.�=2/C

2

�
C zO

�
�2 ln.�/

�
; j�j � 1: (B.44)

Finally, to obtain expressions for the derivatives of H .1/

Qn
, one applies the repre-

sentation
H
.1/

Qn
.�/ D JQn.�/C iYQn.�/; � 2 Cn¹0º; Qn 2 N0:

If Qn 2 N, then

dk

d�k
H
.1/

Qn
.�/ D

j� j!0

. Qn/k

2k QnŠ
.�=2/Qn�k

�
1CO

�
j�j2

��
� i

.�Qn/k

2k�
.�=2/�Qn�k

�
1CO

�
j�j2

��
C i

2

� QnŠ

dk

d�k

�
ln.�=2/.�=2/Qn

�
CO

�
dk

d�k

�
� QnC2 ln.�/

��
�
i

�

�
 . QnC 1/ � 

�
. Qn/k

2k QnŠ
.�=2/Qn�k

�
1CO

�
j�j2

��
; j�j � 1; k 2 N \ Œ0; Qn�;

while

dk

d�k
H
.1/

Qn
.�/ D

j� j!0

.�1/.k�Qn/=2kŠ

2k
�
.k � Qn/=2

�
Š
�
.k C Qn/=2

�
Š

�
1CO

�
j�j2

��
� i

.�Qn/k

2k�
.�=2/�Qn�k

�
1CO

�
j�j2

��
C i

2

� QnŠ

dk

d�k

�
.�=2/Qn ln.�=2/

�
CO

�
dk

d�k

�
� QnC2 ln.�/

��
�
i

�

�
 
��
.k � Qn/=2

�
C 1

�
C  

��
.k C Qn/=2

�
C 1

��
.�1/.k�Qn/=2kŠ

2k
�
.k � Qn/=2

�
Š
�
.k C Qn/=2

�
Š

�
1CO

�
j�j2

��
;

j�j � 1; k 2 N \ . Qn;1/; QnC k even;

and

dk

d�k
H
.1/

Qn
.�/ D

j� j!0

.�1/.k�QnC1/=2.k C 1/Š

2kC1
�
.k � QnC 1/=2

�
Š
�
.k C QnC 1/=2

�
Š
�
�
1CO

�
j�j2

��
� i

.�Qn/k

2k�
.�=2/�Qn�k

�
1CO

�
j�j2

��
C i

2

� QnŠ

dk

d�k

�
.�=2/Qn ln.�=2/

�
CO

�
dk

d�k

�
� QnC2 ln.�/

��
�
i

�

�
 
��
.k � QnC 1/=2

�
C 1

�
C  

��
.k C QnC 1/=2

�
C 1

��
.�1/.k�QnC1/=2kŠ

2k
�
.k � QnC 1/=2

�
Š
�
.k C QnC 1/=2

�
Š

�

�
�
1CO

�
j�j2

��
; j�j � 1; k 2 N \ . Qn;1/; QnC k odd:
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In the case Qn D 0,

dk

d�k
H
.1/
0 .�/ D

j� j!0

.�1/k=2kŠ

2k
�
.k=2/Š

�2 �1CO
�
j�j2

��
C i

dk

d�k

�
2

�
ln.�=2/C

2

�

�
CO

�
dk

d�k

�
�2 ln.�/

��
;

j�j � 1; k 2 N0; k even;

and

dk

d�k
H
.1/
0 .�/ D

j� j!0

.�1/.kC1/=2.k C 1/Š

2kC1
��
.k C 1/=2

�
Š
�2 ��1CO

�
j�j2

��
C i

dk

d�k

�
2

�
ln.�=2/C

2

�

�
CO

�
dk

d�k

�
�2 ln.�/

��
;

j�j � 1; k 2 N; k odd:


